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1. Introduction and Preliminaries

The Banach fixed point theorem in metric space has generalized by many re-
searchers in various branches such as cone metric space, b—metric space, Generalized
metric space, Fuzzy metric space etc. Many researchers such as Tiwary et al.[12],
Sarkar et al.([10], [11]), S. Czerwik[3], H. Huang et al.[7], Ding et.al[5], Ozturk[9] and
others have worked on Cone Banach Space, b—metric space, rectangular b—metric
space. George et al.[6] have proved some results in rectangular b—metric space
and have left two open problems for further investigations. Z. D. Mitrovi¢ and S.
Radenovié¢ [8] has given a partial solutions of Reich and Kannan Type contraction
in rectangular b—metric space. In this paper we have given partial solution of Ciri¢
Type, Ciri¢ almost contraction Type, Hardy Rogers Type contraction condition in
rectangular b—metric space with some corollaries.

The following definitions are required to prove the main results.
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Definition 1.1. [1] Let X be a non-empty set s > 1 a real number. A function
d: X x X — Ris asaid to be a b— metric if for a distinct point v € X, different
from x and y, the following conditions holds:

(i) d(z,y) > 0 and d(z,y) = 0 if and only if z = y;
(11) d('% y) = d(yv l‘);
(iii) d(z,y) < s[d(z,u) + d(u,y)]. O

The pair (X, d) is called a b—metric space ( in short bMS) with coefficient s > 1.

Definition 1.2. [6] Let X be a non-empty set s > 1 a real number. A function
d: X xX — R is a said to be a rectangular b— metric if for all distinct points
uy, us € X, all are different from z and y, the following conditions holds:

(i) d(z,y) > 0 and d(z,y) = 0 if and only if z = y;
(ll) d(l’, y) = d(y7 .’L‘);
(iii) d(z,y) < s[d(z,u1) + d(ur, uz) + d(uz, y)].

The pair (X, d) is called a rectangular b—metric space ( in short RbMS) with coef-
ficient s > 1.

If s =1 then (X, d) is called a rectangular metric space ( in short RMS).

Definition 1.3. [6] Let (X,d) be a rectangular b—metric space, {x,} be a se-
quence in X and xz € X.
Then

i) the sequence {x,} is said to be convergent in (X, d) and converges to z if for
every € > 0 there exists ng € N such that d(z,,x) < € for all n > ny and this fact
is represented by lim,, yoo z, = x or T, = T as N — x;

ii) The sequence {z,} is said to be Cauchy sequence in (X, d) if for every e > 0
there exists ng € N such that d(z,, zn4p) < € for all n > ny; p > 0 or equivalently,
if limy, 00 d(@n, Tryp) = 0 for all p > 0;

iii) (X, d) is said to be a complete rectangular b—metric space if every Cauchy
sequence in X converges to some x € X.

R. George et al. [6] has proved the result.

Theorem 1.1. ([6], Theorem 2.1) Let (X, d) be a complete rectangular b—metric
space with coefficient s > 1 and T : X — X be a mapping satisfying

d(Tz, Ty) < Ad(z,y)

for all z,y € X with x # y, where A € [0, %} Then T has a unique fized point.
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2. Main Results

Our main resuts are as follows:

Theorem 2.1. Let (X,d) be a complete rectangular b—metric space with coeffi-
cient s > 1 and {T"} be a sequence of self-maps satisfying the condition

d(T'z, T'y) < amax{d(x,y),d(x, T'z),d(y, Ty),d(z, T7y),d(y, T'x) }+ Ld(y, T'x),
where the constants o, L > 0 and oo+ L < 1. Then the sequence {T*} have unique
common fized point in X.

Proof. Let xo € X be an arbitrary. We construct a sequence for a fized i € N such
that z,, = T*x,,_1 where n € N.

Let, d, = d(xp, Tny1) and df = d(Tpn, Tny2).
Then

d(xfu xn—i—l) = d(szn—la zj_n) ) ) )
< amax{d(zn—1,2n), d(Xn_1,T"CTpn, ), d(Xpn, T xy,), d(Tp—1, T xy),d(xn, T*Tpn_1)}+
Ld(zp, T2, 1)
<a max{d(xn,l, (En)u d(l’n,l, (En)u d(xru mn+1)7 d(xnfh anrl)v d((En, xn)}+Ld(xn7 xn)

(2.1) < amax{d,_1,dn,d; 1}
Suppose, {d,} is monotone increasing sequence. Then from equation (2.1) we get,
dn, < amax{d,,d;_;}.

If d,, > d;_q, then from (2.1) we get, d,, < ad,, which implies, 1 < a, a contradic-
tion.
Therefore,

d, < d;

n—1-

Then from (2.1), we get
dp < adi_| <a’di_, <...<ad;

implies, d,, = 0 as n — oo. Suppose, {d,} is monotone decreasing sequence. then
from (2.1), we get

(2.2) dp, < amax{d,_1,d}_1}.

Ifd,—1 <d then from (2.2), we get

n—1»
dp = ad,_| <a’di_, <...<a"d;

implies,

lim d,, = 0.

n— oo

Again suppose d¥_y < d_1, then from (2.2) we have,
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dp = ad, 1 < a’d, o < ... < a"dy
implies, lim,, o d,, = 0.
Thus for all cases limy,_, d, = 0.
Now we show

(2.3) lim d(zp, Zptp) =0

n—oo

holds good by Mathematical Induction on p € N.

Clearly, (2.3) hold for p = 1.
Suppose it holds for p i.e., lim, oo d(Zpn, Tnyp) = 0. So limy oo d(Tpt1, Tngpt1) =
0.
We have to show

limy, 00 d($n7 xn+p+1) =0.

Since

(T, Tnypt1) < 8[d(Tn, Tot1) + d(Tnt1, Tutp) + ATnp, Totpr1)]-
Therefore,
(2.4) nl;rréo d(xp, Tnipr1) < snan;O d(Tpt1, Totp)-

Case I: If p=2m,m € N. Then from (2.4) we get,

lim d(zn, Znipt1) < s im d(Tpi1, Tntom)
n— o0 n— o0

2 .
< 5% lim d(Zng141, Tntom—1)
n— oo

3 .
<s® lim d(znt142, Tntom—2)
n—oo

1 9.
<™ lim d(Tppm, Toimat)
n— oo

=0.
Case II: If p=2m + 1,m € N, then from (2.4) we get,

lim d(xn7xn+2m+1+l) <s lim d($n+17‘rn+2m+1)
n—o0 n—o00

2 .
< 5% lim d(Zng141, Tngom—1)
n— o0

3 .
<% lim d(Tnt142; Tntr2m—2)
n—oo
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<s™ nlgr;o A(Tp4m> Tntmt1)

=0.

Thus
lim d(zp,Zntpt1) = 0.

n—oo

Therefore, by Mathematical Induction lim,_,oc d(Zpn, Tnyp) = 0 for all p € N.
So {x,,} is a Cauchy sequence. Since X is complete, there exists an x € X such that
limy, o0 Tp, = x. S0 limy, o0 T2, = limy, o0 Tpy1 = T €., limy, oo d(T%x,, 1) = 0.

Now

lim d(T'2,,x) < lim s[d(T'zn, i) + ATy, Tn) + d(2n, ©)]

n— oo n—oo
(2.5) =5 lim d(T"%p, Zni1)
n—oo
Again, _
lim d(T*2, 2,41)
= lim d(T'z,T?x,)
n—oo
< lim amax{d(z,z,),d(z, T'z),d(x,, TV z,), d(z, T x,), d(z,, T"z)}
n— 00
+Ld(xp, T'x),
(2.6) = amax{0, lim d(z,T"z),0,0, lim d(z,,T'z)} + Ld(x,,T"z).
n—oo n—oo
If

lim d(z,T'z) < lim d(z,,T'z)},

n—oQ n—o0

then from above (2.6) we get,

lim d(T'z,2,11) < ILm (o + L)d(xy, T'2)}

n—oo

< lim (a+ L)*d(w,—1,T"2)}

< lim (a+ L)" d(20, T'2)}

n—oQ

implies, _
lim d(T'z,zp41) = 0[ since a+ L < 1].

n—oo
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Again form (2.5) we get,

lim d(T%z,z) < lim sd(T'z,2,41) = 0.
n—oo n—oo
Therefore, d(T 'z, z) = 0 implies, T'z = x.
Iflim,, oo d(T'x, ) < limy, oo d(T'x, ), then from (2.6) we get,
lim d(T'z,z,41) < lim (o + L)d(T"z,z)}.
n—oo

n— oo

Therefore from (2.5) we get,

d(T'z,r) < li_>m (a+ L)d(T'z,2)} < d(T'z, ),

a contradiction.
Thus z is a common fized point of {T*}.

Let, y be another common fized point.
Then

d(z,y) = d(T"z,Ty)
< amax{d(z,y), d(z, T"z),d(y, T7y), d(z, T’y), d(y, T*x)} + Ld(y, T"x)
= amax{d(z,y),d(z,z),d(y,y),d(z,y),d(y,z)} + Ld(y,z)
= (a+ L)d(z,y)
< d(z,y),
which is a contradiction.

Therefore, d(z,y) = 0 implies, x = y.
Hence {T"} have unique common fived point in X. [J

Note: The theorem is a partial solution of Open Problem 2 of George et al.[6]
another Cirié type [c.f [2]].

Corollary 2.1. Let (X,d) be a complete rectangular b—metric space with coeffi-
cient s > 1 and Ty and Ty be two self-maps satisfying the condition

d(Tlxv TQy) S « max{d(ag y)a d(xv Tlx)a d(ya T2y)7 d(ﬂf, TQy)7 d(yv Tlx)} + Ld(y7 Tlx)v

where the constants a, L > 0 and oo + L < 1. Then the sequence Ty and Ty have
unique common fixed point in X.

Proof. Putting T* = T, and TV = Ty in the above Theorem 2.1 we get the re-
sult. O

Corollary 2.2. Let (X,d) be a complete rectangular b—metric space with coeffi-
cient s > 1 and T be a self-map satisfying the condition

d(Tx,Ty) < amax{d(z,y),d(x,Tz),d(y, Ty),d(x, Ty),d(y, Tx)} + Ld(y, Tx),

where the constants a, L > 0 and a« + L < 1. Then the sequence T have a unique
fixed point in X.
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Proof. Putting T = T7 = T in the above Theorem 2.1 we get the desired re-
sult. O

Theorem 2.2. Let (X,d) be a complete rectangular b-metric space with coefficient
s>1. Let T : X — X satisfying

1
d(Tz,Ty) < kmax{d(z,y), d(z,T), d(y, Ty), 5[d(z, Tx) + d(y, Ty)]}
where k € (0,1). Then T has a unique fized point.

Proof. Let us consider xg in X as an initial point. Let {x,} be a sequence given by
Ty =Txn_1 foralln € N. If v, =Tx,, i.e., xp = Tpy1, then for alln e N, x,, is a
fized point of T. So we assume that x, # Tpi1.

Now

d(ifn, xn+1) = d(Txnflv Txn)
<k max{d(xn—la CEn), d(l'n—la Txn—l)a d(:Cn, Txn)a
1
5 [d("En,l, Txnfl) + d(.’L‘n, Tﬁrn)]}

2
< kmax{d(zn—1,2n), d(@n-1,TTn_1),d(xn, Tx,)}

<k maX{d(CCn—la In), d(xn—la xn)a d(gjny 1}”+1).}

Suppose d(xp—1,Tn) < d(Tpn,Tni1). Then from above we get

d(l’n, xn+1) S kd(l'nz xn+l>7

which is a contradiction.

Therefore, d(pn, Tpt1) < d(Xp—1,%n). Thus {d(xn, Tni1)} is @ monotone decreasing
sequence of non-negative real numbers. So it converges to a (say).

Then

a= lim d(xn,xnt1) = lim d(Tzp—1,Txy,)
n—o0 n—oo

<k 1i_>m max{d(zp_1,2Zn), d(Xn_1,TTpn_1),d(zn, TTp),

%[d(zn—h Tl'n_l) + d(xny TJCn)]}

=k ILm max{d(zn_1,Zn), d(Tn—1,Tn), d(Tn, Tnt1)}

=k lim d(xp—1,2,) =k a

n— oo
implies, a = 0 i.e., lim, o d(zp—1,2,) = 0.
Neat, we show that {z,} is a Cauchy sequence i.e., lim, oo d(Zp, Tpip) = 0.
First we suppose that p = odd i.e., p=2m +1,m € N.
Then

d(l‘ny xn+2m+1) S S[d(l‘n, xn-i—l) + d(wn-i-h xn+2) + d($n+2, xn+2m+1)}
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< 28d(xp, Tpy1) + s [d(Znt2, Tny3) + d(@Zng3, Tnya) + A(Tnga, Tng2ms1)]

< 25d(xp, Tpi1) + 252d(Tpyo, Tngs) + -+ 25™ d(Tpyom, Tniomit)
<2s[l+ s+ 4 ...+ Nd(@n, Tni1)

smt—1

=2
s( s—1

)d(@n, Tnt1)-

Therefore,
limy, o0 d(Zp, Tngp) = 0 as limy, o0 d(zp, Tpy1) = 0.
Again suppose p = even = 2m, m € N.

Then

d(xnv mnJer) < S[d(xm $n+1) + d($n+1, xn+2) + d(xn+2a xn+2m)]

< 25d(2p, Try1) + 257 [A(Tng2, Tngs) + A(Tngs, Tnga) + A(Tnga, Tngom)

< 2sd(Tpn, Tnt1) + 252d(xn+2, Tpts) + oo+ 28™ d(Tpntrom—1, Tntom)

<2s[1+s+s*+ ...+ 5" d(xn, Tpni1)

smml 1
s—1

Therefore again we get,

= 2s( Vd(Zh, Try1)-

nl;rr;o d(zy, Tnyp) =0.

Thus {x,} is a Cauchy sequence. Since X is a complete space, there exists anx € X
such that
lim d(z,,z) =0.

n— oo

Now we show that x is a fized point of T.
Since

lim d(xy41,Tx) = lim d(Tz,,Tz)

n—oo n—oo

< k lim max{d(xy,,z),d(z,, Tzy),d(z, Tx),

n—0o0

<k lim max{d(z,,z),d(xn, Tpnt1),d(x, Tx)}

n— oo

[d(x, Txy) + d(z, Tx)]}

N —

<k lim d(z,Tz)

n—oo
which implies, d(z,Tx) =0 i.e., x is a fized point of T.
To show the uniqueness, let ¥’ be another fized point of T.

Then
d(z,2") = d(Tx,Tz')
<k:max{d(a:,

2'),d(z,Tx),d(a', Tx'), §[d(z, Tx) + d(z', Tz')]}
< kmax{d(z,2"),d(z,z), d(z’, '), 5[d(z, ) + d(z',2")]}
= kd(z,z")
which implies, d(x,z’) = 0 i.e., x is unique.
Hence the result. O
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Note: This theorem is a partial solution of the Open Problem 2 of George et
al.[6] of Cirié type.

The next theorem is also a partial solution of Open Problem 2 of George et
al.[6] of Hardy-Rogers Type contraction.

Theorem 2.3. Let (X,d) be a complete rectangular b—metric space with coeffi-
cient s > 1. Let T : X — X be a self-map satisfying the relation

(2.7) d(Tz,Ty) < ard(z,y) + azd(z, Tx) + azd(y, T'y) + cud(z, Ty) + asd(y, Tx)
where a; > 0,¥Vi =1,2,3,4,5 and a1 + as +asg+ag +as < % Then T has a unique
fixed point.

Proof. Let xg € X be an initial approzimation. We construct a sequence {xy} in X
such that ©, = Tx,_1 for all n € N. Suppose dp,(xn, Tni1) and dF(Tpn, Tny2). Then
byn the given condition (2.7) we get

dn, = d(xnv anrl) = d(Txnflv Txn)

< oaqd(xp—1,2n) + aad(p—1,TTn_1) + azd(xn, Txy) + agd(zp—1, Txy)
+asd(zn, TTp-1)
=1 d(Tp_1,%n) + a2d(Tp_1,Tn) + azd(Ty, Tni1) + @ad(Tp—1, Trni1)
+asd(zn, Tn)
= (a1 + a9)dyp—1 + asd, + aud;,_

(2.8) implies, (1 — a3)d, < (a1 + a)dp—1 + aud),_4.

If dp—1 < d_4, then from (2.8) we get,
(1 —-ag)d, < (a1 +as+ as)d_4

implies,

o1+ o + oy
1-— Qa3

a1 + Qo + oy

dy < (
1—043

Vi =kdi_ <KX, < ... <k"d) (k=
implies, d,, — 0 as n — oo.
If dp_1+ < dn_1, then from (2.8) ,we get

(1 —a3)d, < (o + a2+ ou)dn—y

implies, o
Q1 T Qg T (y

dng( 1—043

)dn—l

from which we get as above d,, — 0 as n — oo.

Now we show that {x,} isa a Cauchy sequence. We show this by Marthematical
Induction on p € N to established

(2.9) lim d(zp,Zntp) =0.

n—oo

<1]
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Clearly (2.9) holds for p = 1. Suppose it holds for p i.e., lim, o0 d(@p, Tyyp) = 0.
So limp, 00 d(Tnt1, Tntpt1) = 0.

Thus
nh_}rrgo AT, Tppr1) = nh_)rréo A(Txp-1,TTn1p)
< nli_}rr;o[ald(xn_l, Tpap) + a2d(@n—1,TTn_1) + a3d(Tptp, TTntp)
+aud(xn_1, TThnip) + a5d(Tptp, TTp—_1)]
< nli_}n;o[ald(xn,h xnﬂ)) + agd(wn -1, xn) + an(xnﬂn xn+p+1)
+0u4d(Tn—1, Tnypi1) + 5d(Tnyp, Tn)]
= nhﬁn;o a1d(Tp—1,Tntp) + nl;r{:o asd(Trn—1, Tntpt1)
< lim aqsld(@n-1,Zn1) + d(@ni1,20) +d(Zn, Tnip)]
+ lim ausld(@n—1,20)+d(@n, Tni1)+d(@ns1, Tnipr)]
= nh_)ngo osdy g+ nh_{glo 045.0
(2.10) = nh_}rx;o sardy_q.
Again,

nll_)n;o dy_4 = nh_{glo A(XTp—1,Tpy1) = nh_}ngo d(Txp—o,Txy)

S hm [Ofld(xn—% xn) + Oégd(xn_Q, Txn—2) + Oé3d(xn7 T$n)

n— o0
tagd(Tn—2,TTyn) + asd(Tn, TTn_2)]

= 7}i_>rr;o[a1d(xn727xn)+azd(:vnfz7xn71)+a3d(ﬂcn,mn+1)

+aad(Tn—2, Tn+1) + asd(@Tn, Tp-1)]

= lim a1d(zp—2, )+ Iim ays[d(xn—2, Tpn_1)+d(Tn_1, Tn)+d(Tn, Tpni1)]
n—oo n— o0

= lim ayd;
n—00 1%n—2

< lim a%d:_S

n—oo

Thus from (2.10) we get, lim,, o0 d(2n, Tnips1) = 0.

Therefore, lim,, oo d(Zp, Tntp) = 0 for all p € N.
Thus {x,} is a Cauchy sequence in X. Since X is a complete RbMS, there exists
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an x € x such that lim,_, o T, = x.

Now

d(Tz,x) < s[ld(Tx,xpi1) + d(Xps1, Tn) + d(@n, x)]

=sld(Tx,Tx,) + d(xpt1, Tn) + d(zn, )]

< slard(z, zp) + aod(z, Tx) + azd(zn, Txy)

+agd(z, Txy,) + asd(xn, Tx) + d(@nt1, Tn) + d(Tn, x)]
(2.11) = s[laqd(z, ) + aod(z, Tx) + azd(Ty, Tna1) + aad(z, Tpa1)
+asd(zn, Tx) + d(Xpi1,Tn) + d(xn, )]
Again,

d(xp, Tx) =d(Txn-1,Tx)

< ard(zp—1,x)tasd(xn_1, Tenp—1)+asd(z, Tx)+ayd(xn—1, Tx)+asd(z, Tx,—_1)

(2.12)
= a1d(zp—1,2) + aod(Tp—1,2,) + azd(z, Tz) + asd(x,—1,Tz) + asd(x, z,).

Suppose, d(z,Tx) < d(xp—1,Tx). Then from (2.12) we get,
d(xn, Tr) < aqd(xp—1,2) + agd(xn_1, ) + (a3 + aq4)d(zp—1,T2) + asd(z, x,)

implies,
lim d(z,,Tz) < lim (a3 + aq)d(xp—1,Tx)

n—oo n—o0

< lim (a3 + ag)?d(x,_o, Tx)
n—oo

< li_>m (as + aq)"d(zg, Tx) = 0.
Thus from (2.11) we get,

lim d(Tx,z) < sag lim d(Tz,x)

n—00 n—o0
implies, d(Txz,x) =0
implies, Tx = x.
Again suppose, d(xy,—1,Tx) < d(x,Tz). Then from (2.12) we get,
d(xn, Tz) < ard(xp—1,2) + aod(pn_1,2n) + (a3 + a4)d(z, Tz) + asd(z, zp).

Therefore,
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lim,, oo d(zp, Tx) < limy,oo(as + aq)d(x, Tx).
From (2.11) we get,

d(Tz,z) < slaad(z, Tx) + 1i_>m asd(zy,, Tr))

< sas(as + as)(ag + ayg)d(z, Tx)
< sasd(Tx, x)
implies, d(Tz,z) =0.

Therefore, x a fixzed point of T.

Suppose, y be another fived point of T.
Then

d(z,y) = d(Tz, Ty) < ond(z,y)+ood(x, Tx)+asd(y, Ty)+oud(z, Ty)+asd(y, Tx)

= ad(z,y) + azd(z, z) + asd(y, y) + asd(z,y) + asd(y, z)
= (a1 + a4 + a5)d(z, y),

implies, [1 — (a1 + as + as)ld(z,y) =0 d.e., z =y.
Thus x is a unique fized point of T.
Hence the theorem. [
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