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Abstract. In this paper, we prove some fixed point theorems for mappings involving
rational expression in the framework of metric spaces endowed with a partial order
using a class of pairs of functions satisfying certain assumptions. Our results generalize
and extend some known results which appeared in [6], [14], [15].
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1. Introduction

Fixed point theory is one of the well-known traditional theories in mathematics
that has a broad set of applications. In 1922, Polish mathematician Stephan Banach
published his famous contraction principle. Since then, this principle has been
extended and generalized in several ways either by using the contractive condition
or by imposing some additional conditions on an ambient space. From inspiration
of this work, several mathematicians heavily studied this field. For example, the
work of Kannan [19] ,Chatterjea [7], Berinde [4], Ciric [12], Geraghty [15], Meir and
Keeler [21], Suzuki [25] and so forth.

On the other hand, a number of generalizations of metric space have been
done and one such generalization is partially ordered metric space, that is, metric
spaces endowed with a partial ordering. The theory originated at a relatively
later point of time. An early result in this direction was established by Turinici
in ordered metrizable uniform spaces [26]. Application of fixed point result in
partially ordered metric spaces was made subsequentially, for example, by Ran and
Reurings [23] to solving matrix equations and by Nito and Rodriguez-Lopez [22]
to obtain solutions of certain partial differential equations with periodic boundary
conditions.
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Recently, fixed point theory has developed in partially ordered metric spaces
and many mathematicians have obtained several fixed point, common fixed point
theorems in the setting of partially ordered metric spaces (see e.g.[1, 2, 5, 6, 8]-
[11, 16]-[18]).

The aim of this paper is to establish some fixed point theorems satisfying gen-
eralized contraction mapping of rational type using a class of pairs of functions
satisfying certain assumptions. The main result of this paper is generalizes and
extends the main result of Cabrera et al [6]. Furthermore, our result generalized
and extends the corresponding result of [14] and [15] on the context of ordered
metric spaces.

2. Preliminaries

Das and Gupta [13] were the Pioneers in proving fixed point theorems using
contractive conditions involving rational expressions. They proved the following
fixed point theorem..

Theorem 2.1. [13] Let (X, d) be a complete metric space and T : X — X a mapping such
that there exist o, f > 0 with a + p < 1 satisfying

d(y, Ty)[1 +d(x, Tx)]
1+d(x,y)

(2.1) d(Tx, Ty) < a + Bd(x, y) for all x,y € X.

In [ 6], Cabrera , Harjani and Sadarangani proved the above theorem in the context
of partially ordered metric spaces.

Definition 2.1. Let (X, <) is a partially ordered set and T : X — X is said to be
monotone non-decreasing if for all x, y € X,

(2.2) x<y=Tx<Ty.

Theorem 2.2. [6] Let (X, <) is a partially ordered set and suppose that there exist a metric
d on X such that (X, d) be a complete metric space. Let T : X — X be a continuous and
non-decreasing mapping such that (2.1) is satisfied for all x,y € X with x < y. If there

exist xo € X such that x, < Tx., then T has a fixed point.

Theorem 2.3. [6] Let (X, <) is a partially ordered set and suppose that there exist a metric
d on X such that (X, d) be a complete metric space. Assume that if {x,} is non-decreasing
sequence in X such that x, — x for all n € N. Let T : X — X be a non-decreasing
mapping such that (2.1) is satisfied for all x,y € X with x < y. If there exist x, € X such
that xo < Tx., then T has a fixed point.
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Theorem 2.4. [6] In addition to the hypothesis of Theorem 2.2 or Theorem 2.3, suppose
that for every x,y € X, there exist u € X such that u < x and u <y. Then T has a unique
fixed point.

Khan et al. [20] initiated the use of control function that alter distance between two
points in a metric space, which they called an altering distance function

Definition 2.2. [20] A function ¢ : [0, 00) — [0, c0) is called altering distance func-
tion if the following conditions are satisfied: (1) ¢ is monotone increasing and
continuous, (2) ¢(t) = 0if and only if t = 0

In this paper, we consider the following class of pairs of functions .

Definition 2.3. A pair of functions (¢, ¢) is said to belong to the class F, if they
satisfy the following conditions: (i) @, ¢ : [0, 00) — [0, c0); (ii) for t,s € [0, 00) @(t) <
¢(s) then t < s; (iii) for (t,) and (s,) sequence in [0, o) such that x if p(t,) < ¢(s,) for
any n € N, thena = 0.

Remark 2.1. Note that, if (¢, ¢) € F and ¢(t) < ¢(t), then t=0, since we can take t, = s, =t
for any n € N and by (iii)we deduce t=0.

Now, we present some interesting examples of pairs of functions belonging to the
class .

Example 2.1. [24] Let ¢ : [0, c0) — [0, o) be a continuous and increasing function such that
¢(t) = 0 if and only if t=0 (these functions are known in the literature as altering distance
functions). Let ¢ : [0,00) — [0, o) be a non-decreasing function such that ¢(t) = 0 if and
only if t=0 and suppose that ¢ < @. Then the pair (p,p — ¢) € F. In fact, it is clear that

(p, @ — @) satisfy (i).
To prove (ii), suppose that t, s € [0, 00) and @(t) < (@ — ¢P)(s). Then, from
P(t) < @(s) = p(s) < P(s)-

and taking into account the increasing character of ¢, we can deduce that f <s.
In order to prove (iii), we suppose that

((A) P(tn) < P(sn) = P(sn) < P(sn)
for any n € N, where t,,s, € (0,00) and hrn t, = lim's, = a, Taking — oo in (A),
we infer that hm gi)(sn = 0. Let us suppose that a > 0. Since lims, = a > 0, we

n—oo

can find € > O and a subsequence (s,,) of (s,) such that s, > e for any k € N.
As ¢ is nondecreasing, we have ¢(s,) > ¢(e) for any k € N and, consequently,
lim ¢(sy,) > ¢(€). This contradicts the fact that lim ¢(s,,) = 0. Therefore, a > 0.
n—00 n—00

This proves that (¢, ¢ — ¢). An interesting particular case is when ¢ is the identity

mapping, @ = ljg«) and ¢ : [0,00) — [0, o) is a nondecreasing function such that
¢(t) = 0if and only if t = 0 and for any ¢ € [0, c0).
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Example 2.2. [24] Let S be the class of functions defined by

S={a:[0,00) - [0,1): {a(t,) = 1= t, — O}}.

Let us consider the pairs of functions (1[9,), @1[0,)), Where o € S and aljo ) is defined by
aljpeo)(t) = at, fort € [0, o).

Then (10,00, @1jo0)) € F It is clear that the pairs (1jow), alo,)), With @ € S satisfy(i). To
prove (ii), from 1jw)(f) < aljpe)(s) for t,s € [0,00), we infer, since a : [0,00) — [0, 1),
that t < a(s)s < s and, consequently, (1[o,«), @1[0,)) satisfies (ii). In order to prove (iii),
we suppose that 1je)(ts) = tn < @ljge)(ss) = a(su)s, for any n € N, where t,,s, € [0, ),
limt, = 322 s, = a. Letus suppose thata > 0. Since }1_1)1; s, = a > 0, we can find a subsequence

n—oo

(sy,) of (s,) such thats, > 0foranyk € N. Now,ast, < a(s,)s, < s, foranyn € Ninparticular,
we have t,, < a(s,,)sy, <s,, foranyk € N and sinces,, > 0 forany k € N

£

2< afsy) < 1.

Sy
Taking k — oo in the last inequality, we obtain ]}im a(sy,) = 1. Finally, since a € S, we infer
that I}im sy, = 0 and this contradicts the fact that lim a(s,) = a. Therefore, a = 0.This proves
that (1jp,c0), 1ljpe0)) € F for a € S.

Remark 2.2. Suppose that g : [0, 00) — [0, o0) is an increasing function and (¢, ¢) € F. Then
it is easily seen that the pair (o ¢, p o g) € F.

3. Main Result

Theorem 3.1. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ¢) € F satisfying

d(y, Ty)[1 +d(x, Tx)]
1+d(x,y) )} !

3.1 P(d(Tx, Ty)) < max {G?(d(x, ), ¢ (

forall x,y € X with x < y. Assume that if {x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Proof. 1fx, = Tx,, then we have the result. Therefore, we suppose that x, < Tx,,
we construct a sequence {x,} in X such that

(3.2) Xps1 = T'x, fore very n > 0.
Since T is non-decreasing, we obtain by induction that

(3.3) Xo<Txo=Tx1 =2 < ... £Txp1 =X, <TXp_1 = Xp41 < oot
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If there exists n > 1 such that x,, = x,,41, then from (3.2), x,,11 = Tx,, = x,, that is x,,
is a fixed point of T, and the proof is finished. Now suppose that x,, # x41, that is
d(x,, xp41) # 0, for all n > 1. Since x,,_1 < x,, for all n > 1, from (3.1), we have

(P(d(xn+1/xn)) = (P(d(Txn/Txn—l))

BB
G4 = max (s, 1,0, A St

Now, we distinguish two cases. Case I. Consider

d(xn—lr xn)[l + d(xn/ xn+1)]
1+ d(x,, xn-1)

(3.5) max {d)(d(xn, Xn-1)), qb( )} = P(d(xn, Xn-1))-

In this case from (3.4), we have
(3.6) (P(d(xnﬂ/ X)) < ¢(d(xn/ Xn-1))
Since (¢, ¢) € F, we deduce that

d(xn+1/ xn) < d(x,,, Xn_l)

Case II. If
max {Cf)(d(xn, Xn-1)), (d(xn_liﬁq)ag(lx-l- i(ﬁ/)xnﬂ)] )}
(G, x0)[1 + d(xn, X011)]
47) ‘¢( T+ dCon x1) )

In this case from (3.4) and since (@, ¢) € F, we get

d(xn—lr xn)[l + d(xn/ xn+1)]
1+d(x,, x0-1)

A(xXp, Xn-1) <

Since d(xy, xp+1) # 0, from the last inequality it follows that

d(xn+1/ xn) < d(xnr xn—l)-
From both cases, we conclude that the sequence {d(x,.1,x,)} is a decreasing se-
quence of non-negative real numbers and is bounded below, there exists r > 0 such

that

(3.8) d(xXp41,x,) = rasr — oo,
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Now, we shall show that » = 0. Denote A = {n € N : n satisfies (3.5)}, B={neN:n
satisfies (3.7)} We note that the following.

(1) If Card A = oo, then from (3.4), we can find infinitely natural numbers n
satisfying inequality (3.6) and since limy e d(Xy41, X4) = d(xy, Xp—1) = ¥ and (@, P) €
F, we have r = 0. (2) If Card B = oo, then from (3.4), we can find infinitely many
n € N such that

d(xn-1, xn)[1 + d(xn, Xns
Pl 1) < o T ),ﬁ(; x<:)x )N

Since (¢, ¢) € F and using the similar argument to the one used in case (2), we
obtain

dQn-1,%0)[1 + d(xn, Xn41)]

(39) d(xn/ xn—l) < 1+ d(xn/ xn_l)

for infinitely many n € N Letting n — oo in (3.9) and taking into account that

limy, 0 d(Xp41, X)) = 1, we deduce that r < r%. And consequently, we obtain r = 0.

Therefore
(3.10) lim d(x,41,x,) =0

Next, we will show that {x,} is a Cauchy sequence. In contrary case since by
Lemma 2.1 of [8], we can find € > 0 and subsequences {x,¢}, {Xn)} of {x,} satisfying
(i) n(k) > m(k) > k for all positive integer k; (ii) d(xXy@), Xnx) = €. Assuming that n(k)
is the smallest such positive integer, we get n(k) > m(k) > k, d(x,x), Xn)) = € and
A(Xm(k), Xny-1) < €. Now,

€ < d(XmuE), Xnm) < A, Xng-1) + A Xn)-1, Xnk),

that is
€ < d(Xpm(ky, Xnk) < € + d(Xng)-1, Xnk)),

Letting k — oo in the above inequality and using (3.10), we have
(3.11) A Xy, Xn() = €
Again
AXmky, Xny) < Ay, Xmy—1) + AXm-1, Xn-1) + d(Xno-1, Xn(r)),
AXm@-1, Xn-1) < A@XmE@-1, Xm@) + A Xy, Xne) + A(Xn@), Xng-1)
Letting k — oo in the above two inequalities and using (3.10) and (3.11), we have

(3.12) ;}Eﬂl Ad(Xm(k)-1, Xn()-1) = €.

Now using contractive condition (3.1), we get

(A(Tx -1, Txn)-1))
(A X (-1, Xngo-1)), ) }

max { (P (d(xu(k)—lrTxu(k)—l)[1+d(xm(k)—1rTxm(k)—l)]

PAdXmey, Xn(r))

IA

1+d ()1, Xn0)-1)
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d(Xng-1, Xngo)[1 + d(xn1(k)—1,xm(k))])}
1+ d(Xm)-1, Xnk)-1) .

(3.13) = max {¢(d(xm(k)—1/ Xng-1)), P (

Put
C ={k € N : (d(xXmw), Xnw)) < PAXmE)-1, Xng-1))-

A1, Xn)[1 + A(XmE)-1, Xmer)] )

3.14) D ={keN: @, Xnp)) <
(3.14) { A Xmy, Xn))) ¢( 1+ Aot o)

By (3.13), we have Card C = oo or Card D = co. Let us suppose that Card C = co.
Then there exists infinitely many k € N such that

@A), Xnk)) < QA -1, Xng)-1))-
And since (¢, ¢) € F, we have by letting k — oo
]}gg A Xy, Xno) < ]}gg AQCnE)-1, Xn()-1)-

We infer from (3.11) that € = 0. This is a contradiction. On the other hand, if Card
D = oo, then we can find infinitely many k € N such that

A1, Xno)[1 + dXm)-1, Ximk))]
1+ dXmg)-1, Xnky-1) .

(p(d(xm(k)/ xn(k))) < gf)

And since (@, ¢) € F, we obtain from the above inequality

AXn@)-1, Xng)[1 + A1, X))
1+ d(Xm)-1, Xn(ky-1)

AXmw), Xnky)) <

Taking k — oo and using (3.10) and (3.12) we obtain € < 0, which is a contradiction.
Therefore, in both the cases, we obtain a contradiction. This shows that {x,} is a
Cauchy sequence in X. Since X is complete, there exists 1 € X such that lim, . X, =
u. Next, we will show that u is a fixed point of T. Since {x,} is non-decreasing
sequence in X such that x,, — u, then x,, < u. By the contractive condition (3.1), we
obtain

d(x,, Tx)[1 + d(u, Tu)])}

(3.15) (d(Tu, Txy)) < max {‘“d("’ x"))’¢( 1+ d(u, x,)

for any n € N. Now we distinguish two cases. (1)There exist infinitely many n € N
such that

P(d(Tu, Txy)) < Pd(u, x,))

since (¢, ¢) € F, we obtain d(Tu, Tx,) < d(u,x,). For infinitely many n € N. Since
lim;, e X4 = u, letting n — oo in the last inequality, we obtain

(3.16) lim Tx, = Tu,

n—oo
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where, to simplify our assumptions, we will denote the subsequence by the same
symbol Tx,. By (3.2),

(3.17) lim x,41 = lim Tx, = Tu.
n—oo

n— oo

Xy — u in X this means that Tu = u. Therefore u is a fixed point of T. (2)There exist
infinitely many »n € N such that

d(x,, Tx)[1 + d(u, Tu)]

(d(Tu, Txy)) < ¢ 1+ d(xn 1)

Again to simplify our considerations, we will denote the subsequence by the same
symbol Tx,. Since (¢, ) € F, we deduce that

d(x,, Txp)[1 + d(u, Tu)] - Ad(x,, xpe1)[1 + d(u, Tu)]

d(Tu, Tx,)) < T+ d0o 1) = L+d(xyu)

for any n € N. Taking n — co and by using (3.10), we infer (3.16). From the above
case, we deduce that u is a fixed point of T. Therefore, in both cases we proved that
u is a fixed point of in T. This complete the proof of the theorem. [

By Theorem 3.1, we obtain the following corollaries.

Corollary 3.1. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ¢) € F satisfying

@(d(Tx, Ty)) < P(d(x, y)).

forany x,y € X with x < y. Assume that if {x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Corollary 3.2. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ) € F satisfying

Pd(Tx, Ty) < ¢

Ay, Ty)[1 +d(x, T2)]
1+d(x,y) )

forany x,y € X with x < y. Assume that if (x,} is non-decreasing sequence in X such that
Xn — u, then x, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Remark 3.1. The main result of [6] is Theorem 2.2, 2.3 and 2.4. Notice that the contractive
condition appearing in these theorems
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d(y, Ty)[1 +d(x, Tx)]
1+d(x,y) !

for any x,y € X with x < y where @, > 0 and a + § < 1 for any x,y € X, implies
that

d(Tx, Ty) < ad(x,y) +

d(y, Ty)[L + d(x, )]
1+d(x,y)

d(y, Ty)[L + d(x, Tv)]
1+d(x,y)

d(Tx,Ty) < (a+p)max{d(x,y),

IA

max{(a + p)d(x, y), (@ + p)

for any x, y € X with x < y. This condition is a particular case of the contractive
condition appearing in Theorem 3.1 with the pair of functions (¢, ¢) € F, given by
@ = 1oy and @ = (a + f)1). Furthermore, we relaxed the requirement of the
continuity of mapping to prove the results. Therefore, the following corollary is a
particular case of Theorem 3.1.

Corollary 3.3. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ¢) € F satisfying

d(y, Ty)l1 +d(x, To)]

d(Tx, Ty) < max{(a + B)d(x, y), (a + p) 1+d(x, 1)

forany x,y € X with x < y. Assume that if (x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Taking into account Example 2.1, we have the following corollary.

Corollary 3.4. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ¢) € F satisfying

P, ) - pd(x, y)), o (LHALZET)
@(d(Tx, Ty)) < max ¢ (d(y,Ty)[1+d(x,Tx)]) ,
1+d(x,y)
forany x,y € X with x < y. Assume that if (x,} is non-decreasing sequence in X such that
Xn — U, then x, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Corollary 3.4 has the following consequences.

Corollary 3.5. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, p) € F satisfying

pd(Tx, Ty)) < p(d(x,y)) — pd(x, y)),
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forany x,y € X with x < y. Assume that if (x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Remark 3.2. Corollary 3.5 is an extension of the fixed point theorem of the following theo-
rem in the setting of ordered metric space, which appear in [14].

Theorem 3.2. Let (X, d) be a complete metric space and T : X — X is a mapping
satisfying
Pd(Tx, Ty)) < p(d(x, y)) = p(d(x, y)),

forany x, y € X where ¢ and ¢ satisfy the same conditions as in Corollary 3.5. Then T has
a fixed point.

Corollary 3.6. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a pair of functions (@, ¢) € F satisfying

d(y, Ty)[1 +d(x, Tx)] d(y, Ty)[1 +d(x, Tx)]
1+d(x, y) )_ ( 1+d(x,y) )

Pd(Tx, Ty)) < ¢

forany x,y € X with x < y. Assume that if {x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

Taking into account Example 2.2, we have the following corollary.

Corollary 3.7. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a € S (see Example 2.2) satisfying

a(d(x, y)d(x, y),
d(Tx, Ty) < max { d(y,Ty)[1+d(x,Tx)]y d(y],/Ty)[Hd(x,Tx)] ,
0‘( T+d(xy) ) ( T+d(oy) )

forany x,y € X with x < y. Assume that if (x,} is non-decreasing sequence in X such that
Xn — u, then x, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.

A consequence of Corollary 3.7 is the following corollary.

Corollary 3.8. Let (X, <) is a partially ordered set and suppose that there exist a metric d
on X such that be a complete metric space. Let T : X — X be a non-decreasing mapping
such that there exists a € S (see Example 2.2) satisfying

d(Tx, Ty) < a(d(x, y))d(x, y),

forany x, y € X with x < y. Assume that if {x,} is non-decreasing sequence in X such that
Xn — U, then x,, < u, for all n € N. If there exist x, € X such that x, < Tx,, then T has a
fixed point.
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Remark 3.3. Corollary 3.8 is the extension of the fixed point theorem of the following fixed
point theorem in the setting of ordered metric space, appear in [15].

Theorem 3.3. [15] Let (X,d) be a complete metric space and T : X — X is a mapping
satisfying
d(Tx, Ty) < a(d(x, y)d(x, y),

forany x,y € X where a € S. Then T has a fixed point. Now, we shall prove the uniqueness
of the fixed point as in the following theorem.

Theorem 3.4. In addition to the hypotheses of Theorem 3.1 assume that for all x,y € X
there exists z € X such that x < zand y < z. Then T has a unique fixed point.

Proof. Suppose that x* and y* are two fixed points of T. By assumption, there
exists z € X such that x* <z and y* < z. Now, proceeding similarly to the proof of
Theorem 3.1., we can define the sequence in X as follows

Tz, = 2441, Zo =2z ¥n € N.
Since T is non-decreasing we have
z <z < zyy1 and d(z,, 2y41) — 0as 1 — oo.

As x* < z,, putting x* = x, z, = yin (3.1), we get

d(z,, Tz,)[1 + d(x*, Tx")]
1+d(x*,z,) ’

@(d(Tx", Tz,)) < max {qb(d(x*, Zn)), ¢ (

that is

@(d(x", zy41)) < max {qb(d(x*, ), & (%)} /

Put
E={neN:pdE",z:m)) < 9K, 2,)).

d(zn/ Zn+1) )

G={neN: X, zm1)) < ¢ (m

we have Card E = oo or Card G = co. Suppose that Card E = oo, then there exists
infinitely many n € N such that

(X, zu11)) < PA(x7, 2y)). Y € N.

It follows that the sequence {d(x*,z,)} is non-increasing and it has a limit / > 0.
From the above inequality and since limy, e d(x", Zp41) = limy—e0 d(x*,2,) = [ and
(p, ) € F, we obtain | = 0. Hence

(3.18) lim d(x*, z,41) = 0.

n—oo
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If Card G = oo, then there exists infinitely many n € N such that

d(zn/ Zn+1)

P(d(x", zp11)) < ¢ (m

)VnEN,

then since (¢, ¢) € F, we have

A(zn, Zn+1)

< Vn € N.
T 1+d(xt,zn) "e

d(znr Zn+1)

Letting 7 — oo and as d(x*, z,+1) — o0 as n — oo, we get

(3.19)

lim d(x", 2y41) = 0.

n—oo

From (3.18) and (3.19) we have lim,_,. d(x",z,) = 0. In the same way it can be
deduced that lim, . d(y*,z,) = 0. Therefore passing to the limit in d(x*, y) <
d(x*,z,) +d(z,, y*) as n — oo we obtain d(x*, y*) = 0. Hence x* = y*. That is, the fixed
point is unique. 0O

10.

REFERENCES

. R.P. Agrawar, M. A. EL-Geseiry and D. O'RecaN, Generalized contractions in partially
ordered metric spaces. Appl. Anal., 87 (2008), 109-116.

M. Arsuap, E. KaARAPINAR and J. AuMAD, Some unique fixed point theorems for rational
contractions in partially ordered metric spaces. ]. Inequal. Appl., 2013(2013),248.

G. V. R. Basu and G. N. ArLemavenu, Existence of common fixed point for weakly
biased maps satisfying weakly contractive condition involving rational expressions . Proc.
JangjeonMath.Soc.,14 (1)(2011), 115-133.

V. BeErINDE, Approximating fixed points of weak contractionsusing the Picard iteration.
Nonlinear Analysis Forum, 9 (1)(2004), 43-53.

T. G. Buaskar and V. LAKSHMIKANTHAN, Fixed point theorems in partially ordered metric
spaces and applications. Nonlinear Anal.,64(2006), 1379-1393.

I. CaBrERA, J. Harjant and K. SADARANGANI, A fixed point theorem for contractions of
rational type in partially ordered metric spaces. Ann. Univ. Ferrara, 59 (2013), 251-258.

S. K. Cuarteryea, Fixed-point theorems. Comptes Rendus de I’Acad emieBulgare des
Sciences,25 (1972), 727-730.

S. Cuanpox and J. K. K, Fixed point theorem in Ordered Metric Spaces for generalized
contractions mappings satisfying rational type expressions. ]. Nonlinear Functional Anal.
Appl., 17 (2012), 301-306.

S. CHANDOK, Some common fixed point results for generalized weak contractive mappings
in partially ordered metric spaces for generalized contractions mappings satisfying rational
type expressions. J. Nonlinear Anal. Opt. 4 (2013), 45-52.

S. Cuanpok, T. D. NaranG and M. A. Taoup1, Some common fixed point results in
partially ordered metric spaces for generalized rational type contraction mappings. Veitnam
J. Math., 41 (2013), 323-331.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Some Result in Ordered Metric Spaces for Rational Type Expressions 137

S. Cuanpok, M. S. Kuan and K. P. R. Rao, Some coupled common fixed point theorems
for a pair mappings satisfying a contractive condition of rational type. J. Nonlinear Anal.
Appl., 2013(2013), 1-6.

L. B. Ciri¢, A generalization of Banach’s contraction principle. In: Proceedings of the
American Mathematical Society, 45 (1974), 267-273.

B. K. Dass and S. Gurta, An extension of Banach contractionprinciple through rational
expression. Indian Journal of Pure and Applied Mathematics, 6 (12)(1975), 1455-
1458.

P. N. Duurta and B. S. CHoupHuRy, A generalization of contractionprinciple in metric
spaces. Fixed Point Theory and Applications, 2008, Article ID 406368, 2008.

M. A. GeracHTY, On contractive mappings. In: Proceedings of the American Mathe-
matical Society, 40 (1973), 604-608.

J. Harjant and K. SaparaNGaNi, Fixed point theorems for weakly contractive mappings
in Partially Ordered sets. Nonlinear Anal., 71 (2009), 3403-3410.

J.Haryani, B. Lozep and K. SAbDARANGANT, A fixed point theorem for mappings satisfying
a contractive condition of rational type on a partially ordered metric spaces. Abstrct Appl.
Anal., 2010(2010), Article ID 190701.

M. Jrewy, V. C. Rajig, B. Samer and C. VETRO, Fixed point theorems on ordered metric
spaces and application to nonlinear elastic beam equations . J. Fixed Point Theory and
applications, 12(1-2)(2012), 175-192.

R. KannaN, Some results on fixed points—II. The American Mathematical Monthly,
76 (1969), 405-408.

M. S. KHaN, M. SwaLen and S. Sessa, Fixed point Theorems by altering distance betwwn
the points. Bull. Austral.Math. Soc., 30 (1984), 1-9.

A. MEeIr and E. KeeLER, A theorem on contraction mappings. Journal of Mathemati-
calAnalysis and Applications, 28 (1969), 326-329.

J.J. NieTo and R. R. Lorez, Contractive mapping theorems in partially ordered sets and
applications to ordinary differential equations. Order, 22 (2005), 223-239.

A.C.M.Ran and M. C. B. ReuriNGs, A fixed point theorem in partially ordered sets and
some applications to matrix equations. Proc. Amer. Math. Soc., 132 (2004),1435-1443.

J. Rocua, B. Rzerka and K. Saparancani, Fixed point theorems for contraction of
rational type with PPF dependence in Banach Spaces. Journal of Function Spaces, 2014,
Article ID 416187, 1-8.

A. S. Saruja, M. S. KnaN, Pankay Kumar JHADE and Brian FisHER, Some fixed
point theorems for mappings involving rational type expressions in partial metric spaces.
Applied Mathematics E-Notes, 15 (2015).

T. Suzuki, A generalized Banach contraction principle that characterizes metric complete-
ness. Proceedings of the American Mathematical Society, 136 (5)(2008), 1861-1869.

M. Turinici, Abstract comparison principle and multivariable Gronwall-Bellman inequal-
ities. J. Math. Anal. Appl., 117 (1986), 100-127.



138 A.S. Saluja, R.A. Rashwan, D. Magarde, PX. Jhade

A.S. Saluja

] H Government Postgraduate College
Betul (M.P)

India-460001

Rashwan A. Rashwan
Assiut University

Faculty of Science
Department of Mathematics
Assiut, Egypt
rr_rashwan54@yahoo.com

Devkrishna Magarde

Patel College of Science & Technology
Bhopal(M.P)

India-462044
-dmagarde@rediffmail.com

Pankaj Kumar Jhade

NRI Institute of Information Science & Technology
Bhopal(M.P)

India-462021

-pmathsjhade@gmail . com



	Introduction
	Preliminaries
	Main Result

