FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 36, No 5 (2021), 1155-1168
https://doi.org/10.22190/FUMI2108040840

Original Scientific Paper

ON THE BI-P-HARMONIC MAPS AND THE CONFORMAL MAPS

Seddik Ouakkas and Abderrazak Halimi

Laboratory of Geometry, Analysis, Control and Applications, University of Saida,
Dr Moulay Tahar, BP 138 EN-NASR, 20000 Saida, Algeria

Abstract. The objective of this paper is to study the bi-p-harmonicity of a conformal
maps. We establish necessary and sufficient condition for a conformal map to be bi-p-
harmonic and we construct several examples of this type of maps.
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1. Introduction

Let ¢ : (M™,g) — (N™, h) be a smooth map between two Riemannian mani-
folds. Then ¢ is said to be harmonic if it is a critical point of the energy functional

2

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it
satisfies the associated Euler-Lagrange equations given as follows:

E(¢) =2 /M do|dv,

7(¢) = TryVdo =0,

7 (¢) is called the tension field of ¢. The map ¢ is said to be biharmonic if it is a
critical point of the bi-energy functional:

1

B2 (0) =3 [ Ir@)Pdv,
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The biharmonicity of ¢ is characterized by the following equation:

72 (6) = —Try (V?)* 7(¢) — Try RN (7(¢), d)d = 0,

where V is the connection in the pull-back bundle ¢—(T'N) and, if (¢;),.,,, is a
local orthonormal frame field on M, then T

Try (V9)'7(0) = (VEVE = Vo, ) 7(9).
We will call the operator 72 (¢), the bi-tension field of the map ¢. A generalization

of harmonic and biharmonic maps, p-harmonic and bi-p-harmonic maps are defined
as follows : Let p > 2, the p-energy functional of ¢ is defined by

1
E,(¢) = » /M |do|Pduy.

¢ is said to be p-harmonic if it is a critical point of the p-energy functional (with
respect to any variation of compact support). Equivalently, ¢ is p-harmonic if it
satisfies the associated FEuler-Lagrange equations:

7o (¢) = |do|” > {7 (¢) + (p — 2) d¢ (gradIn|ds|)} = 0,

Tp (¢) is called the p-tension field of ¢, one can refer to [1], [12] and [15] for more
details on p-harmonic maps. The bi-p-energy of ¢ is defined by (see [4]) :

1
Bap(@) = 5 [ 17(0) P,
M
Equivalently, ¢ is bi-p-harmonic if it satisfies the following equation:

Top (0) = —TryV? |do|P > Vo7, (¢) — |do|P > Try RN (1, (¢) , do) do

1.1
-y — (p=2)T1yV* (V7 (9) . do) |dol* " do) = 0,

where
TrgV? |dg|P > Vo, (¢) = V2 |dg|" > V¢ 7, (¢) — |doP > VL, 7, (9)
and

Tr,V* (V7 (6) ) [dol" " do) = V2, dol" ™" (T, (6) ,d6) do (e:)
— |do "~ (V7 (), do) do (Ve es)

Ta,p (¢) is called the bi-p-tension of ¢. Following Jiang’s notion (see [9]), we define
stress bi-p-energy tensor associated to the bi-p-energy functionals by varying the
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functionals with respect to the metric on the domain (see [11]). For any X,Y €
' (TM), we have

S2 (6) (X,¥) = 1 I, (8)[* g (X,Y) + 161" (6, V%7, (6)) g (X, Y)
(12) —1do"* {n (d6 (X), V97, (9)) + 1 (do (V) , V%7, (0)) }
— (p—2) |do|"~* (g, V7, (8)) h (dop (X) ,dep (V).
The stress bi-p-energy tensor of ¢ satisfies the following relationship

diUSQ’p ((]5) =—h (7-2,1) (qj)) >d¢) .

The notion of bi-p-harmonic maps was introduced by A.M.Cherif [4] where he gave
the Euler-Lagrange equations associated with the bi-p-energy and he proved a Li-
ouville type theorem for this class of maps. It is important to recall that the
p-biharmonic maps are the critical points of the p-bi-energy functional

1 p
0= /M 17 (6) [Pdu,

and this type of maps was studied in [3], [5] and [8]. This paper is a continuation
of Cherif’s work [4] on bi-p-harmonic maps where we study the bi-p-harmonicity
of a conformal map ¢ : (M™",g) — (N™, h) (n > 3), we calculate 7 , (¢) and we
prove that any conformal map is bi-p-harmonic if and only if the gradient of its
dilation satisfies a certain second-order elliptic partial differential equation. From
these results, we construct new examples of bi-p-harmonic maps.

2. The main results

In the first we give the relation between 7, (¢) and 7, (¢).

Proposition 2.1. Let ¢ : (M™,g) — (N™, h) be a smooth map, then the relation
between T2, (¢) and 1, (@) is given by the following equation

72 (8) = = |dd" ™ (Try (V) 73 (8) + Try BY (7, (9) ,d6) do)

+ (= 2) [doP" ™ (V7 (6) ,d6) do (grad (n]do*))
(2.1) —(p—2)ldg|"" do (grad (VT, (4) ,dg))
— (p—2)|dé| > (V7 (¢) ,d&) 7 (¢)
(p 2) |d¢|p 2 grad(lnldd)‘ ) (¢)

Proof of Proposition 2.1. Let us choose {e;},.,;.,, to be an orthonormal frame
on (M, g). By definition, we have -

Tap (¢) = —TrgV? |dp|P > Vo7, (9) — |dp|P > Try RN (7, () , do) dob

=2 (0~ 2)TryV* (97, (6) . d0) a0~ do).
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For the term T7,V? |dp|" > V7, (¢), we obtain

TryV?|dg|"* Vo7, (9) = V2, |del"* V7, (9) = A6l 2 VG, 7 (9)
a simple calculation gives us

V|l Ve 7, (8) = A6l VE VEm, (6) + e (|l ) Vi m, (9)

_ -2 _
= 1462 V2,8, () + L2206V (0).

then
Tr,V* Ao 2 V07, (6) = |dg" 2 Try (V*)" 7, (¢)
(2.3) P—2), . o
+ T ‘d¢|p ’ vjraui(ln|d<;$|2)Tp (¢) :

We will develop the term T'r,V? ((VTP (¢),de) |dg|P~* dd)), we have

Tr,V* (97, (9) , do) ldgl"~" do)

= V¢ |do|" ™ (V7 (9) ,do) do (e;) — |do|"* (V7 (¢) ,do) do (Ve,e:)
= |do"~* (V7 (6) o) VE,d (ei) + e: (1agl" ™" (Vr, (6) o) ) do (e:)
— |do|P ™" (V7 (¢) ,do) do (Ve,e:)

= A"~ (V7 (9) . dg) V¢, do (e:) — |dg["™* (V7 (6) , dg) d (Ve e)
+ Ao e (V7 (9),d6)) do () + (V7 (8) ,d) e (|dol” ™" ) d (c:)
= |de|" " (V7 (¢) ,de) 7 () + [dg|”~* d (grad (V7, (6) , dg))

+ P2 o (97, (6) ,d6) d6 (grad (n]ds ) )

Using the fact that

7(6) = 1do| "7, (6) ~ P 2o (grad (nlas?)).

it follows that

T,V (V1 (8) ,d0) o] do ) = o] (V7 (6) ,d0) 7 (6)
(24) +[del" ™ de (grad (V7 (6) , o))
—|do["~" (V1 (9) , d) do (grad (In|dg|*)).
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By replacing (2.3) and (2.4) in (2.2), we deduce that
72 (@) =~ do]" " (Try (V%) 7 (&) + Try RN (7, () , dg) do)
+(p = 2) [doP" ™ (V7 (6) ,d6) o (grad (n]do*))
—(p—2) |do" " do (grad (V7 () o))
)

—(p=2)1d¢| * (V7 (¢) . dg) 75 (9)

grad(ln|d¢\ ) (¢) :

Theorem 2.1. Let¢: (M™,g) — (N™, h) (n > 3) be a conformal map of dilation
A, then the bi-p-tension of ¢ is given by

Top (¢) = (n —p)n? NP~ 1de (H (A, n, p))
where
H(M\n,p)=(n+p—2)grad(Aln )
(n2 —5np+4n—2p2—|—8p—8)

— 5 grad (|grad1n )\\2)

—(p—1)(n* —3np+4n —2p° +8p —8) lgradln A|* gradIn A
—2(n—p*+3p—2) (Aln\) gradln A + 2nRicci (gradIn \) .

Lemma 2.1. Let ¢ : (M™,g) — (N™, h) be a smooth map. For any vector filed
X and for any smooth function f on M, we have

Try (V)" fdo (X) = fTry (V%) dg (X) + 2V, ,pdé (X) + (AS) dé (X) .

Proof of Theorem 2.1. The fact that the map ¢ is conformal of dilation A gives
us
7(¢) = (2—n)do (gradln \), |d¢|2 =nA\2,  |do|P” 2 _ 22

and

grad (111 |d¢|2> = 2¢gradln \.
Then B

7 (¢) = (p—n)n"= NP~2d¢ (gradln \).

By replacing the expression of 7, (¢) in (2.1), we obtain

2 (8) = — (p— n) nP2NP 2Ty (V?)* NP2 (gradIn \)
— (p—n)nP2XN2Tr RN (\P72d¢ (gradln ) , de) do
—(p—2)(p—n)nP 2\~ Qijdln/\)\p 2d¢ (gradln \)
—(p—2)(p—n)’>nP=3AP~4 (VAP~2d¢ (gradIn \) , d¢) do (gradIn )
—(p—2) (p—n)nP3N"4d¢ (grad (VAP"?d¢ (gradln ), do))
2(p—2)(p—n)nP3\P~4 (VAP72dg (gradIn \) , do) d¢ (gradIn X) .

T2

(2.5)

+
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We will simplify the terms of this last equation.
For the term T'ry (V¢’)2 NP~2d¢ (gradln \), we have

Tr, (V¢)2 N=2d¢ (gradIn \) = NP2 Tr, (V¢)2 d¢ (gradln \)
+2V? ne-2dd (gradin )
+ (ANT?) dg (gradln \).

The fact that ¢ is conformal gives us (see [13])

Trg (V¢)2 d¢ (gradln \) = d¢ (gradAlnN) + 2d¢ (grad <|g7“ad In )\|2))

— (n—2) |gradIn \|* d (gradln \)
— (AlnX)de (gradln ) + dé (Ricci (gradln X))

and
ZVZ)md/\p_zd(b (gradn\) = 2 (p — 2) \*~2 |gradIn A|* d¢ (gradIn \)

+ (p—2) \P~2d¢ (grad (|gradln )\|2)) :

A simple calculation gives

ANPT2 = (p—2) NP2 (A InA+ (p—2) |g7“ad1n)\|2) ,

then
Try (V?) 2 NP2dg (gradln \) = NP~2d¢ (gradAln \)
+ AP (gmd (\ gradln )\\2))
(2.6) — (n—p*+2p — 2) "2 |gradIn A]* do (gradn \)

+(p—3) A2 (Aln \) d¢ (gradln \)
+ N72d¢ (Ricci (gradln \)) .

The fact that ¢ conformal also gives us the following formulas (see [13])

TryRY (de (gradIn \) , do) do = —”T_2d¢ (gmd (\gradln)\\z))

(2.7) — (Aln\)dé (gradln \)
+ d¢ (Ricci (gradln X))
and
VY a2 (gradn X) = (p — 1) W72 |gradIn A]” d¢ (gradIn \)

(2.8) + %)\p—qus (grad (\gradln )\|2)> .
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For the term <V/\p*2dgz5 (gradln ) ,d¢>, we have
(VAP72d¢ (gradIn X),dp) = Tryh (VAP~?dé (gradln N) , do)
=h (Ve N 72de (gradln N) ,d¢ (e;))
= N"2h (Ve do (gradln\) ,do (e;))
+e; (A'7?) h(do (gradIn ), dé (e;))
= P2 (AQA In A + nA? [gradln ) )
+(p—2) N 2X2 |gradIn A]* .
Then
(29)  (VN"2do(gradln ), do) = ¥ (AlnA+ (n+p —2) lgradln A
Finally, using the following formulas
grad (AP (Aln A)) = APgradAln A+ pAP (Aln\) gradln A
and
grad ()\p |gradln )\|2) = Ngrad (|gradln )\|2) + pAP [gradIn A gradIn A,
we obtain
grad <V)\p_2dq5 (gradln ), d¢> = NPgradAln A+ pAP (Aln ) gradln A
(2.10) + X (n+p—2)grad <|grad In )\|2)
+p(n+p—2) N |gradln A]* gradIn X
If we replace (2.6), (2.7), (2.8),(2.9) and (2.10) in (2.5), we conclude that
Top (@) = (n = p) PPN 4dg (H (X, n,p)) |
where
H(An,p)=(Mn+p—2)grad(Alnl)

2 _5np+4n —2p> +8p—8
- (n np n2 i L )grad<|grad1n/\\2)
—(p-1) (n2 —3np+4n — 2p* + 8p — 8) |gmdln)\|2 gradln \

—2(n—p*+3p—2) (Aln\) gradln X + 2nRicci (gradIn \) .

Theorem 2.2. Let¢: (M™,g) — (N™, h) (n > 3) be a conformal map of dilation

A, then ¢ is bi-p-harmonic if and only if

(n2 — B5np + 4n — 2p? +8p—8)
2

—(p-1) (n2 —3np+4n —2p*> +8p — 8) |gmdln)\|2 gradln \

—2(n—p*+3p—2) (Aln\) gradln X + 2nRicci (gradln \) = 0.

(n+p—2)grad(Aln\) — grad <|g7“ad In )\|2)
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If we consider a conformal map ¢ : (R", g) — (N™, h) (n > 3) where we suppose
that the dilation A is radial, then the bi-p-harmonicity of ¢ is equivalent to an
ordinary differential equation.

Corollary 2.1. Let¢: (R",g) — (N™,h) (n > 3) be a conformal map of dilation
X where we suppose that the dilation X is radial (A = X\ (r),r = |z|). By setting
B =(n\), we get (see [13])

gradln A = 5ﬁ, |gradln )\|2 =p3%  grad (\gradln )\\2) = QBB’Q
or ar
and
Alnr=pg + =15 gradama= (pr+ "=ty =15} 9
T r r2 or

Using Theorem 2.2, we deduce that ¢ is bi-p-harmonic if and only if B satisfies the
following differential equation :
(2.11)

(n+p—2)B" — (n® — 5np+ 6n — 4p> + 14p — 12) BB’ +

B (n+p72)(n71)ﬂ+2(p2—3p—n—|—2)(n—1)52

+(p71)(—n2+3np—4n+2p278p+8)ﬁ3:0.

(n+p—-2)(n—-1)

5/

To solve equation (2.11) , we will study two types of solutions. In the first case, we
look at the solutions which are written in the form 8 = %,a € R*, we obtain the
following result.

Corollary 2.2. Let¢: (R",g) — (N™,h) (n > 3) be a conformal map of dilation
A where we suppose that (In )\)/ =B = %,a € R*. Then ¢ is bi-p-harmonic if and
only if a is solution of the following algebraic equation :

(2.12)

a’n?p — a*n? — 3a%np? + Ta*np — 4a’n — 2a%p® + 10a?p? — 16a*p + 8a? + an’?

— 2anp® + 1lanp — 12an + 6ap® — 20ap + 16a + 2n2 + 2np — 8n — 4p + 8 = 0.

Remark 2.1. Equation (2.12) leads us to two types of solutions

1.
2(n — 2) (n+ n (T — 16))
(3n%2 —6n+4)/n(17n — 16) — 13n3 + 42n2 — 28n

a = —

and
_1 n(17n716)7§n+2
p_4 4 ’

where n > 3.



On the bi-P-harmonic mpas and the conformal maps. 1163

o A(n,p) —12n — 20p — 2np® + 11np + n> + 6p + 16
"~ 8n +32p + 6np? — 2n2p — 14np + 2n2 — 20p2 + 4p3 — 16

or
__A(n,p)+12n+20p + 2np° — 1lnp — n® — 6p° — 16
T 8n+ 32p+ 6np? — 2n2p — 1dnp + 2n2 — 20p2 + 4p3 — 16’

where

Aln,p) = 4(n—1)°p* —4(n—1)(n—4)p* + (12n® — 350 + 8n + 16) p°
= —2n (4n® — 3n® — 160+ 16) p+ n? (3n — 4)°

and

e
p;éi n(l?n—lﬁ)—in-i-Q

Remark 2.1 allows us to study the following examples. The examples to be cited
correspond to the cases where a = —2 and a = —1.

Example 2.1. We consider the inversion ¢ : R™\ {0} — R"\ {0} (n > 3) defined by
¢ (z) = ﬁ ¢ is a conformal map with dilation A = %2 We deduce that ¢ is bi-p-harmonic

if and only if
p:f%nJri 720n+12n2+9+§, n>4

p:—2n+i\/n(17n—l6)+2, n>3.

or

Example 2.2. Let ¢ : R™\ {0} — mathbbR x S™~! given in polar coordinates by
¢ () = (Inr,0), r>0, HeS"'CR™
¢ is a conformal map with dilation A = % We conclude that ¢ is bi-p-harmonic if and

only if

or

p:72n+i\/n(17n716)+2, n > 3.

As a second particular case, we will look for the solutions of the form g =
R*.

e _
117200 €

Corollary 2.3. Let¢: (R™, g) — (N™, h) (n > 3) be a conformal map of dilation
X\ where we suppose that (In\) = g = 7.0 € R*. Then ¢ is bi-p-harmonic if
and only if a is solution of the following system:

n®p 4 2n® — 3ntp? — 6np — 4n* + n3p® + 6np?
+14n3p — 4n? + 3n2p* — 6n2p3 — 12n2p? + 4n?p
+8n% — 2np® + 4np* — 2np® + 16np? — 24np
+4p* — 16p> + 16p? = 0
and
3an? — 2anp® + anp — 2ap® + 8ap — 8a +2n® +2np +4p —8 =0

(2.13)
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Remark 2.2. To solve this system, we distingue three cases

1.

p=n, a = TL23

n—2’

In this case, the conformal map is n-harmonic so bi-n-harmonic.

n o= 6n —8
2’ T n2-8n+8’
Then ¢ is bi-p-harmonic non-p-harmonic.

p= n > 4.

p:i(\/—16n+4n2+8n3+n4+4+n2+2)
2n

and
%+ 2np+4p — 8
a=— , n > 3.
3n2 — 2np? +np — 2p2 + 8p — 8

Then ¢ is bi-p-harmonic non-p-harmonic.

As the last result of this paper, we calculate the stress bi-p-energy tensor for a
conformal map.

Theorem 2.3. Let ¢ : (M™, g) — (N™, h) be a conformal map of dilation A, then
we have

S2,p (9) (X,Y)
p—n p—3)2p—2
(2.14) - " A (” (n+p—4)-2(p— 2)2> lgradin \* g (X,Y)
+(p—n)(n—p+2)n" AP 2 (AlnN) g (X,Y)
—2(p—n)nP 2N 2(VdIn A (X,Y) — (p—2) X (In\) Y (In))),

and the trace of Sa, (@) is given by

TrySap (9)
(2.15) = %npﬁ)\gp_z (nin+p—4)—2(p—2)(p—4))|gradin \?
—(p—n)?nP 22?2 (An)).
By using the fact that
AN = AR (A In\+ k \gmdln/\|2) :

we obtain the following corollary :

Corollary 2.4. Let ¢ : (M™,g) — (N",h) be a conformal map of dilation X
where n # p, then

TrySap (¢) = — (p—n)> nP~2A2P2T (),
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where
—4)—-2(p—2 —4
T =Alr4 MOFEP=D =20 =B =D |y 2
2(n—p)
and
i i . n(ntp—4)—2(p—2)(p—4) .
TrySap (¢) =0 if and only if the function A 2(n=p) is harmonic.

Remark 2.3. Let ¢ : (R",g) — (N",h), (n # p) be a conformal map of dilation A
where we suppose that the dilation X is radial. By setting 8 = (In\)’, we deduce that the
trace of Sz p (¢) is zero if if and only if 3 satisfies the following differential equation :

1 2% — 4
(2.16) B+ ﬁ+n+2p

p*=0.
The general solution of this equation is given by :

2(n—2)
B = { A("*Q)Tnfzf(n+2p74)r’ n 7é 2, A€R

(n+2p—4)rlnr+Ar? n= 27 A eR.

Remark 2.4. Let¢: (R",g) — (N",h), (n # p, n # 2) be a conformal map of dilation
A where we suppose that the dilation A is radial. we will look for the solutions of the form
B =%,a € R*. we deduce that the trace of Sz, (¢) is zero if if and only if

2(n—2)

2.1 —_=n=2)
(2.17) = o

n+2p—4#0.

For example, if we consider the conformal map ¢ : R™\ {0} — R x S™~! given in polar
coordinates by ¢ (r0) = (Inr,8), we conclude that for this map ¢ the trace of Sz, () is
zero if if and only if n = 2p.

Proof of Theorem 2.3. Let us choose {€;},.,,, to be an orthonormal frame on
(M, g). By definition, we have o

52 (6) (X,Y) = 5 |1 (0)* 9 (X, ¥) + 6" (d6, 97, (6)) 9 (X, ¥)
RA8) —Jagl" 1 (do (X), V7, (9)) = Idol" > h (o (¥), V57 ()
—(p—2) "™ (dg, Vo7, (9)) h (do (X) ,dg (V).
Using the fact that
75 (¢) = (p— n) n"T AP~2de (gradln \) ,
we obtain

(2.19) 17, (9)]> = (p — n)* nP"2A?2 |gradIn A]* .
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For the term (d¢, V47, (¢)), we have
(9. Vo7, (9)) = h (do (ei) , VE 7, (6))

= (p—n) n;h (do (e;), V¢ NP~2d¢ (gradin \))

=(p—n)n"T XP72h (do (e;), V¢ d¢ (gradln X))

+(p-n)n"z ei (A7) h(dg (e;),do (gradln )
=(p—n) n"z \P (A In A+ n|gradin )| )
+(p—n)(p—2)n"T N |gradln A

It follows that

(220)  (dg,VP7, (¢)) = (p—n)n"T AP (A A+ (n+p—2)|grad 1n>\|2) .

It remains to simplify h (qu (X),Ver, (¢)) and h (d¢ Y, V%7, (¢)), we have

h(d6 (X), V97, (9)) = (0 = n) "7 h (do (X), VEN~2d6 (gradn \))

p—n)n )\deln)\(X Y)

+(p-—n)n'T “ AP |gradln)\\ g(X,Y)

+(p—n)(p—2)n"T WX (InX)Y (In)),

(
= (

3

p—=

which gives us
h <d¢> (X), VT, (¢)) = (p—n)n T APVdIn A (X,Y)
(2.21) +(p—n) n"z AP lgradIn \* g (X,Y)
+(p—n)(p—2)n"T APX (InA)Y (In\).
A similar calculation gives
h (dqs V), V%7, ((b)) = (p—n)n T APVdIn A (X,Y)
(2.22) +(p—n)n"T A |gradln A* g (X,Y)
F(p—n)(p—2)n"T A?X (InA)Y (In)).
By substituting (2.19), (2.20), (2.21) and (2.22) in (2.18) and using the fact that
jdgP> = n"T A2, APt = T A,
we deduce that
Sa.p (6) (X,Y)
_ f%np—:%)ﬁp# (n (n+p—4)—2(p— 2)2) lgradn AP ¢ (X,Y)
+(p—n)(n—p+2)nP3A?P"2 (Aln)) g(X,Y)
—2(p—n)nP NP2 (Vdln A (X,Y) — (p—2) X (In\) Y (In\)).
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To complete the proof, let’s calculate the trace of S, (¢), we have

TrySap (¢) = S2.p (9) (i, €i)
D—M p-3y2p-2 2 2
:Tn” AP (n(n+p74)f2(p—2) )|gradln)\| g (ei,e;)

+(p—n)(n=p+2)nP NP2 (Aln ) g (e;, )
—2(p—n)nP2N*72(VdIn A (e;,e;) — (p—2) e; (InX) e; (In N)),

then

TrgSap (¢) = ]%n”_Q)PP_Q (n(n+p—4)—2(p—2)(p—4))|gradln X

—(p—n)*nP2AP"2 (Aln ).
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