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Abstract. In this paper, we establish the existence and uniqueness of a fixed point of
(a, B)-admissible almost Z-contractions via simulation functions in metric-like spaces.
Our results generalize and unify several fixed point theorem in literature.
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1. Introduction

The well known Banach contraction principle [8] established the existence and
uniqueness of fixed point of a contraction on a complete metric space. Since then,
several authors generalized this principle by introducing the various contractions
on usual metric spaces such that as b-metric space, partial metric space, metric-
like space etc. As generalizations if standard metric spaces, metric-like spaces were
considered first by Hitzler and Seda [13] under the name of dislocated metric spaces.
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Afterwards Amini-harandi [2] proved some fixed point results in the class of metric-
like space. Very recently many authors have obtained fixed point results in the
setting of metric-like spaces, for example see [1, 4, 5, 6, 19, 24]. Let us recall some
notations and definitions we will need in the sequel.

2. Preliminaries

Definition 2.1. (]2, 5]) Let X be a non empty set. A function o : X x X — R*
is said to be a metric-like (or a dislocated metric) on X, if for any z,y,z € X the
following conditions hold true:

(01) o(xz,y) =0 implies z =y;
(02) o(z,y) =0y, );
(03) o(z,2) < o(z,y) +o(y,2).

The pair (X, o) is then called a metric-like space.

Then a metric-like on X satisfies all conditions of a metric except that o(x,x)
may be positive for x € X. Each metric-like 0 on X generates a topology 7, on X,
whose base is the family of open o-balls, then for all x € X and € > 0

B,(X,e)={y€ X :0(z,y) — o(z,x) < €}

Now, let (X, o) be a metric-like space. A sequence {z,} in the metric-like space
(X, 0) converges to a point € X if and only if lim,, o 0 (2, z) = o(z, ).

Let (X,0) be metric-like space, and let T': X — X be a continuous mapping.
Then lim,, 0o &, = 2 implies  lim, 400 T(2,) = T(z).

A sequence {z,} is Cauchy in (X, o), if and only if lim,, ;400 0(Zm, Tn) €x-
ists and is finite. Moreover, the metric-like space (X,o) is called complete, if
and only if for every Cauchy sequence {z,} in X, there exists x € X such that
limy, s 400 0(xn, ) = o(x, ) = limy m—st00 0(Tn, Tm)-

Every partial metric space and metric space is a metric-like space.

. _J 3: if x=y
Example 2.1. ([24]) Let X = {1,2,3} and o(z,y) = { 9. otherwise.
Then (X, 0) is a metric-like space. It is neither a partial metric space (o(1,1) = 3)
and (o(1,2) = 2) nor a metric space (o(1,1) = 3 #0).

Remark 2.1. ([1]) A subset A of a metric-like space (X, o) is bounded if there is a point
b € X and a positive constant k such that o(a,b) <k for all a € A.

Remark 2.2. ([1, 2]) Let X = {0,1} such that o(z,y) = 1 for each z,y € X and let
z, = 1 for each n € N. Then it is easy to see that z,, — 0 and x,, — 1 and so in metric
like space, the limit of a convergence sequence is not necessarily unique.
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The following Lemma is useful to prove our results.

Lemma 2.1. ([2, 5, 12]) Let (X,0) be a metric-like space. Let {x,} be a sequence
in X such that x, — x, where v € X and o(x,y) = 0. Then for all y € X we have

limy, s yoo 0 (70, y) = o (2, y).

Definition 2.2. ([23]) For a non empty set X,let T: X - X and o : X x X —
[0, +00) be given mappings. We say that T is a-admissible, if for all 2,y € X, we
have a(x,y) > 1 implies «(Tz,Ty) > 1.

The concept of a-admissible mappings has been used in many works, see for
example [6, 14, 17, 20, 22]. Later, Karapinar et al. [16] introduced the notion of
triangular a-admissible mappings.

Definition 2.3. ([16]) Let T : X — X and o : X x X — [0,+00) be given
mappings. A mapping T : X — X is called a triangular a-admissible if:

(Th) T is a-admissible;

(Tz) a(z,y) > 1 and a(y,z) > 1 implies a(z,z) >1forall z,y,z € X.
Chandok [11] introduced the concept of («, 5)-admissible Geraghty type contractive
mapping, with sufficient condition for the existence of a fixed point for such class of

generalized non-linear contractive mapping in metric space proved some fixed point
results.

Definition 2.4. ([11]) Let X be a non empty set, T : X x X and o, 8 : X x X —
R*, we say that T is an («, 3)-admissible mapping if a(z,y) > 1 and S(z,y) > 1
implies a(Tz,Ty) > 1 and f(Tx,Ty) > 1 for all 2,y € X.

Berinde [9, 10] extended the class of contractive mappings, introducing the notion
of almost contractions as follows.

Definition 2.5. Let (X, d) be a metric space. A self mapping T on X is called an
almost contraction if there are constants A € (0,1) and 6 > 0 such that

d(Tz,Ty) < Ml(z,y)+0d(y,Tz), for all z,y € X.

Berinde [9] proved that every almost contraction mapping defined in termsw of
a complete metric sapce has at least one fixed point. Subsequently, Babu et al. [7]
demonstrated that almost contractions type mappings have a unique fixed point
under conditions that present the notion of B-almost contraction.

Definition 2.6. Let (X, d) be a metric space. A self mapping T on X is called an

B-almost contraction if there are constants A € (0,1) and 6 > 0 such that
d(Tz,Ty) < M(z,y)+0N(z,y) for all z,y € X,

where N(z,y) = min{d(z,Tx),d(y, Ty),d(x,Ty),d(y, Tx)}.
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Khojasteh et al. [18] presented the notion of Z-contraction involving a new class
of mappings, namely simulation function to prove the following Theorem.

Theorem 2.1. Let (X,d) be a complete metric space and T : X — X be a Z-
contraction with respect to a function ¢ satisfying certain conditions, that is,

((d(Tx, Ty), d(x,y)) = 0

for all x,y € X. Then, T has a unique fized point, and for every initial point
xo € X, the Picard sequence {T™xq} converges to this fized point.

A simple example of Z-contraction is the Banach contraction, which can be
obtained by taking X € [0,1) and {(t,s) = As — t for all t,s € [0,+00) in above
result.

Definition 2.7. [18] Let ¢ : [0, +00) x [0, +00) — R be a function, then ¢ is called
a simulation function if it satisfies the following conditions:

(¢1) ¢(0,0) =0.
(&) C(t,8) < s—t, forall t,s > 0.

(¢3) If (tn), (sn) are sequences in (0, 4+00) such that lim, oot = lim,—yooSn >
0, then lim,,— 1 o sup {(tn, $n) < 0.

(C4) If (tn), (sn) are sequences in (0,400) such that lim, ooty = limy—yooSn >
0 and ¢, < s, for all n € N, then lim,_, 1 o, sup {(tn, $n) < 0.

If the function ( satisfies the conditions (¢1) — ({3), we say that  is a simulation
function according to the sense of Khojasteh et al.[18]. If it satisfies ({2) and ({3), it
is a simulation function according to the sense of Argoubi et al.[3] and if it satisfies
(¢1), (¢2) and (C4), then it is a simulation function according to the sense of Roldan-
Lopez-de-Hierro et al.[21].

Remark 2.3. ([18]) It is clear from the definition of simulation function that {(¢,s) <0
for all ¢ > s > 0. Therefore if T is a Z-contraction with respect to { € z then, for all
distinct z,y € X such that d(Tz,Ty) < d(z,y). This shows that every Z-contraction
mapping is contraction, therefore it is continuous.

In this study, by combining the ideas in [15] and [24], we prove some fixed point
results for (o, §)-admissible almost Z-contraction with respect to {. Moreover, one
example is given to support the obtained result.

3. Main Results

Firstly, we give the following definition which will be used in our main results.
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Definition 3.1. ([15]) Let (X,d) be a metric space and ¢ € z. We say that
T : X — X is an almost Z-contraction if there is a constant # > 0 such that

(3.1) (T, Ty),d(x,y) + ON(2,y)) = 0
for all z,y € X, where N(z,y) = min{d(z,Tz),d(y, Ty),d(z,Ty),d(y,Tx)}
Remark 3.1. If T is an almost Z-contraction with respect to { € Z, then

(3.2) d(Tz,Ty) < d(z,y) + ON(z,y)

for all z,y € X.
Our main result is as follows.

Theorem 3.1. Let (X,0) be a complete metric-like space and a continuous map-
ping T : X — X be a (a, B)-admissible almost Z-contraction with respect to a ¢
simulation function satisfying as

(3.3) Tz, Ty)B(Tx, Ty)o(Tx, Ty), o(x,y) + ON(z,y)) = 0

for all x,y € X and there exists xg € X such that a(zo, Txo) > 1, B(xo, Txo) > 1.
Then, T has a unique fixed point u € X.

Proof. Let x, be a sequence in X such that z,1 = Tz, for all n =0,1,2,3.... If
Ty = Tp4q then Tz, = 441 = z, ie. x, is a fixed point of T. So proof is trivial.
Now, we consider x,, # x,1 for all n € N U {0}.

Since a(xg, Txo) > 1 implies «a(xg,z1) > 1 and T is an (a, 8)-admissible, so

a(Tzog,Txy) > 1 implies a(z1,z2) > 1.

Continuing, we have for all n > 0

(3.4) Ty, Tpy1) > 1
Similarly for all n > 0, we obtain
(3.5) B(xn, Tnt1) > 1.

From (3.3), we have

0 < {(a(Tep—1,Txn)BTxpn-1,Try)o(TTn_1,Txn),0(Tpn_1,2n)
+ON (-1, %n))
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ie.

(3.6) 0 < (a(Tn,@nt1)B(@n, Tnt1)o(Tn, Tnt1),0(Tn—1,2Tn) + ON(Tn_1,2,))
Since

N(zp_1,2n) = min{o(@p_1,Trn_1),0(xn, TTy),0(@n-1,T2n),0(xn, TTp_1)}

min{a(xnfla xn)a 0($n7 anrl)a U(mnfh .’)3n+1), U(l"m .’En)} =0.
Therefore, from (3.6) and by (2, we have

0 < C(O‘(xnaxn—&-l)ﬂ(xnzxn—&—l)a(l‘namn-i-l)aO'(xn—hxn))
<

0(Tn-1,%n) — T, Tni1)B(@n, Tng1)0 (T, Tnir)

(37) Oé(l?n, xn-{—l)ﬂ(zna l’n+1)0'($n, JCn+1) < U(xn—la zn)
We know,
(3'8) J(xnv anrl) < a(xna xn+1)ﬁ(xnv xn+1)g(xn7 anrl)'

Since a(Zpn, Tny1) > 1 and B(2p, Tny1) > 1. From (3.7) and (3.8) for all n > 0,
we have

(39) O'(l‘n, zn—&-l) < a(xnv $n+1)ﬂ(zna xn+1)0'(xny xn—&-l) < U(xn—la iEn)
ie.
(3.10) (T, Tnt1) < 0(Tp_1,2Tn).

The sequence {o(Zy, Zn+1)} is non increasing. So there exist » > 0 such that
limp— 4000 (Tn—1, Tn) = 7. We prove that

(3.11) lim o(xp_1,2,) =0.

n—-+oo
Now, we assume on the contrary such that » > 0. By (3.9), we have

lm {a(zn, Znt1)B(@n, Tni1)o(Tn, Tny1)} =1
n—-+4oo

Since r > 0 and letting s, = a(Zn, Tnt1)B(Xn, Tni1)0 (Tn, Tni1) and t, = 0(Tp, Tpi)
such that limy,— oo S = limy—y o0 t, = 7, then by ((3) limy,— 400 SUp C(Sn, tn) < 0.
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Since ((sn,tn) >0, 80 0 < limy,— 4 o sUp ¢(Sn, ) < 0, which is a contradiction.
So, our assumption is false. Hence r = 0. Again we show that {z,} is a Cauchy
sequence in (X, 0), i.e.

(3.12) lim  o(zn,zm) =0.

n,m—-+4oo

Suppose on the contrary that is {z,} is not a Cauchy sequence. Then there
exist € > 0 for which we can assume subsequences Ty and Loz of z, with
n(k) > m(k) > k such that for every k

(3.13) O(Tngeys Tmy) 2> €

and ny) is the smallest number such that (3.13) holds.
From (3.13), we get

(3.14) J(xn(k_),l,xm(k)) <e.

Then by triangular inequality and (3.12), we have

€< J(xn(k)vxm(m) < J(xnw)’xn(m*l) + J(xnw)*laxmw)

< U(xn(k),xn(k)_l) + €.

Taking n — 400 in above equation and applying (3.11), we get

(315) limnﬂ%»oog(xn(k)v‘rm(k)) =€

From the triangular inequality, we have

U(l'n(k)+1’ l‘m(k)) < U(xn(k,)+17 xn(k)) + U<xn(k) ) xm(}«))
taking limit n — 400 and using (3.11), (3.13) and (3.15), we have
(316) nEr—‘,I-looU(xn(k)—’_l,xm(k)) = €.
Similarly, it is easy to show that

(317) ngrfooa(xn(k)-‘y-l;zm(k)"rl) = €.

Since T is an (a, §)-admissible almost Z-contraction with respect to ¢ and using

(C3)
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0 < lim Supl(a(Tzng,, TTm) B(TTn s Tom ) )0 (T, Tm,,, ),

n—-+4oo

O-(xn(k) ’ xm(k)) + HN('Tn(k) ’ xm(k) ))

(3'18) 0 < ngr_ir_looSupC(a(xn(k)Jrl’xm(k)+1)ﬁ<x’ﬂ(k)+17xm(k)Jrl)

(T 415 Ty +1), O (T s Ty ) FON (Zney s Ty )) < 0
Since

N(Zngy, Tmg,y) = min{o (@, Ton,, ), 0(Tmgy s TTm, ), 0(Tngy s TTmg, )
U(l‘m(k>,T.’En(k))}

= min{o(Zn ), Tngy+1), 0 (Tm Tmy+1)s 0 (En gy Tmy 1),
(T Try 1)}

taking n — 400 and using (3.11), we obtain

(3.19) im N (@n,, Tmg,) =0,

n—-+00
from (3.18) and (3.19), we have

0 < ngr-‘,l:loo sup C(a(mn(k)+l7x’m(k)+1)5($’n(k)+lawm(k)+1)o($n(k)+l7xm(k)+1)a

a(mn(k),xm(k))) < 07

which is a contradiction due to our assumption. So, {z,} is a Cauchy sequence.
Since X is complete metric-like space, then there exists © € X and using (3.12)
such that

(3.20) nll)rfoo o(zn,z) =o(x,z) = n7$g1+wa(xn,xm) =0.

Now, we show that = is a fixed point of 7. Since T is continuous and x,, — x
as n — +o00. So from (3.20)

(3.21) ngrfoo o(Tpy1,Tx) = ngrfoo o(Txy,Tx) =0Tz, Tx)=0.
Using Lemma (2.1) and (3.21), we have

(3.22) lim o(xpy1,Tx) =o(z, Tx),

n—-+oo
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from (3.21) and (3.22),

(3.23) o(x,Tx) = o(Tx,Tx) = 0.

Hence, Tx = z, that is x is a fixed point of T. Now, we shall show that the
uniqueness of fixed point of x. We argue by contrary. Assume that there exists
u € X such that Tu = v and = # u. Now,

(3.24) 0 < (a(Tz, Tu)3(Tx, Tu)o(Tx,Tu),c(x,u) +ON(z,u)),

where N(z,u) = min{o(z,Tx),o(u,Tu),o(x,Tu),o(u,Tz)},

(3.25) i.e. N(z,u)=0.

From (3.24) and (3.25), we have

0 < ((a(Tz,Tu)B(Tz,Tu)o(Tx,Tu),o(z,u))
< o(z,u) — aTz, Tu)S(Tx, Tu)o(Tx, Tu)
= o(z,u) — a(z,u)B(x,u)o(x,u)
= o(z,u)[l — alz,u)f(z,u)] <0,

since a(x,u) > 1, 8(x,u) > 1, which is a contradiction, so x = u. Hence T has a
unique fixed point. [

Corollary 3.1. In Theorem 3.1, if we have choose any one of the ( simulation
given below, we have the same result and proof are similar to these corollary.

(3.26) ((a(z, Tx)B(y, Ty)o(Tx,Ty), o(x,y) + ON(z,y)) = 0
(3.27) (a2, y)B(Tx, Ty)o(Tx,Ty),0(x,y) + ON(z,y)) = 0
(3.28) C(a(z,y)B(x, y)o(Tz, Ty), 0(x,y) + ON(z,y)) = 0

(3.29) (T, Ty)B(z,y)o(Tx, Ty),0(x,y) + 6N (z,y)) = 0.

The following example shows that our main result i.e. Theorem 3.1 is a proper
generalization of [15] and [24].
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Example 3.1. [12] Take X = [0, 4+00) endowed with the metric-like o(z,y) = 22 + y°.
Consider the mapping 7' : X — X given by

2
22— if z€][0,1]
T — T+1° 1 [ B
(z) { Jrék, if z>1.

Note that (X, o) is a complete metric-like space. Define mappings o, 8: X x X — R™T by

. [ 1 i =zyelo1],
oz, y) = fla,y) = { 0 if otherwise.

Note that T is an («, 8)-admissible mapping if a(z,y) > 1 and B(x,y) > 1 implies
a(Tz,Ty) > 1 and B(Tx,ty) > 1 for all z,y € X. By definition of @ and 3 this implies
that x,y € [0,1]. Thus

2 2
x Yy

Tx, Ty) = =1.

Tz, Ty) a<m+1’y+1)

Similarly 5(Tx,Ty) = 1.

From above, it is clear that T is an («, 3)-admissible mapping. Let ((t,s) = As — ¢,
A € ]0,1] for all s,¢t > 0. Also for z,y € X such that a(z,y) > 1 and B(z,y) > 1. So,
z,y € [0,1]. In this case, we have

(T, Ty)B(Tx, Ty)o(Tz, Ty),o(z,y) + ON(z,y))

(330) (o (L0t g 0N ()

. T+ 1 y+1 s Yy »Y) |-
Here 6 > 0 and

N(z,y) = min{o(z,Tz),0(y,Ty),o(z,Ty),o(y,Tz)}

. 2 z? : 2 3/2 ? 2 y2 ? 2 z? :
mnfe () 7+ () = G) o (55) )
Since z,y € [0,1]

(3.31) N(z,y) =
from (3.30) and (3.31), we have

2 2

(a(Tz, Ty)B(Tx, Ty)o(Tx,Ty),o(z,y) + ON(z,y)) = ((mi1)2 N (ﬁ)aﬁ_’_gf).

It follows that

Tz, Ty)B(Tz, Ty)o(Tx, Ty), 0 (z,y) + ON(2,y))
()" + () a7+ o)
() ()
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If we take A = %, we get

C(a(Tz, Ty)B(Tz, Ty)o(Tz, Ty), o(z,y) + ON(z,y))

e () o)) 2

ie. ((a(Tz,Ty)B(Tz, Ty)o(Tz,Ty),o(x,y) + ON(z,y)) > 0. Also let {z,} be a
sequence in X such that a(zn,Znt1) > 1, B(zn,Znt1) > 1 for all n and z, — z € X.
Then, {z,} C [0,1] and 22 + 2? — 22? as n — +o0o. Thus, x,, — = as n — +oo in (X, |.|).
This implies that z € [0,1] and so a(zn,x) = 1, B(zn,z) = 1 for all n. Moreover, there
exists ©o € X such that a(xo,Tzo) > 1, B(xo,Txo) > 1. In fact, for zop = 1, we have
a(1,71) = a(1,1/2) = 1 = (1,T1). Thus, all the conditions of Theorem 3.1 are verified.
Here x = 0 is the unique fixed point of T'.

4. Conclusions

In this paper, we studied («,)-admissible almost Z-contraction for a mapping
T over a nonempty set X endowed with a complete metric-like space. Based on
this a new contraction, some fixed point results are obtained. Our results are
generalization for many existing results in the literature. Finally, we show the
usability of our result by setting up one example.
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