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Abstract. In this paper, the geometric structures of generalized (k, u)-space forms and
their quasi-umbilical hypersurface are analyzed. First £-Q and conformally flat gener-
alized (k, p)-space form are investigated and shown that a conformally flat generalized
(k, u)-space form is Sasakian. Next, we prove that a generalized (k, u)-space form satis-
fying Ricci pseudosymmetry and @-Ricci pseudosymmetry conditions is n-Einstein. We
obtain the condition under which a quasi-umbilical hypersurface of a generalized (k, u)-
space form is a generalized quasi Einstein hypersurface. Also ¢-sectional curvature of a
quasi-umbilical hypersurface of generalized (k, u)-space form is obtained. Finally, the
results obtained are verified by constructing an example of 3-dimensional generalized
(k, u)-space form.
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1. Introduction

The curvature tensor R of the Riemannian manifold mostly determines the nature
of the manifold and the sectional curvature of the manifold completely determines
the curvature tensor R. A Riemannian manifold having a constant sectional curva-
ture ¢ is known as real space-form. The sectional curvature K (X, ¢X) of a plane
section spanned by a unit vector X orthogonal to & is called a ¢-sectional curva-
ture. If the ¢-sectional curvature of a Sasakian manifold is constant, then it is called
Sasakian space form. Alegre et al. [2] introduced the notion of generalized Sasakian
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space forms and gave many examples of it. Throughout the years, many geometers
[3, 4, 13, 15, 16, 17] focused on generalized Sasakian space forms under different
geometric conditions.

Blair et al. [5] introduced the notion of (k, u)-contact metric manifolds. Follow-
ing this, Koufogiorgos [23] introduced and studied (k, pu) space forms. The (k, u)
space forms are studied by [1, 14, 23, 30]. Carriazo et al. [8] introduced generalized
(k, 1) space form which generalizes the notion of (k,p) space forms. An almost
contact metric manifold (M2"*1 ¢ €, g,n) is said to be a generalized (k,u) space
form if there exists differentiable functions f1, f2, f3, f4, f5, f6 on the manifold whose
curvature tensor R is given by

(1.1) R= fiRy + foRa + f3R3 + faR4 + f5Rs + f6Rs,

where R1, R, R3, R4, R5, Rg are the following tensors:

R(X,Y)Z = g(V,2)X —g(X, 2)Y,

Ro(X,Y)Z = g(X,02)9Y —g(Y,0Z)pX +29(X, ¢Y)pZ,

R3(X,Y)Z = n(Xn(2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E,
RUX,YV)Z = g(Y,Z)hX — g(X,Z)hY + g(hY,Z)X — g(hX, Z)Y,

Rs(X,Y)Z = g(hY,Z)hX — g(hX,Z)hY + g(ohX, Z)phY — g(hY, Z)phX,
Re(X,Y)Z = n(X)n(2)hY —n(Y)n(Z)hX + g(hX, Z)n(Y)§ — g(hY, Z)n(X)¢,

for any X,Y,Z € x(M). Here, h is a symmetric tensor given by 2h = L¢¢, where
L is Lie derivative. In particular, for fy = f5 = fg = 0 it reduces to the generalized
Sasakian space form [2]. It is obvious that (k,u) space form is an example of
generalized (k, 1) space form when

c+3 c—1 c+3
f - af2 4 7f3_ 4 -

1
kaf4:17f5:§af6:1_

are constants. In [8], the author studied generalized (k,u) space forms in con-
tact metric and Trans-Sasakian manifolds. Carriazo and Molina [9] studied D,-
homothetic deformations of generalized (k, u)-space forms and found that deformed
spaces are again generalized (k, u)-space forms in dimension 3, but not in general.
In recent years, many geometers studied generalized (k, u)-space forms under sev-
eral conditions [21, 28, 22, 20, 27, 29].

n [26], Mantica and Sub introduced and studied @ curvature tensor. In a
(2n + 1)-dimensional Riemannian manifold (M, g), the @ curvature tensor is given
by
(1.2) QUX,Y)Z = R(X.Y)Z — - [9(Y. 2)X - g(X. 2)Y],

for any X,Y,Z € x(M) and v is an arbitrary scalar function on M. If v = T
then @ curvature tensor reduces to concircular curvature tensor [32]. In [13], De
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and Majhi studied @ curvature tensor in a generalized Sasakian space form.

One of the most important curvature tensors for analyzing the intrinsic proper-
ties of Riemannian manifold is the conformal curvature tensor introduced by Yano
and Kon [33]. This curvature is invariant under conformal transformation. The con-
formal curvature C of type (1,3) on a (2n 4 1)-dimensional Riemannian manifold
(M, g),n > 1, is defined by

[S(Y, 2)X — S(X, Z)Y + g(Y, Z)PX

2n(2n — 1)

1
CX.Y)Z=RX.Y)Z ~ 53—

(1.3) —9(X,Z)PY] + [9(Y. 2)X - g(X, 2)Y],

where R, S, P,r denote the Riemannian curvature tensor, the Ricci tensor, Ricci-
operator and the scalar curvature of the manifold respectively. Kim [25] studied
conformally flat generalized Sasakian space forms. De and Majhi [15] studied ¢-
conformal semisymmetric generalized Sasakian space forms.

Cartan [10] first initiated and completely classified complete simply connected
locally symmetric spaces. A Riemannian manifold is said to be locally symmetric
if the curvature tensor satisfies VR = 0. The notion of local symmetry is weak-
ened by many authors throughout the years. One such notion is pseudosymmetric
spaces introduced by Deszcz [19]. It should be noted that pseudosymmetric spaces
introduced by Deszcz is different from those introduced by Chaki [11]. In [31], au-
thors obtained the necessary and sufficient condition for a Chaki pseudosymmetric
manifold to be Deszcz pseudosymmetric. De and Samui [14] studied Ricci pseu-
dosymmetric (k, u)-contact space forms and show that it is an 7-Einstein manifold.

The authors in [14], studied quasi-umbilical hypersurface on (k, 1)-space forms.
A hypersurface (M?"+1 §) of a Riemannian manifold M?"*1 is called quasi-umbilical
[12] if its second fundamental tensor has the form

(1.4) H,(X,Y)=0ag(X,Y) + fw(X)w(Y),

where w is the 1-form, «, 8 are scalars and the vector field corresponding to the
1-form w is a unit vector field. Here, the second fundamental tensor H, is defined
by Hy(X,Y) = g(A,,Y), where A is (1,1) tensor and p is the unit normal vector
field and X, Y are tangent vector fields.

A Riemannian manifold is called a generalized quasi-Einstein manifold [18] if its
Ricci tensor S satisfies

S(X,Y) = ag(X,Y) +bn(X)n(Y) + cA(X)A(Y),

where a,b and ¢ are non-zero scalars and 7, A are 1-forms. If ¢ = 0, then the mani-
fold reduces to a quasi-Einstein manifold.
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The paper is organized as follows: After preliminaries, £-() and conformally flat
generalized (k, u)-space forms are investigated in section 3. Next in section 4, it is
shown that Q-Ricci pseudosymmetric and Ricei pseudosymmetric generalized (k, p)-
space forms are 7-Einstein under certain conditions. Moreover, conformal Ricci
pseudosymmetric generalized (k, u)-space forms are studied. In section 5, quasi-
umbilical hypersurface of generalized (k, u)-space form are investigated and shown
that it is a generalized quasi Einstein hypersurface. Also &-sectional curvature of a
quasi-umbilical hypersurface of generalized (k, u)-space form is obtained. Finally,
the obtained results are verified by using an example of a 3-dimensional generalized
(k, w)-space form.

2. Preliminaries

In this section, we highlight some of the formulae and statements which will be used
later in our studies.

A (2n + 1)-dimensional smooth manifold M is said to be a contact metric
manifold if there exists a global 1-form 7, known as the contact form, such that
n A (dn)™ # 0 everywhere on M and there exists a unit vector field &, called the
Reeb vector field, corresponding to 1-form 7 such that dn(€,-) = 0, a (1,1) tensor
field ¢ and Riemannian metric g such that

(21) X =X +n(X)¢, n(X)=g(X,¢), dn(X,Y)=g(X,eY),

for all X,Y € x(M), where x(M) is the Lie-algebra of all vector fields on M. The
metric g is called the associate metric and the structure (¢,&,7,g) is called con-
tact metric structure. A Riemannian manifold M together with contact structure
(¢,€,m, g) is called contact metric manifold. It follows from (2.1) that

for any X, Y € x(M). Further we define two self-adjoint operators h and [ by

h = %(EEQS) and | = R(-, £)& respectively, where R is the Riemannian curvature of
M. These operators satisfy

(2.3) he =16 =0, h¢+o¢h=0, Trh=Trheo=0.

Here, “Tr.” denotes trace. When unit vector ¢ is Killing (i.e. h =0 or Tr. = 2n)
then contact metric manifold is called K-contact. A contact structure is said to
be normal if the almost complex structure J on M x R defined by J(X, f4) =
(pX — fﬁ,n(X)%), where t is the coordinate of R and f is a real function on
M x R, is integrable. A normal contact metric manifold is called Sasakian. A
Sasakian manifold is K-contact but the converse is true only in dimension 3. The
(k, p)-nullity distribution of a contact metric manifold M (¢, &, n, g) is a distribution

N(k,p) :p— Nplk,p) ={Z e x(M) : RIX,Y)Z =k{g(Y,Z2)X
—9(X, 2)Y} +p{g(Y, Z)hX — g(X, Z)hY }},
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for any X,Y,Z € x(M) and real numbers k and p. A contact metric manifold M
with £ € N(k, p) is called a (k, p)-contact metric manifold.
In a generalized (k, uu)-space form (M?"+1 g) the following relations hold [2]:

R(X,Y)§ = (fi— f3){n(Y)X —n(X)Y}
(2.4) +  (fa = fo){n(Y)hX — n(X)hY'},
PX = (2nfi+3fa— f3)X — (3fa+ (2n - 1) f3)n(X)§
(2.5) + (2n—1)fs — fe)hX,
(2.6) r=2n{(2n+1)f1 +3f2 —2f3},
(2.7) S(¢X,9Y) = S8(X,Y) —2n(f1 — fs)n(X)n(Y).

where, R, S, P, r are respectively the curvature tensor of type (1,3), the Ricci tensor,
the Ricci operator i.e. g(PX,Y) = S(X,Y), for any X,Y € x(M) and the scalar
curvature of the manifold respectively.

3. Flatness of generalized (k, u)-space form

De and Samui [14] studied conformally flat (k,u) space form and De and Majhi
[13] analyzed &-@ flatness of generalized Sasakian space form. Generalizing the
results obtained, in this section we studied £-@ flat and conformally flat generalized
(k, u)-space form.

3.1. ¢&-Q flat generalized (k, u)-space form

Definition 3.1. A generalized (k, u)-space form (M?"*1 g), is said to be £-Q flat
if Q(X,Y)=0, for any X,Y € x(M) on M.
We have, from (1.2)

(3.1) QX,Y)E = ROX,Y)E = o [n(Y)X = n(X)Y],

for any X,Y € x(M). Using (2.4) in (3.1) we get

QUY)E = (Ai=fr— 5 ) ¥)X = n(X)Y]

(3.2) +  (fa = fo)In(Y)hX —n(X)hY].



1134 J. P. Singh and M. Khatri
Suppose non-Sasakian generalized (k, u)-space form is &€ — @ flat. Then from (3.2)
we get

B3(f1 = fs = 5,.) [0V)X = n(X)Y] + (f = fo) (¥ )hX —n(X)hY] = 0.

Taking X = ¢X in (3.3), we obtain

(3.4) {(f1 - f3— %WX +(fa— f6)h¢X}77(Y) =0.
Since 1(Y) # 0 and taking inner product with U in (3.4) gives
(3.5) (i = fs = 5,)9(0X.U) + (fs = f)g (X, hU) = 0.

Since g(¢X,U) # 0 and g(¢X,hU) # 0, we see that f1 — f3 = 5~ and fy = fe.
Conversely, taking f1 — f3 = 5= and f; = fs, and putting these values in (3.2) gives

Q(X,Y)¢ =0 and hence M is £ — @ flat. Therefore, we can state the following:

Theorem 3.1. A non-Sasakian generalized (k, ui)-space form (M?*"+1 g), is £-Q
flat if and only if f1 — f3 = 5= and fy = fe.

_r

2n+1
Making use of (2.6) in the forgoing equation gives v =

then @ tensor reduces to concircular curvature tensor.

2n{(@nt) 1432205} |
2n+1 :

32 and hence we
1-2n

In particular, if v =

n

regard of Theorem 3.1, for &-concircularly flat we obtain f3 =
can state the following corollary:

Corollary 3.1. A non-Sasakian generalized (k, u)-space form (M?>"*1 g), is &-
concircularly flat if and only if f3 = 13,f22n and fy = fg.

We can easily see that Theorem 3.1 and Corollary 3.1 obtained by the geome-
ters in [13], are particular cases of Theorem 3.1 and Corollary 3.1 respectively for

fa=fs=fs=0.

Substituting the values, fy — f¢ = p and f; — f3 = k in Theorem 3.1, we obtained
the following corollary:

Corollary 3.2. A (k,p)-space form (M*"*1,g), is £-Q flat if and only if k = 3=
and p = 0.
3.2. Conformally flat generalized (k, 1)-space form

Definition 3.2. A generalized (k, u)-space form (M?2"*1 g),n > 1, is said to be
conformally flat if C(X,Y)Z =0, for any X,Y,Z € x(M) on M.
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Suppose generalized (k, u)-space form is conformally flat. Then from (1.3), we
get

R(X,Y)Z — in_ AS(V.2)X — S(X.2)Y + (Y, Z)PX — g(X, Z)PY}
(3.6) +m{g(x Z)X — g(X,Z2)Y} =0.

In consequence of taking X = & in (3.6) and using (2.1), (2.4) and (2.5). Eq.(3.6)
becomes

(f1 = Fs){9(Y, 2)§ =n(2)Y} + (fa = fo){g(hY, Z2)§ —n(Z)hY'}

5 (SO 20— (i — Fn(Z)Y + 2m(fi — )oY, 2)¢
(3.7) —n(Z)PY} + m{g(x Z)¢—n(Z)Y} =0.

Putting Z = ¢Z in (3.7) and making use of (2.4), (2.5) and (2.6) results in the
following

(3.8) 2n + 1) fog(hY, 6Z) = 0.

This shows that either fg = 0 or ¢h = 0. In the second case, from (2.1) we have
h = 0. Therefore, we can state the following:

Theorem 3.2. A generalized (k,p)-space form (M?"1 g),n > 1, is conformally
flat, then either fo =0 or M is Sasakian.

Corollary 3.3. A (k,p)-space form (M*"1 g),n > 1, is conformally flat, then
w=1or M is Sasakian.

4. Pseudosymmetric generalized (k, u)-space form

In this section certain pseudo symmetry such as Ricci pseudo symmetry, @-Ricci
pseudo symmetry and conformal Ricci pseudo symmetry in the context of general-
ized (k, u)-space form are studied. First, we review an important definition

Definition 4.1. [19, 31] A Riemannian manifold (M, g),n > 1, admitting a (0, k)-
tensor field T is said to be T-pseudosymmetric if R -T and D(g,T) are linearly
dependent, i.e., R-T = LyD(g,T) holds on the set Upr = {x € M : D(g9,T) # 0 at
x}, where Ly is some function on Ur.

In particular, if R-R = LrD(g, R) and R-S = LgD(g, S) then the manifold is called
pseudosymmetric and Ricci pseudosymmetric respectively. Moreover, if L = 0 (
resp., Lg = 0) then pseudosymmetric (resp., Ricci pseudosymmetric) reduces to
semisymmetric (resp., Ricci semisymmetric) introduced by Cartan in 1946.
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4.1. Ricci pseudosymmetric generalized (k, 1)-space form

Definition 4.2. A generalized (k,pu)-space form (M?"+1 g), is said to be Ricci
pseudosymmetric if its Ricci curvature satisfies the following relation,

R-5= fs,D(g,5),

holds on the set Us, = {z € M : D(g,S) # 0 at x}, where fs, is some function on
Us,.

Suppose a generalized (k, u)-space form (M?"*1 g), is Ricci pseudosymmetric
ie.,

R-S= fSQD(gvs)a

which can be written as

S(R(X,Y)U,V) + S(U,R(X,Y)V) = —f,[S(Y, V)g(X,U)
(4.1) —S(X,V)g(Y,U) + S(U,Y)g(X,V) = S(U, X)g(Y, V)]

Taking X = U =¢ in (4.1) and using (2.4), (2.5) and (2.7), we get

(fs = fi+[s) S V) + [2n(f1 = f3) (1 — f3 — fs.) — (k= 1)(fa
—f6)(2n— 1) fs — f6)]g(Y, V) — (k= 1)(fs — fo)((2n — 1) f4
(4.2) —fe)n(Y)n(V) + (fa — f6) (1 — 2n) f3 — 3f2)g(hY, V) = 0.

Considering fs, # f1 — f3 and further taking (1 — 2n)fs — 3f2 = 0 in (4.2), the
manifold is n-Einstein. Hence we can state the following:

Theorem 4.1. A Ricci pseudosymmetric generalized (k, p)-space form (M?"+1 g),
with fs, # f1 — fs, is n-Finstein manifold if f3 = %

If fs, = 0, then Ricci pseudosymmetric generalized (k, u)-space form reduces
to Ricci semisymmetric generalized (k, p)-space form. In view of Theorem (4.1) we
obtain the following;:

Corollary 4.1. A Ricci semisymmetric generalized (k, p)-space form (M>"*1 g),

with f1 — f3 # 0 is n-Einstein manifold if f3 = 13}22“.

4.2. @-Ricci pseudosymmetric generalized (k, 1)-space form

Definition 4.3. A generalized (k, u)-space form (M?"*1 g), is said to be Q-Ricci
pseudosymmetric if

Q- 5= fs,D(g,9),

holds on the set Ug, = {x € M : D(g,S) # 0 at =}, where fs, is any function on
Us,.
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Proceeding similarly as in Theorem 4.1, one can easily obtain the following
relation:

Theorem 4.2. A Q-Ricci pseudosymmetric generalized (k, p)-space form (M?*"+1, g),

with fs, # f3— fi — 5% is n-Binstein manifold if f3 = 222

Taking fg, = 0 in Theorem 4.2, we easily obtain the following:

Corollary 4.2. A Q-Ricci semisymmetric generalized (k, j1)-space form (M?"+1 g),

with f3 — f1 # 5~ is n-Einstein manifold if f3 = if;n,

4.3. Conformal Ricci pseudosymmetric generalized (k, u)-space form

Definition 4.4. A generalized (k, u)-space form (M?2"*1 g),n > 1, is said to be
conformal Ricci pseudosymmetric if

C-5= fS4D(ga 5)7
holds on the set Ug, = {z € M : D(g,S) # 0 at z}, where fg, is any function on
Us,.

Suppose a generalized (k, p)-space form is conformal Ricci pseudosymmetric.
Then, we have
S(O(Xv Y)Ua V) + S(Ua C(X7 Y)V) = _fS4 [S(Y7 V)g(Xa U)
Taking X = U = ¢ and fy = fe in (4.3) and making use of (1.3),(2.1) and (2.5), we
obtain
S2(Y,V) = (4nfi +3fo — (2n+ 1) f3 + 2n(2n — 1) fs,) S(Y, V)
(4.4) —(2n— 1) fs,n(Y)n(V) — (2nf1 +3f2 — f3)g(Y, V).

Thus, we can state the following;:

Theorem 4.3. If a generalized (k,p)-space form (M?"*t g),n > 1, is conformal
Ricci pseudosymmetric with fy = fg, then the relation(4.4) holds.

5. Quasi-umbilical hypersurface of generalized (k, u)-space form

Let us consider a quasi-umbilical hypersurface M ofa generalized (k, )-space form.
From Gauss [12], for any vector fields X,Y, Z, W tangent to the hypersurface we
have

R(X,Y,Z,W) = R(X,Y,Z,W)— g(H(X,W),H(X,Z))
(5.1) + g(H(X, 2), H(Y,W)),
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where, R(X,Y,Z,W) = g(R(X,Y)Z,W) and R(X,Y,Z,W) = g(R(X,Y)Z,W).
Here, H is the second fundamental tensor of M given by

(5-2) H(X,Y) = ag(X,Y)p + fuw(X)w(Y)p,

where, p is the only unit normal vector field. Here, w is the 1-form, the vector field
corresponding to the 1-form w is a unit vector field and «, 8 are scalars.
Using (5.2) in (5.1), we obtain the following result

filg(Y, 2)g(X, W) = g(X, Z)g(Y,W)] + fa[9(X,6Z)g(¢Y, W
—9(Y,02)g(¢X, W) + 29(X, 6Y)g(6Z, W) + f3[n(X)n ( ) (
—n(Y)n(Z)g(X, W) + g(X, Z)n(Y)n(W) — g(Y, Z)n
+fa[g(Y, Z2)g(h X, W) — g(Y, Z)g(hY, W) + g(RY, Z) (
—g(hX, Z2)g(Y,W)] + f5[g(hY, Z)g(hX, W) — g(hX, Z)g(hY,W
+9(ohX, Z)g(dhY, W) — g(¢hY, Z)g(¢ohX,W)| + fs[n(X)n(Z ) (hYW
—n(Y)n(Z2)g(hX, W) + g(hX, Z)n(Y)n(W) — g(hY, Z)n
= R(X,Y,2,W) — a?g(X,W)g(Y, Z) — aBg(X, W) ( ) (z
—afg(Y, Z)w(X)w(W) + a?g(Y,W)g(X, Z) + aBg(Y, W )w(X)w(Z
(5.3) +aBg(X, Z)w(Y )w(W).

)
W)
W)
W)
)
)
W)
)
)

Contracting over X and W in (5.3), we obtain

S(Y,Z) = (2nfi + 3f2 — f3 +2na® + ap)g(Y, Z)
—(Bf2+ @2+ 1) f3)n(Y)n(2) + ((2n = 1) fa — fos)g(hY, Z)
(5.4) +aB2n — Dw(Y)w(2).

Hence, we can state the following:

Theorem 5.1. A quasi-umbilical hypersurface of a generalized (k, p)-space form
is a generalized quasi Einstein hypersurface, provided fy = f 1

In particular, for a (k,u)-space form, the above Theorem 5.1 reduces to the
following:

Theorem 5.2. [14] A quasi-umbilical hypersurface of a (k, u)-contact space form
is a generalized quasi-Einstein hypersurface, provided y = 2 — 2n.

Corollary 5.1. A quasi-umbilical hypersurface of a generalized Sasakian space
form is a generalized quasi-Einstein hypersurface.

For any vector fields X,Y’, the tensor field K(X,Y) = E(X, Y,Y, X) is called
the sectional curvature of M given by the sectional plane {X,Y}. The sectional
curvature K (X, &) of a sectional plane spanned by £ and vector field X orthogonal
to ¢ is called the £-sectional curvature of M.
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Theorem 5.3. A {-sectional curvature of a quasi-umbilical hypersurface of gen-
eralized (k, pu)-space form is given by
K(X,8) = (fi — fa+a®)g(¢X, 6X) + (fa — fo)g(hX, X)
+af[(w(€)* + (w(X))?*] = 2aBn(X)w(X)w(E).

Proof. Taking W = X and Z =Y in (5.3) results in following

filg(Y,Y)g(X, X) = g( X)| + f2lg( X¢>Y> (4Y,
—g(Y,¢Y)g($X, X>+2g<x ¢Y ¢YX )] + f3[n(X ) (
—n(Y)n(Y)g(X, X) — g(X,Y)n(X)n(Y) - (YY
+1[g(Y,Y)g(hX, X) — g(X,Y)g(hY, X) + g(hY, Y) (
—g(hX,Y)g(Y, X)] + f5[g(hY,Y)g(hX,X) — g(hX,Y)g(hY,
+9(¢hX,Y)g(ohY, X) — g(¢hY,Y )g(¢hX, X)] + fs[n(z)n(Y ) (hY
—n(Y)n(Y)g(hX, X) + g(hX,Y)n(Y)n(X) — g(hY,Y)n
=K(X,Y) - a?g(X, X)g(Y,Y) - afg(X, X)w < > <Y
—aBg(Y, Y )w(X)w(X) + ?g(X,Y)g(X,Y) + aBg(X, Y )w(X)w(Y
(5.5) +afBg(X,Y)w(Y)w(X).

X)
Y)
]
X)

X)

X)

X)]

)

)

Putting Y = £ in (5.5) gives

K(X,8) = (fi = fs +®)g(6X,0X) + (f2 — fo)9(hX, X)
+aB(w(€))? + (w(X))?] = 2087 (X )w (X )w(E).

This completes the proof. O

6. Examples of generalized (k, u)-space forms

Now we will show the validity of obtained result by considering an example of
a generalized (k,u)-space form of dimension 3. Koufogiorgos and Tsichlias [24]
constructed an example of generalized (k, p1)-space of dimension 3 which was later
shown by Carriazo et al. [8] to be a contact metric generalized (k, u1)-space form
M3(f1,0, f3, f1,0,0) with non-constant fi, f3, f1.

Ezample 6.1: Let M3 be the manifold M = {(x1,72,23) € R3|z3 # 0} where
(71,22, 73) are standard coordinates on R3. Consider the vector fields

0,0 w10 13
Y7o 2T 27 9m, z3 Ory 3 Oxg’ 37 43 01y

are linearly independent at each point of M and are related by

2 1
le1,e2] = —es, [e2,e3] = 2e1 + —es, [es,e1] = 0.
T3 a3
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Let g be the Riemannian metric defined by g(e;, e;) = 6;5,4,j = 1, 2,3 and 7 be the
1-form defined by n(X) = g(X,e1) for any X on M. Also, let ¢ be the (1, 1)-tensor

field defined by ¢e; = 0, ¢es = e35 des = —ey. Therefore, (¢, e1,n,g) defines a

contact metric structure on M. Put A= 4,k =1— 2 and p = 2(1 - %), then
./1?3 T 13

symmetric tensor h satisfies he; = 0, hes = Aeg, hes = —Aes. The non-vanishing
components of the Riemannian curvature are as follows:

R(er,ea)er = —(k+ ez, R(er,ex)es = (k+ Aueq,
R(er,e3)er = (—k+Ap)es, R(e—1,e3)es = (k— Au)eq,
R(ea,ez)es = (k+pu—2)%)es, Rlea,ez)es = —(k+pu—223)es.

Therefore, M is a generalized (k,u)-space with k, u not constant. As a contact
metric generalized (k, u)-space is a generalized (k, p)-space form with k& = f1 — f3
and p = fa— f (Theorem 4.1, [8]), the manifold under consideration is a generalized
(k, u)-space form M3(f1,0, f3, f1,0,0) where

2 1 2
= —3 —_— — 7’
f +x§+x§+xg
2 2 2
= —4 —_— — [—
f3 +x§+x§+xg
1
= 2(1—-—=).
f4 ( xg)

Next we obtain the non-vanishing components of Q-curvature tensor for arbitrary
function v as follows:

Qer,ez)er = —(k + Ap — E)62, Qer,e2)ea = (kK + Ay — 3)617

2 2
Q(el7 63)61 - (_k + A,U + g)e3a Q(ela 63)63 = (k - A,U, - %)617
Qez,e3)er = (k4 p— 20 + %)63, Q(eg, e3)es = —(k +p—2)° + 3)62-

From the above equations we see that Q(X,Y)e; =0 for all X, Y on M if and only
ifv=2(1- m%) and 22 = 1. Hence, Theorem 3.1 is verified.
3

Ezample 6.2: In [2], it was shown that the warped product R x ; C™ with

2,1
f1:_ ) f2:07 f3:_ +77
f? f? f
is a generalized Sasakian space form. Since every generalized Sasakian space form
is a particular case of generalized (k, n)-space form, R x ; C™ with f1, f2, f5 define
as above and f4 = f5 = fs = 0 is a generalized (k, u)-space form.

(f')?
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