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ON MULTIVALUED §-CONTRACTIONS OF BERINDE TYPE
WITH AN APPLICATION TO FRACTIONAL DIFFERENTIAL
INCLUSIONS
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Abstract. In this paper, we discuss the existence of fixed points for Berinde type
multivalued 0- contractions. An example is provided to demonstrate our findings and,
as an application, the existence of the solutions for a nonlinear fractional inclusions
boundary value problem with integral boundary conditions is given to illustrate the
utility of our results.
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1. Introduction and preliminaries

Multivalued fixed point theory has been known some development, starting with
the results of Nadler [21], where he proved the existence of multivalued fixed point
using the Hausdorfl metric, later, some generalizations were given in this way, for
example, see [4, 10, 13, 27] and references therein.

Berinde [7] introduced the concept of almost contractions as a generalization to
weak contractions notion in the context of single valued mappings, which was later
extended to the multivalued case in [8, 9], and some results were obtained using
this concept. .

Samet et al. [23] introduced a new concept called a-admissible and they obtained
some fixed point results for a — v-contractive mappings, later, some results were

Received April 11, 2021. accepted July 14, 2021.

Communicated by Qingxiang Xu

Corresponding Author: Said Beloul, Operators theory and PDE Laboratory, Department of Math-
ematics, Exact Sciences Faculty, University of El Oued, P. O. Box 789 El Oued 39000, Algeria. |
E-mail: beloulsaid@gmail.com

2010 Mathematics Subject Classification. Primary 47H10; Secondary 54H25

(© 2021 BY UNIVERSITY OF NIS, SERBIA | CREATIVE COMMONS LICENSE: CC BY-NC-ND



1048 M. Meneceur and S. Beloul

established in this direction, see for example [2, 14, 15, 20]. Recently, Jleli and
Samet [18] introduced #-contractions type and demonstrated the existence of fixed
points for such contractions. It is worth noting here, that a Banach contraction
is a particular case of 6 contraction, whereas there are some 6-contractions that
are not Banach contraction. Following that, several authors investigated various
variants of #-contraction for single-valued and multivalued mappings, for example,
see [1, 11, 12, 28].

In this work, we combine the concept of a-admissible mappings with the concept
of #-contractions type in the context of multivalued mappings to demonstrate the
existence of a fixed point for such new contractions type in complete metric spaces.
Using our main results, we also deduce the existence of a fixed point in partially
ordered metric spaces and in metric spaces endowed with a graph. Finally, to
demonstrate the significance of the obtained results, we provide an example and an
application of the existence of solutions for a fractional differential inclusion.
Denote by CL(X) the family of nonempty and closed subsets of X, the family of
nonempty, bounded and closed subsets of X is denoted by CB(X) and the family
of nonempty and compact subsets of X is denoted by K(X).

Let (X,d) be a metric space, and the Pompeiu-Hausdorff metric is defined as a
function H: CL(X) x CL(X) — [0, 00] which is defined by:

max < sup d(z,B), sup d(y, A if the maximum exists;
H(A,B) = {weg ( ) yeg (y )}

0, otherwise,

where d(a, B) = inf{d(

a,b):b € B}. Note that, if A = {a} (singleton) and
B = {b}, then H(A, B) = d(a,b

).
Lemma 1.1. [21] Let (X,d) be a metric space and A, B € CL(X) with H(A, B) >

0. Then, for each h > 1 and for each a € A, there exists b = b(a) € B such that
d(a,b) < hH(A, B).

Now, we’ll look at some fundamental definitions of a-admissibility and a-continuity
concepts.

Definition 1.1. Let (X, d) be a metric space and . : X x X — [0, 400) be a given
mapping. A mapping T': X — CL(X) is

e a-admissible [2], if for each z € X and y € Tz with a(x,y) > 1 we have
a(y,z) > 1, for all z € Ty.

e o-lower semi-continuous [14], if for x € X and a sequence {z,} in X with
lim, oo d(xp, ) =0 and a(zy, z,y1) > 1, for all n € N implies

lim infd(z,, Tz,) > d(z, Tx).

n—o0

Definition 1.2. [18] Let © be the set of all functions 6 : (0,+00) — (1,400)
satisfying:
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(01) : 0 is non decreasing,

(02) : for each sequence {t,} in (0,+00), lim ¢, =1 if and only if lim ¢, =0,
n—oo n—oo

-1
(03) : there exists r € (0,1) and [ € (0, 00] such that lim 6()

t—0+ tr

=1

Example 1.1. Let 6; : (0,+00) — (1,4+00), ¢ € {1,2,3}, defined by:

1. 61(t) = €.
2. 0a(t) = e’
3. 05(t) = eV®.
4. 04(t) = eV

Then 0; € O, for each i € {1,2,3}.

Throughout this paper, we will denote by ® the set of all continuous functions
¥ [0, 4+00) — [0, +00) satisfying:

(1) : 9 is nondecreasing ,
(2): Zz/)"(t) < o0, for all t € [0,400).
i=1
Clearly, if ¢ € W, then (t) < ¢, for all ¢ € [0, 4+00).

2. Main results

Definition 2.1. Let (X, d) be a metric space and « : X x X — R. A mapping

T:X — CL(X) is called a generalized almost («, 1, 8, k) contraction, if there exists

a function § € ©, ¢ € U, L > 0 and & : (0,00) — [0,1) satisfies lim+ supk(t) <1
t—s

for all s € (0,00) such that

+ LN(z,y),

(21) o(H (T2, 7)) < oot @y)]

for all z,y € X with a(x,y) > 1 and H(Tz,Ty) > 0, where

d(x, Ty) + d(y, Tx)

M(x’y) = max{d(a:,y),d(a:,Tx),d(y,Ty), 2

and N(z,y) = min{d(x,Ty),d(y, Tx)}.

Theorem 2.1. Let (X,d) be a complete metric space and T : X — K(X) be a
generalized almost (a, 1,0, k) contraction, with 8 € ©. Assume that the following
conditions are satisfied:
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1. T is a-admissible.

2. There exists xg € X and x1 € Tz such that a(xg,z1) > 1

3. T is a-lower semi-continuous, or X is a-reqular, that is, for every sequence
{z,} in X such that x, = x € X and «(zn,2py1) > 1 for all n € N, then
a(xp,x) > 1 for alln € N.

Then T has a fized point.

Proof. From (2) there exist o € X and z; € Tz such that a(xg,z1) > 1, then
H(Tzy,Tx1) > d(z1,Tz1) > 0, otherwise z1 € Txy, or, zg = x1, which implies x;
is a fixed point and the proof completes. For H(Txo, Tx1) > 0 using (2.1) we get:

G(d(:rl,Txl)) S 9(H(TxO,T:c1))

k(d(zo,z1)
} 0,21 + Ld(x1,Txo) < [H(M(xo’xl))}k(M(mo,m)'

< [pw (o, z1)))
If d(zg,z1) < d(z1,Tx1), we get

k(d(Il,Tml))
:| +LN(.’L‘0,.’E1) <9(d(.’L’1,T$1),

0(d(r, Ta1)) < [0((d(@1, Ta))
which is a contradiction. Then we have

k(d(zo,x1)
0(d(w1, Te1)) < O(H (To, Tay)) < [0((d(o,21))] :

Since T'x1 is compact, then there exists xo € Tz such that

9((1(%171'2)) = Q(d((El,T.’El)) S 0(H(TI’07TZL'1))

k(d(d}o,a:l)
< [od(wo, 21))] < O(d(zo,21)).
If x1 = xq, or 9 € T'xa, then x5 is a fixed point. Suppose x1 # x5 and xo & Tz,
so H(Txy,Tx1) > 0 and since T is a-admissible we have a(z1,z2) > 1. Using (2.1)
we get:

]k(M(a:l,mz)

0(d(za, Txs)) < O(H(Txy, Tas)) < [9(¢<M(x1,xz))> + LN (21, 22)

k?(IVI(Il,Iz))
= [6(d(@1,22))] .
If d(x1,x2) < d(x2,Txs), we get

k(d(.’rg,TIz))
] + LN (21, 22) < 0(d(z2, Ts),

0(d(w2, Taz)) < [0(0(d(w2, Twz))
which is a contradiction. Then we have

k(d(z1,22)
0(d(xa, Ts)) < O(H(Txo, Tar1)) < [o(zp(d(xl,xz)))} .
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The compactness of Txy implies that there exists x3 € Txo such that

0(d($2,5€3)) = O(d(xQ,Txg)) S G(H(Txl,Txg))

k(d(z1,72))
] < O(d(z1, 7).

< [0(d(a1,22))
Continuing in this manner we can construct a sequence (z,,) in X, if x,, = 541 or
Tpy1 € Ty, then z,41 is a fixed point, otherwise we get

k(M (xn,Tn—1)
} + LN(2p, Tp—1)-

0(d(n, Trn 1)) < [6((M (w0, 70-1)))
As the same arguments in previous steps, we get
d(xn+la Txn—l—l) S d(xn; xn—‘—l);

so we obtain

k(d(xyn,xn+1)
({2, 2011)) < OCH (T, T 1)) < [0(0(d(,0-1)))

k(d(wn,zn, ))
} < (d(@n, Tar))-

= [0(1/)(d($n,$n—l)))

Since 6 is increasing, then the sequence (d(Zy,Tp+1))n is decreasing, further it is
bounded at below so it is convergent. On the other hand, lim+ sup k(t) < 1, then
t—s

there exists § € (0,1) and ng € N such that k(d(zy,znt+1)) < 9, for all n > ny.

Thus we have
6’7177'1'0

(2.2) 1< 0(d(@n, 211)) < [0d(@ngszng)|

for all n > ng.
Letting n — oo in (2.2), we get
nh_{rolo 0(d(zn, Tnt1)) =1,

By (02), we infer that

nh_)n;o d(xp, Tpy1) = 0.

Now, we prove {z,} is a Cauchy sequence, from (f3) there exist r € [0,1) and
I € (0, 00] such that
lim 0(d(@n, Tpy1)) — 1

=1
n—00 (d(xnvxn+1)r

If | < 00, let 2 =, so from the definition of limit there exists n; € N such that for
all n > nq, we have

O(d(zp, Xnt1)) — 1
(d(n, Tng1)"

r < 0(d(zn, Tny1)) — 1.

g

e=l—e<

(d(zn, Tny1))
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Then (2.2) gives

(2.3) n(d(n, Tnsr))" < n(6(d(zo, )™ ™ ~1)

In the case where [ = oo, let A be an arbitrary positive real number, so from the
definition of the limit there exists ny € N such that for all n > ng, we have

G(d(ﬂjn, xn+1)) -1
(d(zn, Tng1))"

> A,

which implies that

(2.4) n(d(zn, i) < -1

n(0(d(zo,z1))°
A

Letting n — oo in (2.4)(or in (2.3), we obtain

lim n(d(zyn, xnt1))" = 0.

n— oo

From the definition of the limit, there exists ne > max{ng,n1} such that for all

n > no, we have
1

n

Z d(Tp, Tnt1) < Z 1 < 0.
1

n=ns: n

d(xn7 xn+1) <

)

3=

This implies

3=

Then {x,} is a Cauchy sequence.
The completness of (X, d) implies that {x,} converges to a some z € X.
Now, we show that z is a fixed point of T'. In fact, if T" is a-lower continuous, then
for all n € N we have
0 <d(xn,Txy) < d(Tn, Tni1)-

Letting n — 400, we get
lim d(xy,,Tz,) =0.

n—oo

The a-lower semi continuity of 7" implies

0<d(z,Tz) < li_>m inf d(zy, Tzy) = 0.

Hence d(z,Tx) = 0 and z is a fixed point of T'.
If X is regular, so a(z,,z) > 1 and H(Tz,,Tz) > 0, by using (2.1) we get

sn—no

1 < 0(d(2ny1, Tz)) < O(H(Tan, Tx)) < [9(d(x0,x1))]

Letting n — +o00, we get
lim 0(d(z,,Tx)) =1,

n—oo
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so (62) gives
lim d(x,,Tz) =0,

n— oo

which implies that z € Tx. O

Theorem 2.2. Let (X,d) be a complete metric space and let T : X — CB(X) be
a generalized almost (a1, 0) contraction, with 0 is right continuous. Assume that
the following conditions are satisfied:

(Hy) : T is a-admissible,
(Hs) : there exists xog € X and x1 € Txg such that a(xg,x1) > 1,

(H3) : for every sequence {x,} in X converging to x € X with a(xp,xpnt1) > 1, for
allm € N, then a(zy,z) > 1, for all n € N.

Then T has a fized point.

Proof. From (Hj) there are o € X and x; € Txg such that a(xg,z1) > 1, if 2o =
x1, or, x1 € Txy, so 1 is a fixed point. Suppose the contrary, then H(Txg, Tz1) >
d(z1,Tz1) > 0 and by using (2.1) we get

k(M (zo,z1)
0(d(x, Ta1)) < O(H(Txo, Tar1)) < [a(w(M(wo,xl)))] + LN (0, 71)

k(M (zo,21)
:| + LN(.’Eo,I'l).

< [0 (o, 21))
By right continuity of @, there exists h > 1 such that

O(hH (Txo,Tx1)) < {g(w(M(xo’ xl)))] k(M (z0,21))

+ LN(ﬁo, 1‘1).
As in proof of Theorem 2.1 we get M (zg,21) = d(xo,x1) and N(zg,x1) = 0, then
by using Lemma 1.1, there exist o € Txy and hy > 1 such that

k(d(zo,z1))
B(d(w1,72)) < 00 H(T, T21)) < [0(0(d(w0,21)))]

k(d(xo,z1))
] < 0(d(z0,71)).

< [P (o, 21)))

Since T is a-admissible, then «(x1,x2) > 1. Assume that x1 # xo9 and x5 € Txa,
so H(Tx1,Txe) > d(xe,Txe) > 0 and using (2.1), we obtain

k(M (z1,22))
1< H(d(IQ,Tl‘g)) S Q(H(Tl‘hTJJQ)) S {G(w(M(xl,xg))) + LN(JEl,J?Q)

< [e(d(xl,u))]k(d(“’“”.
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As in previous step, we have M (x1,29) = d(x1,22), so we get

k(d(z1,z2))
e(d(l‘g, T.TQ)) S 9<H(T.’E17 T.’EQ)) S |:0(w<d(l‘1, 31‘2)))

k(d(zy,22))
< [0(d(@r,22))] .

Since 6 is right continuous and from Lemma 1.1, there exists hy > 1 and z3 € Tx4
such that

k(d(z1,z2))
0(d(x2, w3)) < O(ho H(Tx1, Ts)) < [ew(d(azl,@)} .

}k(d(m,xz))

< [G(d(xl, ) 0(d(z1,22)).

Continuing in this manner, we can construct two sequences {z,,} C X and (h,) C
(1,00) such that z, # Tpt1, Tne1 € Ty, Ty, 2py1) > 1 and

1 < 0(d(zn, xnt1)) < O(hnH(Txp—1,Ty))

:|k(d(:cn,acn,1))

< 10(d(zpn, Tn-1)) + LN(zp, Txp—1)

< O(d(zn,Tn-1)),

which implies that (d(z,,Zn+1))n is a decreasing sequence and bounded at below,
so there exist § € (0,1) and ng € N such that k(d(zp,zny1)) < 9, for all n > ny.

Thus we have
sn—m0

(2.5) 1 < 0(d(zn, Tni1)) < {Q(d(xo,xl))} ,
for all n > ng.

On taking the limit as n — oo, we get lim 6(d(zn,xn11)) = 1, (02) gives

n—oo

lim d(xy,, zp41) = 0.
n—oo

The rest of the proof is like in the proof of Theorem 2.1. [J

Corollary 2.1. Let (X,d) be a complete metric space, a: X x X — [0,400) be
a function and T: X — K(X) (resp CB(X) with 0 is right continuous) be an o-
admissible multivalued mapping and the following assertions hold:

(i) T is a-admissible.
(i) There exists xo € X and x1 € Txg such that a(xg,x1) > 1.

(i4i) T 1is a-lower semi-continuous, or, for every sequence {x,} in X such that
Tp = x € X and a(Tp,Tpy1) > 1, for all n € N, we have a(x,,x) > 1, for
alln € N.
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(iv) There exist 0 € ©, ¥ € ¥ and a function k : (0,00) — [0,1) satisfying
lim+ sup k(t) < 1 such for x,y € X H(Tz,Ty) > 0 implies
t—s

r(M(Z,y))

(2:6)  ale,y)0(H(Tw, Ty)) < 0[(6(M(2,1))) + LN (z,y),

where
M(z,y) = max{d(z,y),d(z, Tz),d(y, Ty), %(d(ﬂc, Ty) +d(y,Tz))}
and N(z,y) = min{d(z, Ty), d(y, Tz)}.
Then T has a fized point.

Proof. Let z,y € X be such that o (z,y) > 1 and H(Tz,Ty) > 0. So from (2.7) we
get
0(H(Tz,Ty)) < a(z,y)0 (H(Tz,Ty))

}k(M(x,y))

< 0[(w(M(a,y)) + LN (z,y),

which implies that the inequality (2.1) holds. Thus, the rest of proof is like in the
proof of Theorem 2.2 (resp. Theorem 2.1). [

If a(z,y) =1, for all z,y € X, we get the following corollary.

Corollary 2.2. Let (X,d) be a complete metric space and T: X — K(X) (resp.

CB(X) with 0 is right continuous) be a multivalued mapping such that there exists

0 €0,y eV and a function k : (0,00) — [0,1) satisfying 1irn+ supk(t) < 1 for all
t—s

s € (0,00) such that

k(M (z,y))
(2.7) 0(H(Tz,Ty)) < 0|((M(x,y)))]

for xz,y € X with H(Tz,Ty) > 0 where

+ LN (,y),

1
M(z,y) = max{d(z,y), d(z, Tz), d(y, Ty), 5 (d(z, Ty) + d(y, Tz))}
and N(z,y) = min{d(x,Ty),d(y, Tx)}. Then T has a fized point in X.
Example 2.1. Let X = {1,2,3} and d(z,y) = |z — y|. Define T: X — CB(X) and

a: X x X —[0,00) by
_ 1 we{1,2}
T“*{{z}, z=3

and a(z,y) = el* V!, Taking 0(t) = €*, (t) = 2t and k(t) = 1.
Now, we show that the contractive condition holds.

For z,y € X, we have |z — y| > 0, which implies e!* ¥ > 1. Then T is a-admissible.

On other hand, H(Tz,Ty) > 0 and a(z,y) > 1 for all (z,y) € {(1,3),(3,1),(2,3),(3,2)}.

Then we have the following cases:
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1. for x =1 and y = 3, we have
H(T1,T3) =1, d(1,3) =2, (d(1,3)) :% and d(3,T1) =2,

then
e = TVTS) o (PE3NE 4 g(3,T1)

4
=e5 + 2.
2. For x =2 and y = 3, we have
H(T2,T3) =1, d(2,3) =1, ¥(d(1,3)) = % and d(3,T2) =2,

then .
e = M(T2T3) (eﬂ!(d(lﬁ)))g +d(3,T2)

2
=e5 + 2.
There exists o = 2 and z1 = 1 € Tz such that a(2,1) > 1.

It is clear that T is a- lower semi continuous. Consequently, all conditions of Theorem 2.1
are satisfied. Then T has a fixed point which is 1.

3. Fixed point on partially ordered metric spaces

Now, we give an existence theorem of fixed point in a partially order metric
space, by using the results provided in previous section.

Theorem 3.1. Let (X,=X,d) be a complete ordered metric space and T:X —
CB(X) be a multivalued mapping. Assume that the following assertions hold:

1. For each x € X and y € Tx with x <y, we have y = z for all z € Ty;
2. There exists xg € X and x1 € Txq such that g = x7.

3. For every nondecreasing sequence {x,} in X such that x, — x € X, we have
Ty 2z, for alln € N,

4. There exists a right continuous function 8 € ©, ¢ € ¥ and k : (0,00) — [0,1)
satisfies lim+ supk(t) < 1 for all s € (0,00) such that
t—s

k(M (@)
(3.1) 0(H(Tz,Ty)) < |0((M(z,y))) + LN(z,y),

for all z,y € X with x <y and H(Txz,Ty) > 0, where
1
M(z,y) = max{d(z,y), d(x, Tz), d(y, Ty), 5 (d(x, Ty) + d(y, Tz))
and N(z,y) = min{d(z, Ty),d(y,Tz)}.

Then T has a fized point.
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Proof. Define a: X x X — [0, 4+00) as follows:

1, if = Y,
a(z,y) = { 0, otherwise.

From (1), for each € X and y € Tz with z < y, i.e.,, a(z,y) = 1 > 1, we have
z <y, forall z € Ty, ie., a(x,y) =1 > 1. Thus T is a-admissible.

From (2), there exit g € X and x1 € Tz such that g < 21, i.e., a(xg,x1) =1 > 1.
Condition (3) implies - lower semi continuity of T, or regularity of X.

From (4), for x <y, we have a(z,y) =1 > 1 then the inequality (2.1) holds, which
implies that T is a generalized almost (a, v, 0, k) contraction. [

4. Fixed point on metric spaces endowed with a graph

In this section, as a consequence of our main results, we present an existence
theorem of fixed point for a multivalued mapping in a metric space X, endowed
with a graph, into the space of nonempty closed and bounded subsets of the metric
space. Consider a graph G such that the set V (G) of its vertices coincides with
X and the set E(G) of its edges contains all loops; that is, F(G) 2 A, where
A = {(z,x) : x € X}. We assume G has no parallel edges, so we can identify G
with the pair (V (G), E(Q)).

Theorem 4.1. Let (X,d) be a complete metric space endowed with a graph G and
T:X — CB(X) be a multivalued mapping. Assume that the following conditions
are satisfied:

1. For each x € X and y € Tz with (x,y) € E(GQ), we have (y,z) € E(G) for all
z € Ty;

2. There exists vog € X and x1 € Txg such that (zg, 1) € E(G);

3. T is G-lower semi-continuous, that is, for x € X and a sequence {x,} in X
with
limy, 00 d(@n, ) = 0 and (xn, zp41) € E(G) for all n € N, implies

liminf d(x,, Tz,) > d(z, Tx)

n— oo
or, for every sequence {x,} in X such that x, — © € X and (Tp,Tpy1) €
E(QG) for all n € N, we have (z,,x) € E(G) for alln € N;

4. There exists a right continuous function 8 € ©, ¢ € ¥ and k : (0,00) — [0,1)
satisfing 1im+ supk(t) <1 for all s € (0,00) such that
t—s

k(M (@)
(4.1) 0(H(Tx, Ty)) < |0((M(x,y))) + LN(2,y),

for all v,y € X with (z,y) € E(G) and H(Tx,Ty) > 0, where
1
M(z,y) = max{d(z,y), d(z, Tz), d(y, Ty), 5 (d(x, Ty) + d(y, Tz))
and N(z,y) = min{d(z, Ty),d(y,Tz)}.
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Then T has a fized point.

Proof. This result is a direct consequence of results of Theorem 2.1 by taking the
function a: X x X — [0, +00) defined by:

Q(M){ L if (s,y) € B(G),

0, otherwise,

5. Application to fractional differential inclusions

Consider the following boundary value problem of fractional order differential in-
clusion with boundary integral conditions:

cDix(t) € F(t,z(t)), 0<t<1, 1<qg<2
(5.1) a:z:( )fbx( )=0
= [y h(s)g(s,2(s))ds

where °D? | 1 < g < 2 is the Caputo fractional derivative, F', g, and h are given
continuous functions, where

F:[0,1]]xRxR— K(R), g:[0,1] xR — R, h € L}([0,1]), a+b > 0, a5 <q-1
and ho = ||hHL1

Denote by X = C([0, 1], R) the Banach space of continuous functions z : [0,1] — R,
with the supermum norm

| % [loo=sup{[| «(t) |, ¢ €I =][0,1]}.

X can be endowed with the partial order relationship =<, that is, for all x,y € X
x 2y if and only if x(¢) < y(t), so (X, dw, =) is a complete order metric space.
x is a solution of problem (5.1) if there exists v(t) € F(t,x(t))), for all ¢ € T such
that
°Dix(t) = v(t), O<t<1 1<g<2
(5.2) am( ) — bx’(O) =
fo h(s 9(

Lemma 5.1. Letl <q¢<2andv e AC(I,R) = {v: I — R, fis absolutely continuous}.
A function x is a solution of (5.2) if and only if it is a solution of the integral equa-

tion:
at+b
/ G(t, sy L / h(s)g(s)ds,

0

where G is the Green function given by

(at4b)(1—6)7"1  (t—s)97! s <t

_ a+b)T T ’ —

(5.3) G(t,s) _{ @t @ o
T @t =
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Proof. The problem (5.2) can be reduced to an equivalent integral equation:

1 ¢ -1
z(t) = T /0 (t —8)T  v(s)ds + co + c1t,

for some constants cg,c; € X.
Using the boundary conditions on (5.2), we get

acy — bep =0,

1 1 "t G
@/0 (1-13) v(s)ds+co+cl—/0 h(s)g(s)ds.

Therefore

cozm[ o /01( ) (s, w(s) ds+/ h(s sx(s))ds]

- [qu 1 1—s)q_lv(s)ds+/01h(s)g(s,x(s))ds].

It means that

1

o) = = | [ ol (1 ) (s / 1 D(e)g(s.a(s))s

T [qu) / (1 ) u(s)ds + / 1 h(s)g(w(s))ds}

(
_ /t [(at FO)(1—s)""  (t—s)"" (at +b)(1 — S)q_lu(s)ds
0 (a+b)I'(q) INC) (a+6)I'(q)

[ nsiatosaonas = [ ><>ds+fj,f’ [ siateyas

at+b
a+b

+

O

Moreover, we have

/0 G(t,s)ds = F((t“{) [/0 (t—s)1tds + C;t::/o (1- s)q_lds}

1 1 2

ST+ TTarD STarD)

Define a set valued mapping

1
at+b/ h(s)g(s,xz1(s)ds}.

a+b 0

1
Tzi(t) ={z € X,2(t) = /0 G(t, s)v(s)ds +

The problem (5.1) has a solution if and only if T has a fixed point. Assume that
the following assumptions hold:
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e (Ay) : For each 1 € X and zo € Tx; with 1 =< z2 we have zo <X x3 for all
T3 € TfEQ.

e (Ay) : There exists g € X and z1 € Txg such that ¢ < ;.

e (A3) : There exists K > 0 and L > 0 such that for all 21,22 € R, we have

H(F(t,21(1)) — F(t, 22(t))) < K|z1 — z2])
and
lg(t,1(t)) — g(t, 22(t))| < Llz1 — 22,

with kg = 1“(2qilil) + hoL < %
Theorem 5.1. Under the assumptions (A1)—(As) the problem (5.1) has a solution
m X.

Proof. Since F' is continuous, it has a selection, i,e., there exists a continuous func-
tion vy € F(t,z1(¢t)) such that T'zy is nonempty and has compact values.
Let 1,29 € X and z; € Txy, then there exists v; € F(¢,21(t)) such that

1 a 1
a(t) = /0 G(t, )v1(s)ds + ;:: /0 h(s)g(s, 21 (s))ds.

Then by using (4sz), we get

d(vr, Fz) = o1 —u| < H(F(t,21(t)) — F(t, 22(1)))

inf
ueFxo
< K|z — 2|

the compactness of F(t,22(t)) implies that there exists u* € F(t,22(t)) such that

d(v1, Fzg) = |v1 —u*| < K|z — x9].

Define an operator P(t) = {u* € R,|uy(t) — v*| < K|z1(t) — 22(t)|}. Clearly
PN F(t, z2(t)) is continuous, so it has a selection v such that

|7.L1 —U2| S K|£L’1 —ZL'Q|.

Define

1 1
29 = / G(t, s)ua(s)ds + ot t b/ h(s)g(s,z2(s)ds.
0 a+ b 0

For all t € I, we have

! t+b 1
|21 — 22| < / IG(t,5)||ur — uz|ds + = / |h(s)|lg(s,z1(s)) — g(s,22(s))|ds
0 a+b Jy
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at+b
a+b

1
< Kl — aa)) / G(t)|ds + L ho Ll (s) — a(s)]
0

2K
< (=4 hoL — =k —
f(r(q+1)+ oL)|z1 — wa| = ko|w1 — 22|
Then, we have

su inf Z1 — 2 < kollzs — zoll.
2167%1 [Z2€Tx2| 1 2|] — O“ 1 2”

Hence, by interchanging the role of x1 and x5 we obtain
H(Ta:l,Tacg) S kJ0|I1 — $2|)

On taking the exponential of two sides, we get

6H(T:L’1,T172) S (62k0|m17m2|)%

< eholzi—2a| 4 d(xo, Tx1).

If {z,,} is a nondecreasing sequence in X which converges to z € X, so for all t € T
and n € N we have z,,(¢) < z(t), which implies that z is an upper bound for all
terms x,, (see [22]), then z, < .

Consequently, all the conditions of Theorem 3.1 are satisfied, with 0(t) = et, ¥(t) =
2k0t and k(t) = k’o.

Hence, T has a fixed point which is a solution of the problem (5.1). O
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