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Abstract. Let M be a (pseudo-)Riemannian manifold and 7'M be its tangent bundle
with the semi-symmetric metric connection V. In this paper, we examine some special
vector fields, such as incompressible vector fields, harmonic vector fields, concurrent
vector fields, conformal vector fields and projective vector fields on T'M with respect to
the semi-symmetric metric connection V and obtain some properties related to them.
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1. Introduction

Friedmann and Schouten introduced the notion of a semi-symmetric linear con-
nection on a differentiable manifold [1]. Semi-symmetric metric connections play an
important role in the study of Riemannian manifolds. In [2], Hayden introduced the
idea of a metric connection with torsion on a Riemannian manifold. Using Hayden’s
idea, Yano [6] studied a semi-symmetric metric connection on a Riemannian man-
ifold. He proved that a Riemannian manifold endowed with the semi-symmetric
metric connection has vanishing curvature tensor if and only if the Riemannian
manifold is conformally flat. After that, the generalization of this result for van-
ishing Ricci tensor of the semi-symmetric metric connection was shown by Imai in

3, 4].
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The geometry of tangent bundle T'M is based on the fundamental paper of Sasaki
[5] published in 1958. He used a given Riemannian metric g on a differentiable
manifold M to construct a metric g on the tangent bundle TM of M. Today
this metric is called the Sasaki metric. The well-known Riemannian or pseudo-
Riemannian metrics on T'M are constructed from the Riemannian metric g given
on M by classical lifts, such as

1. The complete lift metric or the metric I1;

2. The metric I + I1;

3. The Sasaki metric or the metric I + I117;

4. The metric IT+ I1I; where I = g;;dada?, I1 = 2g;;dx'dy?, I11 = g;;6y'5y?
are all quadratic differential forms defined globally on the tangent bundle T'M over
M [8].

In our paper [9], we originally define a semi-symmetric metric connection on
the tangent bundle equipped with complete lift metric. We compute all forms
of the curvature tensors of the semi-symmetric metric connection and study their
properties. Also, we have investigated conditions for the tangent bundle with this
connection and the complete lift metric to be locally conformally flat. The goal
of the present paper is to characterize some vector fields such as incompressible,
harmonic, concurrent, conformal, projective with respect to the semi-symmetric
metric connection on the tangent bundle over a Riemannian manifold.

2. Preliminaries

Let M be an n—dimensional differentiable manifold and 7'M be its tangent bundle
with the natural projection 7 : TM —— M. Coordinate systems in M are denoted
by (U,z"), where U is the coordinate neighborhood and (z"), h = 1,...,n are the

coordinate functions. Let (y") = (z"), h = n+1, ...,2n be the Cartesian coordinates
in each tangent space T, M at p € M with respect to natural basis {% |p}, where
p is an arbitrary point in U with local coordinates (z”). Then we can introduce
the local coordinates (2", y") on the open set 71 (U) C TM. Here, the coordinate

system of (z/, y") = (2", 2") is called induced coordinates on 7~ *(U) from (U, z").
In the paper, we use Einstein’s convention on repeated indices.

Let X = X" ai’h be the local expression in U of a vector field X on M. Let V

be a (torsion-free) linear connection on M. The vertical lift ¥ X, the horizontal lift
HX and the complete lift ©X of X are given respectively by

VX:Xhaﬁ,

HX = x"oy, —yTh X*0:
and

CX :Xhah +ysasXhaE
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with respect to the induced coordinates, where 0y, = %, Oy = % and F?k are the
components of the connection V. (

Suppose that a (p,q) tensor field S on M, ¢ > 1, is given. We then define a
(p,q — 1) tensor field vS on TM by

,YS — (ySSjl-.~jp )aﬁ® L® aj?® dz®? ®.® dx'a

Sig...iq

with respect to the induced coordinates (z¢,y*) [8]. The tensor field 7S determines
a global tensor field on TM. We easily see that for any (1,1) tensor field P, yvP has

components
0
P) = ]
P = )

and P is a vertical vector field on T'M.

With the connection V, the set of the 2n linearly independent vector fields on
each induced coordinate neighbourhood 7=1(U) of TM which are the following
forms:

E; = 0;-yT4op,

5]
E; = 67

is a frame field [8]. We call it the adapted frame and it will be written by {Eg} =
{Ej, Ej}. With respect to adapted frame {Eg}, the vertical lift ¥ X, the horizontal
lift # X and the complete lift X of X are respectively expressed by [8]

(2.1) VX = XIEj,
HY = X'E;
°X = XIE;+y°*V,X'E7.

The complete lift metric “g on the tangent bundle TM over a (pseudo-)Riemannian
manifold (M, g) is defined as follows:

Cg (HX’HY) — O,
("x,)"Y) = % ("X,Y)=9(X,Y),
Cg (VX,VY) - 0

for all vector fields X and Y on M [8]. Note that “g is a pseudo-Riemannian metric
on TM. The covariant and contravariant components of the complete lift metric
Cg on TM are respectively given in the adapted local frame by

0 ..
C _ Gij
Jor (gz‘j 0 )
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and

The semi-symmetric metric connection V on T'M with respect to the complete
lift metric “g is given as follows.

Proposition 2.1. [9/The semi-symmetric metric connection NV on the tangent
bundle TM with the complete lift metric g over a (pseudo-)Riemannian mani-
fold (M, g) is given by

Vi, Ej = U5 By + {y° Ry} + ;07 — y*gi; Y Ex,
(2.2) Vi, B; =T% B,
Ve E;j=0,Vg E;=0

with respect to the adapted frame {Eg}, where I‘?j and Ry, 7 respectively denote
components of the Levi-Civita connection V and the Riemannian curvature tensor
field R of the pseudo-Riemannian metric g on M.

3. Some Vector Fields on T'M with respect to Semi-symmetric Metric
Connection

In this section, we firstly search the properties of being harmonic and incompresible
of the lifting vector fields. After that we will find the general forms of concur-
rent, conformal, projective vector fields with respect to the semi-symmetric metric
connection on the tangent bundle T'M and give some important results related to
them.

3.1. Lifting vector fields being incompressible (divergence-free) and
harmonic

Firstly, we shall give the definition of an incompressible vector field on TM with
respect to the semi-symmetric metric connection.

Definition 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. A vector field vV =
B, + 'UEEE on T'M is called incompressible vector field with respect to the semi-
symmetric metric connection if V satisfies the following condition

trace(VV) = VoV = 0.

Proposition 3.1. Let M be a (pseudo-)Riemannian manifold and T'M be its tan-
gent bundle with the semi-symmetric metric connection V. Then, for any vector
field V. on M,
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i) The vertical lift V'V is an incompressible vector field on T'M with respect to
the semi-symmetric metric connection V;

ii) The horizontal lift TV or the complete lift 'V is an incompressible vector
field on TM with respect to the semi-symmetric metric connection V if and only if
the vector field V' is incompressible on M with respect to the Levi-Civita connection

V.

Proof. Using (2.1) and (2.2), we calculate

trace(VVV) = V,Y'V*=V" =0
trace(VIV) = V V> =V,
= (Oh —y°TT 0m) " + fhlznvm
= Vol =trace(VV)
trace(ﬁCV) = V,CVe=V,o"+ vgvﬁ
= (0nh —y°T70m) oP 4+ fh},lnvm + 0 (ysvsvh)
= 2V, 0" = 2trace(VV)

from which, it is easy to see that the results (i) and (7). O

Definition 3.2. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. A vector field V =
v"E), + v"Er on TM is called a harmonic vector field with respect to the semi-
symmetric metric connection V if V satisfies the following condition

(vii;6> Cgej - (vjve) Cgei =0,
where ©g;; are the components of the complete lift metric “g on T'M.
The following lemma comes immediate from standard calculations.

Lemma 3.1. Let M be a (pseudo-)Riemannian manifold and T'M be its tangent
bundle with the semi-symmetric metric connection V. Then

i) For the vertical lift V'V, we get

7 € =V 1re Viv; —V,v; 0
(3.1) (Vo V) g — (VBV ) “Gea = ( o T ) ;

ii) For the horizontal lift 1 X, we get

(3.2) (Va""'V) g5 = (V"VE) “gea

y° [Rsiaj — Rjai + 9sija — 9sigia) v* Viv; .
—Vj’Ui 0 ’
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iii) For the complete lift “V, we get

(3.3) (Vo V) “ge5 = (V5V) “gea
_ y* [Vs (Vivj = V;vi) 4+ (9sigja — 9sj9ia) V] Viv; — Vo
Vﬂjj - v]"Ui 0 ’

A manifold whose curvature tensor is of the form
Rijii = k(9a9ik — 9j19ik)
is called a manifold of constant curvature [7]. Here k is the sectional curvature of

the manifold.

From (3.2) and the above definition, we write

Rsiaj = ’i(gsjgia - gijgsa)
(3.4)
stai - fi(gsigja - gjigsa)
= Rsiaj - stai = H(gsjgia - gsigja)-

When we use the above equation (3.4) on the equation (3.2) and take k = 1, we
obtain

® [Rsiaj - stai + 9si9ja — gsjgia] v?
® [/{(gsjgia - gsigja) + 9siGja — gsjgia] v®
*[(9s19ia — 9sigja) + gsigja — GsjGial V*

|
owe e w

Hence, as a corollary of Lemma 3.1, we obtain

Proposition 3.2. Let M be a (pseudo-)Riemannian manifold and TM be its tan-

gent bundle with the semi-symmetric metric connection V. Then, for any vector
field Von M,

i) The vertical lift V'V is a harmonic vector field on T'M with respect to the
semi-symmetric metric connection V if and only if the vector field V' is a harmonic
vector field with respect to the Levi-Civita connection V;

ii) The complete lift °V is a harmonic vector field on TM with respect to the
semi-symmetric metric connection V if and only if the vector field V' is a harmonic
vector field with respect to the Levi-Civita connection V and gsigja — 9sj9ia = 0;

i4i) The horizontal lift 1V is a harmonic vector field on T'M with respect to the
semi-symmetric metric connection V if and only if the vector field V' is parallel with
respect to the Levi-Civita connection V and M has constant sectional curvature 1.
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3.2. Concurrent vector fields

Definition 3.3. A vector field V = v E;, + UEEE on T'M is callid a concurrent
vector field with respect to the semi-symmetric metric connection V if it satisfies

(3.5) VsV =Vg, Ve =kdj,
where k is a function on TM and 0% is the Kronecker symbol.

Proposition 3.3. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. The vector field V on
TM is concurrent with respect to semi-symmetric metric connection V if and only
if the vector field V' has the form

7o o
—\ L trace (VV)]y"
and the following condition is satisfied
1
- [Vj (trace (VV)) yh] + (ySstZ + ya(S? — yhgja) v® = 0.
Proof. With respect to the adapted frame, firstly putting e = h, 8 = j in (3.5), it
follows that
T h _ b TR @ _ Jsh
Vo' = Ept 4 15,0% + 550" = k6]
= 8jfvh =
= P =P (xh) .

Similarly putting e = h, 8 = j and € = h, 3 = j, we respectively get

Vo = Epl+ f?ava + f;%va = ’/55;1
= 9t 4 Thet = R
= V' =kl (h — §)
1 .
= —Vjvj =k
n
and
Vol = Bl +Ff v +F— = k.o"

= 9 = fvjvj.(sﬁ
n
[trace (VV) 62

)%
= — [trace (VV) (054" )]

bij uij <
F‘\
3\)—‘3\'—‘
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- 1
= 0n o— 05 [trace (VV) yh}
n

1
= b= - trace (VV)]y".

Finally putting € = h, 8 = j, we find

= Ejvﬁ + f?ava + fjﬁava = E(S?
N E; [% [trace (VV)]y"] + (ysRSjZ + yaéél —y"gjq) v*
+I7%, [ [trace (VV)]y*] =0
N (0; — ySF;’;ﬁam) (L [trace (VV)]y"]
+ (PR + yadh — yhgia) v+ yoTh, [L trace (VV)]] =0
N L19; (trace (VV))y"] — ySF?j [L [trace (VV)]]
+ (YRt + yadl — y"gja) v* + 4T, [+ [trace (VV)]] =0
1
= - [0) (trace (VV)) yh] + (ySRSjZ + ya(5§l — yhgja) v* =0
1
= = [V, (trace (VV)) yh] + (ysstZ + yaéjh - yhgja) v® = 0.

3.3. Conformal vector fields

Let V be a vector field on TM with components (vh,vﬁ) with respect to the

adapted frame {Ez}. Then V is a fibre-preserving vector field on 7'M if and only
if v* depends only on the variables (ash)

Definition 3.4. A vector field V = v E), + 'UEEE on TM is called a fibre-
preserving conformal vector field with respect to the semi-symmetric metric con-
nection V if it satisfies

chga,@ = (vave)cgeﬁ + (ﬁ,@ve)CQEQ = 2609a6~

Putting (a, 8) = (4,7), (i,7) and (4, j), from the above equation, it can be written
the following system

(3.6)

i) (Vo) gnj + (E;vﬁ) Ihi = 2591‘;‘7
i) (Ezva gn; + (V0") gni = 259:']'7
[Eivﬁ + (YRl + yadl — y"gia) v + Fiﬁvﬂ Inj

— - = 0.
+ [Ejvh + (Y Ryjh + yad} — Yy gja) v* + F]-Zv“} Ghi

)

Proposition 3.4. The scalar function Q on TM depends only on the variables
(xh) with respect to the induced coordinates (xh,yh).
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Proof. Applying Er to the both sides of the equation () in (3.6), we have
9 BpE" = 285 (9) gis
from which we get
B (9) 91 = Bz (Q) gx5-
It follows that
(n—1)Ex (Q) =0.

This shows that the scalar function Q on TM depends only on the variables (mh)
with respect to the induced coordinates (xh, yh). Thus we can regard € as a function
on M and in the following we write p instead of 2. O

From (3.6) and Proposition 3.4, Ex (vﬁ> depends only the variables (xh), thus
we can put B
(3.7 o =y Al + B

where A" and B" are certain functions which depend only on the variable (xh)
Furthermore, we can easily show that A" and B" are the components of a (1,1)
tensor field and a contravariant vector field on M, respectively.

Any vector field V on a (pseudo-)Riemannian manifold (M, g) is a Killing vector
field if LVgij = Vi’Uj + leli =0.

Proposition 3.5. If we put
0

oxh’

then the vector field B on M is a Killing vector field with respect to the Levi-Civita
connection V.

B=B"

Proof. Substituting (3.7) into the equation (i) in (3.6) we have
(3.8) ViB;j +V;B; =0
and

Ua(Rsiaj + stai + Y9salij — Yia9sj + Y9sa9ji — gjagsi)

where B; = gi,, B™ and Ag; = gi; A", Hence by (3.8), it follows
Lpgij =ViB; +V;B; = 0.

This shows B is a Killing vector field on M with respect to the Levi-Civita connec-
tion V. O
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Substituting (3.7) into the equation (i) in (3.6), we have

(3.10) E- (UTL) gnj + (Vjvh) Ini = 20Gs;
= 0; (y° Al + B") gn; + (V") gni = 2pg;;
= Algn; + (Vjv") gni = 2pgs;
= gni Al =2pgi; — gni (V,0").

Let V be a linear connection on M. A vector field V on M is said to be a
projective vector field if there exists a 1-form 6 such that

(LyV)(X,Y) = 0(X)Y +0(Y)X

for any vector fields X and Y on M. In this case 0 is called the associated 1-form
of V. It can locally be expressed in the following form

LyT}); = 06" + 60,67

7,

Proposition 3.6. The vector field V' with components (vh) is a projective vector

field on M with respect to the Levi-Civita connection V, if 6hg;; — gmdj? +6hg —
h

gja(Si = 0

Proof. Applying the covariant derivative Vi to the both sides of (3.10), we obtain

(3.11) g VAl = Vi [2p9i; — gni (V0")]
= 2(Vip) gij — gni Vi V0"
= 2p9i — gni (LvTy — Ryylso®)
ViAi; = 2prgij — LVFk}jl'ghi — Rorijv®.
Substituting (3.11) into (3.9), we have

Ua(Rsiaj + stai + 9sadij — JiaJsj + 9sa9ji — gjagsi) + ViAsj + v]’1451’ =0

'Ua(Rsiaj + stai + 9saGij — Gia9sj T 9saGji — gjagsi)

=0
+2pigsj - LVFijhghs - Raisjva + 2pjgsi - LVFj?ghs - Rajsiva

0 (9salij — YiaGsj + saFji — Gjagsi) + 2 (pigs; + pigsi) = 2Lv T} gns
1
Lvrij}-I = /)1'5? + Pj@h + 5““ (529@' - gia(s;'l + 529;'1' - gja(szh) )

where p; = V;p. Hence, V is a projective vector field on M with respect to the
Levi-Civita connection V. [J



Some Vector Fields on the Tangent Bundle with a Semi-symmetric Metric Connection679

Now we consider the converse problem, that is, let M admit a projective vector

field V = vh% with respect to the Levi-Civita connection V. Then we have the

following proposition.

Proposition 3.7. The vector field V oon TM defined by
V=0v"E, + (ySAiL + Bh) B~

is a fibre-preserving conformal vector field on T'M with respect to the semi-symmetric
metric connection V, where Al = ghe A, Aij = 2pgij — Vjvi, and g;;B’ = By,
2pigsj — LvT}ighs + (9sm8ij — Gim9sj) = 0.

Proof. If By, v" and A" are given so that they satisfy the above assumptions, we
see that V = v"E), + (ysAQ + Bh) Ex is a fibre-preserving conformal vector field on
TM with respect to the semi-symmetric metric connection V. We omit standard
calculations. [J

3.4. Projective vector fields

In this section, we study fibre-preserving projective vector fields on T'M with respect
to the semi-symmetric metric connection V. We shall first state following lemma
which is needed later on.

Lemma 3.2. The Lie derivations of the adapted frame with respect to the fibre-
preserving vector field V = v"Ej, + UhEﬁ are given as follows

LBy = —(0pv*)Eq + {ybvc b — qﬁrg‘h — (Ehva} Eg,

Ly By = {v'Tf), — (Ev™)} Ea.

The general form of fibre-preserving vector fields on T'M with respect to the
semi-symmetric metric connection V are given by

Theorem 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tangent
bundle with the semi-symmetric metric connection V. Then a vector field Visa
fibre-preserving projective vector field with associated 1-form 6 on TM with respect
to the semi-symmetric metric connection NV if and only if the vector field V has the
following form

V=FV+Y Bt+qA,
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where the vector fields V = (v"), B = (B"), the (1,1) —tensor field A = (Al) and
the associated 1-form 0 satisfy the following conditions

(1) Vif; = (n — 1) (Lv gij) ,

(i43)V; Al = 0,60 —veR 1

cji

(i0)V; V0 + R, "o = ;6" + 0,60,

atj
(v)ViV;B* + R, *B" + Bhghjéfj — Bkg;; =0,

Proof. A vector field V= v Ey, + UEEE on T'M is a fibre-preserving projective
vector field with respect to the semi-symmetric metric connection V if and only if

there exists a 1-form 6 with components (@, b}) on T'M such that

(LsV)(Y,2) = Lg(VeZ)-Ve(lzZ) - V2
= V)Z+0(Z)Y
for any vector fields Y and Z on TM. We compute the following system
(312)  (LyV) (B E;) = Ly(VeE;) =V, (LyE;) = Vi, ) By
= 0(B;)B; + 0(F5)E;,
(313)  (LyV)(BREj) = Ly(VeE) — Ve (LyE)) — Vi )E;
= O(E)E; +0(E))E;,
(3.14)  (LyV)(ByEj) = Lyp(VeE) =V, (LyEj) =V g)E;
— O(E,)E; + 0(E;)E;.
From (3.12), by virtue of (2.2) and Lemma 3.2 we obtain
(3.15) {0050} Bz = 0,25 + 0.

Similarly, from (3.13) we get

(3.16) {_UCchia + (B®)Dg; + Ez(EjUE)} Eq = 0:E; + 0, E;

from which, we have _
(3.17) 6; = 0.

Due to 0; = 0, (3.15) to
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and we obtain B
(3.18) v =y AL + B,

where A? and B® are certain functions which depend only on the variables (xh)
and the coordinate transformation rule implies that A is a (1, 1)-tensor field with
components (A%) and B is a vector field with components (B%). Hence, the fibre-
preserving projective vector field V on TM can be expressed in the following form

(3.19) V = "B, +0"E = "B, + {y°A% + B*} B}
= Hy 4V B4+ ~A.

Substituting (3.18) into (3.16), we obtain
(3.20) R, ;v + VAl = 6l0;.
Substituting (3.18) and (3.20) into (3.14), we have
(3.21) {ViVjo" + R, B, + {V:V;B" + R, *B" + B"g),;6F

—BYgi; + 1y (ViV AL + ALR,§ — Ry§AG + 0" Vi R§

szg stj
—0"ViR,E + Vi Ry + Vo Ry + V0" gadf
—Viv 5kgw + Viv®gei0f — Vv ¥ ga; + Algn;oF — g4 AR Y Er

From (3.21), we have

(3.22) ViVl + Ryt = 0:0" + 0,67,

(3.23) V,V;B* + R, B" + B"gy;0f — B¥g;; =0,

(3.24) ViV;AF + AR} — R0 AF 40"V RE
—0"ViRyl + Vo R+ Vo R

+V iU gsa(s -V Uaakgia + Viv 95]5
V0 65 ga; + Al gp;6F — go; A"
_—

The equation (3.22) shows that the induced vector field V = v aih is a projective
vector field with respect to the Levi-Civita Connection V. Hence we obtain

(3.25) LvRij = —(n - 1)V29]
Contracting k and s in (3.24) and using (3.20) and (3.25), we get

Vidj = (n—1) (LVg)ij
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In the case, (3.24) is reduced to

AR, S — RGSAL + 0"V R 4+ V0" R

+Vi "Ryl + Vjus6F + Vivkgey + Ao — goAY

= 0.

Conversely, if B",v", ), and A" are given so that they satisfy (i)-(vi), reserving the
above steps, we see that X = V +V B4 ~A is a fibre-preserving projective vector
field on T'M with respect to the semi-symmetric metric connection V. Hence, the
proof is complete. [

Let V be a fibre-preserving vector field on 7'M with components (v", vﬁ). It

is well-known that every fibre-preserving vector field V on TM induces a vector
field V on M with components (v"). The below result follows immediately from
Theorem 3.1 and from its Proof.

Corollary 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmelric metric connection V. Ewvery fibre-preserving
projective vector field V' is of the form (3.19) and it naturally induces a projective
vector field V. on M.

Let V be a vector field on TM with components (v", v ) with respect to the
adapted frame {Eg}. Then V is a vertical vector field on TM if and only if v" = 0.
In the present case, the vector field V in Theorem 3.1 reduces to V =Y B + ~YA.
Hence, from the Theorem 3.1, we obtain the following conclusion.

Corollary 3.2. Let M be a (pseudo-)Riemannian manifold and T M be its tangent
bundle with the semi-symmetric metric connection V. If TM admits a vertical
projective vector field V' ,then the vector field Vs defined by

‘7:VB—|—7A,

where the vector field B = (Bh), the (1, 1)-tensor field A = (Ai‘) and the associated
1-form 0 satisfy the following conditions

()0 = 0;dz?,
(i) V; Al = 9](5?,
(13) V0, = 0,

(iv)ViV;B* + R, K B" + Bh9h35k BFgi; =0,
(0) VR, — Ryt Ak 4 Aok — gy AF =0,

S’Lj
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