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Abstract. In this paper, we prove a new type of stability and hyperstability results for
the following cubic functional equation

FRx+y)+f(2z—y)=2f(z+y)+2f (z —y) + 12f(z)

in 2-Banach spaces using fixed point approach.
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1. Introduction

Throughout this paper, we will denote the set of natural numbers by N, Nj :=
N U {0} and the set of real numbers by R. By N,,, m € N, we will denote the
set of all natural numbers greater than or equal to m. Let Ry = [0,00) be the
set of nonnegative real numbers. We write B4 to mean the family of all functions
mapping from a nonempty set A into a nonempty set B and we use the notation
Ey for the set E\{0}.

We need to recall some basic facts concerning 2-normed spaces and some pre-
liminary results [6]).
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Definition 1.1. let X be a real linear space with dimX > land |-, || : X x X —
R, be a function satisfying the following properties:

1. ||z, y|| = 0 if and only if = and y are linearly dependent,

2.z, yll = lly, |,

3. Az, yll = [l yll,

4oy + 2l < syl + s 21,
for all z,y,z € X and A € R. Then the function |-, || is called a 2-norm on X and
the pair (X, |-,-]|]) is called a linear 2-normed space. Sometimes the condition (4)

called the triangle inequality.

Definition 1.2. A sequence {z;} in a 2-normed space X is called a convergent
sequence if there is an x € X such that

lim ||fEk - ‘T?yH = Oa
k—o0

for all y € X. If {x}} converges to z, write xx, — = with ¥ — oo and call z the
limit of {xx}. In this case, we also write limg_,o ) = 2.

Definition 1.3. A sequence {z;} in a 2-normed space X is said to be a Cauchy
sequence with respect to the 2-norm if

lim ||’r/€ - xlayH = Oa
k,l—o00

for all y € X. If every Cauchy sequence in X converges to some x € X, then X is
said to be complete with respect to the 2-norm. Any complete 2-normed space is
said to be a 2-Banach space.

Now, we state the following results as lemma (see [12] for the details).
Lemma 1.1. Let X be a 2-normed space. Then,

1 {2l = N1y, 2| < o = g 2] for all 2y, € X,

2. if ||z, z]| =0 for all z € X, then x =0,

3. for a convergent sequence x, in X,

lim ||xn,zH:H lim xnzH
n—oo n—o0

forall z € X.
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The method of the proof of the main result corresponds to some observations in
[4]. The problem of the stability of functional equations was first raised by Ulam
[17]. This included the following question concerning the stability of group homo-
morphisms.

Let (G1,*1) be a group and let (Ga,*2) be a metric group with a metric d(.,.).
Given € > 0, does there exists a § > 0 such that if a mapping h : G1 — G2 satisfies
the inequality

d(h(z *1y), h(x) 2 h(y)) <&

for all x,y € Gy, then there exist a homomorphism H : Gy — G2 with
d(h(z),H(z)) <e

forallx € G1 7

If the answer is affirmative, we say that the equation of homomorphism
h(z 1 y) = h(z) *2 H(y)

is stable.

In 1941, Hyers [8] provided the first partial answer to Ulam’s question and de-
fined the result of stability where G; and G5 are Banach spaces.

Later, Aoki [1] considered the problem of stability with unbounded Cauchy dif-
ferences. Rassias [14] used a direct method to prove a generalization of Hyers result.
The following theorem is the most classical result concerning the Hyers—Ulam sta-
bility of the Cauchy equation

(1.1) Tx+y)=T)+T(y).

Theorem 1.1. Let E; be a normed space, Eo be a Banach space, and f : E1 — Fo
be a function. If f satisfies the inequality

(1.2) If(z+y) = f(2) = fF)] < 0(ll=|” + [lylI”)
for some 0 > 0, for some p € R with p # 1, and for all x,y € E1 — {0, }, then
there exists a unique additive function T : 4 — FEo such that

20

(13) 1) = T@)) € =5

[

for each x € E1 — {0p, }.

It is due to Aoki [1] (for 0 < p < 1; see also [13]), Gajda [7] for p > 1 and Rassias
[14] for p < 0. Also, Brzdek [2] showed that estimation (1.3) is optimal for p > 0 in
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the general case. Recently, Brzdek [3] showed that Theorem 1.1 can be significantly
improved; namely, in the case p < 0, each f : 1 — FEj5 satisfying (1.2) must actually
be additive, and the assumption of completeness of Fs is not necessary.

The cubic function f(x) = ca® satisfies the functional equation

(1.4) FQRx+y)+f(2x—y)=2f(v+y)+2f(z—y) +12f(v),

In 2002, Jun and Kim [9] established the general solution and the Hyers—Ulam sta-
bility of the cubic functional equation (1.4) for mappings f : X — Y, where X is a
real normed space and Y is a Banach space. Recently, interesting results concerning
the cubic functional equation (1.4) have been obtained, for example, in [10] and [11].

In 2018, Brzdek and Ciepliriski [4] proved a new fixed point theorem in 2-Banach
spaces and showed its applications to the Ulam stability of some single-variable
equations and the most important functional equation in several variables. In ad-
dition, Brzdek and El-hady [5] provided an extension of an earlier stability result
that has been motivated by a problem of Rassias for the functions taking values
in 2- Banach spaces. After that, Sayar and Bergam proved stability results for the
quadratic functional equation in 2-Banach spaces [16].

In our paper, we discuss some stability and hyperstability results for the cubic
functional equation (1.4) in 2-Banach spaces.

Now, we present the fixed point theorem concerning 2-Banach spaces given in
[4]. First, we need the following hypotheses:

(H1) E is a nonempty set, (Y,[-,||) is a 2-Banach space, Y is a subset of Y’
containing two linearly independent vectors, j € N, f; : E — E, ¢; : Yy — Y, and
LiIEXY()‘)R_._ forizl,...,j;

(H2) T : YZ — YF is an operator satisfying the inequality

) faMEYE7$€E7yEY0§

ITe@)~Tu@).u] < 3 Lite.w)||e(fi@) (/@) 0:(0)

(1.5)
(H3) A : RE*Y — RF*Y is an operator defined by
J
(1.6)  Ad(z,y) = ZLi(xay)(s(fi(x)vgi(y))v SERPM re B yeY,.
i=1

Theorem 1.2. [/ Let hypotheses (H1)-(H3) hold and functions € : E x Yy — R4
and ¢ : E =Y fulfill the following two conditions:

(L7) |To@) = o)y < clwy) zeByen,
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o0

(1.8) e (z,y) =Y (A"e)(z,y) <o zEE Yy

n=0

Then, there exists a unique fized point ¥ of T for which

(1.9) o(z) = v(x),y|| < e*(z,y) =€ E,yeYo.
Moreover,
(1.10) ¥(z) = nhﬂngo(T"ga)(x) ze k.

2. Main results

In this section, we begin with a discussion of the stability of the cubic equation
(1.4) in 2-Banach spaces using Theorem 1.2. Then, we will present some sufficient
conditions to prove that this equation is hyperstable, namely, the approximated
solution of that equation is an exact solution of it.

In what follows E is a normed space, (Y, ||-,-||) is a real 2-Banach space and Yj
is a subset of Y containing two linearly independent vectors.

Theorem 2.1. Let hy,hy : Ey x Yy — Ry be two functions, such that

(2.1) U={neNa, <1} #¢

where

ap =201 (3n—1)A2(3n—1)42X1 (1—=n) A2 (1—n)+12X1 (n) Az (n)+A1 (dn—1) A2 (dn—1)
(2.2) Ai(n) :=inf {t € Ry:hy(nx, 2) <t hi(z,2), € Ey,z €Yy}

for allm € N, where i =1,2. Assume that f : X — Y satisfies the inequality

If 2z +y)+f Q2 —y) —2f (x+y) —2f (z —y) = 12f(2), 2| < ha(z, 2)ha(y, )
(2.3)
forall x,y € Eg,z € Yy, such thatx +y # 0,2 —y # 0,2c +y # 0 and 2z —y # 0.
Then there exists a unique cubic function F : E — Y, such that

(2.4) | f(z) = F(x), z|| < Aoha (2, 2)ha(x, 2)

for all x,z € Xy, where

o = inf {WW@”U}
nel 1—a,

Proof. Replacing x with ma and y with (2m — 1)z, where 2 € Xy and m € N, in

inequality (2.3), we get

2/ ((83m — 1)z) +2f((1 — m)x) + 12f(ma) — f((4m — 1)z) — f(z), ||
< hi(mz, 2)ha((2m — 1)z, 2)
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for all z € Ey, z € Yy. For each m € N, we define the operator 7, : Yo — Y Fo
by

Tm€(x) := 26((3m—1)z) +2£((1—m)z) +12¢(ma) —&£((4m—1)z), £ € YFo 2 € E,.
Farther put

(2.6) em(z, 2) := hy(mx, 2)ha((2m — 1)z, 2), © € Ey, 2z € Yy,

and observe that

(2.7Em(, 2) == hy(mx, 2)ho((2m — 1)z, 2) < A (m)Ae(2m — 1)hy(z, 2)ho(z, 2),

for all z € Ey,z € Yy, m € N. Then the inequality (2.5) takes the form

(2.8) [T f () = f(z), 2

Furthermore, for every z € Eg, z € Yy, &, i € Y0, we obtain

{ <em(z,2), x€ FEyzeY.

|7t (@) = (o). 2

‘ - H2§((3m —1)z) + 26((1 — m)x) + 12€(ma)
—£((4m — 1)z) — 2u((3m — 1)z)
—2u((1 —m)z) — 12u(ma) + p((4m — 1)z), 2 ‘
<2/ = w(@3m = 1)), 2| + 2||(¢ = ) (1 = m)z), 2

+12H(§ — w)(ma), 2| + H(g — ) ((dm — 1)x), 2 ]

So, (H2) is valid for Tp,.
This brings us to define the operator A, : REOXYO — REOXYO by
Ad(z,2) == 26((3m — 1)z, 2) + 26((1 — m)z, z) + 126(max, z) + 6((4m — 1)z, 2),

for all § € Rfoxyo,x € Ey,z € Yy,m € N. The above operator has the form
described in (H3) with fi(z) = (3m — D)z, fa(z) = (1 —m)z, f3(x) = ma, fa(x) =
(dm — D)z, g1(2) = g2(2) = z and Li(x) = Lo(x) = 2, Lg(x) = 12 and Ly(z) =1
for all x € Xy. By induction on n € Ny, we will show

(2.9) (A em)(z,2) < A(m)A2(2m — D)ag, hy(z, 2)he(x, 2)
where
am = 221 (3m—1)A2(3m—1)4+2X1 (1—m) A2 (1—m)+12X1 (m) A2 (m)+A1 (dm—1) Az (dm—1).

From (2.6) and (2.7), we obtain that the inequality (2.9) holds for n = 0. Next, we
assume that (2.9) holds for n = k, where k € N and we have

(A em)(z, 2) = Am ((AfEm) (@, 2))
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=2(Aken)((3m — 1), 2) + 2(Ake,) (1 — m)z, 2)
+12(Ak &) (ma, 2) + (AR e) ((4m — 1)z, 2)
< (2)\1(m)/\2(2m ~1)ak by ((3m — D)z, 2)ha((3m — 1)z, 2)
+2X1(m) A2 (2m — 1)ak by ((1 — m)z, 2)ha((1 — m)z, 2)
+12X1 (m)A2(2m — 1)ak hy (mx, 2)ha(maz, 2)
A (m)Ae(2m — 1)ak b ((4m — 1)z, 2)ha((4m — 1)z, z))
=M (m)A2(2m — DaFH hy (2, 2)ho(x, 2)

for all x € Ey,z € Yy, m € U. This shows that (2.9) holds for n = k + 1. Now, we
can conclude that the inequality (2.9) holds for all n € Ny. By (2.9), we obtain

e (z,2 =5 (A"e)(x, 2
m n=0 m

<3 o A(m)Az(2m — 1)alk hy (z, 2)ho(z, 2)

_ M(m)Ae(@m—1)h1 (2,2)ha(z,2)

(170‘Tn)

< 0

for all z € Fy,z € Yy and all m € U. Therefore, according to Theorem 1.2 with
@ = f, the limit

Fp(z) = lim (T f)(z)

n—oo

exists for each x € Fy and m € U, and

A1(m)Aa(2m — D) hy (z, 2)ha(z, 2)
(1—am) ’

(2.10) ||f(x) — Fp(x), 2

| <

for all x,€ Ey,z € Yo m € U. To prove that F,, satisfies the functional equation
(1.4), just prove the following inequality

(T o+ ) + (T ) (22 = y) = AT N (@ + ) = 2T f) (@ — y) = 12T (@), 2|
(2.11) < aphi(z, 2)he(y, 2)

for every z,y € Eg,z € Yy such that z+y # 0,2 —y # 0,2c+y # 0 and 22—y # 0,
n € Ng, and m € Y. Since the case n = 0 is just (2.3), take k € N and assume that
(2.11) holds for n = k. Then, for each =,y € Fy,z € Yy and m € U, we get

|(Ta ) 2o +y) + (TEH ) (20 —y) = 2ATE D (@ +)
~2ATE ) (@ —y) — 12T (@), 2
= |27k s (Bm = 1)(@2 + y) + 2T (1= M) @0 + ) + 12T F (m(20 + y)
TS (4m = 1)(20 +y)) + 2TAf (3m — 1)(22 — 9)) + 2T (1= m)(20 — y))
F12TE S (20— y) = T f ((4m = D)(2e — ) = 2(2T4f (Bm = 1) (= + 1))
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F2TET (1= m)(@ + ) + 12T ] (m(o +y) = TAf (4m — V(@ +) )
~2(2T5F (Bm = D)@ — ) + 2TES (L= m)(w — ) + 12T (m(z — 1))
~Thf ((4m =)@ —y)) ) = 12(2T5f (3m — Da) + 2T4f (1 = m)z)

F12T4 f (ma) = TAS (4m = )a) ), 2

< 2|77 (Bm— D)2+ 9)) + TAS (3m = 1)(20 — ) = 2TEL (3m — (@ + 1))
2T F (3m = 1) =) = 12T5F (Bm — 1) (2)) 2|
2| ThF (1= m) @z + ) + TS (L= m)(2e — ) = 2T (1= m)(w +y)

F12|| TS () (20 + ) + TS (m(22 = y)) = 2T f (m(x + 1))

=275 f (1 =m)(z —y)) — 12T f (1 = m)z) , 2

=27 f (m(z —y)) — 12T f (mx) , =

H| Tk (= 1)@o + ) + TEF ((4m = 1) (22 = y)) = 2TAS ((4m = 1) (@ + 1))
2Tk f ((4m = 1)(w — y)) — 12TAf ((4m — 1)a) 2|

< 2a7’§1h1((3m — 1)$,z)h2((3m — 1)y, ) + 20k hl(( m)x, ) ((1 - )y,z)
+12aF hy (mz,z)hg(my,z) +a’fnh1((4m 1) x,z)h ( (dm — 1)y, z )
= ot hy (2, 2)ha(y, 2).

Thus, by induction on n € Ny, we have shown that (2.11) holds for all z,y €
Ey,z€e Yy, suchthat e +y #0,2 —y #0,2x +y # 0 and 22 —y # 0, and m € U.
Letting n — oo in (2.11), we obtain the equality

(212) Fp(2z+y) + Fn(2z —y) = 2F(x + y) + 2F,,(z — y) + 12F,,(2),

for all x,y € Fy, such that t +y # 0,2 —y # 0,2 +y #0and 20 —y # 0, m € U.
This implies that F,, : E — Y, defined in this way, is a solution of the equation

(2.13) F(z) = 2F((3m — 1)z) + 2F ((1 — m)z) + 12F(mz) — F((4m — 1)z),

for all x € Ey,m € U. Next, we will prove that each cubic function F : F - Y
satisfying the inequality

(2.14) 1) -

with some L > 0, is equal to F;, for each m € U. To this end, we fix mg € U and
F: E —Y satisfying (2.14). From (2.10), for each = € Ey, we get

Fo(z), 2

z|| < L hi(w,2)he(x, 2), x€ Eo,z €Yo

|F(x) = Fing (), 2

< ||F(a) -
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< L hy(, 2)ha(w, 2) + &, (7, 2)

(2.15) < Lo hi(x, 2)ha(x, 2) Z Qs

n=0

where Lo := (1 — amy)L + A1(mo)A2(2mg — 1) > 0 and we exclude the case that
hi(x,z) =0 or ha(x, z) = 0 which is trivial. Observe that F' and F,,, are solutions
to equation (2.13) for all m € U. Next, we show that, for each j € Ny, we have

(2.16)  ||[F(x) = Fuy(2), 2|| < Lo ha(@, 2)ha(z,2) Y ok, x,2 € Ey.

n=j

The case j = 0 is exactly (2.15). We fix k € N and assume that (2.16) holds for
j = k. Then, in view of (2.15), for each z, z € Ey, we get

| F(2) = Fny (), 2|| = [|2F((3mo — 1)z) + 2F ((1 — mo)z) + 12F (mox)
—F((4mo — 1)) — 2F,, ((3mo — 1)@) — 2F,,, (1 — mg)x)
—12F 1, (mo) + Fn ((4mo — 1)z), 2||
< 2||F((3m0 - l)x) - Fmo((3m0 - 1)33),2’”
+2||F((1 = mo)z) = Fn, ((1 = mo)x), 2|
+12||F(moz) — Fy (moz), ||
+||F((4mo — 1)z) — Fn, ((4mo — 1)), 2||
< 2L hi((3mo — 1)z, 2) ha ((3mo — 1)z, 2) Y07, al
+2Lo h1((1 —mo)z, 2)ha (1 — mo)x,2) Y07, o
+12L¢ hy (mox, 2)ha (Mo, 2) Y0, .
+Lohy ((4mo — D)a, 2) he ((4mo — D)z, 2) >0 ol
= Lo (21 ((3mo — 1), 2)ha ((3mo — 1), 2)
+2hy ((1 = mo)x, 2)ha (1 = mo)z, 2) + 12k (mox, 2) ha (Mo, 2)
+hy ((4mo — 1)@, 2) ha ((4mo — 1);10,2)) Doy O
< Lo amghi(z,2)he(x,2) Y00, o,
= Lo hi(z, 2)ha(z, 2) Z?:kﬂ o
This shows that (2.16) holds for j = k + 1. Now we can conclude that the
inequality (2.16) holds for all j € Ng. Now, letting j — oo in (2.16), we get

(2.17) F=F,,.
Thus, we have also proved that F,,, = F,,,, for each m € U, which (in view of (2.10))
yields

A1(m)A2(2m — 1)hy(z, 2)he(z, 2)

, v, € Eg,zeYomel.
1—a,

Hf(x) - Fmo(x)’zu <
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This implies (2.4) with F' = F,,, and (2.17) confirms the uniqueness of F. O

3. Applications

According to above theorem, we can obtain the following corollary for the hyper-
stability results of the cubic equation (1.4) in 2-Banach spaces.

Corollary 3.1. Let hy,hy and U be as in Theorem 2.1. Assume that

(3.1) lim A;(n)A2(2n—1) =0,

n—oo

Then every f : E =Y satisfying (2.3) is a solution of (1.4) on Ey.

Proof. Suppose that f: E — Y satisfies (2.3). Then, by Theorem 2.1, there exists
a mapping F': E — Y satisfies (1.4) and

(3.2) 1£(@) = F(x), 2]l < Aohu(, 2)hs(x, )
for all x € Ey, z € Yy, where

Ao := inf {Al(n))\2(2n —1) } .
nel 1— [0 7%

Since, in view of (3.1), Ay = 0. This means that f(z) = F(x) for all z € Ey,
whence

fRr+y)+ f(2r —y) =2f(x +y) +2f(z — y) + 12f (),

for all z,y € Ey such that x +y # 0,2 —y # 0,22 +y # 0 and 2z — y # 0, which
implies that f satisfies the functional equation (1.4) on Ey. O
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