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Abstract. This research is motivated by similarity of basic equations of F-planar map-
pings of symmetric affine connection space Ay involved by J. Mike and N. S. Sinyukov,
and which have been studied by Mikes research group (I. Hinterleitner, P. Peska,
J. Stranskd) and almost geodesic mappings (specially almost geodesic mappings of
the second type) of the space Ayx involved by N. S. Sinyukov and which have been
studied by many authors. We used the formulas obtained by N. O. Vesic to obtain
invariants for special F-planar mappings in this article. These invariants are analogous
to invariants of geodesic mappings (the Thomas projective parameter and the Weyl
projective tensor).
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1. Introduction

In this article, we will study special F-planar mappings of a symmetric affine
connection space. Qur purpose is to obtain invariants for these mappings.

The F-planar mappings of symmetric affine connection spaces are involved by
J. Mikes and his research group [2-7,9,10]. This research is continued with F-planar
mappings of non-symmetric affine connection spaces [11,16]. We are aimed to apply
the formulas from [14] to obtain invariants for special F-planar mappings in this

paper.
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1.1. Symmetric affine connection spaces

0
An N-dimensional differential manifold equipped with affine connection V,

whose coeflicients are L;;k, ;7,6 = L}ﬁ, is the symmetric affine connection space
An (see [10,12]).
The affine connection coefficients L: ji are not components of a tensor. They

satisfy the transformation rule [10,12]

i i By T i’ o
(1.1) Lj/k}/ —xaxj/l‘k,LﬁiJrzaxj/k/,
-/ -7 ’ . ’ ’ - .
where 2%, 27", 2¥ ... are components of coordinate system O'z' ...2N' | 2% x7, ¥
. .7 Y] . . . .
are components of coordinate system Oxz'... 2%, ri = Oz /0x? xj = ox* [0xI
, . S ) . ,
ki = %2 027 9z . We will also assume 2%, = 2}, below.
The next equalities hold
B, B o _
(1.2) 8 x], , =z 37] oxg, =0, and  xf, =25, =0.

Covariant derivative of a tensor a of the type (1,1), whose components are aé,
in the direction of z* is [10,12]

(13) \k - a] k + L ija(-)u

where partial derivative 0/0x" is denoted by comma. The Einstein summation
convention by mute Greek indices is used in the previous equation and will be used
in the rest of paper.

One Ricci identity is founded with respect to the covariant derivative [10,12]

(14) a’;|m|n - a;|n|m a; fomn - aaRjamn7
where
(15) R;mn = L;m n L;n m T L;Xleozn L?nL;ma

0
are components of the curvature tensor R of space Ay.

The components of Ricci tensor of space Ay are

0 0
_ _ B
(1.6) R;; = R% Lf‘j o Lf‘a] +L; Lﬁa Lm B

Ricci tensor of space Ay is non-symmetric, i.e. it exists at least one pair of indices
0 0
(io,jo) such that Riojo 75 Rjoio'
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1.2. F-planar and second-type almost geodesic mappings
A curve ¢, which is given by the equations (J. Mikes, N. S. Sinyukov [9]; see
2,4-7,9,10])

(1.7) = 0(t), At)=dit)/dt(#£0), tel,

where t is a parameter, is called F-planar, if under a parallel translation, the tangent
vector \* = d¢'/dt remains in the small area of vectors \* and A*F! adjoint to it,
ie.
Alj = aX + DA Fy
where a and b are functions of t.
A diffeomorphism f : Ay — Ay is called F-planar [2,3,6,7,10] if any F-planar
curve in Ay is transformed to an F-planar curve in Ay by the mapping f.

The basic equation of F-planar mapping f : Ay — Ay is [2,3,6,7,10]
(1.8) ’;ﬁi = L;’ic + ;05 + Urd) + 20, F; + 204 F),
for 1-forms 1, o; and an affinor F;

The F-planar mapping f transforms the affinor F’ ; to F; We will stay focused
on F-planar mappings which preserve the F-structure [2,3,6,7,10]. In this case,
the next equation holds

(1.9) F'% = aF; + bd;,
for scalar functions a and b.

A mapping f : Ay — Ay whose deformation tensor is given by (1.8) is called the
F-planar mapping ( [10], p. 386, an alternative definition of F-planar mappings).

A mapping f : Ay — Ay determined by the equations
(110) Ly = Ly + 050}, + ¥} + 20, F; + 204, F},
Fly + Fyy +2F Ffo, + 2F oy = i Fy 4 i Fj + Vo, + vi0;,

for 1-forms v;, 0;, 115, v; and affinor structure F ]’, is called the second type almost
geodesic mapping of the space Ay. Details about almost geodesic mappings of
symmetric affine connection spaces may be found in [1,7,8,10] and in many other
publications.

The second type almost geodesic mapping f : Ay — Ay has the property of
reciprocity if it preserves the affinor structure Fj, F]Z = F;, and the corresponding
inverse mapping f ! is the second type almost geodesic mapping. It is proved that
the mapping f satisfies property of reciprocity if and only if FéFja = eéé, e==£1,0.

Based on the alternative definition of F-planar mappings, we conclude that
F-planar mappings of space Ay are subclass of the class of second type almost
geodesic mappings of Ay. The almost geodesic mappings which have the property
of reciprocity are F-planar mappings which transform the F-structure by the rule
(1.9) for @ = 1 and b = 0. These F-planar mappings form the class 7 (e).
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1.3. Geometric mappings and their basic invariants

0
Infinitely many affine connections may be defined on the manifold M y. Let V
0

and V be two affine connections defined on My. If L; x and f; i are coefficients of

0. —. .
these affine connections, the geometrical objects P, = Lj;, — Lj; are components

0 0
of tensor P of the type (1,2). The tensor P is called the deformation tensor.

0 o
The affine connections V and V defined on the manifold My generate two
— 0 ¢ 0 , —
affine connection spaces Ay and Ay. Transformation V ER V,ie. Lj EN LYy, =

) 0.
Lji + P;i’ is the mapping of space Ay.

0.
Different forms of deformation tensor P}, generate special classes of mappings:
geodesic, conformal, almost geodesic,...

Example 1.1. The deformation tensor of geodesic mapping f : Ay — Ay is
O i i
(1.11) ik = Y50k + Prdj,

0. —. .
for a 1-form ;. After substituting the equality Pj, = Lj, — Lj;, in the equation (1.11),
one obtains o S

(1.12) Lix — Lk = 18k + Pud;.
If the equation (1.12) is contracted by ¢ and k, one obtains

1 T [e3
(1.13) Yj = W(LQ — L)

Based on the equations (1.12, 1.13), it is obtained

T i 1 i (T [e 1 i (T [
b L= 0t (B — £5) + 0 (B — )
T 1 aret et @ 1 U e O e
ﬂ_iN_'_l(&“Lﬂ—‘rdﬂ kfa): ﬂ_7N+1(6kLB+6ﬂLk&)@
Ly,
Oi i 1 e et Ez T 1 ey et

0.
The geometrical object T, is Thomas projective parameter.

With respect to the invariance

0. 0. 0o 0. 0 0. 0. 0. 0 o, 0 0.
i T e T o T i i et i a i
ij,n - Tjn,m + T]mTom, - T]nToc'm = ij,n - Tjn,'m + ijTan - TjnTam7
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the next invariant for geodesic mapping of space Ay is obtained

0

A _ Oi 7 1 i a 1B
(1 15) ijn - Rgmn + N+ 15 R[mn (N ¥ 1)2 5m ((N + 1) jaln + LﬁLﬂ)
‘ 1 7 «@ B
o (W DLfaim + LaLing)-
o 0

After contracting the difference W;mn — VNV;mn = 0, the Weyl projective tensor as
invariant for the geodesic mapping of Ay is obtained

0 .0
(1.16) W = R + 5’R nl + OmRjn) + —5—

_N
N2 -1 N2 —

The process for obtaining the Thomas projective parameter and the Weyl pro-
jective tensor motivated N. O. Vesié¢ to obtain general formulae of invariants for

different geometric mappings [14].

J
basic associated invariant of the Thomas type for this mapping is

_ , 0. ,
If the deformation tensor of mapping f : Ay — Ay is P} = W}y — a?;;-k, the

0

(1.17) Ty = Ly, — Wi

and the basic associated invariant of the Weyl type for this mapping is

0
2 0. , , 4
(118) I/V;m/n = R;mn - o‘);m|n + w;n|m + w]mwan - w]qnwtlxm'
The formulas (1.17, 1.18) were applied in [15,16] for obtaining invariants of
mappings of non-symmetric affine connection spaces. In this paper, we will use

these formulas to obtain invariants for F-planar mappings of the type 7 (e).

1.4. Motivation

Symmetric affine connection spaces and mappings between them have been stud-
ied by many authors. Some of these authors are J. Mikes, N. S. Sinyukov, I. Hin-
terleitner, and many others.

The theory of invariants for mappings between non-symmetric affine connec-
tion spaces has been developed in last decades. Some of results from this subject
research are obtained by the following authors (M S. Stankovi¢ [11,13,15]; M
Lj. Zlatanovi¢ [13,16-18]) and many others. Numerous authors have studied this
subject of differential geometry.

Almost geodesic mappings of second type which have the property of reciprocity
are the special class of F-planar mappings. The researches about invariants for
almost geodesic mappings of the second type [15] motivated the research presented
below.
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The main purpose of this paper is to obtain basic associated invariants of Thomas
and Weyl type for F-planar mappings of space Ay of the type m(e).

The next aim is to examine how many invariants for F-planar mappings of the
type 7' (e) may be obtained with respect to the corresponding basic invariants.

The last goal of this paper is to examine these invariants tensors or parameters.

2. Invariants for F-planar mappings of space Ay
Let f: Ay — Ay be an F-planar mapping of the class 7" (e). Because Fj» = FJ’
and the deformation tensors Pgik and P;;k of the mapping f and its inverse mapping

J~1 satisfy the equality P;k = —P;k, it exists the 1-form &; such that o; = —o;.

For this reason, the deformation tensor P}k of mapping f : Ay — Ay from the
class ¥ (e) is

(2.1) jik: }ﬁ_ &=¢j5i+¢k5§—Ejfz—ﬁkfé-f—UjF]i-f—UkF;.

After contracting the equation (2.1) by ¢ and k&, one obtains

1 1
for F' = F$ and F:FZ.
Hence, it holds
. _ _ _ 1 _ _
P, = N+15;( B+ TRF +7aF7) + 570k (L5 + 75F +7aF)
1
N+15; ( ho +akF+aaF,3) — N7+16 (L@ +0]F+0aFa)
—J]F —Uka—i—UJFk—i—akF
Based on this equation, we get
Wiy, = NH(S;( b+ OKF + 0o B ) + N+15k< S+ 0iF + 0u )

i
— O’ij — o Fy,

and the corresponding &’ .

With respect to this w;- > the basic invariant of Thomas type for F-planar map-
ping f: Ay — Ay is

0
]:Té-k = L;;k—i- o Fj + akF;

1 i « « i « «
- N1 (6 (Lo + 0k F + 0B ) + 0} (L + 03 F + 0 ) ).
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The basic invariant of Weyl type for F-planar mapping f : Ay — Ay is

O

— z 1 iO % 0 1 o
.0
(2.4) N mélmUj"] * N N1 Vim N ERL Vin
Uj\[m ] + UJF[m\ ] [m‘”]F + U[m J|"]

+ 000 (FEF: — F*F') + oo b} (omFL — 0, FL)
+oje(0n8l, — omdh),

for L;m‘n = L;m ot LzomL;lm — L%fom — LﬁmLza and
0

(2.5) Uij = 0i;F + 0iFj — 00)iFj" + 0o Fj;,

0

Vij —L FQUZ+FFQO'ZU@—|—L F"‘aj + FF0joq + 2e0;0;
(2.6) e 5 5

— LY B+ oo FY) (L F F;
(N+1)( ﬂ—’_o— + 0 1)( +0] +JB )
Because 7; = —o; and Fi = F}, we get F’afg" = 65;» = F;F]?‘ = 65;, which

giVGS € = e, 61-6]- = 0034, EZE]FQF;" = O'iO'ng)E:. 1\/IOI‘GOVGI‘7 it holds Fﬂ‘ = F,i-
Hence, we get o, F ; = 0;F ;. It also holds

ajp
(2.7) + L (00F + 05 F})
+ (O'zF—‘rO'aF )(OJF—‘y-UBFB)

(Lgy + 0iF + 0a P (L + 0, F + 05F)) = Ly Lls + L3y (0;F + 05 F))

Based on invariants from the previous paragraph, and with respect to the form

of the geometrical object .FVV/;mn given by (2.4), such as the equation (2.7), we
simplify the expressions (2.4, 2.5, 2.6) to

0

A7 7 1 7 9 0
‘Fijn = ijn N+ 163 (R[mn] - U[mn])
(2.4 1 i ;0 .0
~ 571 Ot Lot + Uil + 8 Vi)
= Ij|im 15 n] + UjF[imln} - J[W\"]Fj + U[MF;Ma
) 0
(2.5) Uij = 0 F — 0aiF + 0uFS;,
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0
i = LhgFf o+ LSy Fioy — ——L5, L]
(2.6') Vo= byt T N+1 o
' 1
TN+ (Zaéj)(07F+05Fﬁ)

The next lemma holds.

Lemma 2.1. Let f: Ay — AN be an F-planar mapping of the type ' (e). The

geometrical objects ]-'le and .7:W respectively given by equations (2.3, 2.4’),

jmn’

0 0
for U and V; given by (2.5, 2.67), are invariants for the mapping f. O

Corollary 2.1. The invariants .7-"7“,c and ]-‘W
An — Ay given by (2.3, 2.4°) are parameters expected in the special case.

for F-planar mapping f :

jmn

0.
Proof. The invariant F77, for mapping f is the sum of the Thomas projective
parameter and tensor of the type (1,2). For this reason, this invariant is parameter.

0
Based on equations (2.5, 2.6%), the invariant F.F given by (2.4’) is expressed as
sum of tensor and the geometrical object

1 , 1 )
i _ 1 «@ 7 a 7B
(2.8) M = N1 16[ij£\n] + 7(]\[ 1) 6[mLan]

« « /B
It holds the equality Lja‘k Lﬁ,k - LﬁLﬂ'

Based on the equation (1.1), one obtains

’ o ﬁ B
(2.9) Liorjr = wi/x}%w — T Ljas

(2.10) Loy Ly = ahal, LD, L5
From (2.9, 2.10), we obtain

(211) M;’m’n/ = ZL' 5 m’ n’Mﬁ'yﬁ

T 6[m,x

N—|—1 i Ea

0
That means that the invariants F7%  and F 1/\/z are tensors if and only if

jmn jmn

(512 + 05sy) = 0 and 6,2,

xf):xjo-‘,k, — im Lo = 0, respectively. [

1
N+1
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0
Now, using ]-'ijn fW;mn 0, where f%;mn is basic invariant of the
0
F-planar mapping is given by (2.4’) and F W I/V;mn is its image, one obtains
0
0= ]-'W;mn fW;mn
= Rjun = B + 7779 (Bimn) = Bimn) = U] + Uponn)

N +1
(2.12)

i 1 3 «
= O Ajm) — N+1(‘5[m Jatnl = Ofm L3aim)

—Tjlm n]+ffa i) = Fmlin Fs + Tpm F )

+ 0 mF n] - UjF[m\n] + U[mln]Fj — Ot j\n]
1 —
where is A;; = N7+1<Uij —Uij+Vij + VU)

After contracting the previous equation by ¢ and n, we get

N — 1 _
Ajm = _W(Rj’” — Rjm) — W(ij — Rinj)
N — 1 —
+ 571 Uim = Uim) + 35— (Umj = Unj)
1 — o 1 —
TN _1 (Liafim = Liam) + N_1 (Bjm — Bjm)
where
(2.13) Bij = (0jla = 0alj) F" = (0ija — 0ali) F}' = 0iFfjq — 03 Fja,
and the corresponding Bi;.
If involves the expression of Az‘j in the equation (2.12), we get
]’W;mn = }'W;mn,
where
(2. 14)
T z 1 7 O 1 0 0
z N 7 1 i 7
- m@ mnl = N = Nz 10mUinl = 5z —70mUnli = 7 =1 %mBin)

+ 0jiimE) + Omin F} — UJ'F[mIn] = O Fjuy-
The next theorem holds.

Theorem 2.1. Let f : Ay — Ay be an F-planar mapping of symmetric affine

0 .
connection space An. The geometrical object FW7,,., given by (2.14) is an invariant
for the mapping f. This invariant is tensor. [
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3. Conclusion

In this paper, we studied F-planar mappings of the type 7f(e). The basic
invariants of Thomas and Weyl type for these mappings are obtained in Lemma
2.1. The derived invariants of Weyl type for these mappings is obtained in Theorem
2.1. In Corollary 2.1 and in the second part of Theorem 2.1, we examined tensor
characters of the obtained invariants.
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