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Abstract. In this paper, we first introduce a new notion of an F-contraction mapping,
also we establish a fixed point theorem for such mappings in partially ordered Banach
spaces. Moreover, two examples are represented to show the compatibility of our results.
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1. Introduction and Preliminaries

F-contractions were introduced initially by Wardowski [24]. Indeed, Wardowski
[24] extended the Banach Contraction Principle and proved some fixed-point results
for F-contraction mappings. Since then, several authors proved many fixed point
results for F-contraction mappings (refer to [1, 4, 5, 8, 11, 12, 13, 15, 19, 21, 22, 25]).

Let F be the family of all functions F' : Rt — R satisfying the following condi-
tions:
(F1) F is strictly increasing, i.e., for all o, 8 € (0,400) with a < S we have
F(a) < F(8),
(F») for each sequence {a,} of positive numbers,

nllgloo a, =0 if andonlyif HEIEOO F(ap) = —o0;
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(F3) there exists k € (0, 4+00) such that lim,_,o+ a*F(a) = 0.
Let Fy(a) = In(a), Fo(a) = —% and Fs(o) = a+in(a) for a > 0, then Fy, Fy, F5 €
F. A mapping T : X — X is called an F-contraction if there exists 7 > 0 and

F € F shch that
(1.1) T+ F(d(Tz,Ty)) < F(d(z,y)),

holds for all z,y € X with d(Tz,Ty) > 0. From (F}) and (1.1), we can easily see
that any F-contraction is a contractive mapping. Let F' : RT — R be givin by
F(a) =Ilna. By (1.1), we obtain

d(Tx, Ty) < e”"d(x,y),
for all z,y € X and d(Tz,Ty) > 0. Let F(a) = a+Ina for a > 0. From (1.1), we
get

d(T(L‘,Ty) ed(Tm,Ty)fd(x,y) <e T

d(z,y) -
for any z,y € X and d(Tx,Ty) > 0. Wardowski [24] proved the following fixed
point theorem.

Theorem 1.1. [2/] Let (X,d) be a complete metric space and let T : X — X be
an F-contraction. Then T has a fized point x* and for an arbitrary point x € X,
the sequence {T"x} is convergent to x*.

Let X be an ordered normed space, i.e., a vector space over the real equipped
with a partial order < and a norm |[|.||. For every @ > 0 and z,y,z € X with
x < y one has that x + z X y + z and ar < ay. Two elements x,y € X are called
comparable if £ < y or y < = holds. A self-mapping T" on X is called non-decreasing
if Tx < Ty whenever x < y for all z,y € X.

Ran and Reurings [18] initiate the fixed point theory in the metric spaces
equipped with a partial order relation. Thereafter, several authors obtained many
fixed point results in ordered metric space (see [2, 3, 6, 7, 10, 16, 17, 23] and refer-
ences therein).

Definition 1.1. [9] Let E be a Banach space. A subset P of E is called cone if
the following conditions are satisfied:

1) P is nonempty closed set and P # {6}, where 6 denotes the zero element in F;
2)if x,y € P and a,b € R,a,b > 0, then ax + by € P;

3)ifx € Pand —x € P, then z = 6.

Let P C E be a cone. We define a partial ordering < with respect to P by = < y if
and only if y —x € P. A cone P is called normal if there is a number L > 0 such
that

0 < & <y implies ||z]| < LJyl,

for all z,y € E. The least positive number L satisfying the above inequality is
called the normal constant of P.
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Definition 1.2. [14, 20] A set P C E is said to be a lattice under the partial
ordering <, if sup{z,y} and inf{z, y} exist for all z,y € P.

Lemma 1.1. [9] A cone P in a normed space (E,||.||) is normal if and only if
there exists a norm ||.||1 on E, equivalent to the given norm ||.||, such that the cone
P is monotone w.r.t. ||.||1-

Lemma 1.2. [9] Let E be a real Banach space, P be a normal cone and {x,, } be
a subsequence converging to p of monotone sequence {x,}. Then {x,} converges to
p. Also if {xn}nen is an increasing(decreasing) sequence, then x, < p(p X ©,) for
alln € N.

2. Main results

In this section, we prove a fixed point result in partially ordered Banach spaces.
Let FE be a partially ordered Banach space, P be a normal cone and the partial
order < on E be induced by the cone P. We denote by F, the set of all functions
F: P — {0} — R that satisfying the following conditions:

(FY) F is strictly increasing, i.e., for all z,y € P such that z < y, F(z) < F(y) or
x < yand x # y yields F(z) < F(y) and F(x) # F(y).

(F%) For each sequence {x,} in P,

ngrfoo Tnp =0 if andonlyif nBIEOOF(xn) = —o0.

(F4) There exists k € (0,+00) such that lim,_g ||2||*F(z) = 0.
Our new result is the following:

Theorem 2.1. Let X C E be a closed set, P C X and let T : X — X be a
self-mapping on X. Suppose that the following hypotheses hold:

(i) X is a lattice;

(i) T is a decreasing operator, i.e., x X y implies Tz = Ty;

(i) there exsits T > 0 and F' € F such that

(2.1) T+ F(Tu—Tv) < F(v—u),

for all u,v € X, where u < v and Tu # Tv. Then, T has a unique fixed point
pe X.

Proof. Let xzy € X be arbitrary. If Tzy = x¢ the proof is finished, that is 7" has a
fixed point zg. Let Txg # xo and we consider the following two case.

Casel. Let z( is comparable with Tzy. Without loss of generality, we suppose that
2o < Txo. Since T is decreasing, we get Txq = T?xo. We can easily check that 72
is increasing. From (2.1), we have

7+ F(Txo — T?x0) < F(Txo — x0).
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Then, we get
F(Txo — T?x0) < F(Txo — x0).
Since, F' is strictly increasing, we get
Txg —T?vg < Txo — 0.
Then, we have
(2.2) zo < T?xp.

Using (2.1), we obtain

T+ F(T* —T?u) < F(Tu-—Tv)
< Flv—u)—1
(2.3) < F(v—u),

for all u,v € X, where u < v or u < v and v # v. Let Sz = T?z for all 2 € X.
Then, from (2.3), we have

(2.4) T+ F(Sv—Su) < F(v—u),

for all u,v € X, where u < v or u g v,u #v and F € F. Also, from (2.2) we have
ro < Sxg. Now, we show that S has a unique fixed point. Consider the iterated
sequence {x, }, where x,,41 = Sx,, for n =0,1,2,.... Since S is increasing, we have
Tpt1 < Ty for alln=0,1,2,.... Using (2.4), we have

(2.5) Flapt1 —an) < F(zp —2p-1)—7< ... < F(z1 — 20) — nT.
Letting n — +o00 above inequality, we obtain

nBI—iI-loo F(zp41 — xp) = —00.

Using Fy, we get o, = Tpt1 — T, — 0 as n — 400, This implies that

(2.6) Jim ol =0.

From (F%), there exsits k € (0, 1) such that

. k _
(2.7) Jimlan[*Fan) = 0.

From, (2.5) we have
(el [*F(an) = [lanl* F(a0)) < [lanl[*(F(ao) = n7) — [lan]|*F(ag) = —|lan|[*nT < 0.
Using (2.6) and (2.7) and letting n — +o0 in above inequality, we get

(2.8) lim n||o,||* = 0.

n—-+oo
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It follows from (2.8), there exists N € N, such that

(2.9) llam]| <

)

N
b =

for all n > N. Now, we claim that {x,} is a Cauchy sequence. Suppose m,n € N
and m >n > N.

+oo +oo 1
l2m = 2all < lam—r]| + [lam—al| + .. + llan]| <Y [lau|| < Zg-
i=n i=n

Then ||, — z,|| — 0 as m,n — +oo, which implies {z,} is a Cauchy sequence.
Since X is closed, then there exists point p in X such that lim,,_, ., x, = p. Using
Lemma 1.2, we get z,, < p for all n € N. From (2.4), we have

F(Sz, — Sp) < F(vp, —p) —7 < F(x, —p).

Since F' is strictly increasing, we have

(2.10) Sz, —Sp <z, —p,

for all n € N. From Lemma (1.1) exists a norm ||.||; such that is equivalent with
[I-]] and

(2.11) 1Sz = Splh < |z = pll1,

for all n € N. Using (2.11), we obtain

I[P = Zns1llr + [|ons1 — Splla

llp—=Splli <
< lp = 2zns1llL + lzn — pll1,

for all n € N. Letting n — +o00 in above inequality, we get ||p — Sp||1 = 0, which
implies Sp = p. To see the uniqueness of the fixed point, let us consider p and g be
two distinct fixed points of S, that is, Sp = p # ¢ = Sq. If ¢ comparable with p,
without loss of generality, we suppose that ¢ < p. Then, by (2.4), we obtain

(2.12) T<F(p—q)— F(Sp—Sq) =0,

which is a contradiction. Now, suppose p is not comparable to ¢q. Since X is a
lattice, there exists € X such that r» = inf{p, ¢}, which implies r < p and r < ¢.
Since S is increasing, we have S™r < S™p and S™r < S™¢. Using (2.4) we obtain,

F(p—S"r)=F(S"p—S"r) < F(S" 'p—-8S""Yr)—7<...<F(p—7r)—nr,

for all n € N. Letting n — +00 in above inequality, we have lim,,_, 4 o F'(p—S™r) =
—oo that together with (F}) gives lim,_ioo(p — S™r) = 6. This implies that
limy, 4 oo S™r = p. Similarly, lim, o, S"r = ¢q. So, p = ¢ that is S has a unique
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fixed point p. Now, we show that the unique fixed point of S is also the unique
fixed point of T'. Since S has a fixed point p, we have

(2.13) S(Tp) = T*(Tp) = T(T?p) = T(Sp) = Tp.

From the uniqueness of the fixed point of S, we know T'p = p.

Case2. Suppose x( is not comparable to Txg. Since X is a lattice, there exists
y € X such that y = inf{xg, Txo}, which implies y < z¢ and y < Tzp. Since T
is decreasing, we have T'rg < Ty, which implies y < T'y. Similarly to the proof of
case 1, we can show T has a unique fixed point.

O

Example 2.1. Let E = R x R endowed with the norm ||.||; which is defined as follows
[|(z1,22)||1 = |x1]| + |22|, 21,2 € R. Also, we define a partial order on R? as follows

(a,b) < (¢,d) if andonlyif a < ¢, b <d.

Then (X, ||.||, %) is a partially ordered Banach space. Suppose X = [0, +00) X [0, +00), P =
{(a,0) : @« > 0} and F : P — {#} — R by Fa = Ina. Define T = (T1,T>) where
Ti: [0, +00) = R,i=1,2 and T1(a) = ™" 3%, T2(b) = 677%1,7
—a _; 2

T(a,b) = (T (a),T2(b)) = (e™ 7 1 +a,e T+

for all a,b € [0, +00) where 7 > 0. It is clear that both T;,¢ = 1, 2 are strictly decreasing, so,
T is decreasing. We show that T is F-contraction. Indeed, let u = (z1,y1) < v = (22, y2),
we have

—r —X1 2 —r —X2 2
Tu—Tv = e R —e ,
(2+m1 1+y1) (2+€B2 1+y2)
_ e,T(—le —z1x2 + 222 + 122 24+ 2Y2 — 2 — 213

442z 4+ 2x2 + w12 T 1+ y2 +y1 +y1ye2
< e (w2 — w1, Y2 — 1)

= e (v—u).
Which implies that
T4+ In(Tu — Tv) < In(v — u).

Then, all the conditions of Theorem 2.1 are satisfied and so T" has a unique fixed point

—14/148e 7 -
(0, %), where 7 is given.

Example 2.2. Let E =R, X = [0,400), P = [0, +00) and F : P\ {0} — R with F (r) =
—%. Define the mapping T: X — X by Tx = 1-}—;&' . It is clear that the all conditions of
Theorem 2.1 are satisfied. The condition (2.1) is true i.e. exists 7 > 0 such that

T+FTu—Tv)<F((v—u).
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Indeed, for v > u, we obtain

1 1
Fv—u)—FTu—-Tv) = - +— I
VU T T T
_ 1 Jr(1+v)(1+u)
o v—Uu v—Uu
1 1
_ I +u—+v+ovu
v—u v—u
_ utv+tou
o v—u
> u—+v
v—U
> v—uzl.
v—u

Hence, for any 7 € (0, 1], we have

T+FTu—Tv)<F((v—u).

Thus, T has a unique fixed point ug = @
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