
FACTA UNIVERSITATIS (NIŠ)
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Abstract. In this paper, we have established some geometric inequalities for the
squared mean curvature in terms of warping functions of a doubly warped product
pointwise bi-slant submanifold of a conformal Sasakian space form with a quarter sym-
metric metric connection. The equality cases havve also been considered. Moreover,
some applications of obtained results are derived.
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1. Introduction

In 2000, B. Unal [17] introduced the notion of doubly warped products as a gen-
eralization of warped products and it states that: let N1 and N2 be two Riemannian
manifolds with Riemannian metrics g1 and g2 respectively. Further, let us suppose
that f1 & f2 are positive differentiable functions on N1 and N2 respectively. Then,
the doubly warped product N = f2N1 ×f1 N2 is defined as the product manifold
N1×N2 equipped with the warped metric g = f22 g1+f21 g2. In a meticulous manner,
if t1 : N1 × N2 → N1 and t2 : N1 × N2 → N2 are natural projections, then the
metric g is given by [17]

g(X,Y ) = (f2 ◦ t2)
2
g1 (ι∗1X, ι

∗
1Y ) + (f1 ◦ t1)

2
g2 (t∗2X, t

∗
2Y ) ,(1.1)
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for any vector fields X,Y on N, where ∗ denotes the symbol for tangent maps.

It is important to note that on a doubly warped product manifold N = f2N1×f1
N2 if either f1 or f2 is constant on N but not both, then N is a single warped
product. Furthermore, if both f1 and f2 are constant function on N , then N is
locally a Riemannian product. A doubly warped product manifold is said to be
proper if both f1 and f2 are non-constant functions on N .

On the other hand, the immersibility/non-immersibility of a Riemannian man-
ifold in a space form is one of the most fundamental problems in the theory of
submanifold which started with the most celebrated Nash embedding theorem [11].
In this theorem, actually Nash was aiming to take extrinsic help. However, due to
the lack of control of the extrinsic properties of the submanifolds by the known in-
trinsic invariant, the aim cannot be reached. Motivated by this and to overcome the
difficulties, Chen introduced new types of Riemannian invariants and established
general optimal relationship between extrinsic invariants and intrinsic invariants
on the submanifold. Motivated by Chen’s result, several inequalities have been
obtained by many geometers for warped products and doubly warped products in
different setting of the ambient manifolds [4, 5, 8, 9, 10, 12, 13, 15, 16, 19, 20].
In this paper, we have studied doubly warped product pointwise bi-slant subman-
ifolds isometrically immersed into a conformal Sasakian space form with a quarter
symmetric metric connection. The inequalities which we shall obtain in this paper
are very fascinating because we derive upper bound and lower bound for warping
functions in terms of mean curvature, scalar curvature and pointwise constant ϕ-
sectional curvature c. The obtained results generalize some other inequalities as
special cases.

2. Preliminaries

Let Ñ be a Riemannian manifold with Riemannian metric g. A linear connection
∇̄ on Ñ is called a quarter-symmetric connection if its torsion tensor T given by

T (X,Y ) = ∇̄XY − ∇̄YX − [X,Y ]

and satisfies

T (X,Y ) = π(Y )ϕX − π(X)ϕY,

where π is a 1-form and V is a vector field such that π(X) = g(X,V) and ϕ is a (1,1)
tensor field. If ∇̄g = 0, then ∇̄ is known as quarter-symmetric metric connection
and ∇̄g 6= 0, then ∇̄ is known as quarter symmetric non-metric connection. In
this setting, it is shown in [14], one can easily obtain a special quarter-symmetric
connection defined as

∇̄XY = ˜̄∇XY + λ1π(Y )X − λ2g(X,Y )V.(2.1)

This is a general class of connection in the sense of (2.1) can be obtained as:
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1. when λ1 = λ2 = 1, then the above connection reduces to semi-symmetric
metric connection.

2. when λ1 = 1 and λ2 = 0, then the above connection reduces to semi-symmetric
non metric connection.

The curvature tensor with respect to ∇̄ is given by

R̄(X,Y )Z = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z.(2.2)

Similarly, we can define the curvature tensor with respect to ˜̄∇. Now, using (2.1),
the curvature tensor takes the following form [18]

R̄(X,Y, Z,W ) = ˜̄R(X,Y, Z,W ) + λ1α(X,Z)g(Y,W )− λ1α(Y,Z)g(X,W )

+λ2α(Y,W )g(X,Z)− λ2α(X,W )g(Y,Z)

+λ2(λ1 − λ2)g(X,Z)β(Y,W )− λ2(λ1 − λ2)g(Y, Z)β(X,W ).

(2.3)

where

α(X,Y ) = ( ˜̄∇Xπ)(Y )− λ1π(X)π(Y ) +
λ2
2
g(X,Y )π(V)

and

β(X,Y ) =
π(V)

2
g(X,Y ) + π(X)π(Y )

are (0, 2) tensors.

For simplicity, we denote by tr(α) = a and tr(β) = b.

Let N be an m-dimensional submanifold of a Riemannian manifold Ñ and ∇,
∇̃ be the induced quarter symmetric-metric connection and Levi-Civita connection
of N , respectively. Then the corresponding Gauss formulas are given by:

∇̄XY = ∇XY + σ(X,Y ), X, Y ∈ Γ(TN),(2.4)

˜̄∇XY = ∇̃XY + σ̃(X,Y ), X, Y ∈ Γ(TN),(2.5)

where σ̃ is the second fundamental form given by σ(X,Y ) = σ̃(X,Y )−λ2g(X,Y )V⊥.

Furthermore, the equation of Gauss is given by [18]:

R̄(X,Y, Z,W ) = R(X,Y, Z,W )− g(σ(X,W ), σ(Y, Z)) + g(σ(Y,W ), σ(X,Z))

+(λ1 − λ2)g(σ(Y, Z),V⊥)g(X,W )

+(λ2 − λ1)g(σ(X,Z),V⊥)g(Y,W ).(2.6)
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Now, let Ñ be a (2n+1) odd-dimensional Riemannian manifold. Then Ñ is said
to be an almost contact metric manifold with structure (ϕ, ξ, η, g) if there exist
a tensor ϕ of type (1, 1), a vector field ξ (structure vector field) and a 1-form η
satisfying [3]

ϕ2X = −X + η(X)ξ, g(X, ξ) = η(X),

g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ),(2.7)

for any X,Y on Ñ . The 2-form Φ is called the fundamental 2-form in Ñ and the
manifold is said to be a contact metric manifold if Φ = dη. A Sasakian manifold is
a normal contact metric manifold. In fact, an almost contact metric manifold is a
Sasakian manifold if and only if

(∇Xϕ)Y = g(X,Y )ξ − η(Y )X.

A (2n + 1)-dimensional Riemannian manifold Ñ endowed with the almost contact
metric structure (ϕ, η, ξ, g) is called a conformal Sasakian manifold if for a C∞

function f : Ñ → R, there are [1]

g̃ = exp(f)g, ϕ̃ = ϕ, η̃ = (exp(f))
1
2 η, ξ̃ = (exp(−f))

1
2 ξ(2.8)

is a Sasakian structure on Ñ . Using Koszul formula, we derive the following relation
between the connections ∇̃ and ∇

∇̃XY = ∇XY +
1

2
{ω(X)Y + ω(Y )X − g(X,Y )ω#},(2.9)

for all vector fields X,Y on Ñ , where ω(X) = X(f) and g(ω#, X) = ω(X).

An almost contact metric manifold (Ñ , ϕ, ξ, η, g) whose curvature tensor satisfies

g( ˜̄R(X,Y )Z,W ) = exp(f)

{
c+ 3

4

(
g(Y, Z)g(X,W )− g(X,Z)g(Y,W )

)
+
c− 1

4

(
η(X)η(Z)g(Y,W )− η(Y )η(Z)g(X,W )

+g(X,Z)g(ξ,W )η(Y )− g(Y, Z)g(ξ,W )η(X)

−g(ϕY,Z)g(ϕX,W )− g(ϕX,Z)g(ϕY,W )

−2g(ϕX, Y )g(ϕZ,W )

}
− 1

2

(
B(X,Z)g(Y,W )

−B(Y, Z)g(X,W ) +B(Y,W )g(Y, Z)−B(X,W )g(Y,Z)
)

−1

4
||ω#||2

(
g(X,Z)g(Y,W )− g(X,W )g(Y,Z)

)
,(2.10)
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for any vector fields X,Y, Z,W tangent to Ñ , where B = ∇ω − 1
2ω ⊗ ω, is said to

be a conformal Sasakian space form [1].

From (2.1) and (2.10), we get

g(R̄(X,Y )Z,W ) = exp(f)

{
c+ 3

4

(
g(Y,Z)g(X,W )− g(X,Z)g(Y,W )

)
+
c− 1

4

(
η(X)η(Z)g(Y,W )− η(Y )η(Z)g(X,W )

+g(X,Z)g(ξ,W )η(Y )− g(Y, Z)g(ξ,W )η(X)

−g(ϕY,Z)g(ϕX,W )− g(ϕX,Z)g(ϕY,W )

−2g(ϕX, Y )g(ϕZ,W )

}
− 1

2

(
B(X,Z)g(Y,W )

−B(Y, Z)g(X,W ) +B(Y,W )g(Y,Z)−B(X,W )g(Y,Z)
)

−1

4
||ω#||2

(
g(X,Z)g(Y,W )− g(X,W )g(Y,Z)

)
+λ1α(X,Z)g(Y,W )− λ1α(Y,Z)g(X,W )

+λ2g(X,Z)α(Y,W )− λ2g(Y, Z)α(X,W )

+λ2(λ1 − λ2)g(X,Z)β(Y,W )− λ2(λ1 − λ2)g(Y, Z)β(X,W ).

(2.11)

The squared norm of T at p ∈ N is given by

||T ||2 =

m∑
i,j=1

g2(Jei, ej),(2.12)

where {e1, · · · , em} is any orthonormal basis of the tangent space TN of N .

It was proved in [6] that a submanifold N of an almost Hermitian manifold
(Ñ , J, g) is pointwise slant if and only if

T 2 = − cos2 θ(p)I, ∀ p ∈ N,(2.13)

for some real-valued function θ(p) on N . A pointwise slant submanifold is proper if
it contains neither totally real points nor complex points.

Clearly, it is easy to check that

g(TX, TY ) = cos2 θ(p)g(X,Y ),(2.14)

g(FX,FY ) = sin2 θ(p)g(X,Y ),(2.15)

for any X,Y ∈ Γ(TN).

The following definition is given by Chen and Uddin in [8]:
A submanifold N of dimension m of an almost Hermitian manifold Ñ4n is said to
be a pointwise bi-slant submanifold if there exists a pair of orthogonal distributions
D1 and D2, such that
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(i) TN = D1 ⊕D2,

(ii) JD1 ⊥ D2 and JD2 ⊥ D1,

(iii) Each distribution Di is pointwise slant with slant function θi : TN −{0} → R
for i = 1, 2.

In fact, pointwise bi-slant submanifold are more general class of submanifolds
and bi-slant, pointwise semi-slant, semi-slant and CR-submanifolds are the partic-
ular cases of these submanifolds.

Since N is a pointwise bi-slant submanifold, we defined an adapted orthonormal
frame as m = 2d1 + 2d2 follows

{e1, e2 = sec θ1Te1, · · · , e2d1−1, e2d1 = sec θ1Te2d1−1,

· · · , e2d1+1, e2d1+2 = sec θ2Te2d1+1, · · · , e2d1+2d2−1, e2d1+2d2 = sec θ2Te2d1+2d2−1}.

Thus, we defined it such that g(e1, Je2) = −g(Je1, e2) = −g(Je1, sec θ1Te1), which
implies that g(e1, Je2) = − sec θ1g(Te1, T e2).

Following (2.14), we get g(e1, Je2) = cosθ1g(e1, e2). Therefore, we easily ob-
tained the following relation

||T ||2 =

m∑
i,j=1

g2(ei, Jej) = (m1 cos2 θ1 +m2 cos2 θ2),(2.16)

where m1 = dimD1 and m2 = dimD2.

Let ϕ : N = f2N1×f1N2 → Ñ be isometric immersion of a doubly warped prod-

uct f2N1×f1 N2 into a Riemannian manifold of Ñ of constant sectional curvature c.
Suppose that m1,m2 and m be the dimensions of N1, N2 and N1×fN2, respectively.
Then for unit vector fields X and Z tangent to N1 and N2 respectively, we have

κ(X ∧ Z) = g (∇Z∇XX −∇X∇ZX,Z)

=
1

f1

{(
∇1
XX

)
f1 −X2f1

}
+

1

f2

{(
∇2
ZZ
)
f2 − Z2f2

}
.(2.17)

If we consider the local orthonormal frame {e1, e2, · · · , em} such that {e1, e2, · · · , em1
}

tangent to N1 and {em1+1, · · · , em} are tangent to N2, then the sectional curvatre
in terms of doubly warped product is defined by∑

1≤i≤m1

∑
m1+1≤j≤m

κ (ei ∧ ej) =
m2∆1f1

f1
+
m1∆2f2

f2
,(2.18)

for each j = m1 + 1, · · · ,m.
In this context, we shall define another important Riemannian intrinsic invariant

called the scalar curvature of Ñn and denoted by τ̃(TpÑ
n), which at some p in Ñn

is given as :

τ̃(TpÑ
n) =

∑
1≤i<j≤n

κ̃ij ,(2.19)
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where κ̃ij = κ̃(ei ∧ ej). It is clear that first equality (2.19) is congruent to the
following equation, which will be frequently used in the subsequent proof:

2τ̃(TpÑ
n) =

∑
1≤i 6=j≤n

κ̃ij .(2.20)

Similarly, scalar curvature τ̃(Lp) of L-plane is given by

τ̃(Lp) =
∑

1≤i<j≤n

κ̃ij .(2.21)

An orthonormal basis of the tangent space TpN is {e1, · · · , em} such that er =
{em+1, · · · , e2n+1} belongs to the normal space T⊥N . Then, we have

σrij = g(σ(ei, ej), er), ||σ||2 =
∑m
i,j=1 g(σ(ei, ej), σ(ei, ej)) =

∑2n+1
r=m+1

∑m
i,j=1(σrij)

2,

||H||2 = 1
m2

∑m
i=1 g(σ(ei, ei), σ(ei, ei)),

where ‖H‖2 is the squared norm of the mean curvature vector H of N .

Let κij and κ̃ij be the sectional curvature of the plane section spanned by ei and

ej at p in a submanifold Nm and a Riemannian manifold Ñn respectively. Thus, κij
and κ̃ij are the intrinsic and the extrinsic sectional curvatures of the span {ei, ej}
at p. Thus from the Gauss Equation, we have

2τ(TpN
m) = κij = 2τ̃(TpN

m)−
m∑

i,j=1

{
(λ1 − λ2)g(σ(ej , ej),Q⊥)g(ei, ei)

+ (λ2 − λ1)g(σ(ei, ej),Q⊥)g(ej , ei)
}

+

2n+1∑
r=m+1

m∑
i,j=1

(
σriiσ

r
jj − (σrij)

2
)

= κ̃ij −
m∑

i,j=1

{
(λ1 − λ2)g(σ(ej , ej),Q⊥)g(ei, ei)

+ (λ2 − λ1)g(σ(ei, ej),Q⊥)g(ej , ei)
}

+

2n+1∑
r=m+1

m∑
i,j=1

(
σriiσ

r
jj − (σrij)

2
)
.

(2.22)

The following consequences come from Gauss equation and (2.22)

τ(TpN1
m1) = τ̃(TpN

m1
1 )−

∑
1≤j<k≤m1

{
(λ1 − λ2)g(σ(ej , ej),Q⊥)g(ek, ek)

+ (λ2 − λ1)g(σ(ej , ek),Q⊥)g(ek, ej)
}

+

2n+1∑
r=m+1

∑
1≤j<k≤m1

(
σrjjσ

r
kk − (σrjk)2

)
,

τ(TpN2
m2) = τ̃(TpN

m2
2 )−

∑
m1+1≤s<t≤m

{
(λ1 − λ2)g(σ(et, et),Q⊥)g(es, es)



658 M. Aslam, M. Iqbal and S. K. Yadav

+ (λ2 − λ1)g(σ(es, et),Q⊥)g(et, es)
}

+

2n+1∑
r=m+1

∑
m1+1≤s<t≤m

m
(
σrssσ

r
tt − (σrst)

2
)
.

(2.23)

3. Main Inequalities

First, we recall the following result of B.-Y. Chen for later use.

Lemma 3.1. [7] Let m ≥ 2 and a1, · · · , am, b be (m+1) real numbers such that(
m∑
i=1

ai

)2

= (m− 1)

(
m∑
i=1

a2i + b

)
.

Then 2a1a2 ≥ b, with equality holding if and only if a1 + a2 = a3 = · · · = am.

Now, we prove the following main result of this section.

Theorem 3.1. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1 ×f1 N2 → Ñ(c) be an isometric immersion of an m-dimensional

pointwise bi-slant doubly warped product into Ñ(c) equipped with quarter symmetric
connection. Then

(i) The relation between warping functions and the squared norm of mean curvature
is given by

m2∆1f1
f1

+
m1∆2f2

f2
≤ m2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1cos

2θ1 + 3m2cos
2θ2]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
,(3.1)

where ∇ and ∆ are the gradient and the laplacian operators, repectively and H is
the mean curvature vector of Nm.

(ii) The equality case holds in (3.1) if and only if ϕ is a mixed totally geodesic
isometric immersion and the following satisfies m1H1 = m2H2, where H1 and H2

are partial mean curvature vectors of H along Nm1
1 and Nm2

2 , respectively and
π(H) = 1

m

∑m
i=1 π(σ(ei, ej)) = g(Q, H).

Proof. let {e1, ..., em} and {em+1, ..., e2n+1} as orthonormal tangent frame and or-
thonormal normal frame on N , respectively. Putting X = W = ei, Y = Z = ej,



Geometric Inequalities in Conformal Sasakian Space Form 659

i 6= j in (2.21) and using(2.6), we obtain

g(R̄(ei, ej , ej , ei) = exp(f)

{
c+ 3

4

(
g(ej , ej)g(ei, ei)− g(ei, ej)g(ej , ei)

)
+

c− 1

4

(
η(ei)η(ej)g(ej , ei)− η(ej)η(ej)g(ei, ei)

+ g(ei, ej)g(ξ, ei)η(ej)− g(ej , ej)g(ξ, ei)η(ei)

− g(ϕej , ej)g(ϕei, ei)− g(ϕei, ej)g(ϕej , ei)

− 2g(ϕei, ej)g(ϕej , ei)

}
− 1

2

(
B(ei, ej)g(ej , ei)

− B(ej , ej)g(ei, ei) +B(ej , ei)g(ei, ej)−B(ei, ei)g(ej , ej)
)

− 1

4
||ω#||2

(
g(ei, ej)g(ej , ei)− g(ej , ej)g(ei, ei)

)
+ Λ1α(ei, ej)g(ej , ei)− Λ1α(ej , ej)g(ei, ei)

+ λ2g(ei, ej)α(ej , ei)− λ2g(ej , ej)α(ei, ei)

+ λ2(λ1 − λ2)g(ei, ej)β(ej , ei)− λ2(λ1 − λ2)g(ej , ej)β(ei, ei),

− (λ1 − λ2)g(h(ej , ej),P⊥)g(ei, ei)

− (λ2 − λ1)g(h(ei, ej),P⊥)g(ej , ei)

(3.2)

By taking summation 1 ≤ i, j ≤ m and using Gauss equation with (3.2), we have

2τ = exp(f)

{
(c+ 3)

4
m(m− 1) +

(c− 1)

4

(
2− 2m+ 3||P ||2

}
+ (m− 1)trB

+
1

4
m(m− 1)||ω#||2 + (λ1 + λ2)(1−m)a+ λ2(λ1 − λ2)(1−m)b

+ (λ2 − λ1)m(m− 1)π(H) +m2||H||2 − ||σ||2

= exp(f)

{
(c+ 3)

4
m(m− 1) +

(c− 1)

4

(
2− 2m+ 3m1cos

2θ1 + 3m2cos
2θ2)

+ (m− 1)trB +
1

4
m(m− 1)||ω#||2

}
+ (λ1 + λ2)(1−m)a

+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H) +m2||H||2 − ||σ||2,(3.3)

where

||P ||2 =

m∑
i,j=1

g2(ϕei, ej) and π(H) =
1

m

m∑
j=1

π(h(ej , ej)) = g(V⊥,H).

Let us assume that

δ = 2τ −
{
exp(f)

{ (c+ 3)

8
m1(m1 − 1) +

(c− 1)

8
(2− 2m1) +

(c− 1)

4
3m1cos

2θ1

+
1

2
(m1 − 1)trB +

1

8
m1(m1 − 1)||ω#||2

}
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+
(c+ 3)

8
m2(m2 − 1) +

(c− 1)

8
(2− 2m2) +

(c− 1)

4
3m2cos

2θ2

+
1

2
(m2 − 1)trB +

1

8
m2(m2 − 1)||ω#||2

}
+ (λ1 + λ2)(1−m)a

+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H)

}
− n2

2
||H||2.(3.4)

Then, from (3.3) and (3.4), we have

m2||H||2 = 2(δ + ||σ||2).(3.5)

Thus, the orthonormal frame {e1, · · · , em} the proceeding equation takes the follow-
ing form(

m∑
i=1

σm+1
ii

)2

= 2
{
δ +

m∑
i=1

(σm+1
ii )2 +

∑
i 6=j

(σm+1
ij )2 +

2n+1∑
r=m+1

m∑
i,j=1

(σrij)
2
}
.(3.6)

By using the algebraic Lemma 3.1 and relation (3.6), we have

2σm+1
11 σm+1

22 ≥
∑
i 6=j

(σm+1
ij )2 +

m∑
i,j=1

2n+1∑
r=m+2

(σrij)
2 + δ.(3.7)

If we substitute a1 = σm+1
11 , a2 =

∑m1

i=2 σ
m+1
ii and a3 =

∑m
t=m1+1 σ

m+1
tt in the above

equation (3.6), we have(
m∑
i=1

ai

)2

= 2
{
δ +

m∑
i=1

a2i +
∑

i 6=j≤m

(σm+1
ij )2 +

2n+1∑
r=m+1

m∑
i,j=1

(σrij)
2

−
∑

2≤j 6=k≤m1

σm+1
jj σm+1

kk −
∑

m1+1≤s 6=t≤m

σm+1
ss σm+1

tt

}
.(3.8)

Thus a1, a2, a3 satisfy the Chen’s Lemma (for m = 3), that is(
3∑
i=1

ai

)2

= 2

(
b+

3∑
i=1

a2i

)
.

Then 2a1a2 ≥ b, with equality holding if and only if a1 + a2 = a3. In the case of
under considering, this means that∑
1≤j<k≤m1

σm+1
jj σm+1

kk +
∑

m1+1≤s<t≤m

σm+1
ss σm+1

tt ≥ δ
2 +

∑
1≤α3<β3≤m(σm+1

α3β3
)2

+
∑2n+1
r=m+1

∑m
α3β3=1(σrα3β3

)2.(3.9)

Equality holds if and only if

m1∑
i=1

σm+1
ii =

m∑
t=m1+1

σm+1
tt .(3.10)
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Again, using Gauss equation, we derive

m2
∆1f1
f1

+m1
∆2f2
f2

= τ −
∑

1≤j<k≤m1

κ(ej ∧ ek)−
∑

m1+1≤s<t≤m

κ(es ∧ et).

(3.11)

Then, the scalar curvature for the conformal Sasakian space form with quarter-
symmetric connection from (2.22), we get

m2
∆1f1
f1

+m1
∆2f2
f2

= τ − exp(f)

{
(c+ 3)

8
m1(m1 − 1) +

(c− 1)

8
(2− 2m1)

+
(c− 1)

4
3m1cos

2θ1 +
1

2
(m1 − 1)trB +

1

8
m1(m1 − 1)||ω#||2

}
− 1

2

{
(λ1 + λ2)(1−m1)a+ λ2(λ1 − λ2)(1−m1)b

+ (λ2 − λ1)m1(m1 − 1)π(H)
}
−

2n+1∑
r=m+1

∑
m1+1≤j<k≤m

(
σrjjσ

r
kk − (σrjk)2

)
− exp(f)

{
(c+ 3)

8
m2(m2 − 1) +

(c− 1)

8
(2− 2m2)

+
(c− 1)

4
3m2cos

2θ2 +
1

2
(m2 − 1)trB +

1

8
m2(m2 − 1)||ω#||2

}
− 1

2

{
(λ1 + λ2)(1−m2)a+ λ2(λ1 − λ2)(1−m2)b

+ (λ2 − λ1)m2(m2 − 1)π(H)
}
−

2n+1∑
r=m+1

∑
m1+1≤s<t≤m

(
σrssσ

r
tt − (σrst)

2
)
.(3.12)

Now making use of (3.9) and (3.12), we have

m2
∆1f1
f1

+m1
∆2f2
f2

≤ τ − exp(f)

{
(c+ 3)

8
[m(m− 1)− 2m1m2] +

(c− 1)

8
(4− 2m)

+
1

2
(m− 2)trB +

1

8
[m(m− 1)− 2m1m2]||ω#||2

+
(c− 1)

4
[3m1cos

2θ1 + 3m2cos
2θ2]

}
+

1

2

{
(λ1 + λ2)(2−m)a+ λ2(λ1 − λ2)(2−m)b

+ (λ2 − λ1)[m(m− 1)− 2m1m2]π(H)
}
− δ

2
.(3.13)

Using (3.4) in the above equation, we obtain

m2∆1f1
f1

+
m1∆2f2

f2
≤ m2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2



662 M. Aslam, M. Iqbal and S. K. Yadav

− (c− 1)

8
[2 + 3m1cos

2θ1 + 3m2cos
2θ2]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
,(3.14)

which is inequality (3.1). The equality sign holds in (3.1) if and only if the leaving
term in (3.9) and (3.10) imply that

2n+1∑
r=m+1

m1∑
i=1

σrii =

2n+1∑
r=m+1

m∑
t=m1+1

σrtt = 0,(3.15)

and m1H1 = m2H2.

Moreover from (3.10), we obtain

σjt = 0, ∀ 1 ≤ j ≤ m1,m+ 1 ≤ t ≤ m,m+ 1 ≤ r ≤ 2n+ 1.(3.16)

This shows that ϕ is a mixed, totally geodesic immersion. The converse part
of (3.16) is true for pointwise bi-slant warped product immersion into conformal
Sasakian space form. Hence, the proof is complete.

Following corollaries are easy consequence of the above theorem.

Corollary 3.1. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1×f1N2 → Ñ(c) be an isometric immersion of an m-dimensional point-

wise semi-slant doubly warped product into Ñ(c) equipped with quarter symmetric
connection. Then

m2∆1f1
f1

+
m1∆2f2

f2
≤ m2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1 + 3m2cos

2θ2]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
.(3.17)

Similarly, if θ1 = π/2 and θ2 = θ, in Theorem 3.1, then we have

Corollary 3.2. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1×f1N2 → Ñ(c) be an isometric immersion of an m-dimensional point-

wise hemi-slant doubly warped product into Ñ(c) equipped with quarter symmetric
connection. Then

m2∆1f1
f1

+
m1∆2f2

f2
≤ exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m2cos

2θ]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
.(3.18)
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Also, if θ1 = 0 and θ2 = π/2, in Theorem 3.1, then we have

Corollary 3.3. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1 ×f1 N2 → Ñ(c) be an isometric immersion of an m-dimensional from

poitwise CR-doubly warped product into Ñ(c) equipped with quarter symmetric con-
nection. Then

m2∆1f1
f1

+
m1∆2f2

f2
≤ n2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
.(3.19)

Furthermore, we have the following corollary of Theorem 3.1

Corollary 3.4. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1×f1N2 → Ñ(c) be an isometric minimal immersion of an m-dimensional

pointwise bi-slant doubly warped product into Ñ(c) equipped with quarter symmetric
connection. Then the following inequality holds:

m2∆1f1
f1

+
m1∆2f2

f2
≤ exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1cos

2θ1 + 3m2cos
2θ2]

}
− 1

2

{
(λ1 + λ2)a+ λ2(λ1 − λ2)b+ 2m1m2(λ1 − λ2)π(H)

}
.(3.20)

For the semi-symmetric metric connection λ1 = λ2 = 1, we have

Theorem 3.2. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space from
and ϕ :f2 N1 ×f1 N2 → Ñ(c) be an isometric immersion of an m-dimensional

pointwise bi-slant doubly warped product into Ñ(c) equipped with semi-symmetric
connection. Then the following inequality holds:

m2∆1f1
f1

+
m1∆2f2

f2
≤ n2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1cos

2θ1 + 3m2cos
2θ2]

}
− a.(3.21)

For the semi-symmetric metric nonmetric connection, if we put λ1 = 1 and λ2 = 0
in Theorem 3.1, then we have
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Theorem 3.3. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1×f1N2 → Ñ(c) be an isometric immersion of an m-dimensional point-

wise bi-slant doubly warped product into Ñ(c) equipped with semi-symmetric metric
non metric connection satisfies the following inequality

m2∆1f1
f1

+
m1∆2f2

f2
≤ n2

4
||H||2 + exp(f)

{
(c+ 3)

4
m1m2 +

1

2
trB +

1

4
m1m2||ω∗||2

− (c− 1)

8
[2 + 3m1cos

2θ1 + 3m2cos
2θ2]

}
− 1

2
(a+ 2m1m2π(H)).(3.22)

Next, we have the following theorem

Theorem 3.4. Let Ñ(c) be a (2n+1)-dimensional conformal Sasakian space form
and ϕ :f2 N1 ×f1 N2 → Ñ(c) be an isometric immersion of an m-dimensional

pointwise bi-slant doubly warped product into Ñ(c) equipped with quarter symmetric
connection. Then

(i)
(∆1f1
m1f1

)
+
(∆2f2
m2f2

)
≥ τ − m2(m− 2)

2(m− 1)
||H||2

− exp(f)

{
(c+ 3)

8
(m+ 1)(m− 2) +

(c− 1)

8

(
2− 2m+ 3m1cos

2θ1

+ 3m2cos
2θ2) +

1

2
(m− 1)trB +

1

8
m(m− 1)||ω#||2

}
− 1

2

{
(λ1 + λ2)(1− n)a+ λ2(λ1 − λ2)(1− n)b

+ (λ1 − λ2)n(n− 1)π(H)
}
,(3.23)

where mi = dimNi, i=1,2 and ∆i is the laplacian operator on Ni, i=1,2.

(ii) If the equality sign holds in (3.23), then the equality sign in (3.36) holds auo-
tomatically.

(iii) If m = 2, then equality sign in (3.23) holds identically.

Proof. Let us consider that f2N1 ×f1 N2 be an isometric immersion of an m-

dimensional pointwise bi-slant doubly warped product Ñ(c) with pointwise ϕ-sectional
curvature c endowed with quarter symmetric connection. Then from the equation
of Gauss, we obtain

2τ = exp(f)

{
(c+ 3)

4
m(m− 1) +

(c− 1)

4

(
2− 2m+ 3m1cos

2θ1 + 3m2cos
2θ2)
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+ (m− 1)trB +
1

4
m(m− 1)||ω#||2

}
+ (λ1 + λ2)(1−m)a

+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H) +m2||H||2 − ||σ||2.(3.24)

Now, we consider that

δ = 2τ − exp(f)

{
(c+ 3)

4
(m+ 1)(m− 2) +

(c− 1)

4

(
2− 2m+ 3m1cos

2θ1 + 3m2cos
2θ2)

+ (m− 1)trB +
1

4
m(m− 1)||ω#||2

}
− (λ1 + λ2)(1−m)a

− λ2(λ1 − λ2)(1−m)b− (λ2 − λ1)m(m− 1)π(H)− m2(m− 2)

m− 1
||H||2.

(3.25)

Then from (3.24) and (3.25), it follows that

m2||H||2 = (m− 1)
{
||σ||2 + δ − exp(f)

(c+ 3)

2

}
.(3.26)

Let {e1, · · · , em} be an orthonormal frame, the equation takes the following form(
2n+1∑
r=m+1

m∑
i=1

σrii

)2

= (m− 1)
{
δ +

2n+1∑
r=m+1

m∑
i=1

(σrii)
2 +

2n+1∑
r=m+1

∑
i<j

(σrij)
2

+

2n+1∑
r=m+2

m∑
i,j=1

(σrij)
2 − exp(f)

(c+ 3)

2

}
,(3.27)

which implies that(
σm+1
11 +

m1∑
i=2

σm+1
ii +

m∑
t=m1+1

σm+1
tt

)2

= δ + (σm+1
11 )2 +

m1∑
i=2

(σm+1
ii )2

+
∑

t=m1+1

(σm+1
tt )2 +

∑
2≤j 6=l≤m1

σm+1
jj σm+1

ll

−
∑

m1+1≤t 6=s≤m1

(σm+1
jj )(σm+1

ll ) +

m∑
i<j=1

(σm+1
ij )2

+

2n+1∑
r=m+1

m∑
i,j=1

(σrij)
2 − exp(f)

(c+ 3)

2
.(3.28)

Let us consider that b1 = σm+1
11 , b2 =

∑m1

i=2(σm+1
ii )2 and b2 =

∑m
t=m1

(σm+1
tt )2.

Then from (3.1) and the equation (3.28), we have

δ

2
− exp(f)

(c+ 3)

2
+

m∑
i<j=1

(σm+1
ij )2) +

1

2

2n+1∑
r=m+1

m∑
i,j=1

(σrij)
2 ≤

∑
2≤j 6=+l≤m1

σm+1
jj σm+1

ll

+
∑

m1+1≤t 6=s≤m

σm+1
tt σm+1

ss .(3.29)
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Equality holds if and only if

m1∑
i=1

σm+1
ii =

m∑
t=m1+1

σm+1
tt .(3.30)

On the other hand from (3.29) and the definition of scalar curvature, we have

κ(e1 ∧ em1+1) ≥
2n+1∑
r=m+1

∑
j∈P1m1+1

(σr1j)
2 +

1

2

2n+1∑
r=m+1

i6=j∑
j∈P1m1+1

(σrij)
2

+

2n+1∑
r=m+1

∑
j∈P1m1+1

(σrm1+1j)
2 +

1

2

2n+1∑
r=m+1

∑
i,j∈P1m1+1

(σr1j)
2

+
1

2

2n+1∑
r=m+1

m1+1∑
i,j=1

(σr1j)
2 +

δ

2
,

where P1m1+1 = {1, ...,m} − {1,m1 + 1}. Thus, it implies that

κ(e1 ∧ em1+1) =
δ

2
,(3.31)

Since, N =f2 N1 ×f1 N2 is a pointwise bi-slant doubly warped product submanifold,
we have ∇XZ = ∇ZX = (X ln f1)Z + (Z ln f2)X, for any unit vector fields X
and Z tangent to N1 and N2, respectively. Then from (2.18),(3.25) and (3.31), the
scalar curvature derives as;

τ ≤ 1

f1

{
(∇e1e1) f1 − e21f1

}
+

1

f2

{
(∇e2e2) f2 − e22f2

}
+ exp(f)

{
(c+ 3)

8
(m+ 1)(m− 2) +

(c− 1)

8

(
2− 2m+ 3m1cos

2θ1 + 3m2cos
2θ2)

+
1

2
(m− 1)trB +

1

8
m(m− 1)||ω#||2

}
+

1

2
{(λ1 + λ2)(1−m)a+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H)}.

(3.32)

Let the equality holds in (3.32), then all leaving terms in (3.29) and (3.31), we obtain
the follwing conditions, i.e.

σr1j = 0, σrjm1+1 = 0, σrij = 0, where i 6= j, and r ∈ {m+ 1, · · · , 2n+ 1}
σr1j = σrjm1+1 = σrij = 0, and σr11 + σm1+1m1+1.(3.33)

Similarly, we extend the relation (3.32) as follows

τ ≤ 1

f1

{
(∇eaeα) f1 − e2αf1

}
+

1

f2

{(
∇eβeβ

)
f2 − e2βf2

}
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+
m2(m− 2)

2(m− 1)
||H||2 + exp(f)

{
(c+ 3)

8
(m+ 1)(m− 2) +

(c− 1)

8

(
2− 2m+ 3m1cos

2θ1

+ 3m2cos
2θ2) +

1

2
(m− 1)trB +

1

8
m(m− 1)||ω#||2

}
+

1

2
{(λ1 + λ2)(1−m)a+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H)}.

(3.34)

for any α = 1, · · · ,m1 and β = m1 + 1, · · ·m. Taking the summing up α from 1 to
m1 and summing up β from m1 + 1 to m2 repectively, we arrive at

m1m2τ ≤ m2∆1f1
f1

+
m1∆2f2

f2
+ exp(f)

{
(c+ 3)

8
(m+ 1)(m− 2)

+
(c− 1)

8

(
2− 2m+ 3m1cos

2θ1 + 3m2cos
2θ2)

+
1

2
(m− 1)trB +

1

8
m(m− 1)||ω#||2

}
+

1

2
{(λ1 + λ2)(1−m)a+ λ2(λ1 − λ2)(1−m)b+ (λ2 − λ1)m(m− 1)π(H)}.(3.35)

Similarly, the equality sign holds in (3.35) identically. Thus the equality sign in
(3.32) holds for each α ∈ {1, · · · , n1} and β ∈ {n1 + 1, · · · , n} . Then we get

σrαj = 0, σrij = 0, σrij = 0, where i 6= j, and r ∈ {n+ 1, · · · , 2m+ 1}
σrαj = σrij = σrij = 0, and σrαα + σrββ = 0, i, j ∈ P1n1+1, r = n+ 2, · · · , 2m+ 1.

(3.36)

Moreover, If m = 2. Then m1 = m2 = 1. thus from (2.18), we get τ = ∆1f1+∆2f2.
Hence the equality in (3.23) holds, which proves the theorem completely.
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