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Abstract. In this paper, for the first time we present the generalized notion of (A,
B,G,D)− convex (concave) function in mixed kind, which is the generalization of
functions given in [15], [2], [4], [14], [16] and [3]. We would like to state well-known
Ostrowski inequality via Fuzzy Riemann Integrals for (A,B,G,D)− convex (concave)
function in mixed kind. Moreover we establish some Fuzzy Ostrowski type inequali-
ties for the class of functions whose derivatives in absolute values at certain powers
are (A,B,G,D)-convex (concave) functions in mixed kind by using different techniques
including Hölder’s inequality [27] and power mean inequality [26]. Also, various es-
tablished results would be captured as special cases with respect to the convexity of
function.
Keywords: fuzzy Riemann Integral, convex (concave) function, Ostrowski inequality.

1. Introduction

From the literature, we recall and introduce some definitions for various convex
(concave) functions.

Definition 1.1. [3] A function ϕ : I ⊂ R → R is said to be convex (concave)
function, if

ϕ (tx+ (1− t)y) ≤ (≥)tϕ(x) + (1− t)ϕ(y),
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∀x, y ∈ I, t ∈ [0, 1].

We recall here definition of P−convex(concave) function from [14]:

Definition 1.2. We say that ϕ : I ⊂ R → R is a P−convex(concave) function, if
ϕ is a non-negative and ∀x, y ∈ I and t ∈ [0, 1], we have

ϕ (tx+ (1− t)y) ≤ (≥)ϕ(x) + ϕ(y).

Here we also have definition of quasi−convex(concave) function (for detailed
discussion see [16].

Definition 1.3. A function ϕ : I ⊂ R → R is known as quasi−convex(concave), if

ϕ(tx+ (1− t)y) ≤ (≥)max{ϕ(x), ϕ(y)}

∀x, y ∈ I, t ∈ [0, 1].

Now we present the definition of s−convex functions in the first kind as follows
which are extracted from [22]:

Definition 1.4. [4] Let s ∈ [0, 1]. A function ϕ : I ⊂ [0,∞) → [0,∞) is said to be
s−convex (concave) function in the 1st kind, if

ϕ (tx+ (1− t)y) ≤ (≥)tsϕ(x) + (1− ts)ϕ(y),

∀x, y ∈ I, t ∈ [0, 1].

Remark 1.1. Note that in this definition, we also included s = 0. Further, if we put
s = 0, we get quasi−convexity (see Definition 1.3).

For the second kind of convexity, we recall the definition from [22].

Definition 1.5. Let s ∈ [0, 1]. A function ϕ : I ⊂ [0,∞) → [0,∞) is said to be
s−convex (concave) function in the 2nd kind, if

ϕ (tx+ (1− t)y) ≤ (≥)tsϕ(x) + (1− t)sϕ(y),

∀x, y ∈ I, t ∈ [0, 1].

Remark 1.2. In a similar manner, we have slightly improved the definition of a second-
kind convexity by including s = 0. Further if we put s = 0, we easily get P−convexity
(see Definition 1.2).

Now we introduce a new class of functions which would be called the class of
(s, r)− convex (concave) functions in the mixed kind:
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Definition 1.6. Let (s, r) ∈ [0, 1]2. A function ϕ : I ⊂ [0,∞) → [0,∞) is said to
be (s, r)−convex (concave) function in mixed kind, if

ϕ (tx+ (1− t)y) ≤ (≥)trsϕ(x) + (1− tr)sϕ(y),

∀x, y ∈ I, t ∈ [0, 1].

Definition 1.7. [15] Let (A,B) ∈ [0, 1]2. A function ϕ : I ⊂ [0,∞) → [0,∞) is
said to be (A,B)−convex(concave) in the 1st kind, if

ϕ (tx+ (1− t)y) ≤ (≥)tAϕ(x) + (1− tB)ϕ(y),

∀x, y ∈ I, t ∈ [0, 1].

Definition 1.8. [15] Let (A,B) ∈ [0, 1]2. A function ϕ : I ⊂ [0,∞) → [0,∞) is
said to be (A,B)−convex(concave) function in the 2nd kind, if

ϕ (tx+ (1− t)y) ≤ (≥)tAϕ(x) + (1− t)Bϕ(y),

∀x, y ∈ I, t ∈ [0, 1].

Next, we introduce (A,B,G,D)−convex(concave) in mixed kind.

Definition 1.9. Let (A,B,G,D) ∈ [0, 1]4. A function ϕ : I ⊂ [0,∞) → [0,∞) is
said to be (A,B,G,D)−convex(concave) function in mixed kind, if

ϕ (tx+ (1− t)y) ≤ (≥)tAGϕ(x) + (1− tBG)Dϕ(y),(1.1)

∀x, y ∈ I, t ∈ [0, 1].

Remark 1.3. In Definition 1.9, we have the following cases.

1. If we choose G = D = 1 in (1.1), we get (A,B)−convex (concave) in 1st kind
function.

2. If we choose B = G = 1 in (1.1), we get (A,B)−convex (concave) in 2nd kind
function.

3. If we choose A = D = s, B = 1, G = r, where s, r ∈ [0, 1] in (1.1), we get
(s, r)−convex (concave) in mixed kind function.

4. If we choose A = B = s and G = D = 1 where s ∈ [0, 1] in (1.1), we get s−convex
(concave) in 1st kind function.

5. If we choose A = B = 0, and G = D = 1, in (1.1), we get quasi−convex (concave)
function.

6. If we choose A = D = s, B = G = 1 where s ∈ [0, 1] in (1.1), we get s−convex
(concave) in 2nd kind function.

7. If we choose A = D = 0, and B = G = 1, in (1.1), we get P−convex (concave)
function.
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8. If we choose A = B = G = D = 1 in (1.1), gives us ordinary convex (concave)
function.

In almost every field of science, inequalities play an important role. Although
it is very vast discipline but our focus is mainly on the Ostrowski type inequalities.
In 1938, the Ostrowski established the following interesting integral inequality for
differentiable mappings with bounded derivatives. This inequality is well known in
the literature as the Ostrowski inequality.

Theorem 1.1. [23] Let φ : [ρa, ρb] → R be a differentiable function on (ρa, ρb)
with the property that |φ′(t)| ≤ M for all t ∈ (ρa, ρb). Then∣∣∣∣φ(x)− 1

ρb − ρa

∫ ρb

ρa

φ(t)dt

∣∣∣∣ ≤ M(ρb − ρa)

1
4
+

(
x− ρa+ρb

2

ρb − ρa

)2
 ,(1.2)

for all x ∈ (ρa, ρb). The constant 1
4 is the best possible in the kind that it cannot be

replaced by a smaller quantity.

Definition 1.10. [29] A fuzzy number is ϕ : R → [0, 1] can be defined as

1. [ϕ]0 = Closure({r ∈ R : ϕ(r) > 0}) is compact.

2. ϕ is Normal.( i.e, ∃ r0 ∈ R such that ϕ(r0) = 1 ).

3. ϕ is fuzzy convex, i.e, ϕ(ηr1 + (1 − η)r2) ≥ min{ϕ(r1), ϕ(r2)}, ∀r1, r2 ∈ R,
η ∈ [0, 1].

4. ∀r0 ∈ R and ϵ > 0, ∃ Neighborhood V (r0), such that ϕ(r) ≤ ϕ(r0)+ϵ, ∀r ∈ R.

Definition 1.11. [30] For any ζ ∈ [0, 1], and ϕ be any fuzzy number, then ζ−level

set [ϕ]ζ = {r ∈ R : ϕ(r) ≥ ζ}. Moreover [ϕ]
ζ
=
[
ϕ
(ζ)
− , ϕ

(ζ)
+

]
,∀ζ ∈ [0, 1].

Proposition 1.1. [31] Let ϕ, φ ∈ FR(Set of all Fuzzy numbers) and η ∈ R, then
the following properties holds:

1. [ϕ]
ζ1 ⊆ [φ]

ζ2 whenever 0 ≤ ζ2 ≤ ζ1 ≤ 1.

2. [ϕ+ φ]
ζ
= [ϕ]

ζ
+ [φ]

ζ
.

3. [η ⊙ ϕ]
ζ
= η [ϕ]

ζ
.

4. ϕ⊕ φ = φ⊕ ϕ.

5. η ⊙ ϕ = ϕ⊙ η.

6. 1̃⊙ ϕ = ϕ.
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∀ζ ∈ [0, 1], where 1̃ ∈ FR, defined by ∀r ∈ R, 1̃(r) = 1.

Definition 1.12. [29] Let D : FR × FR → R+ ∪ {0}, defined as

D(ϕ, φ) = sup
ζ∈[0,1]

max
{∣∣∣ϕ(ζ)

− , ϕ
(ζ)
+

∣∣∣ , ∣∣∣φ(ζ)
− , φ

(ζ)
+

∣∣∣}
∀ϕ, φ ∈ FR. Then D is metric on FR.

Proposition 1.2. [29] Let ϕ1, ϕ2, ϕ3, ϕ4 ∈ FR and η ∈ FR, we have

1. (FR, D) is complete.

2. D(ϕ1 ⊕ ϕ3, ϕ2 ⊕ ϕ3) = D(ϕ1, ϕ2).

3. D(η ⊙ ϕ1, η ⊙ ϕ2) = |η|D(ϕ1, ϕ2).

4. D(ϕ1 ⊕ ϕ2, ϕ3 ⊕ ϕ4) = D(ϕ1, ϕ3) +D(ϕ2, ϕ4).

5. D(ϕ1 ⊕ ϕ2, 0̃) ≤ D(ϕ1, 0̃) +D(ϕ2, 0̃).

6. D(ϕ1 ⊕ ϕ2, ϕ3) ≤ D(ϕ1, ϕ3) +D(ϕ2, 0̃),

where 0̃ ∈ FR, defined by ∀r ∈ R, 0̃(r) = 0.

Definition 1.13. [30] Let ϕ, φ ∈ FR, if ∃ θ ∈ FR, such that ϕ = φ ⊕ θ, then θ is
H−difference of ϕ and φ, denoted by θ = ϕ⊖ φ.

Definition 1.14. [30] A function ϕ : [r0, r0 + ϵ] → FR is H−differentiable at r, if
∃ ϕ′(r) ∈ FR, i.e both limits

lim
h→0+

ϕ(r + h)⊖ ϕ(r)

h
, lim

h→0+

ϕ(r)⊖ ϕ(r − h)

h

exists and are equal to ϕ′(r).

Definition 1.15. [28] Let ϕ : [ρa, ρb] → FR, if ∀ζ > 0,∃η > 0, for any partition
P = {[u, v] : D} of [ρa, ρb] with norm D(P ) < η, we have

D

( ∗∑
P

(v − u)ϕ(D), φ

)
< ζ,

then we say that ϕ is Fuzzy–Riemann integrable to φ ∈ FR, we write it as

φ = (FR)

∫ ρb

ρa

ϕ(x)dx.

In order to prove our main results, we need the following Lemma that has been
obtained in [5].
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Lemma 1.1. Let φ : [ρa, ρb] → FR be an absolutely continuous mapping on (ρa, ρb)
with ρa < ρb. If φ′ ∈ CF [ρa, ρb] ∩ LF [ρa, ρb], then for x ∈ (ρa, ρb) the following
identity holds:

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt⊕ (x− ρa)
2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρa)dt

= φ(x)⊕ (ρb − x)2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρb)dt.(1.3)

We make use of the beta function of Euler type, which is for x, y > 0 defined as

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt =
Γ(x)Γ(y)

Γ(x+ y)
,

where Γ(x) =
∫∞
0

e−uux−1du.

2. Generalized Fuzzy Ostrowski type inequalities via
(A,B,G,D)−convex functions in mixed kind

Theorem 2.1. Suppose all the assumptions of Lemma 1.1 hold. Additionally,
assume that D(φ′, 0̃) is (A,B,G,D)−convex function on [ρa, ρb] and D(φ′(x), 0̃) ≤
M. Then ∀x ∈ (ρa, ρb), the following inequality holds:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

AG+ 2
+

B
(

2
BG , D + 1

)
BG

)
I(x),(2.1)

where I(x) = (x−ρa)
2+(ρb−x)2

ρb−ρa
.

Proof. From the Lemma 1.1

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ D

(
(x− ρa)

2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρa)dt,

(ρb − x)2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρb)dt

)
,

≤ D

(
(x− ρa)

2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρa)dt, 0̃

)
+D

(
(ρb − x)2

ρb − ρa
⊙ (FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρb)dt, 0̃

)
,
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=
(x− ρa)

2

ρb − ρa
D

(
(FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρa)dt, 0̃

)
+
(ρb − x)2

ρb − ρa
D

(
(FR)

∫ 1

0

t⊙ φ′(tx+ (1− t)ρb)dt, 0̃

)
,

≤ (x− ρa)
2

ρb − ρa

∫ 1

0

tD
(
φ′(tx+ (1− t)ρa), 0̃

)
dt

+
(ρb − x)2

ρb − ρa

∫ 1

0

tD
(
φ′(tx+ (1− t)ρb), 0̃

)
dt,(2.2)

Since D(φ′, 0̃) be (A,B,G,D)−convex function and D(φ′(x), 0̃) ≤ M, we have

D
(
φ′(tx+ (1− t)ρa), 0̃

)
≤ tAGD

(
φ′(x), 0̃

)
+
(
1− tBG

)D
D
(
φ′(ρa), 0̃

)
≤ M

[
tAG +

(
1− tBG

)D]
(2.3)

D
(
φ′(tx+ (1− t)ρb), 0̃

)
≤ tAGD

(
φ′(x), 0̃

)
+
(
1− tBG

)D
D
(
φ′(ρb), 0̃

)
≤ M

[
tAG +

(
1− tBG

)D]
(2.4)

Now using (2.3) and (2.4) in (2.2) we get (2.1).

Corollary 2.1. In Theorem 2.1, one can see the following.

1. If one takes G = D = 1, A ∈ [0, 1] and B ∈ (0, 1], in (2.1), one has the Fuzzy
Ostrowski inequality for (A,B)−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

A+ 2
+

B
(
2
B , 2

)
B

)
I(x).

2. If one takes B = G = 1, A ∈ [0, 1] and D ∈ [0, 1], in (2.1), then one has the
Fuzzy Ostrowski inequality for (A,D)−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

A+ 2
+

1

(D + 1)(D + 2)

)
I(x).

3. If one takes A = D = s, B = 1, G = r, where s ∈ [0, 1] and r ∈ (0, 1] in
(2.1), then one has the Fuzzy Ostrowski inequality for (s, r)−convex functions
in mixed kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

rs+ 2
+

B
(
2
r , s+ 1

)
r

)
I(x).
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4. If one takes A = B = r and G = D = 1, where r ∈ (0, 1] in (2.1), then one
has the Fuzzy Ostrowski inequality for r−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

r + 2
+

B
(
2
r , 2
)

r

)
I(x).

5. If one takes B = G = 1, A = D = s where s ∈ [0, 1], in (2.1), then one has
the Fuzzy Ostrowski inequality for s−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(
1

s+ 1

)
I(x).

6. If one takes A = D = 0 and B = G = 1 in (2.1), then one has the Fuzzy
Ostrowski inequality for P−convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ MI(x).

7. If one takes A = B = G = D = 1, in (2.1), then one has the Fuzzy Ostrowski
inequality for convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

2
I(x).

Theorem 2.2. Suppose all the assumptions of Lemma 1.1 hold. Additionally,
assume that [D(φ′, 0̃)]q is (A,B,G,D)−convex function on [ρa, ρb], q ≥ 1 and
D(φ′(x), 0̃) ≤ M. Then for each x ∈ (ρa, ρb) the following inequality holds:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(2)1−
1
q

(
1

AG+ 2
+

B
(

2
BG , D + 1

)
BG

) 1
q

I(x).(2.5)

Proof. From the Inequality (2.2) and power mean inequality [26]

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ (x− ρa)
2

ρb − ρa

(∫ 1

0

tdt

)1− 1
q
(∫ 1

0

t
[
D
(
φ′(tx+ (1− t)ρa), 0̃

)]q
dt

) 1
q

+
(ρb − x)2

ρb − ρa

(∫ 1

0

tdt

)1− 1
q
(∫ 1

0

t
[
D
(
φ′(tx+ (1− t)ρb), 0̃

)]q
dt

) 1
q

.(2.6)
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Since [D(φ′, 0̃)]q be (A,B,G,D)−convex function and D(φ′(x), 0̃) ≤ M, we have[
D
(
φ′(tx+ (1− t)ρa), 0̃

)]q
≤ tAG

[
D
(
φ′(x), 0̃

)]q
+
(
1− tBG

)D [
D
(
φ′(ρa), 0̃

)]q
≤ Mq

[
tAG +

(
1− tBG

)D]
,(2.7)

[
D
(
φ′(tx+ (1− t)ρb), 0̃

)]q
≤ tAG

[
D
(
φ′(x), 0̃

)]q
+
(
1− tBG

)D [
D
(
φ′(ρb), 0̃

)]q
≤ Mq

[
tAG +

(
1− tBG

)D]
.(2.8)

Now using (2.7) and (2.8) in (2.6) we get (2.5).

Corollary 2.2. In Theorem 2.2, one can see the following.

1. If one takes q = 1, one has the Theorem 2.1.

2. If one takes G = D = 1, A ∈ [0, 1] and B ∈ (0, 1], in (2.5), one has the Fuzzy
Ostrowski inequality for (A,B)−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(2)1−
1
q

(
1

A+ 2
+

B
(
2
B , 2

)
B

) 1
q

I(x).

3. If one takes B = G = 1, A ∈ [0, 1] and D ∈ [0, 1], in (2.5), then one has the
Fuzzy Ostrowski inequality for (A,D)−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(2)1−
1
q

(
1

(A+ 2)
+

1

(D + 1)(D + 2)

) 1
q

I(x).

4. If one takes A = D = s, B = 1, G = r, where s ∈ [0, 1] and r ∈ (0, 1] in
(2.5), then one has the Fuzzy Ostrowski inequality for (s, r)−convex functions
in mixed kinds:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(2)1−
1
q

(
1

rs+ 2
+

B
(
2
r , s+ 1

)
r

) 1
q

I(x).
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5. If one takes A = B = r and G = D = 1, where r ∈ (0, 1] in (2.5), then one
has the Fuzzy Ostrowski inequality for r−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(2)1−
1
q

(
1

r + 2
+

B
(
2
r , 2
)

r

) 1
q

I(x).

6. If one takes B = G = 1, A = D = s where s ∈ [0, 1], in (2.5), then one has
the Fuzzy Ostrowski inequality for r−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(2)1−
1
q

(
1

s+ 1

) 1
q

I(x).

7. If one takes A = D = 0 and B = G = 1 in (2.5), then one has the Fuzzy
Ostrowski inequality for P−convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(2)1−
1
q

I(x).

8. If one takes A = B = G = D = 1, in (2.5), then one has the Fuzzy Ostrowski
inequality for convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

2
I(x).

Remark 2.1. In Theorem 2.2, one can see the following.

1. If one takes x = ρa+ρb
2

in (2.5), one has the Fuzzy Ostrowski Midpoint inequality
for (A,B,G,D)− convex functions in Mixed kinds:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

(2)
2− 1

q

(
1

AG+ 2
+

B
(

2
BG

, D + 1
)

BG

) 1
q

.

2. If one takes x = ρa+ρb
2

, G = D = 1, A ∈ [0, 1] and B ∈ (0, 1] in (2.5), one has the
Fuzzy Ostrowski Midpoint inequality for (A,B)−convex functions in 1st kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

(2)
2− 1

q

(
1

A+ 2
+

B
(

2
B
, 2
)

B

) 1
q

.
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3. If one takes x = ρa+ρb
2

, B = G = 1, A ∈ [0, 1] and D ∈ [0, 1] in (2.5), then one has

the Fuzzy Ostrowski Midpoint inequality for (A,D)−convex functions in 2nd kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

(2)
2− 1

q

(
1

(A+ 2)
+

1

(D + 1)(D + 2)

) 1
q

.

4. If one takes x = ρa+ρb
2

, A = D = s, B = 1, G = r, where s ∈ [0, 1] and r ∈ (0, 1]
in (2.5), then one has the Fuzzy Ostrowski Midpoint inequality for (s, r)−convex
functions in mixed kinds:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

(2)
2− 1

q

(
1

rs+ 2
+

B
(
2
r
, s+ 1

)
r

) 1
q

.

5. If one takes x = ρa+ρb
2

, A = B = r and G = D = 1, where r ∈ (0, 1] in (2.5), then
one has the Fuzzy Ostrowski Midpoint inequality for r−convex functions in 1st kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

(2)
2− 1

q

(
1

r + 2
+

B
(
2
r
, 2
)

r

) 1
q

.

6. If one takes x = ρa+ρb
2

, B = G = 1, A = D = s where s ∈ [0, 1], in (2.5), then one

has the Fuzzy Ostrowski Midpoint inequality for r−convex functions in 2nd kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M (ρb − ρa)

(2)
2− 1

q

(
1

s+ 1

) 1
q

.

7. If one takes x = ρa+ρb
2

, A = D = 0 and B = G = 1 in (2.5), then one has the Fuzzy
Ostrowski Midpoint inequality for P−convex functions:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M (ρb − ρa)

(2)
2− 1

q

.

8. If one takes x = ρa+ρb
2

, A = B = G = D = 1, in (2.5), then one has the Fuzzy
Ostrowski Midpoint inequality for convex functions:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M (ρb − ρa)

4
.

Theorem 2.3. Suppose all the assumptions of Lemma 1.1 hold. Additionally,
assume that [D(φ′, 0̃)]q is (A,B,G,D)−convex function on [ρa, ρb], q > 1 and
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D(φ′(x), 0̃) ≤ M. Then for each x ∈ (ρa, ρb), the following inequality holds:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(p+ 1)
1
p

(
1

AG+ 1
+

B
(

1
BG , D + 1

)
BG

) 1
q

I(x),(2.9)

where p−1 + q−1 = 1.

Proof. From the Inequality (2.2) and Hölder’s inequality [27]

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ (x− ρa)
2

ρb − ρa

(∫ 1

0

tpdt

) 1
p
(∫ 1

0

[
D
(
φ′(tx+ (1− t)ρa), 0̃

)]q
dt

) 1
q

+
(ρb − x)2

ρb − ρa

(∫ 1

0

tpdt

) 1
p
(∫ 1

0

[
D
(
φ′(tx+ (1− t)ρb), 0̃

)]q
dt

) 1
q

.(2.10)

Since [D(φ′, 0̃)]q be (A,B,G,D)−convex function and D(φ′(x), 0̃) ≤ M, we have[
D
(
φ′(tx+ (1− t)ρa), 0̃

)]q
≤ tAG

[
D
(
φ′(x), 0̃

)]q
+
(
1− tBG

)D [
D
(
φ′(ρa), 0̃

)]q
≤ Mq

[
tAG +

(
1− tBG

)D]
,(2.11)

[
D
(
φ′(tx+ (1− t)ρb), 0̃

)]q
≤ tAG

[
D
(
φ′(x), 0̃

)]q
+
(
1− tBG

)D [
D
(
φ′(ρb), 0̃

)]q
≤ Mq

[
tAG +

(
1− tBG

)D]
.(2.12)

Now using (2.11) and (2.12) in (2.10) we get (2.9).

Corollary 2.3. In Theorem 2.3, one can see the following.

1. If one takes G = D = 1, A ∈ [0, 1] and B ∈ (0, 1], in (2.9), one has the Fuzzy
Ostrowski inequality for (A,B)−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(p+ 1)
1
p

(
1

A+ 1
+

B
(
1
B , 2

)
B

) 1
q

I(x).
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2. If one takes B = G = 1, A ∈ [0, 1] and D ∈ [0, 1], in (2.9), then one has the
Fuzzy Ostrowski inequality for (A,D)−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(p+ 1)
1
p

(
1

A+ 1
+

1

D + 1

) 1
q

I(x).

3. If one takes A = D = s, B = 1, G = r, where s ∈ [0, 1] and r ∈ (0, 1] in
(2.9), then one has the Fuzzy Ostrowski inequality for (s, r)−convex functions
in mixed kinds:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(p+ 1)
1
p

(
1

rs+ 1
+

B
(
1
r , s+ 1

)
r

) 1
q

I(x).

4. If one takes A = B = r and G = D = 1, where r ∈ (0, 1] in (2.9), then one
has the Fuzzy Ostrowski inequality for r−convex functions in 1st kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M

(p+ 1)
1
p

(
1

r + 1
+

B
(
1
r , 2
)

r

) 1
q

I(x).

5. if one takes B = G = 1, A = D = s where s ∈ [0, 1] in (2.9), then one has the
Fuzzy Ostrowski inequality for s−convex functions in 2nd kind:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(p+ 1)
1
p

(
2

s+ 1

) 1
q

I(x).

6. If one takes A = D = 0 and B = G = 1 in (2.9), then one has the Fuzzy
Ostrowski inequality for P−convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ (2)

1
q M

(p+ 1)
1
p

I(x).

7. If one takes A = B = G = D = 1 in (2.9), then one has the Fuzzy Ostrowski
inequality for convex functions:

D

(
φ(x),

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M

(p+ 1)
1
p

I(x).
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Remark 2.2. In Theorem 2.3, one can see the following.

1. If one takes x = ρa+ρb
2

in (2.9), one has the Fuzzy Ostrowski Midpoint inequality
for (A,B,G,D)− convex functions in Mixed kinds:

D
(
φ
(
ρa+ρb

2

)
, 1
ρb−ρa

⊙ (FR)
∫ ρb
ρa

φ(t)dt
)
≤ M(ρb−ρa)

2(p+1)
1
p

(
1

AG+1
+

B( 1
BG

,D+1)
BG

) 1
q

.

2. If one takes x = ρa+ρb
2

, G = D = 1, A ∈ [0, 1] and B ∈ (0, 1], in (2.9), one has the
Fuzzy Ostrowski Midpoint inequality for (A,B)−convex functions in 1st kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

2 (p+ 1)
1
p

(
1

A+ 1
+

B
(

1
B
, 2
)

B

) 1
q

.

3. If one takes x = ρa+ρb
2

, B = G = 1, A ∈ [0, 1] and D ∈ [0, 1], in (2.9), then one has

the Fuzzy Ostrowski Midpoint inequality for (A,D)−convex functions in 2nd kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

2 (p+ 1)
1
p

(
1

A+ 1
+

1

D + 1

) 1
q

.

4. If one takes x = ρa+ρb
2

, A = D = s, B = 1, G = r, where s ∈ [0, 1] and r ∈ (0, 1]
in (2.9), then one has the Fuzzy Ostrowski Midpoint inequality for (s, r)−convex
functions in mixed kinds:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

2 (p+ 1)
1
p

(
1

rs+ 1
+

B
(
1
r
, s+ 1

)
r

) 1
q

.

5. If one takes x = ρa+ρb
2

, A = B = r and G = D = 1, where r ∈ (0, 1] in (2.9), then
one has the Fuzzy Ostrowski Midpoint inequality for r−convex functions in 1st kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ M (ρb − ρa)

2 (p+ 1)
1
p

(
1

r + 1
+

B
(
1
r
, 2
)

r

) 1
q

.

6. if one takes x = ρa+ρb
2

, B = G = 1, A = D = s where s ∈ [0, 1] in (2.9), then one

has the Fuzzy Ostrowski Midpoint inequality for s−convex functions in 2nd kind:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)

≤ (2)
1
q
−1

M (ρb − ρa)

(p+ 1)
1
p

(
1

s+ 1

) 1
q

.
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7. If one takes x = ρa+ρb
2

, A = D = 0 and B = G = 1 in (2.9), then one has the Fuzzy
Ostrowski Midpoint inequality for P−convex functions:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ (2)

1
q
−1

M (ρb − ρa)

(p+ 1)
1
p

.

8. If one takes x = ρa+ρb
2

and A = B = G = D = 1 in (2.9), then one has the Fuzzy
Ostrowski Midpoint inequality for convex functions:

D

(
φ
(ρa + ρb

2

)
,

1

ρb − ρa
⊙ (FR)

∫ ρb

ρa

φ(t)dt

)
≤ M (ρb − ρa)

2 (p+ 1)
1
p

.

3. Conclusion

Ostrowski inequality is one of the most celebrated inequalities. In this paper,
we presented the generalized notion of (A,B,G,D)−convex (concave) functions in
mixed kinds. This class of functions contains many important classes, including the
class of (A,B)−convex (concave) functions in 1st and 2nd kind [15], (s, r)−convex
(concave) functions in mixed kinds [2], s−convex (concave) functions in 1st and
2nd kind [4], P−convex (concave) functions [14], quasi convex(concave) functions
[16] and the class of convex (concave) functions[3]). We have stated our first main
result in section 2, the generalization of the Ostrowski inequality [23] via Fuzzy
Riemann integrals with (A,B,G,D)−convex (concave) functions in mixed kinds.
Further, we used different techniques including Hölder’s inequality[27] and power
mean inequality[26] for the generalization of the Fuzzy Ostrowski inequality.

REFERENCES

1. M. Alomari, M. Darus, S. S. Dragomir and P. Cerone: Ostrowski type inequali-
ties for functions whose derivatives are s-convex in the second sense. Appl. Math. Lett.
23(1) (2010), pp. 1071—1076.

2. A. Arshad and A. R. Khan: Hermite−Hadamard−Fejer Type Integral Inequality for
s− p−Convex Functions of Several Kinds. TJMM. 11(2) (2019), pp. 25–40.

3. E. F. Beckenbach: Convex functions. Bull. Amer. Math. Soc. 54(1) (1948), pp.
439–460.

4. W. W. Breckner: Stetigkeitsaussagen Fur Eine Klasse Verallgemeinerter Konvexer
Funktionen in Topologischen Linearen Raumen. (German). Publ. Inst. Math. 37(1)
(1978), pp. 13–20.

5. E. Set: New inequalities of Ostrowski type for mappings whose derivatives are s-convex
in the second sense via fractional integrals. Comput. Math. Appl. 63(1) (2012), pp.
1147–1154.

6. M. J. V. Cortez, and J. E. Hernández: Ostrowski and Jensen-type inequalities via
(s, m)-convex functions in the second sense. Bol. Soc. Mat. Mex. 26(1) (2020), pp.
287—302.

7. S. S. Dragomir: A Companion of Ostrowski’s Inequality for Functions of Bounded
Variation and Applications. Int. J. Nonlinear Anal. Appl. 5(1) (2014), pp. 89–97.



486 A. Hassan and A. R. Khan

8. S. S. Dragomir: A Functional Generalization of Ostrowski Inequality via Montgomery
identity. Acta Math. Univ. Comenianae, LXXXIV. 1(1) (2015), pp. 63–78.

9. S. S. Dragomir: On the Ostrowski’s Integral Inequality for Mappings with Bounded
Variation and Applications. Math. Inequal. Appl. 4(1) (2001), pp. 59–66.

10. S. S. Dragomir: Refinements of the Generalised Trapozoid and Ostrowski Inequalities
for Functions of Bounded Variation. Arch. Math. 91(5) (2008), pp. 450–460.

11. S. S. Dragomir and N. S. Barnett: An Ostrowski Type Inequality for Mappings
whose Second Derivatives are Bounded and Applications. J. Indian Math. Soc. (N.S.)
66(4) (1999), pp. 237–245.

12. S. S. Dragomir, P. Cerone, N. S. Barnett and J. Roumeliotis: An Inequality
of the Ostrowski Type for Double Integrals and Applications for Cubature Formulae.
Tamsui Oxf. J. Math. Sci. 16(1) (2000), pp. 1–16.

13. S. S. Dragomir, P. Cerone and J. Roumeliotis: A new Generalization of Os-
trowski Integral Inequality for Mappings whose Derivatives are Bounded and Applica-
tions in Numerical Integration and for Special Means. Appl. Math. Lett. 13(1) (2000),
pp. 19–25.
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