FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 36, No 5 (2021), 969- 982
https://doi.org/10.22190/FUMI210314071L
Original Scientific Paper

ON PROBABILISTIC (¢, \)-LOCAL CONTRACTION MAPPINGS
AND A SYSTEM OF INTEGRAL EQUATIONS

Ehsan Lotfali Ghasab', Hamid Majani'! and Ghasem Soleimani Rad?

1Department of Mathematics, Shahid Chamran University of Ahvaz, Ahvaz, Iran
2Young Researchers and Elite club, West Tehran Branch,

Islamic Azad University, Tehran, Iran

Abstract. In this paper, we consider the concept of probabilistic (e, A)-local contraction
which is a generalization of probabilistic contraction of Sehgal type, and the concept
of probabilistic G-metric space, which is a generalization of the Menger probabilistic
metric space. Then we prove some new coupled fixed point theorems for uniformly
locally contractive mappings on probabilistic metric spaces. Also, we establish some
coupled fixed point theorems for contractive mappings in probabilistic G-metric space.
The article includes some examples and an application to a system of integral equations
which supports of main results.
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1. Introduction

In 1942, Menger [9] developed the theory of metric spaces and proposed a general-
ization of metric spaces called Menger probabilistic metric spaces (briefly, Menger
PM-space). After that, the study of contraction mappings defined on probabilistic
metric spaces was initiated by Sehgal [15] and Bharucha-Reid [16]. Then different
classes of probabilistic contractions have been defined and probabilistic versions
of Banach theorem were stated in [6]. Also, Golet and Hedrea [5] discussed local
contractions in probabilistic metric spaces, which were formerly introduced by Cain
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and Kasrie [4]. On the other hand, in 2006, Mustafa and Sims [10] introduced a new
version of generalized metric spaces, which is called G-metric spaces, and proved
some of the fixed point theorems in this space (also, see [2, 11]). In 2014, Zhou et
al. [19] defined the probabilistic version of G-metric spaces and obtained new fixed
point results.

In 2004, Ran and Reurings [14] considered a partial order to the metric space
(X,d) and discussed the existence and uniqueness of fixed points for contractive
conditions and for the comparable elements of X. In 2005, Nieto and Rodriguez-
Lépez [12] applied this theory for solving ordinary differential equations. After
that, Bhaskar and Lakshmikantham [3] defined coupled fixed point and proved some
coupled fixed point theorems for a mixed monotone mapping in partially ordered
metric spaces. Also, they studied the existence and uniqueness of a solution to a
periodic boundary value problem. For more details on coupled, tripled, and n-tupled
fixed point theorems in various metric spaces especially in G-metric spaces, we refer
to [1, 8, 13, 18] and references therein. On the other hand, Samet and Yazidi [17]
introduced the notation of partially ordered e-chainable metric spaces and derived
new coupled fixed point theorems for uniformly locally contractive mappings on
such spaces.

In the following, we give some preliminary definitions which are needed.

Definition 1.1. [6] A function f : (—o0,4+00) — [0,1] is called a distribution
function if it is non-decreasing and left-continuous with ianQ{ f(z) = 0. In addition if
fas

f(0) =0, then f is called a distance distribution function. Furthermore, a distance
distribution function f satisfying lir}rl f(x) =1 is called a Menger distance dis-
r—r 400

tribution function. The set of all Menger distance distribution functions is denoted
by D+.

Definition 1.2. [6] A triangular norm (abbreviated, ¢-norm) is a binary operation
T on [0,1], which satisfies the conditions: (a) T is associative and commutative; (b)
T is continuous; (c¢) T'(a,1) = a for all a € [0,1]; (d) T(a,b) < T(c,d) whenever
a<candb<dforall abecde|01].

Definition 1.3. [6] A triangular norm T is said to be of H-type (Hadzi¢ type) if
a family of functions {T™(¢)} is equicontinuous at ¢ = 1; that is, for each ¢ € (0,1),
there exists § € (0,1) such that ¢ > 1 — ¢ implies that 7"(t) > 1 — € (n > 1), where
" : [0,1] — [0,1] is defined by T'(t) = T(t,t) and T™(t) = T(t,T""1(t)) for
n=2,3,---. Obviously, T"(t) < t for all n € N and ¢ € [0, 1].

Definition 1.4. [6] A Menger probabilistic metric space (briefly, Menger PM-
space) is a triple (X, F,T'), where X is a nonempty set, T" is a continuous t-norm
and F is a mapping from X2 in to D such that if F} , denotes the value of F' at
the pair (z,y), then the following conditions hold:

(PM1) F,,(t)=1forall t > 0 if only if z = y;
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(PM2) F, ,(t) =F,,(t) forall z,y € X and t > 0;
(PM3) F,.(t+s)>T(F,y(t),Fy,.(s)) for all z,y,z € X and t,s > 0.

Note that Definition 1.4 is the probabilistic version of metric spaces. Also, for
notions such as convergent and Cauchy sequences, completeness and examples in
Menger PM-space, we refer to [6].

Definition 1.5. [5] Let (X, F,T, <) be a partially ordered PM-space. The map-
ping f : X2 — X is called an (e, \)-uniformly local contraction with a constant
k€ (0,1),if L(Fpu(e) + Fyu(€)) = 1 —Afor all t,e > 0 and A € (0,1) implies that
Fram), fuv)(t) > %(qu(%) + Fyv(%)) for all z = u and y < v.

Under the conditions of Definition 1.5, the set X is called (e, A)-chainable if for all
z,y € X with x = y, there exists a finite sequence © = g <21 < -+ 2z, =y
such that F,, ., () > 1 — X fori = 0,1,---,n — 1. Also, the finite sequence
r=x9 21 X 2 x, =y is called (¢ A)-chain joining z and y.

Definition 1.6. [19] A Menger probabilistic G-metric space (shortly, PGM-space)
is a triple (X, G, T, where X is a nonempty set, 7" is a continuous t-norm and G is
a mapping from X3 into DT (G, . denotes the value of G at the point (z,y, z))
satisfying the following conditions:

(PG1) Gy y.(t)=1forallz,y,z€ X andt>0if and only if z =y = 2;
(PG2) Gy py(t) > Gy o(t) for all z,y € X with 2z # y and t > 0;

(PG3) Gy .(t) =G

(PG4) Ggy.(t+s) >T(Gra,a(s),Gay,-(t)) for all z,y,2,a € X and s,t > 0.

wzy(t) = Gy o - (t) = - (symmetry in all three variables);

Note that Definition 1.6 is the probabilistic version of generalized metric spaces.
Also, for notions such as convergent and Cauchy sequences, completeness, and ex-
amples in Menger PGM-space, we refer to [19].

Definition 1.7. [19] Let (X,G,T) be a PGM-space and z¢ € X. For any ¢ > 0
and ¢ with 0 < § < 1, an (¢, d)-neighborhood of xg is the set of all y € X which
Gaoyy(€) >1—0 and Gy 44,2, (€) > 1 — 5. We write

Nao(€,0) ={y € X : Gagyy(€) > 1= 6,Gyaoa(€) > 1 -6}

This means that Ny, (¢,0) is the set of all points y in X for which the probability
of the distance from x( to y being less than € is greater than 1 — 6.

Definition 1.8. [3] Let (X, <) be a partially ordered set. The mapping f : X? —
X is said to be have the mixed monotone property if f is monotone non-decreasing
in its first argument and is monotone non-increasing in its second argument; that
is, for all 21,29 € X, 21 X a9 implies f(z1,y) <X f(a2,y) for each y € X, and for
all y1,y2 € X, y1 < yo implies f(x,y1) = f(z,y2) for each z € X.
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Definition 1.9. [7] Let (X, <) be an ordered partial metric space. If relation C
is defined on X2 by (x,y) C (u,v) iff z < uw and y = v, then (X?,C) is an ordered
partial metric space.

2. Coupled Fixed Point Theorems on Local Contractions in Menger
PM-space

In this section, we prove some new coupled fixed point theorems for uniformly
locally contractive mappings on probabilistic metric spaces.

Theorem 2.1. Let (X, F,T,=) be a partially ordered complete Menger PM-space
with T of Hadzié-type and f : X?> — X be a mapping having the mized monotone
property on X . Also, suppose that the following conditions are hold:

1. X is (e, A\)-chainable with respect to the partial order “ <7 on X,

2. f is continuous,

w

. [ is (e, A)-uniformly locally contractive mapping,
4. there exists xo,yo € X such that xo < f(zo,y0) and yo = f(yo, o).

Then, f has a coupled fized point.

Proof. By condition 4, there exists xg,yo € X such that zo < f(z0,y0) and yo >

f(yo,x0). We define z1,y1 € X as 1 = f(20,%0) = 2o and y1 = f(y0,%0) = Yo
Let 2o = f(x1,y1) and y2 = f(y1,21). Then we obtain

f2(20,90) = f(f(@o,%0), f (Yo, x0)) = f(z1, 1) = @2,
S (o, o) = f(f (Wo, z0)s f (o, 10)) = f(y1,21) = v

Now, the mixed monotone property of f implies that
z2 = *(z0,y0) = f(z1,51) = f(w0,90) = 71 &= o,
y2 = f*(yo. o) = f(y1,21) = f(yo,0) = y1 = Yo.
Continuing the above procedure, we have
To 22X Z X2 2 Xpgr oo
YoZ Y1 Z Y2 = Z Yyl 2

for all n > 0, where

Tnt+1 = fn+1(x07y0) = f(fn(x())yo)a f"(yo,xo)),
Ynt1 = " (o, z0) = F(f" (yo, z0), [ (0, y0))-

If (Zp41, Ynt1) = (n, yn), then f has a coupled fixed point. Otherwise, let (2p41, Ynt1) #
(Zn,Yn) for all n > 0; that is, we assume that either z,1 = f(2n,yn) # x, or
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Yn+1 = [ (Yn, Tn) # yn. Since X is e-chainable, there exists ag, a1, -, a, € X and
Bo, 81, +, B € X such that

Ti=00 201 200 2 Qp = Tig
=Bo= P17 = Bu =it

for all i = 1,2,---,n. Hence, we have F,
Using condition 3, we have

z; z+1()>1—)\aHdFy“y1+l()21—)\.

—_

t t
Ff(zi1yi)1f(zi+1yyi+1)(t) > §<F$i;$i+1 (E) + Fyi;yi+1 (E))

Now, for all ¢ > 0, one can show by induction that

1 t t
Ff(gj'ivyi)vf(xi+1:yi+l)(t) = Fx7173371+1 (t) > §(F$17$0(E) + Fylyyo(ﬁ))v

1 t t
Ff(yi7ﬂfi)7f(yi+1ywi+1)(t) = Fyivyi+l (t) > i(FylyyO(E) + Ffﬁlyfﬂo(ﬁ))'

Hence7 we ha‘ve %(le,wo(%) + Fyhyo(kl)) — 1 and (Fy1 yo( )+FI1,IO( )) — 1
as ¢ — 00, SO
(2'1) FI'i7zi+1 (t) Z 1- /\ a‘nd Fyi7yi+1 (t) Z 1- )‘

for all 7 € N and any ¢ > 0. Now, we show by induction that for any £ >0, n > 1
and t > 0,
(2.2) F,

Tn s Tn+k

() = T(Frp 2 (E = ).
For k = 0, since T'(a,b) is a real number, 7°(a,b) = 1 for all a,b € [0,1]. Hence,
Fy oz, (t) = TO(FM’MH(t — At)) = 1, which implies that (2.2) holds for & = 0.

Assume that (2.2) holds for some k > 1. Then, since T is monotone, it follows from
(PMS3) that

F,

TnyTntk+1 (t)

Fop i (t = M+ AL)

Z ( T, Tn+1 (t )‘ ) Tn4+1,Tn+k+1 (/\t))
2 T(Fapann (= A), Fop o, (X))
> ( TnTn41 (t )‘t) (F93n>30n+1 (t - At)))

(2.3) TFY(Fy (= AD)).

Thus, (2.2) is hold. Now, we show that {z,} is a Cauchy sequence in X, i.e.,
lim F,, ., (t) =1 for any ¢ > 0. To this end, by hypothesis of the t-norm T is

m,n— oo

H-type we have {T™ : n > 1} is equicontinuous at 1; that is, there exists ¢ > 0 such
that

(2.4) T (a)>1—¢

for all n > 1 and any a € (1 — ¢,1]. On the other hand, it follows from (2. 1) that
lim F, .., (t—At)=1. Hence, there exists ng € N such that F, . . (t— )
n—oo

(1 —=46,1] for all n > ng. By (2.3) and (2.4), we conclude that F, .. ., (t) >
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for any k > 1. This shows lim F, , (t) =1 for any ¢t > 0; that is {z,} is a

n,m— 00
Cauchy sequence in X. Similarly, {y,} is a Cauchy sequence. Since X is a complete

space, there exists x,y € X such that lim z, = z and lim y, = y. Now, since
n—oo n—oo

Znt+1 = f(@n,yn) and f is continuous, and by taking the limit as n — oo, we have
f(z,y) = «. Similarly, f(y,z) = y. Thus, (x,y) is a coupled fixed point of f. O

Example 2.1. Let X = [0,00), “ <7 be a partially ordered on X (note that we consider
the same ordinary order on real numbers) and T'(a,b) = min{a,b}. Define F : X* — D™
by Fpy(t) = 1if z = y and otherwise, Fy ,(t) = exp(—t). Clearly, F satisfies in (PM1)-
(PM4). Define the mapping f : X* — X by f(a,b) = ab. We have

1 t t
F > - Facu 7 F, v\7
f(z,y),f(u,v)(t) = 2( , (k) + Iy, (k))

for k € (0,1). Therefore, f is (e, A)-uniformly locally contractive mapping. Also, f is
continuous, [0,00) is (€, A)-chainable, and there exists zo = 0 and yo = 1 such that
0 =20 = f(xo,y0) = zoyo and 1 = yo = f(yo,x0) = yoxo. Therefore, all the hypothesis of
Theorem 2.1 are satisfied and f has a coupled fixed point.

Theorem 2.2. Suppose that the assumptions of Theorem 2.1 is true. If we replace
the assumption the continuity of f by the following conditions:

1. if a non-decreasing sequence {x,} converges to x € X, then x, = x for all n,

2. if a non-increasing sequence {y,} converges to y € X, then y, =y for all n,

then f has a coupled fized point.

Proof. As in the proof of Theorem 2.1, we construct {z,} and {y,}. Then, by
conditions 1 and 2, we have z,, < x and ¥y, = y for all n > 0. Let x, = = and
yn = y for some n. Then, due to the structure of both sequences, we have z,,.1 =«
and y,+1 = y. Hence, (z,y) is a coupled fixed point. Now, we assume either z,, # x
or y, # y. Since z, — x and y, — y, for given €1, €2, A1, A2 > 0, there exists
k1, ks € N such that anlym(q) >1— )1 and Fynmy(GQ) >1— )\ for all ny > k; and
ng > ko, respectively. Let k = max{ky, ko}, A = max{A\1, A2} and € = max{ey, ez}
Then, by conditions 1 and 2, we have 3(F,, »(e) + F, 4(¢)) > 1— X for all n > k.
Since f is (€, A)-uniformly locally contractive, by conditions 1 and 2, we have

1 t t
Ffnyn), s @) () 2 5 (Fona(2) + Fyy(2)):

Now, by letting n — oo by zp+1 = f(Zn,yn), we have z = f(z,y). Similarly, one
can show that y = f(y, ). This completes the proof. [

Theorem 2.3. Adding the following property to the hypotheses of Theorem 2.1
(Theorem 2.2). Then the coupled fixed point of f is unique.

(H) for all (z,y), (z1,y1) € X2, there exists (21, 22) € X? such that is compara-
ble with (x,y) and (x1,y1).



On probabilistic (e, A)-local contraction mappings 975

Proof. Let (x1,y1) be another coupled fixed point of f. We consider two cases.

Case 1. suppose that (z,y) and (x1,y1) are comparable with respect to the
partial ordering C in X2. Without loss of the generality, we can assume that z < x;
and y = y1. Applying the procedure of Theorem 2.1, by X is (¢, \)-chainable, we
have Fy ;,(¢) > 1 — X and Fy,,(e) > 1 — A. Since f is (e, A)-uniformly locally
contractive, we have

t t
an(m,y),fn(zl,yl)(t) > (Fwwl(kT) + Fy,y1(k7))

N =

for all n € N. Now, by letting n — oo, we have x = ;. Similarly, y = y;.

Case 2. assume that (z,y) and (z1,y1) are not comparable. From (H), there
exists (21,22) € X2 that is comparable to (z,y) and (x1,y;). Without loss of the
generality, we can suppose that x < 21 , y = 29, 1 =X 21 and y; > 29. Similar to
the Case 1, we have

t t
(Frocs () + Fuea (),

N =

Epon(ay), 1 (z1,2) (1) 2

which by letting n — oo implies that lim f"(z,y) = lim f"(z1,22). Similarly,
n—00 n—00
we have lim f"(y,z) = lim f"(z2,21), lim f"(x1,151) = lm f"(21,22) and
. " n—oo . n n—oo n—oo . n—oo
nhﬂn;of (y1,21) = nl;rrgof (#2,21). Thus, we obtain F 4, (t) = an(m,y)7fn($17y1)(t)
and Fy,, (t) = Fpn(y,a),f7(y1,21)(t), which by letting n — oo implies that » =
and y = y1.
Consequently, the coupled fixed point of f is unique in both cases. [

Theorem 2.4. In addition of the hypotheses of Theorem 2.1 (Theorem 2.2), sup-
pose that every pair of elements of X has an upper or a lower bound in X. Then
T =1y.

Proof. Case 1. suppose that x and y are comparable. Without loss of the generality,
we can assume that z <y and y > y. Then similar to the proof of Theorem 2.3, we
have x =y

Case 2. suppose x is not comparable to y. Then, there exists an upper bound or
lower bound of x and y; that is, there exists z € X comparable with z and y. For
example, we can suppose that x =< z and y > z. Similar to the proof of Theorem
2.3, we have (z,y) = (#,2). Thus, z =y. O

3. Coupled Fixed Point Theorems in Menger PGM-spaces

In this section, we establish some coupled fixed point theorems in probabilistic
G-metric spaces.
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Theorem 3.1. Let (X,G,T,=<) be a partially ordered complete Menger PGM-
space with T of Hadzié-type and f : X2 — X be a continuous mapping having
the mized monotone property. Assume that there exists k € [0,1) such that

1 t t
(3.1) G o). ). w2 (1) 2 5(Gauw() + Gyoz(3))

for all z,y, z,u,v,w € X with x = u = w and y X v X z, where either u # w or
v # z. If there exist xg,yo € X such that xg < f(xo,y0) and yo = f(yo,x0), then f
has a coupled fixed point in X.

Proof. Construct {z,} and {y,} as in the proof of Theorem 2.1. If (Zy41,Ynt1) =
(ZnyYn), then f has a coupled fixed point. Otherwise, let (11, Yn+1) # (Tn,Yn)
for all n > 0; that is, we assume that either z,11 = f(Zpn,Yn) # Tp O Ypi1 =
fWnyxn) # Yn. Now, one can show by induction that

1 t t
Grn+1,zn+17$n (t) Z i(Gmlymlva(H) + Gylyylyyo(ﬁ))v
1 t t

Gyn+layn,+l1yn (t) Z 7(Gquylyyﬂ(k7n) + Gibl,zl,ro(kj))

for all n > 0. Since X is a Menger PGM-space, we have

t t
(3.2) lim Gg, 41,2,(-—)=1 and Hm Gy 0 (

i o Jim ) = b

which imply that

nlggo G$n+17rn+ly$n (t) = 1 and HILH;O Gyn,+1»yn,+17yn (t) = 1

for any ¢t > 0. Now, by induction, we show that for any k >0, n > 1and t > 0,

(3.3) Gannsnsnin(®) 2 TGy (= AL).

For k = 0, since T'(a,b) is a real number, T°(a,b) = 1 for all a,b € [0,1]. Hence,
Gapanan(t) 2 TGy niranin (E— ML),

which implies that (3.3) holds for & = 0. Assume that (3.3) holds for some k& > 1.
Since T is monotone, it follows from (PG4) that

G aninitaninis() = Gapwnirerwninss (E— A+ AL)
> T(Gapanirsinis (= M), Gapr wnipitoninss (AL))
> T(Gmn@whwnﬂ(t — At), G rni i (1))
2 T(Gins$n+17xn+l (t —At), Tk(GIn5In+17mn+l (t B At)))

"G

(t— \b)).

TnsTn+1,Tn+1
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Thus, (3.3) is hold. Now, we show that {z,} is a Cauchy sequence in X, i.e.,
lim Gy, 4, .2 (t) =1forallt > 0. To this end, we first prove

m,n,l—o00

lim Gmn,mm,zm (t) =1

n,m—oco

for any ¢t > 0. By hypothesis of the t-norm T is H-type we have {T" :n > 1} is

equicontinuous at 1; that is, there exists § > 0 such that 7"(a) > 1 — € for all a €

(1-6,1], e > 0and n > 1. From (3.2), it follows that lim G, 2,12, (E—=At) = 1.
n—oo

Hence, there exists ng € N such that Gy, 2,2, (t—At) € (1-6,1] for any n > ng.
Thus, by (3.2) and (3.3), we conclude that Gz, 2, ¢, . (t) > 1 — € for any k > 1.
This shows lim Gy, 4,2, (t) =1 for any t > 0, similarly lm Gy, 4.4, () =1

n,m—oo n,l—oo

for any ¢t > 0. By (PG4), we have

t t
Crpitnian() 2 T (G, (5): G (),
t

t t
szzn,zm (5) 2 T(Ga:n,a:m,zm (1); Gmn,xm,zm (Z))7

t t
Gwn,wn,ﬂcz( ) > T(Gwmwz,wz(*)v Gwn,wz,wz(*))-

4 4
Therefore, by the continuity of T, we conclude that lim G, 4, 2, (t) = 1 for

m,n,l—oco
any t > 0. Hence, {z,} is a Cauchy sequence in X. Similarly, {y,} is a Cauchy
sequence in X. Since X is complete, there exist z,y € X such that lim z,, = x and
n—oo

lim y, = y. Now, we show that f has a coupled fixed point in X. From x,,y1 =
n—oo

f(Tn,yn), take the limit as n — oo. Since f is continuous, we have f(z,y) = z.
Similarly, we have f(y,z) =y. O

Example 3.1. Consider X, “<” and T(a,b) as in Example 2.1. Define G : X* — R
by

t

Gl = G Gy

where G*(z,y,2) = |zt —y| + |x — 2| + |y — 2| for all z,y,z € X. Clearly, G satisfies in
(PG1)-(PG4) (see [19]). Define the mapping f : X? — X by f(z,y) = 1. Then, for all
t>0and k € [0,1), we have

t t
G:L‘ w,w\ 7 G v,z\ 7
(G (£) + Caa(1))
forall z,y, z, u,v,w € X withz > v > wand y < v = z, where either u # w or v # z. Also,
there exist g = 0 and yo = 1 such that 0 = zo < f(zo,y0) =1 and 1 = yo = f(yo,z0) = 1.
Therefore, all the hypothesis of Theorem 3.1 are satisfied. Thus, f has a coupled fixed
point.

N =

G f(2,m),f (uw0), f(w,2)(t) = Gria(t) =1>

Theorem 3.2. Assume that the assumptions of Theorem 3.1 are hold and replace
the assumption the continuity of f by the following conditions:
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1. if a non-decreasing sequence {x,,} converges to x € X, then x, = x for all n;

2. if a non-increasing sequence {y,} converges to y € X, then y,, = y for all n.

Then f has a coupled fized point.

Proof. As in the proof of Theorem 2.1, we construct {z,} and {y,}. Then, by
conditions 1 and 2, we have z,, = = and y, = y for all n > 0. Let z,, = = and
yYn = y for some n. Then, due to the structure of both sequences, we have z,,,1 =«
and y,4+1 = y. Hence, (z,y) is a coupled fixed point. Now, we assume that either
Ty # x Oor Yy, #y. Then we have

Gray)aa(2) 2 T(Gay),f@nyn) f@nwn) ) Grnyn)zz(t))
1 ¢ ¢

T(i(GTvﬁnvzn( ) + Gyaynayn (7))? Gy;n_*_qu;’x(t))-
2 k k

v

Now, taking n — oo, we obtain Gt ).4..(2t) = 1; that is, f(x,y) = x. Similarly,
we have f(y,z) = y. This completes the proof of the theorem. [

Theorem 3.3. Let (X,G,T,=<) be a partially ordered complete Menger PGM-
space with T of Hadzié-type and f : X2 — X be a continuous mapping having
the mized monotone property on X, and f(x,y) < f(y,x) whenever x < y. Assume
that there exists k € [0,1) such that

1 ¢ t
G (), w),fw,) (1) 2 5 (G (3) + Gz (1))

for all z,y, z,u,v,w € X with x = u = w and y X v X z, where either u # w or
v # z. If there exist g, yo € X such that xg =< yo, o = f(x0,v0) andyo > f(yo,x0),
then f has a coupled fixed point in X.

Proof. By the last assumption of the theorem, there exist zg,yo € X such that
zo = f(wo,90) and yo = f(yo,w0). We define z1,y1 € X as 21 = f(z0,%0) = o
and y1 = f(yo, To) = yo. Since g =< yo and by another assumption of the theorem,
we have f(zo,y0) = f(yo,70). Hence, o = z1 = f(20,%0) = f(¥0,%0) = y1 = ¥o-
Continuing the above procedure, we have two sequences {x,} and {y,} such that

Ty =2 f(-rnvyn) =Tpt1 X Yntl = f(ynvxn) = Yn

for all n > 0. Now, if =, = y,, = ¢ for some n, then ¢ < f(c,¢) < f(c,¢) < c. Thus,
¢ = f(c,c¢) and (c,c) is a coupled fixed point. Hence, we assume that =, < y, for
all n > 0. Further, for the same reason as stated in Theorem 3.1, we assume that
(ZnsYn) # (Tnt1,Yns1)- Then, for all n > 0, (3.1) will hold with = z,49,u =
Tpg1, W = Tn, Y = Yn,V = Ynt+1 and 2 = y,42. The rest of the proof is obtained by
repeating the same steps as in Theorem 3.1. [

Theorem 3.4. Suppose that the assumptions of Theorem 3.3 are true and replace
the assumption the continuity of f by the following conditions:



On probabilistic (e, A)-local contraction mappings 979

1. if a non-decreasing sequence {x,,} converges to x € X, then x, = x for all n;

2. if a non-increasing sequence {yn} converges to y € X, then y, =y for all n.

Then f has a coupled fized point.
Proof. The proof is similar to the proof of Theorem 3.2. [

Remark 3.1. (i) All the previous results can be considered if instead “mixed mono-
tone property” we suppose so-called only “monotone property” as in 1 and 2. It is
well known that this property has an advantage under the mixed monotone property.

(ii) Some authors think that the notion of coupled fixed point is not still such actual
for research. But Soleimani Rad et al. [18] only showed that some of the results in

coupled fixed point theory can be obtained from fixed point theory and conversely
(also, see [1, 13]).

4. Application to a System of Integral Equations

Consider the following system of integral equations:

z(t) = fab M(t,s)K (s, x(s),y(s))ds
(4.1)

y(t) = [ M(t, s)K (s, y(s), 2(s))ds

for all t € I = [a,b], where b > a, M € C(I x I,[0,00)) and K € C(I x R x R, R).

Let C(I,R) be the Banach space of all real continuous functions defined on

I with the sup norm ||z||ec = maxies |2(t)| for all z € C(I,R) and C(I x I X

C(I,R),R) be the space of all continuous functions defined on I x I x C(I,R) and

the induced G*-metric be defined by G*(x,y, z) = ||z — y|| + || — z|| + ||y — #|| for

all z,y,z € C(I,R). Now, suppose that G : C(I,R) x C(I,R) — D7 is defined by
Gy (1) = X(% — G*(z,y,2)) for all z,y,z € C(I,R) and t > 0, where

0 if t<0,

“”:{1 it > 0.

The space (C(I,R),G,T) with T(a,b) = min{a,b} is a complete Menger PGM-
space. Also, we define the partial order relation “ < ” on C(I,R) by x <X y iff
[|z]|oo < ||ylloo for all z,y € C(I,R). Thus, (C(I,R), F,T,=) is a partially ordered
complete probabilistic G-metric space.

Theorem 4.1. Let (C(I,R),G,T, X) be the partially ordered complete probabilistic
G-metric space and f : C(I,R) x C(I,R) — C(I,R) be an operator defined by
flx,y)t = f:M(t,s)K(s,x(s),y(s))dS, where M € C(I x 1,[0,00)) and K € C(I x
R x R,R) are two operators satisfying the following conditions:

(i) | K]l = sup  [K(s,x(s), y(s))| < oo,
sel,z,ycC(I,R)
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(i) for all x,y € C(I,R) and all t,s € I we have
1K (s,2(s), y(s)) = K (s, u(s), v(s))|| < §(max |2 (s) —u(s)|+max [y(s) —v(s)]),
(1i1) supf: G(t, s)ds < 1.
tel
Then, the system of integral equations (4.1) has a solution in C'(I,R) x C(I,R).

Proof. For all x,y,z € C(I,R), we consider

G* (2,9, 2) = max([o(t) — y()]) + max(a(t) - (1)) + max(ly(t) - (1))

Therefore, for all z,y, z,u,v,w € C(I,R) with = u > w and y < v <X z, where
either u # w or v # z, we get

G*(f(2,y), f(u,0), f(w, 2))

< max/ M(t, $)| K (s, 2(s), y(s)) — K(s,u(s),v(s))|ds
+ max / M(t, ) (5, 2(s), y(5)) — K (s,0(s), 2(s))ds
o [ "Mt ) (5, u(s), (6) — K (5,(s), (5))|ds
< max(j(ja(s) — u(s)| + [y(s) max/ M(t,5)d
+max(1(|x( w(s)] + y(s) max/ Mt s)
max (G (fu(s) — w(s)] +[o(s) mx/ M(t,s)
< max(3(ja(s) — u(s)] +ly(s) — v(s)))

+max<1<|x< w(s)| + [y(s) — 2(s)]))
—|—maX(1(|u( ) — w(s)| + [u(s) — 2(s)])),

which implies that

Giay). fluw).fw) ) = x5 =G (f(@,9), f(u,v), f(w,2))

(5 = (max( (a(s) — u(s)| + ly(s) — o(s)])

Y

+ max(i(\x(s) —w(s)| + [y(s) — 2(s)]))
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—

+maX( (lu(s) = w(s)| +[v(s) — 2(s)])))

= ( (t— *(maX(Ix( ) = u(s)] + [z(s) —w(s)|
+IU(S) w(s)|) + max(ly(s) — v(s)| + |y(s) — z(s)|
+o(s) = 2(s)1))

;x(t (max(fz(s) — u(s)| + |2(s) — w(s)]

Hu(s) —w(s)]))) + %X(t — (max([y(s) — v(s)]
+Hy(s) = z(s)] + |v(s) — 2(s)])))

1

= §(Gw’"’w(2t) + Gy u,2(2t)).

v

Therefore, all the hypotheses of Theorem 3.1 are held with k£ = % and the operator
f has a coupled fixed point which is the solution of the system of the integral
equations. [
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