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Abstract. We prove Ekeland’s variational principle in S7* - metric spaces. A gener-
alization of Caristi fixed point theorem on S7% - metric spaces is obtained as a conse-
quence.
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1. Introduction

In his classic paper Ekeland [7] proved a theorem (Ekeland’s variational principle)
that asserts that there exists nearly optimal solutions to some optimization prob-
lems. Ekeland’s variational principle can be applied when the lower level set of a
minimization problems is not compact, so that the Bolzano—Weierstrass theorem
cannot be used. Ekeland’s principle relies on Cantor intersection theorem and axiom
of choice. Ekeland’s principle also leads to an elegant proof of the famous Caristi
fixed point theorem [5]. For further generalizations and applications of Ekeland’s
variational principle we refere to [2, 8, 9, 11] and their references. Recently Beg et
al. [1, 12, 13] introduced a very general notion of S7* - metric spaces (see prelimi-
naries) which does not satisfy the triangle inequality and symmetry, and obtained
several interesting results with examples. In fact b - metric spaces [6], Sp- metric
spaces [14], JS- metric spaces [10], and partial metric spaces [4] are special cases
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of §7% - metric spaces. The aim of this paper is to prove a variant of Ekeland’s
variational principle in S7° - metric spaces and then derive Caristi fixed point the-
orem as an application. The results above generalize/extend several results from
the existing literature.

2. Preliminaries

In this section, we first give the notion of S/5- metric space (X, J), due to [1], some
notations and terminology and a lemma to use in next section.

Let X be a nonempty set and J : X3 — [0, co] be a function. We define the set
S(J, X,x) ={{zn} C X : lim J(z,z,z,) =0},

n—oo

for all x € X. If J satisfies
(#) J(z,y,z) =0 implies x = y = z for any z,y,z € X;

(ii) there exists some s > 0 such that for any (z,y,z) € X3 and {z,} €
S(J, X, z), we have

n—oo
then the pair (X,J) is called an S7°- metric space (with coefficient s). Several
known examples of S/5- metric spaces are given in [1] and [13], we give another
examples of S75- metric spaces in the below.

Example 2.1. Let X = R and J : X* — [0,00] be defined by J(z,y,2) = exp(|z|) +
exp(|y|) + exp(|z|) — 3 for all z,y,z € X, then clearly (J1) is satisfied. For any z # 0,
S(J,X,z) = Q. For any {z,} € S(J, X,0), we see that

J(2,y,0) < hlimsup(J(z,z, 2) + J (4, Y, 2n)),

n—oo

where h > %, for all ,y € X. Then condition (J2) is also satisfied. So J is an 575 metric.
It is a non-symmetric S’-metric space.

Example 2.2. Let X = Rand J: X*® — [0, 00| be defined by J(z,y, 2) = |z—y|+|y|+2|2]
for all z,y,z € X, then clearly (J1) is satisfied. For any z # 0, S(J,X,2) = 0. If z=0
then for any sequence {z,} € S(J, X,0), we get

J(z,y,0) = |z —y| + |yl < |=| + 2|y < 2(|z| + |y|) = 2limsup(J(z, z, z2n) + J (Y, Y, 20)),
n—oo

for all z,y € X. Therefore, the condition (J2) is satisfied and J is an S7-metric on X. It
is a non-symmetric S” S_metric space.

In an S5~ metric space (X, J), a sequence {x,,} C X is said to be convergent to
an element © € X if {z,} € S(J, X,x). A sequence {z,} C X is said to be Cauchy
if limy, 100 J (Zn, T, Tn) = 0.



Ekeland’s variational principle... 1119

Space (X, J) is said to be complete if every Cauchy sequence in X is convergent.
Open ball of center € X and radius r > 0 in X is defined as follows:

By(z,r)={ye X : J(z,z,y) < r}.

A nonempty subset U of X, with the property that for any = € U there exists
r > 0 such that By(z,r) C U is called an open set. A subset B of X is called
closed if B€ is open.

Lemma 2.1. [1][Cantor’s Intersection Theorem] Every complete S7° - metric space
has Cantor’s intersection property.

3. Ekeland’s variational principle

Definition 3.1. In an S/%-metric space (X,.J), a mapping ¢ : X — R is said to
be lower semi-continuous at ¢ty € X if for any € > 0 there exits some d. > 0 such
that ’L/)(to) < ’(/J(t) +eforallte BJ(t0766).

Definition 3.2. Let (X,.J) be an S7%-metric space and {A4,} be a decreasing
sequence of nonempty subsets of X. Then {A,} is said to have vanishing diameter
property (vd—property) if for each i € N there exists some fixed a; € A; such that
J(x,z,a;) < J(a;,ai,a;)+r; forall v € A;, where {r;} C Ry with r; = 0asi — oco.

Definition 3.3. An S”/%-metric space (X,.J) is said to have vanishing diame-
ter property if for any decreasing sequence of nonempty subsets {4, } of X with
vd—property we have diam(A,,) — 0 as n — 0.

We now establish Ekeland’s variational principle in an S7S-metric space. Let us
denote dj(z,y) = J(z,x,y) for all z,y € X.

Theorem 3.1. Let (X,.J) be a complete S7°-metric space with coefficient s > 1,
such that dy is continuous in both variables, sup{J(z,z,z) : v € X} < 00 and X

has vanishing diameter property. Now let, f : X — R be a lower semi-continuous,
proper and lower bounded mapping. Then for every xo € X and € > 0 with

(3.1) Flao) < inf f(z) +e

there exists a sequence {z,} C X and x. € X such that:

(i) xp — Te as N — 00,
(i) For allmn > 1,

J(Xes Tey Tn) — J(@n, Ty ) < %
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(iii) For all x # x.,

—|—Z J(x, 2, 2) > f(2e) +Z*Jﬂce,3€e,$n)

n=0
(i)

f(376) + Z Sinj(xevxevxn) < f(fo) + Z Sin‘](xnaxmer

n=0

IA

[ee]
1
inf —J nysnytn)-
zlgxf(x)—i_e_'_;s" (Tpy Ty Ty)

Proof. Consider the set
St(wo) ={z € X : f(z) +ds(z,20) < f(20) + ds(20,70)}.

Since xg € Sy(zo) then Sy(xg) is nonempty. Let {z,} C Sy(xg) be such that {z,}
converges to some z € X. Then f(z,)+ds(2n,x0) < f(xo)+ds(x0,20) for all n € N.
Now f is lower semi-continuous at z € X, so for any e; > 0, f(z) < f(t) + 5 for
all t € By(z,0,) for 6, > 0. Also {z,} converges to some z, so there exists N; > 1
such that z, € Bj(z,d,) for all n > Nj. Therefore f(z) < f(z,)+ % foralln > Nj.
Now continuity of d; implies that dj(z,,x0) — ds(z,20) as n — oco. Thus for all
n 2 NQ
€1 €1
dj(z,m0) — 5 < dj(zn,x0) < dj(z,20) + 5

Therefore, for all n > N = max{Ny, Na} we get,
f(z)+ds(z,20) < f(zn) +dj(zn,x0) +€1¥n = N
(3.2) < f(CL'()) —l—dJ(CL'(),CL'()) +€71.
I

Since €; > 0 is arbitrary, thus f(z) + dj(z,20) < f(xo) + dj(xo,x0). Therefore
z € S¢(xo). Hence Sy(xo) is closed. Also for any y € Sy(xo) we get

dj(y,w0) —ds(wo,20) < f(w0) — fly)
(3.3) < f(zo) — inf f(z) <

reX
We choose 71 € Sy (xo) such that f(x1)+d (21, 20) < infrcg, (20){f(@)+d (2, 20) }+
5. and let
1 1
S¢(z1) = {zeX: f(z)+dslz,z0) + ;dJ(I,SCl) < flxy) + dy(z1,z0) + ng(arl,zl)}.
(3.4)

Thus 21 € S¢(x1) and in a similar way as above we can prove that S¢(x;) is also
closed.
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Inductively, we can suppose that z,_1 € S¢(zp—2) (for n > 2) was already
chosen and we consider

Sf(xn,ﬂ = {CL’ESf(Q’Jn 2 +Z d] -T wz) <f «Tn 1 +Z dJ l'n 1,.’51)}
(3.5)

Let us choose x,, € Sy(z,—1) such that

1 .
f(xn) + Z: EdJ(xna xi) < zGS;I(lnfn " + Z dJ -T T } + 2nsn
and we define the set
S¢(zn) = {zx € S¢(zn_1) )+ ; %dj (z,2;) < f(zn) + " lidJ(In,Ii)}.
s s
(3.6)

Clearly z,, € S¢(z,) and S¢(x,,) is also closed. Now for each y € S¢(x,) we get

n

) < )+ Y sl n)} - ) Z sy}

=0
n 1 . n—1 1
< {f@n)+> di(wn,z)y—  inf - {f(z)+ ) —ds(z, i)}
o S ZL’ESf((Enfl) =0 S
1 €
. < —d nyn .
(3.7) < o J(@n, zn) + Ty

Therefore, for any y € Sf(x,) we have
dJ(ya In) - dJ(:L‘n; xn) < 2%Vn e N.

Thus the decreasing sequence of nonempty closed subsets { S () }n>0 has vd—property.
Since X has vd— property therefore diam(Sy(x,)) — 0 as n — co. Thus by Cantor’s
intersection theorem (See Lemma 2.1) we have N2 S¢(zy) = {z}.

Now dj(xe,z,) < diam(Sf(xz,)) — 0 as n — oo and we have z,, — z. as
n — oo. From (3.7) we see that

J(@e, e, ) — J (T, Ty ) < Q%Vn e N.
Now

flxy) +ds(x1,20) < flwo) +dy(x0,20),
f(z2) +dy(z2,z0) + %dJ(JC%fﬁ) < flxy) +dy(xr,m) + %dJ($179€1)
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1
< f(xo) +dy(xo, x0) + ng(’Ihm)

m—1 m—1
f(wm) + Z ng(xm,wi) < f(=mo) + Z —dJ (x4, 2;)¥Vm > 1.
i=0 i=0

(3.8)

Also z. € Sf(xq) for all ¢ € N, therefore

q q
1 1
)+ Z Si(wen) < flog)+ ) Sdi(zg, i)
1= 1=0
11
(3.9) < flwo) + ; S (i, w)Vg > 1,
which in turn implies that
=1 1
flxe) +Z;dJ(x6axi) < fl=o) +Z;d.1($i,$i)
i=0 =0
=1
3.10 < inf Zd iz ).
(3.10) < dnf flo) ety —dy(enm)

=0

Moreover for all z # z., we have z ¢ N2 Ss(z,,) and thus there exists m € N such
that ¢ S¢(z,). So x ¢ Sy(z,) for all ¢ > m. Therefore,

q q

F@)+ Y s > Sl + Y sl )
=0 =0
q
(3.11) > [@)+ Y Sdslwe Ve > m.
=0

Hence we see that

Z —dj(z,z;) > f(ze) Z —dj(xe, ;).

O

Example 3.1. Let us consider X = (—o0,+00) and let J : X* — [0,00] be defined
as J(z,y,2) = |t —y|> + |y — 2|® for all 2,9,z € X. Then (X,J) is an S/5-metric
space for s = 3. Here ds(z,y) = |x — y|?, which is continuous in both the variables and
sup{J(z,z,z) : © € X} = 0. Now we show that X has vanishing diameter property.

Let { E } be a decreasing sequence of nonempty subsets of X such that it has vd—property.
Then for any i € N there exists some fixed e; € E; such that J(x,z,e;) = |z — ei|2 <
J(ei, ei,e;) +r; = for all x € E;, where {r;} C Ry with r; — 0 as i — oo.
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Let x(i),y“), 2% ¢ E; be arbitrary. Then

2

J(x(i),y(i), Z(i)) |m(i) _ y(i)|2 + |y(i) _ Z(i)|

< 2a -l + g - el)+ 2y - el + 20 - el
= 2fa —ei® + 21y — &) + 21 — ]
< 8, —0

as 1 — oo. This implies diam(A;) < 8r;. Since this is true for all ¢ € N we get diam(A4;) —
0 as r; — oo. Thus (X, J) has vanishing diameter property.

Let f : X — R be defined as f(z) = e!*! + 22 +4|z| for all z € X. Then f is continuous
and lower bounded. Let us take € > 0 as arbitrary and choose x¢o € X which satisfies
f(zo) < infzex f(z) + €. Now let us consider z. = 0, if 2o = 0 then we have to choose
xn = 0 for all n > 1 and clearly Theorem 3.1 follows immediately. Now if xg # 0 then we
choose z,, = /=, where K > 1 and r > 2 are chosen in such a way that

K(3r—1)

€ < min{
r

[f(zo) — 1], K}

Then we have
(1) T — T a8 N — 00,
(#) For all n > 1,

J(l‘e,xe,l‘n) - J(m’ﬂvmnvm’ﬂ) = ‘me - ‘r"|2 =

(#i7) For all x # x,

@) + 357 o (@, 2, wa)
el 2% 4 4z + Y e — /7=
= et b dle] + 50t -2/ w4 50

3r2—1

[N

WV

1
|z| 2 3,2 3r2 € _3r
e +x® +dlz| + s27 - 2T+ F 3y

3r2 -1

> 1+%3311 :f($6)+220:0 s%‘](xﬁxﬂm")'

=1
= flwo)+ Y o (wn, o, n)
n=0

IN

=1
inf — J(Tn, Tn, Tn).
xlgxf(w)+e+;sn (Tn, Tny Tn)

Next we have the following consequence of Ekeland’s variational principle in
S75_metric spaces.
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Corollary 3.1. Let (X,.J) be a complete S7°-metric space with coefficient s > 1,
such that dy is continuous in both variables, sup{J(z,z,z) : x € X} < 00 and X
has vanishing diameter property. Now let, f : X — R be a lower semi-continuous,
proper and lower bounded mapping. Then for every e > 0 there exists a sequence

{zp,} C X and x. € X such that:

(i) Tp — Te as N — 00,
(i) f(2)+ 3o (@, 3, 00) = fxe) + > ey 2o d (Te, Te, T0) for every x € X,

(i) f(xe) + 300 0 T (T, xe,n) < infrex f(2) + €+ ooy 2 (Tns T, ).

As an application of Theorem 3.1 we now prove Caristi’s fixed point theorem in
the context of S7S-metric spaces.

Theorem 3.2. Let (X,.J) be a complete S7°-metric space with coefficient s > 1,
such that d y is continuous in both variables, sup{J(z,z,z) : © € X} < 00 and X has
vanishing diameter property. Let T : X — X be an operator for which there exists
a lower semi-continuous mapping, proper and lower bounded mapping f : X — R
such that

(3.12) J(u,u,v) + sJ(u,u, Tu) > J(Tu, Tu,v)
and )
(3.13) J(u,u, Tu) < f(u) — f(Tu)Vu,v € X.

s—1
Then T has at least one fized point in X.

Proof. Let us assume that for all x € X, Tz # z. Using Corollary 3.1 for f, we
obtain that for each € > 0 there exists a sequence {z,} C X such that =, — z. as
n — oo and

fl@)+Y S%J(x,x, vn) > () + Y S%J(xe, Te, Tp VT # 2.
n=0 n=0

If in the above inequality, we put = T'(x.) then, since T'(z.) # z., we get that

oo

fla)— f(Tz) < 3

1

Sn

[dJ(Txa xn) —dy (3757 xn)]

(3.14) = dj(xe, Tx).
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Also from (3.13) we get %dj(xe, Tz.) < f(ze)—f(Tx.), a contradiction. Therefore
there exists at least one z* € X such that Tz* =z*. O

Definition 3.4. [14] Let X be a nonempty set and s > 1 be a given number.
Also let a function S, : X3 — [0,00) satisfy the following conditions, for each
z, Yy, z,w e X :

(i) Sp(z,y,2) =0if and only if x =y = z;

(11) Sb(iL', Y, Z) < S[Sb(xﬂ €, w) + Sb(yv Y, U}) + Sb(zv 2, ’LU)]
The pair (X, Sp) is called an Sp-metric space.

Souayah and Mlaiki [14, Theorem 2.4] follows from our Theorem 3.1 as an
immediate corollary.

Corollary 3.2. Let (X, Sy) be a complete Sy-metric space with coefficient s > 1,
such that the Sy-metric is continuous and f : X — R is a lower semi-continuous,
proper and lower bounded mapping. Then for every xg € X and € > 0 with

(3.15) flwo) < inf f(@) +e,

there exists a sequence {z,} C X and z. € X such that:

(i) Ty — T as n — 00,
(”) Sb(l'g,l'e,xn) < 2% fO’f’ alln > 1,

(iii) f(z) + Y00, S%Sb(nx,xn) > flze) + Yoorp ;TSb(acE,xe,xn) for every
x # ‘/1’.67

(i) f(xe) + 3o0Zo 3w Sb(Te, T, wa) < flwo) < infoex f(2) + e

Proof. Let {A,} be a decreasing sequence of nonempty subsets of X such that it
has vd—property. Then for each ¢ € N there exists some fixed a; € A; such that
Sp(x, z,a;) < Spas, ai,a;) +1; =r; for all x € A;, where {r;} C Ry with r; — 0 as
i — 00.

Let (9, y() 2() ¢ A; be arbitrary. Then

Sp(a®,y @, 20) < Sy (@ D, 2D, ) + Sy, y D i) + Sp (21,21, ay)]
(3.16) < 3sr;.

It implies diam(A;) < 3sr;. Since this is true for all i € N we get diam(4;) — 0 as
r; — 00. Thus (X, Sy) has vanishing diameter property. Therefore all the conditions
of Theorem 3.1 are satisfied and the result follows immediately. [

Corollary 3.3. Let (X,S,) be a complete Sy-metric space with coefficient s > 1,
such that the Sy-metric is continuous and let T : X — X be an operator for which
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there exists a lower semi-continuous, proper and lower bounded mapping f : X — R,
such that:

(3.17) Sp(u, w,v) + 8Sp(u, u, Tu) > Sp(Tu, Tu,v)
and )
(3.18) S Sy(u,u, Tu) < f(u) — f(Tu)Vu,v € X.

s—1
Then T has at least one fixed point in X.

Proof. Using Theorem 3.2 and Corollary 3.2 we get the required proof. [

Remark 3.1. [3, Theorem 2.2] is a particular case of our Theorem 3.1.
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