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Abstract. In this paper, for the first time we present the generalized notion of (A,
B, G, D)— convex (concave) function in mixed kind, which is the generalization of
functions given in [15], [2], [4], [14], [16] and [3]. We would like to state well-known
Ostrowski inequality via Fuzzy Riemann Integrals for (A, B, G, D)— convex (concave)
function in mixed kind. Moreover we establish some Fuzzy Ostrowski type inequali-
ties for the class of functions whose derivatives in absolute values at certain powers
are (A, B, G, D)-convex (concave) functions in mixed kind by using different techniques
including Hoélder’s inequality [27] and power mean inequality [26]. Also, various es-
tablished results would be captured as special cases with respect to the convexity of
function.

Keywords: fuzzy Riemann Integral, convex (concave) function, Ostrowski inequality.

1. Introduction

From the literature, we recall and introduce some definitions for various convex
(concave) functions.

Definition 1.1. [3] A function ¢ : I C R — R is said to be convex (concave)
function, if

¢ (tx + (1 —t)y) < (2)to(z) + (1 - 1)o(y),
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Yo,y € I,t € [0,1].
We recall here definition of P—convex(concave) function from [14]:

Definition 1.2. We say that ¢ : I C R — R is a P—convex(concave) function, if
¢ is a non-negative and Va,y € I and ¢ € [0, 1], we have

¢ (tx+ (1 —t)y) < (Z)o(x) + ().

Here we also have definition of quasi—convex(concave) function (for detailed
discussion see [16].

Definition 1.3. A function ¢ : I C R — R is known as quasi—convex(concave), if

p(tr + (1 —t)y) < (>) max{¢(x), (y)}

Vo,y eI, t €[0,1].

Now we present the definition of s—convex functions in the first kind as follows
which are extracted from [22]:

Definition 1.4. [4] Let s € [0,1]. A function ¢ : I C [0,00) — [0, 00) is said to be
s—convex (concave) function in the 1%¢ kind, if

¢ (tz + (1 —t)y) < (2)°(x) + (1 - °)d(y),
Va,y € I,t €[0,1].

Remark 1.1. Note that in this definition, we also included s = 0. Further, if we put
s = 0, we get quasi—convexity (see Definition 1.3).

For the second kind of convexity, we recall the definition from [22].

Definition 1.5. Let s € [0,1]. A function ¢ : I C [0,00) — [0,00) is said to be
s—convex (concave) function in the 2"? kind, if

¢tz + (1 =1)y) < ()t ¢(z) + (1 1) (y),
Yo,y € I,t €10,1].

Remark 1.2. In a similar manner, we have slightly improved the definition of a second-
kind convexity by including s = 0. Further if we put s = 0, we easily get P—convexity
(see Definition 1.2).

Now we introduce a new class of functions which would be called the class of
(s,r)— convex (concave) functions in the mixed kind:
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Definition 1.6. Let (s,7) € [0,1]2. A function ¢ : I C [0,00) — [0, 00) is said to

be (s,

r)—convex (concave) function in mixed kind, if

¢ (te+ (1 =t)y) < ()7 o(x) + (1 —17)°¢(y),

Yo,y € I,t € [0,1].

Definition 1.7. [15] Let (4, B) € [0,1]?. A function ¢ : I C [0,00) — [0,00) is
said to be (A, B)—convex(concave) in the 15 kind, if

¢ (tz + (1= t)y) < ()t o(x) + (1 - t7)o(y),

Yo,y € I,t € [0,1].

Definition 1.8. [15] Let (A4, B) € [0,1]?. A function ¢ : I C [0,00) — [0,00) is
said to be (A, B)—convex(concave) function in the 2"? kind, if

¢ (tz + (1 = t)y) < ()t o(x) + (1 - )P (y),

Yo,y € I,t €10,1].

Next, we introduce (A, B, G, D)—convex(concave) in mixed kind.

Definition 1.9. Let (A, B,G, D) € [0,1]*. A function ¢ : I C [0,00) — [0,00) is
said to be (A, B, G, D)—convex(concave) function in mixed kind, if

(1.1)

¢ (tz + (1= t)y) < (2)"“9(2) + (1 - t79)Pg(y),

Yo,y € I,t €10,1].

Remark 1.3. In Definition 1.9, we have the following cases.

1.

If we choose G = D = 1 in (1.1), we get (A, B)—convex (concave) in 1°* kind
function.

If we choose B = G = 1 in (1.1), we get (A, B)—convex (concave) in 2" kind
function.

If we choose A = D = s, B = 1,G = r, where s,r € [0,1] in (1.1), we get
(s,7)—convex (concave) in mixed kind function.

If we choose A= B =sand G =D =1 where s € [0,1] in (1.1), we get s—convex
(concave) in 1°* kind function.

If we choose A= B =0,and G =D =1, in (1.1), we get quasi—convex (concave)
function.

If we choose A =D = s, B =G =1 where s € [0,1] in (1.1), we get s—convex
(concave) in 2"? kind function.

If we choose A =D =0, and B=G =1, in (1.1), we get P—convex (concave)
function.
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8. If we choose A = B =G = D =1 in (1.1), gives us ordinary convex (concave)
function.

In almost every field of science, inequalities play an important role. Although
it is very vast discipline but our focus is mainly on the Ostrowski type inequalities.
In 1938, the Ostrowski established the following interesting integral inequality for
differentiable mappings with bounded derivatives. This inequality is well known in
the literature as the Ostrowski inequality.

Theorem 1.1. [23] Let ¢ : [pa,pp] — R be a differentiable function on (pa, pp)
with the property that |’ (t)| < M for allt € (pa, py). Then

1 Pb 1 x_Pa;Pb 2
1.2 ) — / mﬂgﬂl P = i B
02) et o [t < MG =) | 5+ (2

for all x € (pa,pp). The constant i is the best possible in the kind that it cannot be
replaced by a smaller quantity.

Definition 1.10. [29] A fuzzy number is ¢ : R — [0, 1] can be defined as
1. [¢]° = Closure({r € R: ¢(r) > 0}) is compact.
2. ¢ is Normal.( i.e, 3 ro € R such that ¢(rg) =1 ).

3. ¢ is fuzzy convex, i.e, ¢(nri + (1 —n)re) > min{p(r1), #(r2)}, Vri,re € R,
n € [0,1].

4. Vrg € R and € > 0, 3 Neighborhood V (rg), such that ¢(r) < ¢(rg) +¢, Vr € R.

Definition 1.11. [30] For any ¢ € [0,1], and ¢ be any fuzzy number, then (—level
set [6]° = {r € R+ 6(r) > ¢} Moreover [¢]° = [¢'9,6{] ¥ € [0,1]

Proposition 1.1. [31] Let ¢, € Fr(Set of all Fuzzy numbers) and n € R, then
the following properties holds:

1. [¢]°" C [¢]** whenever 0 < ¢y < ¢ < 1.
2. [p+ el = [0 + [

3. od =nlg.

4- 0B =0d¢.

5 NOd=00On.

6.160¢=0¢.
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V¢ € [0,1], where 1 € Fr, defined by Vr € R,1(r) = 1.
Definition 1.12. [29] Let D : Fg x Fr — R4 U {0}, defined as

D(s.¢) = s ma {6168 [ o, 171}

¢elo,1]

Vo, p € Fr. Then D is metric on Fg.

Proposition 1.2. [29] Let ¢1, ¢a, ¢3, 04 € Fr and n € Fr, we have
1. (Fr, D) is complete.
2. D(¢1 @ ¢3, 92 @ ¢3) = D(¢1, ¢2).
3. D(n® ¢1,n ® ¢2) = [n|D(¢1, P2).
- D(¢1 ® 2,03 ® ¢4) = D(¢1, ¢3) + D(d2, ¢4).
$1 @ ¢2,0) < D($1,0) + D(652,0).
@ b2, ¢3) < D(¢1, ¢3) + D(62,0),
where 0 € F, defined by Vr € R,0(r) = 0.

(
(61
D(
D(¢1

Definition 1.13. [30] Let ¢, ¢ € Fg, if 3 6 € Fg, such that ¢ = ¢ @© 0, then 0 is
H —difference of ¢ and ¢, denoted by 8 = ¢ © .

Definition 1.14. [30] A function ¢ : [rg, 79 + €] — Fg is H—differentiable at r, if
3 ¢'(r) € Fg, i.e both limits

lim 20 ER OO0
h—0+ h h—0+ h
exists and are equal to ¢'(r).
Definition 1.15. [28] Let ¢ : [pa, pp] — Fr, if V¢ > 0,3n > 0, for any partition
P = {[u,v] : D} of [pa, pp] with norm D(P) < 7, we have

D (Zw —u>¢<D>,@> <¢

P
then we say that ¢ is Fuzzy-Riemann integrable to ¢ € Fg, we write it as
Pb
= (FR) o(z)dx
Pa

In order to prove our main results, we need the following Lemma that has been
obtained in [5].
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Lemma 1.1. Letp: [pa, pp] = FRr be an absolutely continuous mapping on (pa, pb)

with po < py. If @' € CFlpa, ps] N LF[pa, ps], then for © € (pa,py) the following
identity holds:

! " (2 = pa)’ o
© (FR) p(t)dt ® ———— O (FR) [ to ¢ (tx+ (1 —t)pg)dt
Pb = Pa . Pb = Pa 0

)2 1
(1.3) =p(z)® (Zz—pz © (FR)/O te @ (tr + (1 —t)pp)dt.

We make use of the beta function of Euler type, which is for x,y > 0 defined as
1
()l
B@%w==/‘ﬂf%l—tﬂ*%uzglfLﬁﬁv
0 I'(z +y)

where T'(z) = [ e~ “u"du.

2. Generalized Fuzzy Ostrowski type inequalities via
(A, B,G, D)—convex functions in mixed kind

Theorem 2.1. Suppose all the assumptions of Lemma 1.1 hold. Additionally,
assume that D(¢’,0) is (A, B, G, D)—convez function on [pa, pp] and D(p'(x),0) <
M. Then Vx € (pa, py), the following inequality holds:

Py
D (so(x), ® (FR) / @(t)dt>
Pb — Pa .
1 B(&,D+1)

2.1 <M = ;
. B (AG 2" BG (@),
where I(z) = (@=pa)’+(pp—2)*

Pb—Pa
Proof. From the Lemma 1.1
Pb
D (<P(x), ® (FR)/ sa(t)dt)
Pb — Pa .

(.’[ — Pa)2 ! / 7
§1)<ﬁ%_ﬂlcmFRXA t® ¢ (tr + (1 —t)p,)dt,

)2 1
%z—piCMFRXLtQWKW*(ImeQ’

(:C - pa)2 ! / . ~
< D (pb—pa ) (.F.R)‘/0 tO (2] (tl' + (]. t)pa)dt,())

(pp — m)Q ! ’ . ~
+D (pb—pa O) (.F.R)‘/0 tO 2] (tl' + (]. t)pb)dt, 0) s
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_ (@ —pa)? ot (1 — i
i D((FR)/O tO ¢ (te+ (1 t)pa)dt70>

(pp — ) ! ) .
H2=2Ep () [ to e+ (- OpatD).

<@ opa)? /01 tD (Lp/(tx +(1- t)pa),6> dt

Pb — Pa
_ 2 L _
(2.2) +(Zz_i)/0 tD (go'(tx—l—(l—t)pb),O) dt,

Since D(¢',0) be (A, B, G, D)—convex function and D(¢'(z),0) < M, we have

D (gp’(tx +(1- t)pa),6> < t'¢D ((p’(x),ﬁ) +(1- tBG)D D (@’(pa),6>
(2.3) < M[AC+ (1-¢59)7]

D (cp/(tx (- t)pb),ﬁ) < 46D (<p/(x),6) + (129" D (cp'(pb),6>
(2.4) < M [tAG +(1- tBG)D}

Now using (2.3) and (2.4) in (2.2) we get (2.1). O
Corollary 2.1. In Theorem 2.1, one can see the following.

1. If one takes G=D =1, A € [0,1] and B € (0,1], in (2.1), one has the Fuzzy
Ostrowski inequality for (A, B)—convex functions in 15 kind:

© (FR) /pb ga(t)dt) <M (Aiz LB %’2)> I(2).

Pb — Pa “

D (so(w),

2. If one takes B=G =1, A € [0,1] and D € [0,1], in (2.1), then one has the
Puzzy Ostrowski inequality for (A, D)—convex functions in 2™ kind:

a

3. If one takes A =D =s, B=1,G = r, where s € [0,1] and r € (0,1] in
(2.1), then one has the Fuzzy Ostrowski inequality for (s,r)—convex functions

in mixzed kind:
Pb 1 B (2, s+ 1)
FR tdt | < M r I(x).
o wR) [ i) < <m+,+ 20 1)

D(¢@>
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4. If one takes A= B =71 and G = D = 1, where r € (0,1] in (2.1), then one

has the Fuzzy Ostrowski inequality for r—convex functions in 15¢ kind:

® (FR) /pb <p(t)dt> <M <12 + b (3’2)> I(x).

"o = Pa . r+ r

D (o

5. If one takes B=G =1, A= D = s where s € [0,1], in (2.1), then one has

the Fuzzy Ostrowski inequality for s—convex functions in 2% kind:

© (FR) / " @(t)dt) < M( ! )1(95).

,Pb—Pa o s+1

D (o

6. If one takes A =D = 0 and B = G = 1 in (2.1), then one has the Fuzzy

Ostrowski inequality for P—conver functions:

D <cp(m) ®(FR) /pb <p(t)dt> < MI(z).

’Pb—Pa @

7. If one takes A= B =G =D =1, in (2.1), then one has the Fuzzy Ostrowski

inequality for convex functions:

D ((p(x), ~ ! o (FR) /p

Pbv

<p(t)dt> < %I(m).

a

Theorem 2.2. Suppose all the assumptions of Lemma 1.1 hold. Additionally,

assume that [D(¢',0)]? is (A, B, G, D)—convex function on [pa,ps],q > 1 and
D(¢'(x),0) < M. Then for each x € (pa,pp) the following inequality holds:

D <<p(:v), P (FR) / a <p(t)dt>
M 1 B(g5.D+1) i
29 =t <A0+ R T ) I(z).

Proof. From the Inequality (2.2) and power mean inequality [26]

< (ib_p;zzz </oltdt>1; (/olt {D (w’(ter (1 —t)pa),ﬁ)}thy

é (/01 t [D <<p'(tx + (1 - t)pb),aﬂth)é :
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Since [D(¢’,0)]? be (A4, B, G, D)—convex function and D(¢'(z),0) < M, we have

(2.7)

(2.8)

(D (#(te+ (1= 1)pa),0) |
tAC [D (gp’(z),ﬁ)}q + (1- tBG)D [D (cp'(pa),ﬁ)}q

< M9 [tAG +(1- tBG)D} ’

IN

(D (¢(tz+ (1= 1)p),0)]"
tAC {D (gp’(x),ﬁ)}q +(1- tBG)D [D (gp'(pb),ﬁ)]q

< M9 [tAG +(1- tBG)D} .

IN

Now using (2.7) and (2.8) in (2.6) we get (2.5). O

Corollary 2.2. In Theorem 2.2, one can see the following.

1.
2.

3.

4.

If one takes ¢ = 1, one has the Theorem 2.1.

If one takes G=D =1, A€ [0,1] and B € (0,1], in (2.5), one has the Fuzzy
Ostrowski inequality for (A, B)—convex functions in 1°¢ kind:

D <<p(a:), ~ ! — o (FR) / " <p(t)dt)

a

M 1 B(%,2) z
(2)1—% <A+2+ g ) I(z).

If one takes B=G =1, A € [0,1] and D € [0,1], in (2.5), then one has the
Fuzzy Ostrowski inequality for (A, D)—convex functions in 2"¢ kind:

D (<,0(;E)7 Pb i o ©® (FR) /pb go(t)dt)

a

M 1 1
= o <<A+2> Ty 1><D+2>) I(@).

If one takes A =D = s, B=1,G = r, where s € [0,1] and r € (0,1] in
(2.5), then one has the Fuzzy Ostrowski inequality for (s,r)—convex functions

in mized kinds:
1 Pbv
D (oot o rm) [ ot
Pb — Pa

a

1

.M ( 1 +B(§7s+1)>"j(x).

(2)1—5 rs+ 2 r
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5. If one takes A= B =r and G = D = 1, where r € (0,1] in (2.5), then one
has the Fuzzy Ostrowski inequality for r—convex functions in 15¢ kind:

D <<,0(x)7 pb i o ©® (FR) /pb go(t)dt)

M 1 B (2,2 i
= (2)17% <T+2+ (7‘ )> I@).

6. If one takes B=G =1, A= D = s where s € [0,1], in (2.5), then one has
the Fuzzy Ostrowski inequality for r—convex functions in 2™ kind:

Q=

D(‘p(m)’pb1pa®(FR)/pb<p(t)dt>g M < 1 )

: (@' F sl

7. If one takes A = D =0 and B = G = 1 in (2.5), then one has the Fuzzy
Ostrowski inequality for P—convex functions:

I(x).

Q=

1 Po M
D (vt orn) | a o0t < i

8. If one takes A= B =G =D =1, in (2.5), then one has the Fuzzy Ostrowski
inequality for convex functions:

D (cp(x), ~ 1 — o (FF) /p " <p(t)dt> < T (@),

a

Remark 2.1. In Theorem 2.2, one can see the following.

1. If one takes x = % in (2.5), one has the Fuzzy Ostrowski Midpoint inequality
for (A, B,G, D)— convex functions in Mixed kinds:

D(tp (p“;r’ob) ! @(FR)/pbw(t)dt)

"Po = Pa Pa
1
C Mg (1 B\
- (2)2—% AG + 2 BG

2. If one takes ¢ = 2232 G =D =1, A€ [0,1] and B € (0,1] in (2.5), one has the
Fuzzy Ostrowski Midpoint inequality for (A4, B)—convex functions in 1°¢ kind:

D (go (”‘ZTJFW’) ! _o(FR) /pb w(t)dt)

"Po=pa b

. M(pb—m( 1 B<;,2>>?

(2)2*% A+2 * B
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3. If one takes x = 2222 B =G =1, A€ [0,1] and D € [0,1] in (2.5), then one has
the Fuzzy Ostrowski Midpoint inequality for (A, D)—convex functions in 2"? kind:

D (go (Lt - ! - O(FR) /pb go(t)dt)

Pa

M (py — pa) 1 1 L
= (2)> s ((A+2)+(D+1)(D+2)>'

4. If one takes x = 22¥? A =D =35 B =1,G = r, where s € [0,1] and r € (0,1]
n (2.5), then one has the Fuzzy Ostrowski Midpoint inequality for (s, r)—convex

functions in mixed kinds:

D(so (”“;p"),pbipa ®(FR)/pbgo(t)dt)

Pa

1
< M(pb_pa) 1 +B(%7S+1) K
- (2)2—5 rs4 2 r ’

5. If one takes z = 2232 A = B =7 and G = D = 1, where r € (0,1] in (2.5), then
one has the Fuzzy Ostrowski Midpoint inequality for r—convex functions in 1°* kind:

D ((,0 (paT-i-pb) , ?1% © (FR) /pb <p(t)dt>

Pa

. M(pb—m( 1 +B<i72>>?

(2)2*% r+2 r

6. If one takes x = 22f% B =G =1, A= D = s where s € [0,1], in (2.5), then one

has the Fuzzy Ostrowski Midpoint inequality for r—convex functions in 2"% kind:

D (so (57) pb%p © (FR) / “"(t)dt) - M<(§)b2_épa) <s ; 1>é '

Pa

7. If one takes © = p“;pb, A=D=0and B=G =11in (2.5), then one has the Fuzzy

Ostrowski Midpoint inequality for P—convex functions:

p(o(t5m) gt e [ ota) < S

8. If one takes x = %, A =B =G =D =1, in (2.5), then one has the Fuzzy
Ostrowski Midpoint inequality for convex functions:

D (%0 (i), Lo (rm) /pb <p(t)dt> < M=),

2 /P —pa pa

Theorem 2.3. Suppose all the assumptions of Lemma 1.1 hold. Additionally,

assume that [D(¢',0)]? is (A, B, G, D)—convez function on [pa,ps],q > 1 and
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D(y¢'(),0) < M. Then for each x € (pq, pp), the following inequality holds:

D ((p(x) ©® (FR) /pb @(t)dt)

’Pb—ﬂa o

M 1 B(gg.D+1)\"
. <
(29) = oi <AG+1 T BG 1@

where p~ ' +¢ 1 = 1.

Proof. From the Inequality (2.2) and Holder’s inequality [27]

D <¢(x) o (FR) / " <p(t)dt>

" Pb— Pa .

< M (/01 tpdt):i (/01 [D (cp’(tx+ (1-— t)pa),a)rdt>lé
(2.10) +(ZZ_22 (/Oltpdt)p (/01 [D (<p/(m+ (1- t)pb),ﬁ)}th>q .

Since [D(¢’,0)]? be (A4, B, G, D)—convex function and D(¢’(z),0) < M, we have

[D (¢t + (1= 1)p),0)]"

< 4@ [D (ga’(x)ﬁ)}q + (189" [D ((p'(pa),aﬂq
(2.11) < M9 [tAG +(1- tBG)D} ,
(D (¢(tz+ (1= 1)), 0)]"
< 4G {D (gp’(x),ﬁ)}q + (1 ftBG)D [D (gp'(pb),ﬁ)]q
(2.12) < MG (1-159)7]

Now using (2.11) and (2.12) in (2.10) we get (2.9). O
Corollary 2.3. In Theorem 2.3, one can see the following.

1. If one takes G =D =1, A€ [0,1] and B € (0,1], in (2.9), one has the Fuzzy
Ostrowski inequality for (A, B)—convex functions in 1%¢ kind:

D (w(w% P ® (FR) / p <p(t)dt>

.M (1 +B(;,z)>ql(x)_

(p+1)r \A+1 B
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2. If one takes B=G =1, A€ [0,1] and D € [0,1], in (2.9), then one has the
Fuzzy Ostrowski inequality for (A, D)—convex functions in 2% kind:

D <<,0(:E)7 o i D ® (FR) /jb go(t)dt>
- (pﬁ)é <A1+1 +D1+1>q1(x).

3. If one takes A =D = s, B=1,G = r, where s € [0,1] and r € (0,1] in

(2.9), then one has the Fuzzy Ostrowski inequality for (s,r)—convex functions
in mized kinds:

D (ap(m), — ! — o (FR) / " <p(t)dt>

a

1

M 1 B(Ls+1)\°
< . + (r s+ ) I(l‘)
(p + 1); rs+1 r

4. If one takes A= B =r and G = D = 1, where r € (0,1] in (2.9), then one
has the Fuzzy Ostrowski inequality for r—convex functions in 15 kind:

D (w(:cL o i . ® (FR) / " go(t)dt)

M 1 B(1,2) z .
Y <T+1+ r )I( ’

5. if one takes B=G =1, A= D = s where s € [0,1] in (2.9), then one has the
Fuzzy Ostrowski inequality for s—convex functions in 2" kind:

p (st o m [ om) < 2 (2) 1

. (p+1)r \s+1

6. If one takes A =D = 0 and B = G =1 in (2.9), then one has the Fuzzy
Ostrowski inequality for P—convex functions:

D (Lp(x), ~ ! — o (FF) / " go(t)dt) SRCLE

1
a (p+1)r

7. If one takes A= B =G =D =1 in (2.9), then one has the Fuzzy Ostrowski
inequality for convex functions:

1 Pb M
D (sa(w), el | a so(t)dt) < e
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Remark 2.2. In Theorem 2.3, one can see the following.

1. If one takes x = w in (2.9), one has the Fuzzy Ostrowski Midpoint inequality
for (A, B,G, D)— convex functions in Mixed kinds:

1
_ B(L.,p+1)\ ¢
D (i (Pegrn), ot © (FR) [22 p(t)dt) < Mo ”f>(,45+1+ i )) :

b —_ ES
Pb—Pa 2(pt1) P

2. If one takes z = 2232 G =D =1, A€ [0,1] and B € (0,1], in (2.9), one has the
Fuzzy Ostrowski Midpoint inequality for (A4, B)—convex functions in 1°¢ kind:
1

D (s@ (Pa ;pb) S — © (FR) /pb @(t)dt)

Pa

M(pb_p,»( 1 B(};ﬂ))?

+
2(p+1)% A+1 B

3. If one takes z = 220 B =G =1, A€[0,1] and D € [0,1], in (2.9), then one has

the Fuzzy Ostrowski Midpoint inequality for (A, D)—convex functions in 2" kind:

pa+pb 1 /Pb >
D — ), —— O (FR t)dt
(¢ (252) st om [
1
¢ Mg (L1
- 2(p+1)% A+1 D+1

4. If one takes x = 2222 A = D =5, B=1,G = r, where s € [0,1] and r € (0,1]
in (2.9), then one has the Fuzzy Ostrowski Midpoint inequality for (s, r)—convex
functions in mixed kinds:

D(so (”“;p"),pbipa ®(FR)/pbgo(t)dt)

Pa

1

M (py — pa 1 B(f,s+1)\°

< (pb pl) + (r ) .
2(p+1)7 rs+1 r

5. If one takes z = 2232 A = B =7 and G = D = 1, where r € (0,1] in (2.9), then
one has the Fuzzy Ostrowski Midpoint inequality for r—convex functions in 1°¢ kind:

D <¢ (Lot ﬁlml © (FR) /pb go(t)dt)

Pa
1
M (pp—pa) [ 1 B(;.2)\"
1 + :
2(p+1)5 7“+1 T

6. if one takes x = %, B=G=1, A= D = s where s € [0,1] in (2.9), then one
has the Fuzzy Ostrowski Midpoint inequality for s—convex functions in 2"¢ kind:

D (go (Pt - ! - O(FR) /pb go(t)dt)

(2)31M(pb—pa)< 1 )‘1'. )

(p-l—l)% s+ 1
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7. If one takes © = %, A=D=0and B=G =11in (2.9), then one has the Fuzzy
Ostrowski Midpoint inequality for P—convex functions:

b <‘p (pa;pb) ' n i o o (FR) /ppb sp(t)dt) < (2)3(::4L (1;;2— pa)

8. If one takes z = 2212t and A = B =G = D = 1 in (2.9), then one has the Fuzzy
Ostrowski Midpoint inequality for convex functions:

P (o ("5) o [ et < TS

3. Conclusion

Ostrowski inequality is one of the most celebrated inequalities. In this paper,
we presented the generalized notion of (A4, B, G, D)—convex (concave) functions in
mixed kinds. This class of functions contains many important classes, including the
class of (A, B)—convex (concave) functions in 1% and 2"¢ kind [15], (s, r)—convex
(concave) functions in mixed kinds [2], s—convex (concave) functions in 1¢ and
274 kind [4], P—convex (concave) functions [14], quasi convex(concave) functions
[16] and the class of convex (concave) functions[3]). We have stated our first main
result in section 2, the generalization of the Ostrowski inequality [23] via Fuzzy
Riemann integrals with (A, B, G, D)—convex (concave) functions in mixed kinds.
Further, we used different techniques including Hélder’s inequality[27] and power
mean inequality[26] for the generalization of the Fuzzy Ostrowski inequality.
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