FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 37, No 5 (2022), 891-915
https://doi.org/10.22190/FUMI210920062C
Original Scientific Paper

FIXED POINT SETS OF SELF-MAPPINGS WITH A GEOMETRIC
VIEWPOINT

Ufuk Celik! and Nihal Ozgiir2

I Sindirg: Yagcibedir Secondary School
Balikesir, Tiurkiye
2 Faculty of Arts and Sciences, Department of Mathematics
35140, Karabaglar, Izmir, Tiirkiye

Abstract. In this paper, we obtain new fixed point results with the help of various
techniques constructed using auxiliary numbers and some family of functions. In the
context of the fixed-circle (resp. fixed-disc) problem, we consider the geometry of the
fixed point set of a self-mapping on a metric space. Also, we discuss the effectiveness

of our theoretical fixed point results by considering possible applications to the study
of neural networks.
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1. Introduction

The fixed point set Fiz (T) of a self-mapping T on a metric space (X,d) is
defined as follows:

Fix(T)={ze X :x=Ta}.

In this paper, we give new fixed point results for self-mappings of a metric space
using various techniques. Throughout the paper R, , R* and R will denote the set
of non-negative real numbers, positive real numbers and real numbers, respectively.
Let o, 8, p € Ry be numbers with a+ 8+ p > 0 and 0 < 0 < 1. Our main tools are
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the auxiliary numbers defined by

Ny(z,y) = amax{d(z,Tz),d(y,Ty)}
(1.1) +3 max {d(x,y) Jd(z,Tz),d(y,Ty), ed(a?, Ty) —;— d(y,Tx) }

d(z,y)d(y, Ty) d(z,y)d(y,Ty) }
1+d(z,Tx) ~ 1+4+d(Tz,Ty)

+ 1 max {d (z,Tz),d(y,Ty),
and
Mg (z,y) = amax{d(z,Tz),d(y, Ty)}

(12)  +fmax {d<x,y> d(2,Tx),d(y.Ty),

2

d(y,Ty) (d(xz, Ty) + d(nyl'))}
1+d(z,Tz)+d(y,Ty)

d(z,Ty) + d(y, Tx) }

o max {d<z,y> \d(z,Tx),d(y, Ty),

In [8], these numbers was used to study on the Rhoades’ open problem on dis-
continuity at fixed point. Also, this problem was revised considering the geom-
etry of fixed points, especially with the notion of a fixed circle (for more details
see [8] and the references therein). Recall that a circle and a disc are defined by
Copor = {r€X 1 d(z,0) =7} and Dy, , = {xv € X : d(x,x0) <}, respectively.
In [26], the fixed-circle problem was introduced to study on the geometric proper-
ties of the set Fiz (T).

Definition 1.1. [26] Let (X,d) be a metric space and Cy, , be a circle. For a
self-mapping 7' : X — X, if Tz = z for every z € Cy,  then the circle Cy, , is a
fixed circle of T

In other words, a circle (resp. a disc) contained in the fixed point set Fix (T")
is called a fixed circle (resp. a fixed disc) of a self-mapping 7. Then, the fixed-
circle problem (resp. fixed-disc problem) can be described as the investigation of
some appropriate conditions such that the set Fiz (T) contains a circle (resp. a
disc). Recently, several fixed-circle (resp. fixed disc) results have been studied on
metric or some generalized metric spaces with various techniques (see, for instance,
[4, 7,9, 14, 15, 20, 21, 22, 24, 25, 26, 27, 28, 32, 34] and the references therein).
One of these techniques is constructed by means of the family of functions defined
by Wardowski [35]. Now, we recall this family of functions.

Definition 1.2. [35] Let F be the family of all functions F' : (0,00) — R such
that

(Fy) F is strictly increasing,

(F») For each sequence (ay,) in (0, 00) the following holds: lim,,_,+ @, = 0 if and
only if lim,, o, F (a,) = —o0,
(F3) There exists k € (0, 1) such that lim,_,o+ a*F (a) = 0.
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The following functions are given in [35] as the examples of functions that satisfy
the conditions (F7), (F2) and (F3) of Definition 1.2:

1. F:(0,00) = R defined by F (z) =Inz.

2. F:(0,00) = R defined by F () =Ilnx + x.

3. F:(0,00) — R defined by F (z) = (x + ).
4. F:(0,00) — R defined by F (z) =

Using the family of functions defined in Definition 1.2, a new type of contraction
is given as follows [16].

Definition 1.3. [16] If there exists 7 > 0, F' € F and x¢ € X such that for all
x € X the following holds:

d(Tz,z)>0=7+F(d(Tz,z)) < F(d(x,x0)),
then T is said to be an F,—contraction on X.

The importance of this kind contractions is the existence of a fixed circle, espe-
cially a fixed disc, contained in the set Fix (T').

Theorem 1.1. [16] Let (X,d) be a metric space and T be an F,-contraction with
xg € X. Define the number r by

r=inf{d(z,Tx):z # Tx}.

Then Cy, » is a fized circle of T. In particular, T fizes every circle Cy, , where
p<r.

Another technique in the fixed point theory is the usage of an implicit relation
to obtain new fixed point results. Using this technique, various fixed point results
have been given in metric and some generalized metric spaces, (see, for example,
[2, 3, 12, 29, 30, 31, 33| and the references therein).

On the other hand, theoretical fixed point results have a wide range of applica-
tions in many aspects in the study of some applied areas such as neural networks
and differential equations arising in the mathematical modeling of many real-world
problems (see, for example, [5, 6, 10, 11, 17, 18, 19, 36, 37, 38] and the references
therein).

The paper is organised as follows. In Section 2., we investigate new fixed-point
results using an implicit relation and a modified version of the number Ny (,y).
In Section 3., we define new types of F.-contractions and obtain new fixed circle
(resp. fixed disc) results using the numbers Ny (x,y) and My (z,y). In Section
4., we consider geometric properties of the fixed point sets of some discontinuous
and continuous activation functions used in the study of stability analysis of neural
networks.
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2. Fixed point results via implicit relations

In this section, we define an implicit relation to obtain new fixed point results
on a metric space.

Definition 2.1. Let M be the family of all continuous functions of six variables
M : RS — R;. We define the following conditions:

(M1) For all z,y,z € Ry and some k; € [0,1), if y < M (x,z,0,z2,y,y) with
z<x+y, then y < k.

(M2) For ally e Ry, if y < M (y,0,y,y,0,y), then y = 0.
(M3) If x; < y; + 2; for all x;,y;,2; € Ry, i <6, then

M(Jfl,ﬂfg,"',@?G) < M(y1’y27"'7y6)+M(21)z27"'7zﬁ)'
Moreover, for all y € R, and some k3 € [0,1), we have M (0,0,0,y,y,y) < ksy.

We note that the coefficients k1 and k3 in the conditions (M1) and (M3) can
be assumed equal by taking k = max {kj, k3 }.

Now we give two examples of functions M € M.
Example 2.1. Define M : RS — R, as

[z +aw2 +b(x3 + x4) + ¢ (25 + T6)]
- y ,

M(I17I27”'7$6)
with a,b,¢,d € RY, a,b,c <1 and d > 6. Then
(M1) Let y < M (x,2,0,2,y,y) with z < x4y for all z,y,z € Ry. We get

d
x4 az + bz + 2cy) < [ + az + b(z + y) + 2¢cy]
N d - d
[z 4 az + bz + by + 2cy]
N d

and hence

y(d—b—2c) < x(1+a+b)
(I4+a+0)

<~ ‘7.
T VS r-20"

Since ;j;fzbc < 1, if we take k = ;fbaj;c then we have y < kx.

(M2) Let y < M (y,0,y,y,0,y) = L2221 for all y € R,. We have
y< 1+2db+c

and so y = 0 since # < 1.
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(M3) Let z; < y; + 2, i <6, for all z;,y;, 2 € Ry. Then we obtain

[z1 + az2 + b(x3 + x4) + ¢ (x5 + x6)]

[y1 + 21 +a(y2+iz)+b(y3+23+y4+24)+c(y5+z5+y6+z6)}

[y1 + ay2 +b(ys Zyéx) +c(ys +y§)] N [z1 + az2 + b (23 224) + ¢ (25 + 26)]
= My, y2,-,ys) + M (21,22, 26) -

Additionally, we get M (0,0,0,y,y,y) = by"?# = (Lfc) y for all y € Ry. Since b”;fc <1
if k& is chosen such that k € [b'*'—dzc, 1) then we have M (0,0,0,y,y,y) < ky.

M(xl,xz,-“,l'e)

<

Example 2.2. Define M : RS — R} as

M (@1,a, - w6) = 20 4 28 4 XA 00,20 F 00,25 4 7o)

with a,b,c € RT, a,b,¢c > 6.
(M1)Lety < M (z,,0,z,y,y) = %—F%—&-M with z < z+yforallz,y, 2 € Ry.
If max {2z, 2,2y} = z then we get = + y < z, which is a contradiction since z < z + y.
If max {2z, z, 2y} = 2y then we get
2 1 1 2
y<¥4¥, Y- <7+7+7>y.
a b c a b ¢
Since % + % + % < 1 then we have y = 0 and so the inequality y < kz is satisfied.
If max {2z, z,2y} = 2z then we get

y < a+by+ngy—a+by§gx
ab c ab c
N y(l_a—l—b)ng
ab c
N y(w>§2x
ab c

= s (c(ab—ziz—ﬁ-b)))x’

6 < a:>6bc§abc:>bc§%bc
6 < b:>6ac§abc:>ac§%bc
6 < c:>6ab§abc:>ab§%bc
and
4
2ab+ac+bec < éabc<abc
= 2ab < abc — ac — be
2ab 2ab
= = 1.

abc —ac —bc ~ c(ab— (a+b)) <
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If we take k = #‘EZ%)) then we have y < kzx.

(M2) Let y < M (y,0,y,y,0,y) = £ 4 moxlw2vs} — v 4 2 — (e£20) g for gll y € Ry
Then, we get y = 0 since <2% < 1 (L <1 and 2 < 2 implies <£2¢ < 1).

(M3) Let x; < y; + 2, ¢ < 6, for all z;,y;, z: € Ry. Then we get

x6 x5  max{xi + 2,23 + Ta,x5 + T6}

M ceeps) = =8

(:I:laxQ: 7:170) a + b c
Yo+ 2 | Yst 25

a + b
+maX{y1+Zl+y2+227y3+23+y4+247y5+Z5+y6+z6}

c

yo  ys , max{yi +yo,y3 + vya,ys5 + Y}

b c

26 25+maX{Zl+22,Z3+Z47ZB+Z6}
b c
= M(ylvyZa"'7y6)+M(Z1322a'“7z6)'

IN

A
\
_|_
\
_|_

Furthermore, we get

0,y,2 11 2 4
M©0,0,0,yyy) =Y+ ¥ max{Oy2y} (1 1 2) 4y
a b c a b c 6

for all y € Ry since % < é, % < = and % < %. If k is chosen such that k € [%,1) then we
have M (0,0,0,y,y,y) < ky.

D=

We give a general fixed point theorem for self-mappings of a complete metric
space using the functions belonging in the family M.

Theorem 2.1. Let T be a self-mapping on a complete metric space (X, d) and
(21) d(Tz,Ty) < M (d(z,y),d(z,Tz),d(y,Tz),d(z,Ty),d(y,Ty),d(Tz,Ty))

for all z,y,z € X and some M € M. Then we have

(1) If M satisfies the condition (M1), then T has a fized point x. Furthermore,
for any xo € X with xg ¢ Fix(T) and the fized point x, we have

kn+1
d(z,Tz,) < T %

d(Ioﬁrxo).

(2) If M satisfies the condition (M2) and T has a fized point x, then the fized
point s unique.

(3) If M satisfies the condition (M3) and T has a fized point xz, then T is
continuous at .

Proof. For the first part of the proof, assume that M satisfies the condition (M1).
We show that T has a fixed point . To do this, let g € X with xy ¢ Fiz(T)
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and define the sequence (z,) in X recursively by z,+1 = Ta, for n € N. From the
inequality (2.1), we get

d(@nt1,Tny2) = d(Txn, Trpiq)

M ( d(xn7xn+1) 9 d (xn7$n+1) 9 d(fl;n+17xn+1) ) >
d (mn; xn+2) ) d (xn+17 xn+2) 7d (xn-i-la -rn+2) '

IN

By the triangle inequality, we have
d (:En, xn+2) <d (wm zn-&-l) +d (an—o—l, xn+2) .
Since M satisfies the condition (M1), there exists k € [0,1) such that

(2.2) A (Tpi1, Tng2) < kd(Tp, ng1) < B (20, 21) .

Hence for all n < m, by using triangle inequality and (2.2), we have

d(zn,2m) < d(Tn,Tns1) +d(Tns1, Tm)
< [kn+k.n+1++kmil} d(zoaxl)
kn
S 1_kd(IOa‘T1)'

Taking the limit as n, m — oo, we get d (¢, ) — 0. This proves that {x,} is
a Cauchy sequence in the complete metric space (X, d).

Then we have z,, — x € X. Furthermore, taking the limit as m — co we get

k’n
1-k

d(xn,x) < d(xg,x1) .

This implies that
kn+1

d(Txp,x) < = kd(xo,Txo).

Now we prove that = Ta. Using (2.1), we find

d(zp+1,Tx) d(Tx,, Tx)
M (d(zp,2),d(zn, Tey),d (@, Try) ,d(xn, Tx) ,d(z,Tx),d (Txy, Tx))

M (d(zn,2),d(@n, Tnt1)  d (2, Tnt1) , d (0, Tx) ,d (2, Tx) ,d (Tpt1,TT)).

A

Since M € M, taking the limit as n — co we get

d(z,Tx) < M (0,0,0,d(x,Tx),d(z,Tx),d(x,Tz)).

Using the condition (M1), we have d (z, Tx) < k.0 = 0. This shows that © = T'z.
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For the second part of the proof, assume that M satisfies the condition (M2).
Let = and y be fixed points of T. We show that = y. Using (2.1), we obtain
d(z,y) = d(Tz,Ty)
M (d(z,y),d(z,Tx),d(y,Tx),d(x,Ty),d(y,Ty) ,d(Tz, Ty))
= M(d(z,y),0,d(z,y),d(z,y),0,d(z,y)).

IN

Since M satisfies the condition (M2), then we have d (x,y) = 0 and hence x = y.

For the last part of the proof, assume that M satisfies the condition (M3) and
T has a fixed point z. Let (y,) be any sequence in X such that y, — x € X. We
prove that Ty, — Tz. By (2.1), we have

d (I7Ty7l) = d(TxaTyn)
< Md(z,yn),d(z,Tz),d(yn, Tx) ,d (2, TYn) ,d Yn, Tyn) ,d (T, Tyn))
M (d(x,yn),0,d (Yn,x) ,d (2, Tyn) ,d (Yn, Tyn) ,d (z,Tyn)) .

Since M satisfies the condition (M3) and by the triangle inequality

d(Yn, Tyn) < dYn, ) +d(x,Tyy) ,

we obtain
d (.’,E, Tyn) < M (d (SC, yn) ,0, d (1‘, yn) ,0, d (SC, yn) 7d (:177 yn))
+M (0,0,0,d (2, Tyn),d(x, Tyyn) ,d(x, Ty,))

and therefore
1
d(z,Tyn) < =7 M (d(2,ya),0,d (2, yn) ,0,d (2, yn) ,d (, yn)) -

Since M € M, taking the limit as n — oo we get d(x,Ty,) — 0. This proves
that Ty, — © = Tx, that is, T is continuous at x. [J

Remark 2.1. In Theorem 2.1, the existence of a fixed point of the self-mapping 7" de-
pends on the function M satisfying the condition (M1) in the Definition 2.1. If T" has a
fixed point and the function M satisfies the condition (M2), then T has a unique fixed
point. If T has a fixed point and the function M satisfies the condition (M3), then T is
continuous at the fixed point.

Corollary 2.1. Let T be a self-mapping on a complete metric space (X,d) satis-

fying

d(z,y) +ad(x,Tx)+b[d(y,Tx) + d(z,Ty)] + cld (y,Ty) + d (Tz, Ty))
d )

for some a,b,c,d € RY, a,b,c <1,d > 6 and all x,y € X. Then T has a unique

fized point in X. In addition, T is continuous at the fized point.

d(Tz,Ty) <
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Corollary 2.2. Let T be a self-mapping on a complete metric space (X,d) satis-
fying

d(Txz,Ty) n d(y, Ty)
a b
| max {d(z,y) +d(z,Tx),d(y, Tx) + d(z,Ty),d(y,Ty) + d(Tx,Ty)}
C

d(Tz,Ty) <

)

for some a,b,c € RT, a,b,c > 6 and all z,y € X. Then T has a unique fized point
in X. In addition, T is continuous at the fized point.

Now we give another fixed point theorem using a modified version of the number
Ny (z,y) given in (1.1).

Theorem 2.2. Let (X,d) be a complete metric space, T be a self-mapping of X
and the number N3 (x,y) be defined as follows:

Ny (v,y) = amax{d(z,Tz),d(y,Ty)}
—i—ﬁmax{d(m,y),d(a:,Tx),d(vay)’gd(szy);rd(y,Tz)}

d(z,y) dyTz) d(T=zTy)
"1+d(z,y) 1+d(y,Tz) 1 +d(Tx,Ty) |’

+ 1 max {d (x,Tz),d(y, Ty)

with the coefficients a, B, p € Ry, a+ B+ p € (0,1) and 0 < 0 < 1. If the following
inequality holds for all x,y € X
(2.3) d(Tz,Ty) < Nj (z,y),

then T has a unique fized point in X. Furthermore, T is continuous at the fixed
point.

Proof. The proof follows from Theorem 2.1 with the function

M (x,y,2,8,t,u) = amax{y,t}+Bmax{x,y,t,98—gz}

n ; z U

max 4 vy, t, , , .
K 4 1+z° 1+2 1+u
Indeed, M is continuous. First, we have

z+0

M(x7xa0az7yay) = amax{x,y}+ﬁmax{m,x,y,92}

n T 0 Y
max{ T
:u 7y71+x70+1a1+y

= amax{z,y}+ fmax {x,y,ﬁf} + pmax {z,y}

2
= (a+f+ p)max {z,y},
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with z <z +y. So,if y < M (z,2,0,2,y,y) with z <z 4y, theny < (a+ S+ pu)x
ory < (a+ B+ u)y. Therefore, T satisfies the condition (M1). Next, if

y < M(y,0,5,9,0,y) = amax{070}+ﬂmax{y,o,o,9y“’}

2

—i—/unax{0,0 Y 4 Y }

"1T+y 14+y 14y

y
=By +p——

then y = 0 since Sy + p

1+y’

lzy < y. Therefore, T satisfies the condition (M2). Finally,

if x; < y; + z; for i < 6, then

M(l’l,{l}g,"',fﬂg)

Moreover we get

0

$3+$4}

amax{xg,xs}+Bmax{x1,x2,x5,9 5

L1 L3 Lo
max<q T, T
H 29 571—|—$1’1+$3’1+.’L‘6

amax {ys + 22, Y5 + 25}

+23+ys+2
ﬁmaX{?h +Z1,y2+22,y5+25,9y3 2 5 v 4}

(y1 + 21) (Y3 + 23) (Y6 + 26) }
L4+ (y1+21)" 1+ (y3 +23)" 1+ (y6 + 26)
amax {y2,ys} + amax {2, 25}

+ Y4 Z3+ 24
/3max{y1,y27ys,ey3 Y }+5max{zl,22,z5,ad}

pmax {y? + 22,Ys5 + zs,

2 2

umax{yz us al Y3 Yo }
U 14y 14y’ 14y

Al z3 Z6
max < 22, 25, ; y
H 25 ].+Zl 1+23 ].-I—Z(;

M(y17y27"'7y6)+M(Z1,Z27"'7Z6)'

2
0 0 Y
0
= (a+B8+upy.

Therefore, T satisfies the condition (M3) since a + 8+ p < 1. O

Example 2.3. Let X = [0,1] C R be the usual metric space and consider the number
N (x,y) with the coefficients o = £, 8 = pu = 0. Define the self-mapping Tz = % for all
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z € [0,1]. Then we have

1 3zl 3yl _ lz| |yl
1 3max{ YRR = max 104 (-

Therefore, T satisfies the condition of Theorem 2.2 and z = 0 is the unique fixed point of
T.

Example 2.4. Let us consider the set X = [0, 1] with the usual metric and the number
N (z,y) with the coefficients 3 = ,a = p = 0 and § = . Define the self-mapping

2
T = § for all z € [0,1]. Then we have

¥ _z
max{|x—y|723x|:2l,)y|7;|:|m 3|;|y3|:|}

Therefore, T satisfies the condition of Theorem 2.2 and z = 0 is the unique fixed point of
T.

|z -y
3

<

N —

Remark 2.2. Let us consider the number Nj (z,y) with the coefficients a = %, B=pn=
0 and the self-mapping T defined in Example 2.4. Then we have

This shows that T" does not satisfy the condition of Theorem 2.2 for x = 0 and y = 1 and
hence we deduce that the converse statement of Theorem 2.2 is not true everywhen.

[z -yl 1
3 —3

Example 2.5. Let us consider the set X = [0, 1] with the usual metric and the number
Nj (z,y) with the coefficients u = % and a = 8 = 0. Define the self-mapping Tz = § for
all z € [0,1]. Then we have

z lz—y|
I W T Tt T =
8 6 87 8 l4lr—yl 1+[y—g| 14 25¢

Therefore, T satisfies the condition of Theorem 2.2 and z = 0 is the unique fixed point of
T.

Remark 2.3. Let us consider the number Nj (x,y) with the coefficients 8 = %, a=p=
0,0 = % and the self-mapping T" defined by

i xe(0,1]

; =0

(2.4) Tz = {

ENE NI

Then we get Tx = % forx =0and Ty = % for y = é. Hence we obtain

1 3| tfo-3+ls—3l
8 4]’2 2

2
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This shows that the condition of Theorem 2.2 is not satisfied. Similarly, let Nj (z,y) has
coefficients of p = %,a = =0 and T be defined as in (2.4). Then we get Tx = % for
rz=0and Ty = % for y = %. Hence we get

L I SN (R TN E
4 4 6 41718 41’

1

Y

1 1 1
8 8 3 }
1+3'1+3"1+3
151111 _ 5
48"

|
=Y
=
>
——
B
©
©
©
w

This shows that the condition of Theorem 2.2 is not satisfied and hence we deduce that
the converse statement of Theorem 2.2 is not true everywhen.

3. New types of F.-contractions

In this section, we obtain new fixed-circle results using the numbers Ny (z,y)
and My (x,y) given in (1.1) and (1.2), respectively. We define new types of F,-
contractions.

Definition 3.1. Let (X, d) be a metric space, T be a self-mapping on X and the
coefficients of the number Ny (x,y) given in (1.1) be chosen such that 0 < 6 <
La,B,p € Ry and o+ 8+ p € (0,1]. If there exists F € F, 7 > 0 and 29 € X
such that for all x € X the following holds

d(Tz,z) >0=7+ F(d(Tz,z)) < F (Ng(z,0)),

then the self-mapping T is called an FN-contraction on X.

From now on, we will use the number r defined below:
(3.1) r=inf{d(Tz,z):z€ X,z # Tx}.

Using the notion of an FN-contraction, we give the following fixed-circle theo-
rem.

Theorem 3.1. Let (X,d) be a metric space, T be an FCN-contmction with xg € X
and r be defined as in (3.1). If d (Tx,x) < r for all x € Cy, , then, the set Fix (T')
contains the circle Cy, . Furthermore, if d(Tx,x0) < r for all Dy, , then we have
Dy, » C Fiz (T).

Proof. Assume that T'ro # xo. From the definition of an F~-contraction, we find

d(Tl'U,mo) > 0=7+F (d (Txo,xo)) < F (Nd (%0,.@0)) =F ((OZ + 5 + M)d(mo,Txo))
S F(d (Jfo,TSC())).

This is a contradiction since 7 > 0 and so, it should be T'zy = 2. Let x € Cy »
be any point. If Tz # x then d(z,Tz) # 0 and by the definition of r, we have
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d(x,Tx) > r. Hence, using FN-contractive property, the hypothesis d (T'z, z¢) < r
and the fact xg € Fiz(T), we get
F(r) < F(d(z,Tx)) < F(Ng(x,20)) — 7 < F(Ng (z,0))
amax {d (x,Tz),d(xo,Txo)}
F + B max {d(x,xo),d(m,Tx),d(mo,Tmo),Qw}

+ 4 max {d (x,Tx),d(x0, Txo) , duiﬁ%ﬁ?’f)%); d(ff;()ﬁi’f%’;’i‘” }

amax {d (z,Tz),0} + Bmax {r,d (z,Tx),0,0%
= F< +umax{d(x,Ta:){,0,0,0} £ )
< F(la+pB+p)d(z,Tz))
< F(d(z,Tx)).

This is a contradiction. Therefore, we find d(x,T2z) = 0 and so Tz = z. Since
the point z € Cy, - is arbitrary, we deduce that the set Fiz (T') contains the circle
Caor-

Now, we prove that the set F'iz (T') contains the disc Dy, , under the hypothesis
d(Tz,z0) <r for all x € Dy, ,. Similarly, for any = € D, , with Tz # z, by the
FXN_contractive property and the hypothesis d (T'x, z¢) < r, we get

F(d(x,Tz)) < F(Ng(z,20)) =7 < F (Ng(x,20)) < F(d(z,Tx)).

Again, this contradiction requires d (z,Tx) = 0 and so Tz = x. Consequently, we
have D,, . C Fiz (T). O

Now we give an example for Theorem 3.1.

Example 3.1. Let the set X be defined as follows and the metric d be the usual metric
on X :

X = {0,4,6,62,64,68,68 — 4,8+ 4,616,616 — 4,616 + 4,616 —e 4, e+ ef 4+ 4}
Let the self-mapping T" be defined as follows

8
e+4 ; x=4
Tx*{ T ;o w A4

for all € X. Then, the self-mapping T is an F.Y-contractive self-mapping with F =
Inz+x, 7 =0, zo = e'% + 4 and a number Ny (z,y) with the coefficients be chosen such
that o + 8+ u = 1. Indeed, we get d (Tz,z) = €® and d (z,x0) = e'° for x = 4. Hence, we
obtain

B+8+¢ 6(616—68)+(oz—|—ﬂ+,u)68—|—ln(aes+Bes+ues)
ae® + Be'® + pe® +1In (0468 + Bt + pes)

F (Oce8 + Be'® + ,ues)

<
<

16 _ 8
amax{eg,O} + B max 616,68,0,9¥}

+/Lmax{eg,0 elbo  el6p }

1487 14el6_¢8
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and hence
T+ F(d(Tz,z)) < F(Ng(z,20)) .

By the definition of r, we get

r=min{d (Tz,z):z € X,z # Tz} = €°.
Clearly, Fiz (T') contains the circle

Cer6yy s = {616 —e® 4+ 4,e0 48+ 4}
and the disc

Di614,c8 = {616, el — 4, el + 4, e'f—e® 4 4, e'f e+ 4} .

Now we give an example which shows that the converse statement of Theorem
3.1 is not always true.

Example 3.2. Let (C,d) be the usual metric space and the self-mapping T¢ be defined

as follows: | |
_J oz 5 -1 <E
QZ_{l ;o lz—1>¢
for all complex numbers z € C and the number £ > 0 .

We show that the self-mapping 7% is not an F.¥-contractive self-mapping for the point
20 =1. If |z — 1| > £ for z € C, by the F¥-contraction definition, we get

d(z,Tez) = d(z,1)>0=7+F(d(z1)) < F(Nq(z1))
amax{d(z,Tez),d(1,Tc1)}
z,Tgl)JZrd(l,Téz))

F +Bmax{d(z,1),d<z,ng),d(1,Tgl),e(d(

+pmax {d(z,ng) (1, T:1), d(2,1)d(1,T1)  d(z,1)d(1,T¢1) }

14d(2,Tez) 7 14d(Tez,Tel)

F((a+pB+p)d(z1)
F(d(z1)).

IN

This is a contradiction since 7 > 0. Consequently, the self-mapping T¢ is not an FN.
contractive self-mapping but Fiz (T¢) contains all circles C1 , for p < €.

Now we give the following definition.

Definition 3.2. Let (X,d) be a metric space, T be a self-mapping on X and the
coefficients of the number My (z,y) given in (1.2) be chosen such that «, 5, u € Ry
and a+ 8+ p € (0,1]. If there exists F' € F, 7 > 0 and zp € X such that for all
x € X the following holds

d(Tx,2) >0=7+F(d(Tz,z)) < F (Mg (z,x0)),

then the self-mapping 7T is called FM-contraction on X.

We give the following theorem using the FM-contractive property.
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Theorem 3.2. Let (X,d) be a metric space, T be an FM -contractive self-mapping
with xo € X and r be defined as in (3.1). If d(T'x,z9) <1 for all x € Cy, r, the set
Fix (T) contains the circle Cy, .. Furthermore, if d(Tx,x0) <1 for all x € Dy, ,
then we have Dy, , C Fix (T).

Proof. First, assume that Tz # 7¢. By the definition of an FM-contraction, we
find

d(Txg,z9) > 0=74+ F(d(Txo,20)) < F (Mg (x0,20))
amax {d (xo, Txg) ,d (z9, Txo)}
d(xg,xg),d (xo, Txg),d(xo,Tx0),
+6 max { (o 021(:50,(7“3?0)+d(01)0,T1E)0 o) }

{ d xo,xo $0,T11'30) d(l‘o,T.%'o), }
)
)

+pmax d(zo, Tro (d(z0,Txo)+d(x0,Tx0))

1+d wo ,Taio)-‘rd(:ﬂo ,TLEo)

= F((a+ 8+ p)d(wo, Txo))
< (d (w0, Txo)

This is a contradiction since 7 > 0 and so it should be Txy = xg.

Let x € Cy,,» be any point. If Tz # x, by the definition of r, we have d (z, Tx) >
r. Hence, using the F, CM -contractive property, the hypothesis d (Tx, xo) < r and the
fact Tzg = xg, we get

F(r) < F(d(z,Tz)) <F(My(z,z0)) —7 < F (Mg (x,z0))
amax {d (z,Tx),d(xo, Txo)}
— +,Bmax{ (x,xo),d(x,Tx),d(xo,Ta:o),%W

d(z0,Tx0)(d(z,Txo)+d(xo,Tx)) }

+ 1 max (z,z0),d(x,Tx),d(xg, Txo), (e 0 Td(re Tod)

amax {d(x,Tz),0} + fmax {r,d (z,Tx),0,r}
< F< +pmax {r,d(z,Tx),0,0} )
< F(la+B+p)d(x,Tx))
< F(d(z,Tx)).

This is a contradiction. Therefore, we find d (z,Tz) = 0 and so Tx = x. Conse-
quently, Fiiz (T) contains the circle Cy, .

Now, we prove that Fiz (T') contains the disc D, , under the hypothesis d (T'z, zo) <
r for all © € Dy, . Again, using the FM_contractive property and the hypothesis,
we obtain

F(d(z,Tz)) < F(My(z,x0)) —7 < F (Mg (z,20)) < F(d(z,Tzx)).

This is a contradiction. Therefore, d (z, Tx) = 0 and so Tz = x. Consequently, we
have D,, . C Fiz (T). O
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Example 3.3. Let X = (0,00) and (X,d) be the usual metric space. Consider the
self-mapping T defined by
{ rz ; x>1
Tx =

2 ;5 z<1

It is easy to check that the self-mapping T is an FM-contractive self-mapping with F =
Inz, 7= lng and zo = 6 and the number My (x,y) with the coefficients a = % B=0,u=
1. We have

r=min{d (Tz,z) :x <1} =1.
Clearly, we have Fiz(T) = [1,00) and this set contains the disc Dg,1 = [5,7].

Now, we obtain another fixed circle theorem with a different technique using the
number N} (z,y) defined by

Nl(z,y) = amax{d(z,y).d(z,Tz),d(y, Ty)}
+Bmax {d(a:,y) .d(z,Tz),d(y,Ty) ﬁd(x,Ty) ; d(y, Tz) }

d(z,y)d(y, Ty) d(x,y)d(y,Ty)}
1+d(z,Tz) ~ 1+d(Tz,Ty) J’

+umaX{d(w,y)7d(x,Tx)7d(y7Ty),
where a, B, p €ERT witha + 8+ p=1and 0< 8 < 1.

Theorem 3.3. Let (X, d) be a metric space, T be a self-mapping on X, the number
7 be defined as in (3.1). Consider the number N} (x,y) with the coefficients o, B, u €
R* witha+ B8+ p=1and 0 <0 < 1. If there exists some o € X satisfying the
following two conditions, then we have Txo = x¢ and the set Fix (T) contains the
circle Cyy r

(1) For all z € Cy, ., there exists § (r) > 0 such that

r < Nj(z,20) <7 +6(r) = d(Tz,20) <7,
(2) Forallz € X,

d(Tz,z) >0=d(Txz,z) < ¢ (N(} (:U,xo)) ,

where ¢ : RT — R is such that ¢ (t) < t, for each t > 0.

Proof. First, we show that Tzg = z¢. Suppose that T'zg # xg. Using the condition
(2), we get

d(T.I(),QS()) S (ZS (Né (930,1‘0))
< Nj(wg,20) = (a+ B+ p)d (20, To) = d (z0, Tx0),

a contradiction. Hence we have Tzg = xg.
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Let z € Cy, » be any point. Suppose that Tz # z. Then using the condition
(2), we get

d(Tz,z) < ¢ (N (z,20))
< Nj(x,70) = amax{d (z,z0),d (z,Tx),d(zo, Txo)}
(d(xz,Tzo) + d (29, Tx)) }
2
d(x,z0) d(xg, Txp)
1+d(x,Tx)

+ [max {d(x,xo) ,d(z,Tx),d(xg, Tx0),0

+ pmax {d (x,z0),d(x,Tx),d(xo, Txo),

d(x,20) d (g, Txo)
1+d(Tz,Txo)

Using the fact that Txg = z¢, we obtain

d(Tw,z) < O‘max{rad(%Tx)aO}+ﬁmax{r,d(x,Tx),O,9(T+d($o’Tm))}

2
+pmax {r,d(z,Tx),0,0,0}.

Using the condition (1), we have

orer(;co,Tx) <r

and so we get
dTz,z) < (a+8+up)dTz,z)=dTz,z),

which is a contradiction. Consequently, we have Tx = x and Fix (T) contains the
circle Cgy . O

Now we give an example for Theorem 3.3.

Example 3.4. Let the set P = {z € C: |z| = 2} be the metric space with the usual
metric and the self mapping 7" be defined by

kr ; O0<arg(z)<Z
Tz = U= 5
v { ;o E<arg(x) <27

for all z € P, where
arg (ko) = arg (z) + 5%, |kz| = 2.

Then the self-mapping 7T satisfies the conditions of Theorem 3.3 with ¢ (t) = ?'h o(ry=r,
ro=—2and r = 2.
Let arg (k) = 27 — 8 and arg (z) = « for any Tz # z, then we get 0 < o < % and
2r — B =a+ 5{ Hence we obtain
T
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For any point = with Tz # x, we get

e — ko] = \/(2005&—20056)2 + (2sina + 2sin §)?

\/40052a—SCosacos,B+4cos25+4sin2a+8sinasinﬁ+4sin26

= /8 —8(cosacos — sinasin fj)
VEFesar P = |58k =2

Now we shall determine the elements of the circle C_22 = {z € P : d(z,—2) = 2}. Since
z = 2¢* that

d(2,~2) = o+ 2| = \/(2cos 0 + 2)* + (25in0)° = 2.

Then we get 4cos?0 + 8cos® + 4 + 4sin?0 = 4, cosf = —%, 0, = %ﬁ, 0 = %’r and

C_g = {QGi%,Qei% } Calculating the number N} (z,—2) for z € C_22 we get

Nj(z,—2) = oamax{d(z,—-2),d(z,Tz)}

4+ max {d (z,-2),d(z,Tz),0 (d(z,—2) +d(Tz,—2)) }

2
+p max {d (Z‘, 72) ’ d (xv Tx)}
= (a+f+p)d(s,-2) =2
and
2< Ny(z,—2) <4=d(Tz,—2) < 2.
So, the condition (1) of the Theorem 3.3 is satisfied.

Now we show that if the argument of x approaches to 0, then d (z, —2) is increasing.
We have

d(z,—-2) = |z+2|= \/(2cosa+2)2+(231na)2

= \/4c052a+8cosa+4+4sin2a
= +/8cosa+ 8.

Hence for o — 0 we get d (z, —2) > 2v/3. Consequently, we obtain

2 = d(Ta:,m)S?Nd(a:,—Z)

(d(z,—2)+d(Tz,—2))

= amax{d(z,—2),d(z,Tz)} + fmax {d (z,-2),d(z,Tx),0 3
+pmax{d(z,—2),d(z,Tx)}

and so the condition (2) of the Theorem 3.3 is satisfied.

Remark 3.1. The converse statement of Theorem 3.3 is not always true. Let the self-
mapping 7" be as in Example in 3.2. Since d (T'z,z) > 0 for |z — 1] > £, we get

d(Tzz) = d(1,2)

}
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amax{d(z,1),d(z,Tz),d(1,T1)}

= ¢ +3 max {d(z, 1),d(2,Tz),d(1,T1) ,Hi(d(z’Tl);’d(l’Tz))
d(z,1)d(1, d(z,1)d(1,
+p max {d (2,1),d(2,Tz),d(1,T1), (1+1d>(z(’1TZ)1>, 1(+;()T<21’f11)) }
= ¢(d(z1))
< d(z1),

which is a contradiction. Hence the self-mapping T' does not satisfy the condition (2) of
Theorem 3.3 but C1 ¢ is a fixed circle of T. Moreover, the self-mapping T fixes the disc
DL{‘

Now we give another fixed-circle theorem using a classical technique.

Theorem 3.4. Let (X,d) be a metric space and Cy, , be any circle on X. Let us
define the mapping
P X = [0,00),QO((E) :d(x7x0)a

for all x € X. If there exists a self-mapping T : X — X satisfying

(1) d(z,Tx) <max{p(z),p(Tx)} -,
(2) d(Tx,x0) — hd(z,Tz) <,

for all x € Cyy r and h € [0,1), then Cy, , is a fized circle of T

Proof. Let © € Cy, » be an arbitrary point. If max{y (z),¢ (Tz)} = ¢ (x) then
using the condition (1) we have

d(z,Tx) <max{p(x),o(Tx)}—r=¢(@)—r=r—r=0

and so d (x,Tz) = 0. Hence we get Tz = z.
If max {p (z),¢ (Tx)} = ¢ (Tz) then we obtain

d(z,Tx) <max{p(x),o(Tx)} —r=¢(Tx)—r,
and using the condition (2) we find
d(z,Tz) < p(Tz)—r <hd(z,Tx)+r—r =hd(z,Tx).
This implies d (z,Tz) = 0 since h € [0,1). Hence, we get Tz = x.
Consequently, Cy, » is a fixed circle of . O

We give some illustrative examples.

Example 3.5. Let X = R be the metric space with the usual metric. Let us consider
the circle Cp 5 and define the self-mapping 7' : R — R as

. 10
Tx_{ 1 7 xe{—ﬁ,l}

AR
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for all x € R. Then the self-mapping T satisfies the conditions (1) and (2) in Theorem 3.4.
Hence Co 5 is a fixed circle of T'. Notice that C3 2 is another fixed circle of T' and so the
number of the fixed circles need not be unique for a given self-mapping.

Example 3.6. Let X = R be the usual metric space. Let us consider the circle Cy 4 and
define the self-mapping 7' : R — R as

10z+40vV5 . o
To — s 3 T €(=5,5)
15 ;  otherwise

for all x € R. Then the self-mapping T satisfies the condition (1) but does not satisfy the
condition (2) in Theorem 3.4. Clearly, Cy 4 is not a fixed circle of 7. This example shows
the importance of the condition (2) of Theorem 3.4.

In the following example, we give an example of a self-mapping which satisfies
the condition (2) and does not satisfy the condition (1) of Theorem 3.4.

Example 3.7. Let X = C be the metric space with the usual metric. Let us consider
the circle Cp 10 and define the self-mapping 7' : C — C by

T — Re(z)+i%;) ; Im(2) >0
- Re(z)—i%;) ; Im(z) <0

for all z € C. Then it is easy to check that the self-mapping T satisfies the condition (2)

but does not satisfy the condition (1) of Theorem 3.4. Clearly, Co 10 is not a fixed circle
of T.

Now we use Theorem 2.2 to obtain a uniqueness theorem for fixed circles of
self-mappings.

Theorem 3.5. (X,d) be a metric space and T : X — X be a self-mapping with
the fized-circle Cy, . If the contractive condition (2.3) is satisfied for all x € Cy, ,
y € X\Cy,,r by T then Cy, . is the unique fized circle of T.

Proof. Assume that there exist two fixed circles Cy, » and Cy, , of the self-mapping
T. Let v € Cyy,r and y € Uy, be arbitrary points with z # y. If the contractive
condition (2.3) is satisfied by T then we obtain

d(z,y) = d(Tx,Ty) < Nj(z,y)

d(z,y),d(z,Tz),d(y, Ty),
= amax{d(eTe) a0 7o)} + prua { OV LRI
2

d(z,y) d(y,Tz) d(Tz,Ty)

+pmax {d(x,Taf) ,d (y,Ty)

_ ﬁd(x,y)w%

(a+B+p)d(z,y)
d(z,y),

T+ d(w,y) T+d(y,Ta) 1+d(Tz,Ty)

}
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which is a contradiction. Hence, we get z = y. Consequently, C,, , is the unique
fixed circle of T. O

Finally, we note that the identity map Ix : X — X, defined by Ix () = z for
all z € X, satisfies the conditions of Theorem 3.4 (resp. Theorem 3.1, Theorem 3.2
and Theorem 3.3). Now, we determine a condition which excludes the identity map
in Theorem 3.4 (resp. Theorem 3.1, Theorem 3.2 and Theorem 3.3).

Theorem 3.6. Let (X,d) be a metric space, T : X — X be a self-mapping and
the mapping ¥, : Ry — R (r > 0) be defined as follows:

k—=2r ; k>0
wr("“)_{ 0 ;5 k=0"

for all k € Ry. The self-mapping T : X — X satisfies the condition
(3.2) d(z,Tx) < ¢, (d(x,Tx)) + 2r
forallx € X if and only if T = Ix.

Proof. Let x € X be any point and assume that Ta # x. Using the inequality (3.2),
we get

d(z,Tz) <, (d(z,Tx))+2r =d(x,Tx) —2r + 2r =d (z,Tx),

a contradiction. Then, we have Tx = x and hence T' = I'x.
Conversely, it is clear that the identity map Ix satisfies the inequality (3.2). O

Corollary 3.1. If a self-mapping T : X — X satisfies the conditions of Theorem
3.4 (resp. Theorem 3.1, Theorem 8.2 and Theorem 3.3) and does not satisfy the
inequality (3.2) then T # Ix.

4. An overview of activation functions

Several fixed point results such as Banach fixed point theorem and Brouwer’s fixed
point theorem have been extensively used in the theoretical studies of neural net-
works. It is well known that the type of activation functions plays an important
role in the multistability analysis of neural networks. Especially, continuity and
discontinuity of activation functions are crucial (see, for example, [11, 17, 18, 19]
and the references therein). Geometric viewpoint is also an efficient tool for many
studies. For example, using the Brouwer’s Fixed Point Theorem and a geometric
approach to locate where the fixed points are, the existence of a fixed point for
every recurrent neural network was proved [13].

In this section, we consider some continuous and discontinuous activation func-
tions used in the artificial neural networks and associate them with the results we
have obtained. First, we give the following proposition to determine discontinuity
(or continuity) of a self-mapping T on its fixed points without any hypothesis on
the metric space and the self-mapping.
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Proposition 4.1. Let (X,d) be a metric space and T be a self-mapping on X.
Then T is continuous at z € Fixz (T) if and only if limy_,, N4 (z,2) = 0.

Gaussian-wavelet-type functions are one of the classes of activation functions
used in the study of neural networks to increase the storage capacity of the neural
network (see for example [18] and [19]). Gaussian-wavelet-type functions are defined
by

U , —oo<x<Dp;
lipzx+c1 , pi<xz<ry
(4.1) fi (1’) = li,gx +cCi2 rm<r<gqg o,
list+csz , ¢g<z<s
U , 8§ <xr < +00

where p;, i, i, Siy Wi, Vi, Lig, li2, U3, €1, Ci2 and ¢; 3 are constants with —oo <
pi <1 <@g <8; < +00, li71 > 0, li72 <0, li73 >0,1=1,2,---,n.

In [17], it was shown that the storage capacity of the neural networks can be
considerably expanded by use of discontinuous activation functions. Brouwer’s fixed
point theorem is used to establish the existence of multiple equilibrium points for
neural networks considered in [17]. The following class of discontinuous nonmono-
tonic piecewise linear activation functions is introduced in [17] :

Us; , —oo<xT<Dp;
(4.2) fi(2) = lizwx+c1 , pi<xz<ry
li’gx + Ci2 r, <z <q ’
V4 , ¢ <z < +00

where p;, 75, qi, Ui, Vi, li1, L2, ¢;,1 and ¢; 2 are constants with —oo < p; <7; < g; <
+00, i1 >0, li2 <0, ui = fi(pi) = fi (@), fi(ri) = liz2ri +ci2 and v; > fi (r3),
i=1,2,---.n.

Let X = R and the function d : X? — R be defined by d(z,y) = |v —y| +
||z| — |y|| for all ,y € R. Then the function d : X? — R is a metric on R. Now,
we consider the circle C3 4. We get

0274 = {4} U [—2, 0] .

By ChOOSiIlg Pi = 72, r, = 0, q; = 2, S; = 4, U; = 72, vy = 4, li71 = 1, l@g = 71,
liz = %, i1 =0, ¢c2 =1and ¢3 = —6, we get the following discontinuous
activation function fi (x) belonging to the class defined in (4.1) :

-2 , —oco<z<—2

T , —2<z<0

file)=¢ —xz+1 0<z<?2
Se—6 , 2<z<4

4 , 4d<z<+4o00



Fixed Point Sets of Self-Mappings With a Geometric Viewpoint 913

Obviously, we get Ca 4 = Fiz (f1 (z)). The continuous activation function f; (x)
does not satisfy the conditions of Theorem 3.1, Theorem 3.2 and Theorem 3.3 but
satisfies the conditions of Theorem 3.4. We determine the continuity of f; (z)
at its fixed points by use of the number Ny (z,y). For any ¢ € [—2,0], we have
lim, ¢ Ny (z,t) = 0 and hence fi (x) is continuous at = ¢. Also, we have
lim, 4 N4 (z,4) = 0 and hence f; (z) is continuous at x = 4.

By ChOOSing pi = *5, r; = 73, q; = 72, U; = 727 vV = 107 11'71 = 17 l@g = 72,
ci1 = +3, ¢;2 = —6 and v; = 10, we get the following discontinuous activation
function f5 (x) belonging to the class (4.2) :

—2 , —oo<zr<-—5

. r+3 , —bv<zr< -3
R@=9 9, ¢ , —3<z< -2
10 , —2<z< 400

Now we consider the usual metric on R and the circle Cy 6 = {—2,10}. Obviously
we get Cyg = Fiz (f2 (z)). The discontinuous activation function f5 () does not
satisfy the conditions of Theorem 3.1, Theorem 3.2 and Theorem 3.3 but satisfies
the conditions of Theorem 3.4. Since lim,,_o Ny (2, —2) does not exist, fo () is
discontinuous at & = —2. We have lim, 190 Ny (z,10) = 0 and hence f5(x) is
continuous at x = 10.

These examples show the effectiveness of our theoretical results for contribution
to the study of neural networks in the context of designing a new neural network
with a more generalized activation function. Similar results can be investigated
based on new contractions, and their possible applications can be discussed (see,
for example [1]).
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