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Abstract. The purpose of this paper is to construct a new class of separable Banach
spaces KP[B], 1 < p < oo on separable Banach space B. Each of these spaces contain
the LP[B] spaces. These spaces are of interest because they also contain the Henstock-
Kurzweil integrable functions on B.
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1. Introduction and Preliminaries

T.L. Gill and T. Myers [5] introduced a new theory of Lebesgue measure on R*;
the construction of which is virtually the same as the development of Lebesgue
measure on R™. This theory can be useful in formulating a new class of spaces
which will provide a Banach Space structure for Henstock-Kurzweil (HK) integrable
functions. This later integral is interesting because it generalizes the Lebesgue,
Bochner and Pettis integrals see for instance [6, 8, 9, 12, 16, 18]. However, fly in
the ointment of HK-integrable function space is not naturally Banach space (see
[1,2,6,7,9, 10, 12, 13, 15] references therein). In [20], Yeong broach a clue of wind
up about the drawback, pointing about canonical construction. Gill and Zachary
[3, 4], introduced a new class of Banach spaces KSP[Q,V 1 < p < oo (Kuelbs-
Steadman spaces) and @ C R™ which are canonical spaces (also see [11]). These
spaces are separable and contain the corresponding LP spaces as dense, continuous,
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compact embedding. They wanted to find these spaces containing Denjoy integrable
function, also additive measures. They found that these spaces are perfect for dis-
tinctly vibrating functions that occur in quantum theory and non linear analysis.

Throughout the paper, we assume J = [—%, %] We denote by £, LP the clas-

sical Lebesgue spaces. Our study focused on the main class of Banach spaces
KP[B5°], 1 < p < co. These spaces contain the HK-integrable functions, the £?[B$°]

spaces, 1 < p < oo as continuous dense and compact embedding.

Definition 1.1. [15] A function f : [a,b] — R is Henstock integrable (HK inte-
grable) if there exists a function F : [a,b] — R and for every e > 0 there is a function
§(t) > 0 such that for any J—fine partition D = {[u,v],t} of Iy = [a, ], we have

| =) = Pl <

where the sum Y is run over D = {([u,v],t)} and F'(u,v) = F(v) — F(u). We write
HfIOf = F(Iy).

Definition 1.2. [5] If A,, = A x J,, and B,, = B x J,, (n*" box of order sets in
R*°). We consider

1. A,UB, = (AUB) x Jp;
2. ApNB, = (ANB) x Jy;
3. BS = B° x J,.

Definition 1.3. [4] Assume R} =R" x J,. If T' is a linear transformation on R
and A, = A x J,, then Ty on R} is denoted by T;[A,] = T[A]. We denote B[R’}] to
be the Borel o—algebra for R, where the topology on R’} is define via the class of
open sets D,, = {U x J,, : U is open in R%}. For any A € B[R"], we define ug(A,,)
on R’} by product measure jioo (Ap) = phy (A) x T2, 1 ps(J) = phAy (A).

Clearly pgr(.) is a measure on B[R’}], which is equivalent to n-dimensional Lebesgue
measure on R’. The measure pg(.) is both translationally and rotationally invariant
on (R%, B[R%]) for each n € N. Recollecting the theory on R’; that completely
paralleis that on R™. Since R’} C R’}H, we have an increasing sequence, so we

A~ oo A~
define Ry = lim R} = |J R’}. Suppose X1 = R and 7 is the topology induced

oo e}
by the class of open sets D C X; such that D = |J D,, = |J {U x J, : U is open in
n=1 n=1

R™}. Suppose Xy = R™® \@30 and 79 is the discrete topology on X5 induced by the
discrete metric so that, for z,y € Xo, x £y, do(z,y) =1 and for x = y da(z,y) =0

Definition 1.4. [4] Let (R3,7) be the co-product (X1,71) ® (X2, 72) of (X1,71)
and (X2, 72). Every open set in (R, 7) is the disjoint union of two open sets G1 UG+
with Gl in (X177'1) and G2 in (XQ,TQ).
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As a result R = R* as sets. However, since every point in X5 is open and closed
in BF and no point is open and closed in R*. So, RF # R* as topological spaces.
It was shown in [5] that it can be extended the measure pgr(.) to R*.

Similarly, if B[R] is the Borel o-algebra for R”, then B[R] C B[R""!] defined
by

B[RY] = lim B[Rj] = U

Suppose B[RF] is the smallest o-algebra restraining E[R?}O] U PR\ U [RY]),
k=1

where P(.) is the power set. It is obvious that the class B[R] coincides with the
Borel o—algebra generated by the T—topology on R .

1.1. Measurable functions

We consider measurable function on RY as follows. Suppose x = (z1,22,...) € BZe,
T = IR2, 41[= 5, 5] and 7 (T) = x4, (), where T = (2:){2,, 11

Definition 1.5. [4] Suppose M™ represents the class of measurable functions on
R™. On condition that x € R® and f"* € M", suppose T = (z;);; and define an
essentially docile measurable function of order n( or e,— docile ) on B° by

f(@) = ["(T) © hn(T).

We suppose M7 = {f(z) : f(z) = f"(T) ® hn(T), v € RT} is the class of all e, —
docile function.

Definition 1.6. A function f : R? — Ris said to be measurable, written f € M,
if there is a sequence {f, € M7}} of e,— docile functions, such that

lim fp(x) = f(2) poo — (a.e.).

n—o0

This definition highlights our requirement that all functions on infinite dimensional
space must be constructively defined as (essentially) finite dimensional limits. The
existence of functions satisfying above definition is not obvious. So, we have the
following theorem.

Theorem 1.1. (Existence) Suppose that f : R — (—o0,00) and f~"(a) € B[R]
for all a € B[R] then there exists a family of functions {f,}, fn € MY} such that
fo(x) = f(2), oo — (a.e.)

Remark 1.1. Recalling that any set A, of non zero measure is concentrated in X; that
is ftoo(A) = poo (A N X1) also follows that the essential support of the limit function f(x)
in Definition 1.6, i.e., {x : f(z) # 0} is concentrated in R’} for some N.
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1.2. Integration theory on RP

We deal with integration on RS by using the known properties of integration on R’;.
This approach has the advantages that all the theorems for Lebesgue measure apply.
Let £'[R%] be the class of integrable functions on R. Since £'[R7%] C L[R!,

we define L1[R¥] = U LY[R7].
n=1

Definition 1.7. A measurable function f is said to be in £!'[RF] if there is a
Cauchy-sequence {f,} C L'[RY] with f, € £'[R"] such that
lim fn(x) = f(x)a Moo — (a'e')'

n—oo
Theorem 1.2. L'[R¥] = L![RF)].

Proof. We know that £![R7] C £! [I?KOIO] for all n. It needs only to prove that £* [ﬂij’f]
is closed. Suppose f is the limit point of £1[]1§§O] (f € LYRF]). On condition that
f = 0 then the result is proved. So we consider f # 0. On condition that a is the
support of f, then ur(Af) = poc(Af N X1). Thus Ay U Xy C R’} for some N. This
means that there is a function g € L!RY ] with po({z : f(x) # g(z)}) = 0.
So, f(z) = g(x)—a.e. as LYR"] is a set of equivalence classes. So, LRF] =
LYR®]. O

Definition 1.8. On condition that f € £L}[RF], we define the integral of f by

(x)d/u'oo(l') = lim fn(x)d/ioo(x)v

where {f,} C L}[R%] is any Cauchy sequence converging to f(z)—a.e.

Theorem 1.3. On condition that f € LYRS] then the above integral exists and
all theorems that are true for f € L'[R7], also hold for f € LYRF].

2. Class of B}, where B is a separable Banach space

As an application of RT, we can construct BS®, where B is separable Banach space.
The important fact is we can construct the measure g on separable Banach space
B in similar fashion of po, of R*. Recalling a sequence (e,,) € B is called a Schauder
basis (S-basis) for B, On condition that ||e, ||z = 1 and for each = € B, there is a
unique sequence (z,,) of scalars such that

k

o0
z = lim E Tpen = E Tp€n-
n=1

k—o0
n=1
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Any sequence (x,,) of scalars associated with a x € B, lim z, = 0. Suppose
n—oo

~1 1
~[2In(k+1)" 2In(k + 1)

Jk
and
It =100k § =12 k.

oo n
Suppose {e} is an S-basis for B, and suppose x = Y zpe,, from P,(z) = > zxex
n=1 k=1
and Q,x = (1,T2,...,%y), we define B? as follows

B} = {Qnr:z € B} x j"
with norm

— max [[P(@)]]s.

Ieallsy = max max
B

1<k<n

k
E Ti€q
i=1

o0
As B} C IB%;-“H so we can set B2 = |J B} and B; is a subset of B3°. We set B; as
n=1

B; = {(3]1,1'2,...) DY wpey € IB} and norm on B; by
k=1

||#[[B; = sup [[Pn(2)]lg = [|2[8-
n

On condition that we consider B[B3°] as the smallest o-algebra restraining B3 and
define B[B;] = B[B°] N B, then by a known result

n
E Trek
k=1

(2.1) ||z|[z = sup
" B

is an equivalent norm on B.

Proposition 2.1. [}/ When B carries the equivalent norm (2.1), the operator
T: (B,]1}s) = (B, |llls,)

denoted by T(z) = (zy) is an isometric isomorphism from B onto B,.

This shows that every Banach space with an S-basis has a natural embedding in B3°.
So, we call B; the canonical representation of B in B3°. With B[B;] = B; N B[B5°]
we define o—algebra generated by B and associated with B[B;] by

B;[B] = {T~'(4) |A € B[B,]} = T~ {B[B,]}.

Since ug (A7) = 0 for A} € B[B}] with A} compact, we see ug(B) =0, n € N. So,
ps(B;) = 0 for every Banach space with an S-basis. Thus the restriction of g to
B, will not induce a non trivial measure on B.
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Definition 2.1. [4, 19] We define vy, 71;, on A € B[R] by

wA) A) — (AN jx)
p ()

and for an elementary set A =732 A, € B [IB%;L], define V; by

TN

V! = i Bn(A) x 152 1 Ty (A):

Let V" denote the Lebesgue extension ofvf;-z toall BY and V;(A) = lim V'(A), VA €
n— oo
B[B;]. We adopt a variation of method developed by Yamasaki [19], to define V" to
the Lebesgue extension of V;L for all B? and define V;(B) = lim V*(B),VB € B[B,].
- n—00

Remark 2.1. Let B; be the image of B in B}°, which can be endued with a norm via
llur, uz, .. unls; = [|ulls-

2.1. Integration theory on B}®

In this section, we study the integration on a separable Banach space B} with
an S—basis. Recalling up restricted to B[B}] is equivalent to pA,. Assume that
the integral restricted to B[B}] is the integral on R™. Suppose f : B — [0,00] is
a measurable function and suppose pp is constructed using the family {j;}. If
{jn} C M is an increasing family of non negative simple functions with j, € M},
for each n and nlgréo Jn(x) = f(x), pp—a.e. We consider the integral of f over B3°

by

f(x)dpp = lim [jn(x) 11 M(ji)] dpg ().

xde el
B3® By i=1

Suppose El[B?] is the class of integrable functions on B”. Since Ll [B}] C £t [B?H]’
we define ﬁl[@?] =Unts £1[B§L]'

1. We say that a measurable function f € L£! [BS°] if there exists a Cauchy

sequence {fm,} C L! [I@J‘X’], such that

m—r oo B

tim [ [fn(e) = F@)ldps(e) = 0.

That is a measurable function f € ,Cl[]B%;?"] if there exists a Cauchy sequence
{fm} C LYB], with f,, € £'[B?] and

lim fo(e) = f(x), ps — (ae.).
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2. We say that a measurable function f € Cjy [IB%}’"], the space of continuous
functions that vanish at infinity, if there exists a Cauchy sequence {f,,} C

Co [@;’o], such that

lim sup |fm(x) — f(z)|dus(x) = 0.

m—0o0
IB;?C xelﬂ%‘f

Theorem 2.1. (! [@3’0] = L'[B].

Definition 2.2. If f € Cl[]B%;’O], we define the integral of f by

lim fm(@)dps(z) = (z)dpp (), pp — (a.e.),

where {f,} C El[IB%;?O] is any Cauchy sequence converging to f(x)—a.e.

Theorem 2.2. If f € LI[IB%;?O], then the above integral exists and all theorems that
are true for f € ,Cl[]B;-‘], also hold for f € ﬁl[BJ‘?O].

Lemma 2.1. (Kuelbs Lemma) [11] Let B be a separable Banach space. Then there
erists a separable Hilbert space such that B — H is a continuous dense embedding.

3. The Kuelbs-Steadman space K?[B]

In this section, we study the Kuelbs-Steadman space KP[B], where B is a separable
Banach space. We proceed for the construction of the canonical space KP[BY].

Suppose B’ is a separable Banach space with S—basis, K? [@?] = U Kr [IB?], and
k=1
Coll5] = U ol
Definition 3.1. A measurable function f is said to be in KP[B'] if there exists a
Cauchy sequence {f,,} C K? [@?]7 with f,, € K? [I/B\B?] such that
n}ijnm fm(x) = f(2), pp — (a.e.)
Theorem 3.1. KP[@?] = K?[B}].

Definition 3.2. Let f € KP[B}]. The integral of f is defined by

lin_ [ fu(@)dus(a) = [ f@)dus(o). o (e

where {fn,} C KP[B?] is any Cauchy sequence converging to f(z)—a.e.

Theorem 3.2. If f € KP[B}], then the above integral exists.
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3.1. The construction of K?[B]

We start with £'[B?], picking a countable dense set of sequences {&,(x)}o2; on the
unit ball of £![B}] and assume {£;}72, is any corresponding set of duality mapping
in £>°[B], also on condition that B is £'[B], using Kuelbs Lemma, it is clear that
the Hilbert space K2 [B}] will contain some non absolute integrable functions. From
[17], we confirm that the non absolute integral is Henstock-Kurzweil integral (HK).
Let £x() be the characteristic function of By, so that &y (x) € LP[B}]NL>®[B}] for
1 < p < oc. Define Fi.(f) on L'[B}] by

Fi(f) = i Ex(@) f(x)dps(2).
j
Since each By is a cube with sides parallel to the co-ordinate axes, Fy(.) is well
defined for all HK-integrable functions, and is a bounded linear functional on L£P [IB%;L]
for 1 < p < o0. Let by > 0 be such that 220:1 b, = 1 and denote the inner product
(-) on L'[B?] by

(f?g) :Zbk l
k=1

The completion of £![B?] in the inner product is the space K?[B7]. We can see
directly that K2 [B}] contains the HK-integrable functions. We call the completion
of £!'[B?] with the above inner product, the Kuelbs-Steadman space K*[B?].

c

Ek(x)f(x)dum(x)H Ek(y)g(y)duma(y)]

IB;? IB;‘

Theorem 3.3. The space K*[B}] contains LP[B}] (for each p, 1 < p < o0) as a
dense subspace.

Proof. We know K*[B?] contains L£'[B}] densely. Thus we need only to show
L4[B?] C K?[B}] for ¢ # 1. Suppose f € LU[B] and ¢ < co. Since |£(x)| = E(x) < 1
and |E(x)]? < E(x), we have

1
2

e = |3 b / Ei (o) f () dps ()
n=1 n
< S b | [ B @) )
n=1 B"

IN

sw | [En@lr@ldus(a) | < 17
&

Therefore f € K*[B}]. O
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We can construct the norm of KP[B'], which is defined by

(§ by )fm gk(ff)f(w)dus(w)‘py ; for 1 < p < oo
k=1 J

sup | f, () (@) )

||/ & (Br) =

, for p =00

It is easy to see that ||./[xpy) is a norm on LP[BY]. If KP[B] is the completion of
LP[B] with respect to this norm, we have the following theorem.

Theorem 3.4. For each q, 1 < q < oo, LI[B}] — KP[B?] is a densely continuous
embedding.

Proof. We know from Theorem 3.3, and by the construction of KP[B}] contains
LP[B7] densely. Thus we need only to show L?[B}] C KP[B?] for ¢ # p. Suppose
f € LB%] and g < oc. Since |E(x)| = E(z) < 1 and |€(x)|? < (), we have

ap >
p
q

1l = | 32| [ Enlo)fadun(a)
n=1 n

pq L
a|?

> be | [Eu@lre)dus
n=1

e
B

IN

1
a

swp | [ En@ls@)ldua(a) | < 17
B

IN

Therefore f € KP[B?]. O
Corollary 3.1. L>*[B}] C KP[BY].
Theorem 3.5. C.[B}] is dense in K*[B!'].

Proof. As C.[B}] is dense in LP[B!'] and LP[B}] is densely contained in K*[B’'], the
conclusion follows. [

Remark 3.1. As Hélder and generalized Hélder inequalities for LP[B}] are valid for
1 <p < oo (see [4, P. 83]). As KP[B}] is completion of L?[B}], the Holder and generalized
Holder inequalities hold in K?[B?] for 1 < p < oco.

Theorem 3.6. (The Minkowski Inequality) Suppose 1 < p < oo and f,g € KP[B?].
Then f + g € KP[B?] and

||f+g||KP[]E;"] < ||f||KP[]B;?] + HQHKP[B;‘]~
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Proof. The proof follows from the Lemma 2 of [14]. O
Theorem 3.7. For 1 <p < oo, we have
1. If fo — f weakly in LP[BY], then f, — f strongly in KP[B?].
2. If 1 < p < oo, then KP[B?] is uniformly convex.
3. Ifl<p<ooand % + % = 1, then the dual space of KP[B?] is K[B}].
4. K=[B7] C KP[B?], for 1 <p < oo.

Proof. (1) If {fn} is weakly convergence sequence in LP[B?] with limit f. Then
fB; Ex(@)[fn(z) — f(x)]dus(x) — 0 for each k.
Now for {f,} € KP[B?] we find the following:

lim [ Eu@)[fal) — F(@)]dus(a) = 0.

So, {fn} is converges strongly in KP[B].

(2) We know LP[B”] is uniformly convex and that is dense and compactly embedded
o0

in K9[B?] for all ¢, 1 < ¢ < c0. So, LP[BY] is uniformly convex for each n and
=1

n—=

that is dense and compactly embedded in |J K?[B}] for all ¢, 1 < ¢ < oo. However
n=1

Lr [@?] = U £LP[B}]. That is LP [IE%?L] is uniformly convex, dense and compactly
n=1

embedded in Kq[ﬁ?] for all ¢, 1 < ¢ < oo as K9[B7] is the closure of Kq[]ﬁ?].
Therefore K?[B”] is uniformly convex.
(3) From (2), that KP[B}] is reflexive for 1 < p < oo as

1 1
{KP[B}]}* = KIB}], —+-=1, Vn
p q
and
KP[B}) C KP[B;H), vn = | J{K"[B})}* = | KB}, 5+ . 1
n=1 n=1
Since each f € KP[B}] is the limit of a sequence {f,} C K [I@;\I] = U1 KP[B}], we
n=
see that {KP[BJ]}* = KI[B}], for 2+ 1 =1.
(4) Suppose f € K> [B}]. This implies | [;, Ex(2) f(x)dps(z)| is uniformly bounded
. fi
for all k. It follows that | [5, Ex(2) f(z)dup(z)[? is uniformly bounded for all 1 <
p < o0. It is clear from the definition of KP[B}] that

>

En(x) f(x)dps (@)

B

Py
1 < M||fllgrr) < oo
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So, f € KP[B?]. This completes the proof. [

Theorem 3.8. C2°[B] is a dense subset of BK? (B7].

Proof. As C°[B?] is dense in LP[B}],Vp. Moreover LP[B?] is a dense subset of
K?[B?]. So, C2°[B}] is a dense subset of K*[B?]. [

Corollary 3.2. The embedding C3°[B}] — KP[B?] is dense.

Remark 3.2. Since £'[B}] C K”[B}] and KP[B}] is reflexive for 1 < p < co. We see the
second dual {£'[B}]}** = M[B}] C KP[B}], where IM[B}] is the space of bounded finitely
additive set functions define on the Borel sets B[B}].

3.2. The family of KB

We can now construct the spaces KP[B%°], 1 < p < oo, using the same approach
that led to £'[B]. Since KP[B?] C KP[BI+!]. We define KP[B] = |J22, K?[BY].

Definition 3.3. A measurable function f is said to be in ]KP[IB%;?O}, for 1 <p<
oo, if there is a Cauchy sequence {f,} C K”[@;"} with f, € KP[B}] such that
lim_f (@) = f(z) ps-ac.

The functions in K? [I@;o] differ from functions in its closure KP[B$°], by sets of
measure zero.

Theorem 3.9. ]KP[EJQO] = KP[BS°].

Definition 3.4. If f € KP[B°], we define the integral of f by

(2)dpp(z) = lim [ fo(z)dus(z),

i
B e JBy
where f, € KP []B%?] is any Cauchy sequence convergerging to f(x).

Theorem 3.10. If f € KP[BS°], then the integral of f define in Definition 3.4
exists and is unique for every f € KP[BS].

Proof. If in the consideration of the family of functions { f,,} is Cauchy, it follows:
On condition that the integral exists, it is unique. For existence considering f(x) > 0
with standard argument with the assumption of increasing sequence so that the
integral exists. The general case now follows by the standard decomposition. [

Theorem 3.11. If f € KP[B$°], then all theorems that are true for f € KP[BY],
also hold for f € KP[B3°.]
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Theorem 3.12. KP[B}]| and KP[B;] are equivalent spaces.

Proof. Let B} is a separable Banach space, T maps B} onto B; C B}°, where T' is
an isometric isomorphism so that B; is an embedding of B} into R7. This is how
we able to define a Lebesgue integral on B? using B; and T-!. Thus K? [B}] and
KP[B,] are not different spaces. [

Theorem 3.13. KP[BS°] can be embedded into KP[RF] as a closed subspace.

Proof. As every separable Banach space can be embedded in R as a closed sub-
space containing B3°. So, KP[B$°] C KP[RF] embedding as a closed subspace. That
is KP[U,Z, B}] C KP[RF] embedding as a closed subspace. So, KP[B}] C KP[RF]
embedding as a closed subspace. Finally we can conclude that KP[BF] C KP[RF]
embedding as closed subspace. [

3.3. Feynman path integral

The properties of K2 [BY’] derived earlier suggests that it may be a better replace-
ment of £L2[BY] in the study of the Path Integral formulation of quantum the-
ory developed by Feynman. We see that position operator have closed densely
define extensions to K?[BY]. Further Fourier and convolution insure that all of
the Schrodinger and Heisenberg theories have a faithful representation on K?[BF].
Since K2 [BY’] contains the space of measures, it follows that all the approximating
sequences for Dirac measure convergent strongly in K2 B
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