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NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
k--CONVEX FUNCTIONS VIA GENERALIZED k-FRACTIONAL
CONFORMABLE INTEGRAL OPERATORS

Fahim Lakhal and Meftah Badreddine

Faculty of Mathematics, Computer and Material Sciences
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Abstract. In this paper, we first establish a new Hermite-Hadamard inequality for
the class of k-B-convex functions involving the generalized k-fractional conformable
integral operators. Then, based on two new identities, we discuss some new k-fractional
conformable integral inequalities of midpoint type whose first and second derivatives
belong to the class of k-(3-convex functions. Several new and known results are derived.
Key words: Hermite-Hadamard inequality, Holder inequality, power mean inequality,
k-B-convex function, generalized k-fractional conformable integral operators.

1. Introduction

If f: 1 — Ris a convex function on the interval I C R, then for any a,b € I
with a < b, we have the following double inequality

1 b
+b f(a)+£(b)
(L) F() < o [ oo < g

Both inequalities hold in the opposite direction if f is concave. This significant
result was given in [19], it was first discovered by Hermite in the journal Mathesis
in 1881 and it is well known in the literature as the Hermite-Hadamard inequality,
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which provides lower and upper bounds for the integral mean of all convex functions
defined on a compact interval, including the middle and endpoints of the domain.
For more information on the progress of research on inequality (1.1) we refer the
reader to the excellent monograph [14].

Since the discovery of this inequality, many researchers have given considerable
attention to study of inequalities in generale in real, fractional and quantum cases
see [5, 6,7, 8,9, 11, 12, 14, 15, 20, 24, 25, 27, 28, 29, 30, 34, 39, 40].

It is worth noting that fractional integrals and derivatives provide an excellent
tool for the description of the memory and hereditary properties of various materials
and processes see [18, 31].

n [39], Sarikaya and Yildirim established the analogue fractional of inequality
(1.1) as follows

Theorem 1.1. Let f : [a,b] = R be a positive function with 0 < a < b and

f € Ly[a,b]. If f is a convex function on [a,b], then the following inequalities for
fractional integrals hold:

@ 29710 (a+1) a o F(a)+£(b)
(12)  F (o) < 2GR (o FO) + T, fla) < LHOHO

Also, in the same paper they discussed some fractional midpoint inequalities for
convex first derivatives and obtained the following results

gt (Jeagny FO) + Ty (@) = 1 (452)

1 1
< b (((aJrl |7/ ()| "+ (a+3)| £ ()] )q n <(a+3 | (a |q+(a+1)|f’(b)|q> 4>
— 4(a+1) 2(a+2) 2(a+2) ’

and

297D (a+1
T (Jes f) + T (@) — £ (452)]

1 1
bea [ 1 |/ (a)] 43| (®)]" | 3£/ (@)| "+ )]\ ¢
4 ap+1 4 + 4

te (45)7 (7 @)+ 1))

=

IN

"=

IN

Wherep,q>1with%+%:1

In [32], Mubeen and Habibullah introduced a new fractional integral operator
called k-fractional integrals, regarding some papers involving integral inequalities
via this novel operator, we refer readers to [1, 2, 3, 4, 17, 21, 36, 41].

In [17], Farid et al. obtained the following Hermite-Hadamard inequality

Theorem 1.2. Let f : [a,b] = R be a positive function with 0 < a < b and
f € Ly[a,b]. If f is a convex function on [a,b], then the following inequalities for
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k-fractional integrals hold:

(13)  f(o) < B (1o J0) + [ Sl0)] < LOH0),

with o, k > 0.

Also, they proved the following identity

Lemma 1.1. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b.
If f' € Ly [a,b], then the following equality for k-fractional integrals holds:

o
28 Tulath) [ Cgnyo o f(0) + Ig%“)_7kf(a)] - f(3?)

(b—a)k
1 1
g = | [ - [ rstas g

By using the above identity, Farid et al. derived the following midpoint inequal-
ities for differentiable mappings

Theorem 1.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|* is convex on [a,b] for ¢ > 1, then the following inequality for k-fractional
integrals holds:

L(%—Hﬁ) |: (a+b)+ kf( ) (a+b)7,kf(a’):| _f(aTer)

(b—a)
e () (2D IF@I 4+ (2 +3) 17O
(1.5) +(F @+ (E+ DB

with a, k > 0.

Q=

IA

Theorem 1.4. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b.
If |f'|" is convex on [a,b] for ¢ > 1, then the following inequality for k-fractional
integrals holds:

2k 'r (atk) «a a+b
‘W [y (SO + L) F(@)] = £ (452)]

1 1
ba (& \7 [ [1F@3F®\T | (3@ +r®]" )
4 \apt+k 4 + 4

w6 < g (G) " (F @I+ 1F 0D,

01, 1
wzth;—&—g—l.

IN

In [21], Huang et al. proved the following Hermite-Hadamard type inequali-
ties for convex functions involving the generalized k-fractional conformable integral
operators
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Theorem 1.5. Let f: [a,b] — R be a positive function such that f € Ly [a,b] and
a <b. If f is a convexr function on [a,b], then

(1.7) F(5h) < k;ﬁ%f ORI + g D f(a)] < LOHO),

for a, B> 0.

Theorem 1.6. Let f : [a,b] — R be a differentiable mapping on (a,b) such that
a<b. and f' € Ly]a,b]. If |f'] is a convex function on [a,b], then

B
a b k k)ak a, a,
S0 F(];(;B:;Q)TB S PR OR (a)H

18 < 2B, G240 -BE L] (£ @]+ 170D,

for a, B> 0.

Recently, in [37], Samraiz et al. established the following inequalities for k-
fractional conformable integral operators by using h-convexity

Theorem 1.7. Let f : [a,b] = R be a positive function such that f € Ly [a,b] and
a <b. If fis h- convex function on [a,b], then

B
h(3)ak Ty (B+k a, a,
fegt) s MRS R0 + g L @)

1
(1.9) < L))+ f(b)]/o (1)~ [a(t) + h(1 — D) dt.

Theorem 1.8. Let f : [a,b] — R be a differentiable function on (a,b) such that
a<b. and ' € Ly [a,b]. If |f'| is an h-convex function on [a,b], then the following
inequality for k-conformable fractional integral operators holds

s
fla)+f(b Ly (B+k)ak a, B a, B
’ ( )2 © :((b—a))aTﬁ |:Ja+7kf(b) + 2 (G)}

< b [|f’<a>| / -t e - om] rea
(1.10) +17/(0)] /01 [(1 E (11— t)a)%] h(1 — t)dt] .

In [10], Bayraktar gave some inequalities of midpoint type for (s,m)-convex
functions via Riemann-Liouville fractional integral. Among the obtained results we
cite

20‘721—‘( ) a—1 a—1 at+m
| (T Fmb) + TSk Fl@) = £ (2522)]
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7012
< Ol (e 4 Bylat Ls 1) (@) +m " G)),
and
e (Johe S (mb) + TSk f(@)) = f (#522)
(mb—a)o-1 (atmby+ m (2tmb)— a 2
1
(mb—a)? I=q
S 22—« ((a+1§20‘+1)

Q=

«((remsshmess 1@ mBy (o 14 DI O)F)

Q=

+ (B%(a +Ls+ 1) |f" (@) + m g \f”(b)lq)

).

In [20], Han et al. established the following inequalities related to inequality
(1.1) for the generalized fractional integral under the MT-convexity

| GRS g (1) — 12 (1= B)" (- L9 (@) + B (i Ty ()]

—a

< e ) [ e@ldr g @l [ 10w
0 0
1 1
+2 g w) [fZ n@ldr+ 19 ) [ @l )
0 0
and
OIS g (w) — 525 (L= )" (- L9 (@) + 1" (e Lo ()]
< @ |a-w | fleerar ) (5wl g @)
0

1

p

s /lA(T)|pd7’ (19" ()| +1g' ®)I) 7 |,
0

where p,q > 1 with % +% =1, w=ha+ (1—-"h)bwith h € (0,1) and Q(7) =
[P gy < oo, A (1) = [EOZ0IW gy < f o,
0 0

The main purpose of this paper is to generalize the results obtained in [17],
via the k-fractional conformable integral operators. For this we first establish the
Hermite-Hadamard inequality for the k-S-convex functions where the obtained re-
sult covers several cases already known according to the values of the parameters
«, B, k,p and gq. Then through two new identities we have established some mid-
point type inequalities for functions whose first and second derivatives in absolute
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value are k-B-convex via k-fractional conformable integral operators several known
results can be derived from the obtained results.

2. Preliminaries

In this section, we recall some concepts of convexity that are well known in the
literature.

Definition 2.1. [35] A function f: I C R — R is said to be convex on I if the
inequality

(2.1) flte+ (1 =t)y) <tf(z)+ (1 —1)f(y)

holds for all z,y € I and ¢ € [0, 1]. We say that f is concave if (—f) is convex.
Definition 2.2. [42] A function f :7 C R — R is said to be 3-convex on I, if the
inequality

(2.2) [tz + (1 =t)y) <tP(1 =) f(x) + 11 = 1)"f(y)

holds for all z, y € I and ¢ € [0,1], where p, ¢ > —1. We say that f is S-concave if

(=f) is p-convex.

Definition 2.3. [26] A function f: I C R — R is said to be k-8-convex on I, if
the inequality

(2.3) fltz+ (1 =t)y) < gtk (1=t f(2) + £tF (1= f(y)

holds for all z, y € I and t € [0,1], where p, ¢ > —k, k > 0. We say that f is

k-B-concave if (—f) is k-f- convex.

Remark 2.1. In Definition 2.3, if we take k = 1 and p = ¢ = 0, then obtain P-function
(see [13]), if we choose k =1 and p = —s € (-1, 0] and ¢ = 0, then obtain s-Godunova-
Levin function of second kind (see [42]), if we take k = 1, then obtain S-convex function
(see [22]), and if we choose k = 1, p = 1, ¢ = 0, we obtain the classical convex function
(see [35]).

Definition 2.4. [16] For k£ > 0, z € C\ kZ~, the k-gamma function is defined by

o nlkr(nk)E!
Tk(x) = nh_)rréo(x())k

where (), = H;L;OI (x + jk), k > 0 is called the Pochhammer k-symbol.
Its integral representation is given by

(o) ok
(2.4) i (z) :/ t"te~®dt, Re(x)> 0.
0

One can note that
Ti(x + k) = 2T (x).

For k =1, (2.4) gives integral representation of gamma function.
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Definition 2.5. [16] For £ > 0, z € C \ kZ~, the k-beta function with two
parameters z and y is defined by

1
(2.5) By(z,y) = %/ tE=1 (1 —¢) ke,
0
and we have P ()T (4)
Bi(z,y) = -2 Y Re(z) > 0, Re(y) > 0.

For k =1, (2.5) gives integral representation of the beta function

Definition 2.6. [33] The integral representation of the generalized k-hypergeometric
function is given as

[e%S) N "
2]:1,k ((aak)a(ﬂ7k)7(77k)7$) = %W7 k > 0
n=0 :

1
1 ﬁ_l ﬂ—l _a
m/ e (1 —t) (1 = kat)” R dt,

0

where Re(y) > Re(8) > 0, k> 0 and |z| < 1.

Remark 2.2. If we take k£ = 1, we obtain the Euler representation of the Gauss hyper-
geometric function or 27 function which formulated as follows

1
2F1 (o, B, 7y, %) = m/o P — )P — wt) Tt

Definition 2.7. [32] Let f € L; [a,b]. The Riemann-Liouville fractional integrals
I% fand I;* f of order a > 0 with a > 0 are defined by

(2.6) I f(x) = ﬁ /l(x ) f(dt, x>a
and

b
(2.7) I f(z) = ﬁ/ (t—z)* L f(O)dt, = <b

respectively, where I'(a) = [ e~ *t*"!dt, o > 0 is the gamma function. Here
). f(z) = I}~ f(2) = f(2).

In the case where a = 1, the fractional integral will be reduced to the classical
integral.

Definition 2.8. [32] Let f € Lp[a,b]. Then the left-sided and right-sided k-
fractional integrals of order a, k > 0 with a > 0 are defined as

x
o

(2.8) el @) = ey [ @ =00, w2 a
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and

b
(2.9) @) = ey [ (=00 w <o,

where I'y () is the k-gamma function. For k = 1, the k- fractional integrals give
Riemann-Liouville fractional integrals.

Definition 2.9. [23] The left and right fractional conformable integral operators

J;’;’ﬁ and J;" B of order 8 € C, such that Re(8) > 0 and 0 < a < 1, for f € Ly[a, b]
are defined by

(210) I F@) = 1k /gE ((ww)“;(tfa)“)ﬁ_l (t — @)L f(t)dt

and

b [e4 [e4 571
b—=x —(b— o—
(2.11) TP (@) = w5 i (%) (b— )L f(t)dt
respectively, where I' is the Euler gamma function.

Definition 2.10. [36] The generalized left and right k-fractional conformable in-
tegral operators J:;i and Jf‘_’i of order 8 € C, such that Re(8) > 0, £ > 0 and
0<a<1l,for fe Lifa,b] are defined by

T B8_1q
r—a)*—(t—a)* \ a—
(212) IS0 @) = i / (L= (= a)o f(at,
and
B " (ma o\ E 1
o, —x)*—(b— _
(2.13) R e p—— / (ot ) gyt p ).
T

Lemma 2.1. [43] For any 0 <a <b in R and 0 < a < 1, we have

b* —a® < (b—a)”.

3. Main results

Our first result is to establish the k-fractional conformable Hermite-Hadamard in-
equality for the k-(3-convex functions

Theorem 3.1. Let f : [a,b] — R be a positive function such that f € Ly [a,b]
and a < b. If f is k-B-convex function on [a,b], then the following inequalities for
k-fractional conformable integral operators hold

=

8
ath — 8 1\BEL ok T (k) (o, B a, B
f( er ) S (1 - Qla) (%) k ak(bja)ak{j (J(a-;b)+’kf(b) +J(a-2+b),’kf(a))
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(3.1) < (HFHA- &) R fa) + FO)W,
where
W= ((%)Mgka Bup+ aB — ka + k. k)

X 2]:1,k: ((k—koz—q,k),(p—i—ozﬁ—k;a—|—k,k),(p—|—a,3—ka—l—?k,k),ﬁ)
gtaB—ka

+(3) " Bila+aB—ka+kk)
x o F1x (k= ka —p,k), (g + af + k — ka, k), (¢ + af — ka+ 2k, k), 5))

with Re(ﬂ)>07k>%,0<a§1andp,q>—k.

Proof. Since f is k-f-convex function, we can write
FOw+ (1= N)y) < EAF(L= N)F (@) + AT 1 =N Ef(y),

and
FIQ =Nz +Ay) < 21— NEXE f(z) + L1 = N EXE f(y).
Let A = %, then

Taking = La + 25tb and y = 25ta + b for ¢ € [0, 1], clearly @,y € [a,b] and we

have
ptrq

F(52) <27 [FGa+ 250 + f(35ta + b))
. . . . Cival®-1 9 tva—
Multiplying both sides of the above inequality by [1— (25£)*] "~ (25t)*~!
then integrating the resulting inequality with respect to ¢ over [0, 1], we get

‘ [

1 81
Fee) [ e et

=
—
N|=
—
s
g
1S]
—
h
—
—
—
—
(v}
o |
-
N
Q
[
>
|
—
—
N
o |
-~
N
Q
|
—
~
—
-
Q
N
|
-
(=)
Nl
QU
ey

(32) FE) L < 1(HF o+ 1),

where
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and

&
Il
S—

A
—
—
|
—
‘w
N
<~
—
Q
.
|
|
—
—~
‘w
N
&
—
Q
|
—
-
—~
[\V)
w‘|
o~
Q
B[+
>
N—
QL
~

1
©3) = 3 a-wiae= -t
1
5%
Now, let v = %a + %b, then we obtain
' 2—tva 12—l (2—tya—1 ¢/t 2 ¢t
L= /O (1= (FH] " G f(ba+ 2Fth)dt
B_4 b Oy S | B
- (jf:)aTB /a+b [w] (v—a)® 1f('U)dv
2
8,
« kI ,
I
Similarly we get
! 2 tyal i1 2 tya—1p02-¢ t
Iy = /O (1= Cghe s () f(3Fta + gb)dt
8_4
= 20k kT(B) yo, B
(35) B (—a) % J(%b)ikf(a)'

Substituting (3.3)-(3.5) in (3.2), we obtain

B
k

L _y
21— F)Ff(50) < F@F RO (Jh | Fe) + I @)

(b—a) ® (QTH))ivk’

Now, we will proof of the second inequality in (3.1).

From the k-B-convexity of f , we have

£ (5)F(3FH*

B

N+
=)
N
|
-
(=
=
=
N+
E S
=
—~
S
=
=
—
N
N
>
—
N
o |
-
N
=3
~
—
=
=

and
q

F35ta+ 50) < G S @) + 1O EF0)

By adding the above inequalities, we obtain

IA
Eall
—
|
S~—
Bl
—~
‘l\')
v |
-
—
B
+
—
ISR
~ N
BN
Y
‘l\')
v |
—
=3
| S
By
—
Q
Nad2
+
~
—~
(=
=



New Hermite-Hadamard Type Inequalities 569

Multiplying both sides of the above inequality by [1 — (25£)%] -1 (254)*~!, and

then integrating the resulting inequality with respect to ¢ over [0, 1], we get
D ) e e 250 St ]

< @+ o)t / - T 5 (BB EYE + (bY@

= [fla)+ ()] <;1€ /01 [1- (%)a]% T pEtei(hka

1
o) + 4 [ -
0
From Lemma 2.1, we have
(3.7) - (3HY =17 = (3 < (H)™
Combining (3.4)-(3.7), we obtain

IN
=
—~
=)
S~—
+
~
—
=
7 N\
el
—
[SIES
S~—

k—g—ka

1
ptof—ka ptaB—katk _
— [f@)+ )] ((;) S W e (S !
1 .
/O t<1+aﬁ;ka+k71(1 B kalkt)ik—pk—k dt>

— @) + SO ((;)mi"” Bu(p+ af — ka4 k. K)

X oF1k (k= ka—q,k),(p+ B — ka+k, k), (p+ af — ka + 2k, k), 5
gtaB—ka

+(3) *  Bilg+aB+k—kak)
X oF 1k ((k—ka—pk),(g+aB +k—ka,k), (g + af — ko + 2k, k), 57) ) -

=

So, we have

, 8,
se 20 Uru(®) (o o0
e O (T SO+ T S)
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pt+q

< @) f@+fow.
Rewriting the above inequality, we obtain (3.1). The proof is completed. [

Corollary 3.1. In (3.1), if we take k = 1 we obtain the following inequalities for
B-convex functions involving the integrals in (2.10) and (2.11):

FlE) s 0=F) PG G, Vel ) + Il f)
(3.8) < G- ) Pas i) + FB)] W,

271 (1—a—gptaf—atlptaf—at2,;)
2ptaB—a(ptaf—a+l)

271 (1—a—p7q+aﬁ+1—a7q+a5—a+27%)
2¢taf—a(g+af—a+l) ’

with Re(B8) >0,0<a <1 andp, ¢ > —1.

Corollary 3.2. In (3.1), if we take « =1 we obtain the following inequalities for
k-B-convex functions involving the integrals in (2.8) and (2.9):

Fet) < ()T (10, SO L (@)

k(—a)® \ (F)Fk (#52)~ K
pta—0
(3)7F TR [fa) + F(B)] W,

N

—
o
e

N

IN

Bi(p+5.0)a F i (—ak), (0+5,8), (p+6+K.), 37 )
Wy = PEA=F
2 k
Bi(a+6,k)2 71 ((—pk), (a+6,k) (a+af+k.k), 1 )
q+B—k )
TE=E

2
with Re(B) >0, k> L, and p, ¢ > —k.

27

Our next result is to establish some k-fractional conformable midpoint inequal-
ities for functions whose first derivatives are k-B-convex, for this, we need the fol-
lowing lemma.

Lemma 3.1. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b.
If f' € Ly[a,b], then the following equality for k- fractional conformable integral
operators holds:

(3.10) SELeEHIO-J0)F
2(b7a)aTB

(Teshyo JO)+ TE - 1(@) = £ (+52)
1

= e 207 [ -9 (e ) - SO ) ar),

with Re(8) >0, k>0 and 0 < a<1.

[}
N+
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Proof. Integrating by parts the right side of (3.10) and then making the change of
variable u = %a + %b, we obtain

1
B [ = e St

0
1 5,
il [ 35 - ) E T rGe s th
s a
@1 = FH-m)f ()
2af8 ’ u—a\*! (b—a)*—(u—a)” £ d
Tre-07 [,., (b—a) [W} f(u)du
2
B
_ B a4 ak k) ra,
(312) = RO F)R A + 2GRN L S0,
Similarly, we have
! 5,
B= [ -3 £ e g
0
B
_ 2 1\2 prath 20k Tg(B+K) ya, B
(3.13) = m@*ﬁ)’“f(T)*mJ(%b)_’kf(a)-

By Subtracting (3.13) from (3.12), we get
_ B .ia
Bl h-h = (- an)FA5P)

£ o a
+%Eﬂiﬁﬁﬁl(Jéﬁ)tkf@)+97’ﬂ f@0)~

(b—ayF+t \"(%F (50~ k

Multiplying both sides of (3.14) by bTTa(l - i)%ﬁ, we get the desired equality
in (3.10). O

Remark 3.1. If we take @ = 1 in (3.10) we obtain (1.3) from Lemma 1.1.
Theorem 3.2. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b

and f' € Lyla,b]. If |f'|" is k-B-convex function on |a,b] for u > 1, then the
following inequality for k-fractional conformable integral operators holds:

8 -8
ak Ty (B+k)(1—55) * ( o, B o B )_ b
2(6—(1)% J(aTb)Jr,kf(b) + J(a;rb),ch(a) f( 2 )

1 17%
< ez (2) (B<;72+ DBy (204 1>) (1F @)+ 17®)
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aB+gq
27k

1
(Bk(aﬂ+q+k,k>m,k ((—a.k).(@Brath ), (oBta+2k k), 3 ) > g

1
By (aBptkk)2 T (—p k). (aBpth K) (B +pt2k k), 51 ) ) "

(3.15) + < EY:ED)
27k

with Re(B) > 0,k > 3,0 < a <1 andp, ¢ > —k and By(a,B) = [t (1 —
t)#=1dt is the incomplete beta function.

Proof. By using Lemma 3.1, and power mean inequality, we have

B -8
ok Dy (B+k)(1—gh) (Ja,/s F(b) +J% 0 f(a)) _ f(atby

a+b a+by_
2(b—a)F (FH)+k (452~ k 2

< bpea- )T {/01 [1-(255°]* (|f,(£a+22tb)|+|f/(22ta+;b)|)dt}
< e L)® (/01 [1_(22’5)0‘]5@)11

M

Using (3.7), the k-B-convexity of |f’|", and the fact that fol [1-(3%)%]
(2) (B(;, b1y~ 32%(1 By 1)), in (3.16) we obtain

o a’

2 -8
akTh(B+k)(1—55) & a, B o B B ath
Z(bfa)% (J(GT_H))Jr,kf(b)+J(“2b)f’kf(a’)) f( 2 )
1—1
—a =8 17; m
< - RF Q) (PG Ee - G g )
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+(/01(§>“f(

1—1
—a =B 1—1 m
- - F O (B0 -By )

1
' (a)|" aft+ptk _ q
x {(ma J /O t TNl —kgt)rdt

(

L
2

=

)Ea-HE @+ (B a-Htire”) dt) }

k

1
1 1
[r®)]" aBtatk g 12 "

+ A tF (1= kgpt)* dt

1
7 H 1 a n 7 I3 1 a ﬂ
(L (e na pras LGE [ eseaa - pia) }
k 0 E 0

k2 k2

1—1
—a =8 1-1 "
= - TG) (BG )-8y ()

1
Bi(aB+qtk,k)2F1k((—a.k),(aB+q+k,k),(af+q+2k,k), 51
) {< ( SFEL ) ' (@)]"
2k
1
Bi(aB+p+1.k)aFi i (=) (aB+pth, k), (aB+p+20.0),55 ) | i) -
aB+p |j)(b”
27k
Bi(af+p k) Fui (=) (aB+ph, k), (af+p+20K), 55 ) | )
SFTE |f'(a)]
27k
1 w
Bi(aB+a+kk)2F1k ((—a.k),(aB+a+h,k), (aB+a+2kk), 55
(3.17) + i e 2) If’(b)|“>

Using the following algebraic inequality (a1 4+ a2)® < af +a, for 0 < s < 1 and

ai,as >0, and since p > 1, i.e. 0 < i <1, (3.17) gives

ok D (B+R) (1= 7o) T
[

2(b—a) &

(75l (SO + T F@) = F(252)

< bR () (B(i, B0y By (04 1>) U@+ 1P O)

aB+q
27k

1
<Bk(aﬁ+q+k,k>2fl,k ((—ak).(@B+ath k) (e ta+2k k), 3% ) ) "

1
. <Bk<aa+p+k,k>2fl,k((—p,k>,<aﬁ+p+k,k>,(a5+p+2k,k>,Qlk)> g

af+p
2k

The proof is completed. [
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Corollary 3.3. In (3.15), if we take k = 1 we obtain the following inequalities for
B-convex functions involving the integrals in (2.10) and (2.11):

1- )~ PalT(B+1) [ o, a, g
o )(‘](“;ﬁﬁf(b)+J(“+€>*f(“)> _f(Tb)‘

< b 28 (2) (1 (a)] + | £/ (b))

( L8+1) Bl(a>ﬁ+ ))

(3.18)

1 1
2]:1 —gaBtatloftat2,3) \* [ 2Fi(paftrtiaip2g) | ¢
e Ta(aBtatD) + 35+ (@Bt pT1) )

with Re(8) >0,0< a <1 andp, ¢ > —1.

Corollary 3.4. In (3.18), if we take « = 1 we obtain the following inequalities for
k-B-convex functions involving the integrals in (2.8) and (2.9):

8 _4
2k " 'Tw(B+k) (18 &
2E Tu(B4k) (I(a;bﬁ’kf(b) +I(a+b) kf(d)) - (=)

(bfa)%

s

s () (280 1) () + 11 0)

[E]
2— o

IA

2

1
y (Bk(ﬁ+q+k,k)2f1,k((—q,k),(B+q+k,k>,(5+q+2k,k>,21,6)) g

B+aq
2k

1
1 n
(3.19) . (Bk(ﬂ+p+k,k)2f1,k((—p,m,(5+p+k,k>,<ﬂ+p+2k~,k>,2k)) |

B+tp
2k

with Re(B) >0, k > % and p, q > —k.

Remark 3.2. If we choose « = p = 1 and ¢ = 0 in (3.15) we obtain the inequality in
(1.4) (for k =1).

Theorem 3.3. Let f: [a,b] = R be a differentiable mapping on (a,b) with a < b
and ' € Ly[a,b]. If |f'|" is k-B-convex function on [a,b] for u > 1, then the
following inequality for k-fractional conformable integral operators holds:

.y
of Fk(,6+k)(1——)T a, B a, B a+b
2(b—a) " (J(a;rb)+,kf(b) + J(aTﬁ)ﬂkf(a)) -/ ( 2 )

< -5 F ()N (BE A1) - B2+ 1) (£ @]+ )

i3

X 2
2%

(Bk(p+k,k)2]:1,k (( a,k),(p+k,k),(p+2k,k), ik) )
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1

(320 + <Bk<q+k,k>m,k ((=p). (b K) a2k, ), 55 ) ’

ok
withRe(ﬁ)>0,k‘>%,0<a§1,p,q>—k, and%—f—%:l.

Proof. From Lemma 3.1, properties of modulus, and Hélder’s inequality, we have

@ Eu(54R) () T (Tl (O + T S(@) = F(25)

2b—a) F ()t ok ()= k
S
! s
{ [ 1= F (7 et 3500] + 75t + 401 )

IN
o
N
)
—
—
|-
S~—
=L
VR
o\
i
—
—
\
—
‘w
N
<~
—
Q
.
>
”‘m
S
5
~_
>

X
——
7 N\
c\

=
=
Gl
IS
+
‘:\:
N
>
-
=
QU
~
~__
T
+
VR
N
=
—
(]
m‘|
~
+
B[+
=
=
<
~
~__
—

The k-S-convexity of |f/|" gives
-8B

Q%Fk(ﬁ+k)(l_2%)T Ju B f(b)JrJavﬁ f(a) ,f(Lb)
a b)+,k7 (QTH)_ k a 2

ap
2(b—a) &

IN
o
u;‘ |
Q
—~
—
\
|-
—
x‘gh
—~
Qv
SN—
S
/N
v
~
|=
>
=R
+
[a—y
—
\
oy
2
—
|—=
>
=R
+
—_
—
N———

()| 1 q » 4 H 1 P q H
L |f(k) /0(%”(1 1t)7dt+|f(b)| /O(;)k(l_;t)k(@ }
< - 2T ()Y (BG A ) -BLE R D) (F @I +IF0))
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= - F)F (D) [BGE D -BL G+ (S @I+ 0)

Fa
2k

X <Bk(p+k’k)2flvk(<q’k>’<P+k’k>,(p+2k,k),;k)) “

1
. (Bk(q+k,k>2f1,k ((p,k>,<q+k,k>,<q+2k,k>,;k)) g
2%

1 1

Here we used again the fact that (a; + az)% < alﬁ + ag, for 0 < ’% < 1 and
ai,a2 > 0. [

In ordre to establish the k-fractional conformal midpoint type inequalities for
twice differentiable and k-3-convex functions, we need the following lemma.

Lemma 3.2. Let f: I C R — R be a twice differentiable mapping on I° (I° is
the interior of I) such that f" € Lyla,b] where a,b € I°, and a < b, n, m € N*.
Then the following equality holds:

2

X2 o a— a— na+m
2T (1 b+ ot f(na)) — £ (2502)

(mb—na)k
1

_ k(mb—na)? (/2 t%f”(nat +m(1 —t)b)dt

s
a2k 0

2

1
(3.21) + / (1—t)% f"(nat + m(1 — t)b)dt) :
Proof. Integrating by parts twice, we have

/2 t% f"(nat + m(1 — t)b)dt
0

/

_ _ 1 na+mb) _ 3 na+mb
- 2%(mb7na)f ( 2 ) 2%71k(:1b7na)2f( a2 )
1
§ [e3
(3.22) +%/ t%=2f(nat + m(1 — t)b)dt.
0

Similarly, we obtain

/11(1 — )% f"(nat +m(1 — t)b)dt

_ 1 ! (na+mb\ __ «@ na+mb
- 2%(mb7na)f ( 2 ) 2%71k(mb7na)2f ( 2 )
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1
(3.23) +,€23<ﬂ/ (1= )2 2f(nat + m(1 — )b)dt.

mb—na)?

Now, making the change of variable © = nat +m(1 —t)b in both integrals in (3.22)
and (3.23), and then summing the resulting equalities, we obtain

/E t% " (nat +m(1 — t)b)dt + f(l — )% f”(nat +m(1 — t)b)dt

0

_ 2a na+mb
2?_1k(mb—na)2f ( 2 )

(3.24) +w (I((){,La]j»erb)+ kf(mb) + I( na+’mb)_ f(na)) :

k(mb—na)* Tt

Multiplying both sides of equality (3.24) by M and using the property (o —
k)Y'k(a — k) = Tk (), we complete the proof of Lemma 3.2. O

Remark 3.3. If we take n = k =1 in (3.21) we obtain Lemma 2.1 in [10].

Theorem 3.4. Let f: I CR — R be a twice differentiable mapping on I° (I° is
the interior of I) such that " € Lila,b] where a,b € I°, and a < me,n, m € N*,
If |f"|" is k-B-convex function on [a,b] for u > 1. Then the following inequality
holds:

(3.25) ‘ 2k T 'la)l (I(Oénaﬁrnby', kf(mb) I(anai7rlb)7 f(na)) - f (%’rﬂb)’

e k)
(mb—na)k ~

k(mb 2 1-3
< (mb—na) ( k )

3 a _ 1
a2” HEop

N[

1
B, ), (2, )\ £
’ ) " (na)]

1
1 (1+k7a+p+k —-B; q+k7r~+1?+k w
*((iB;(“*ﬁ’tf’t’“))”% G me) By (o )) )If"(mb)l}

for k>0, a>kandp, ¢ > —k.

X
——
7N

e
Bl
&
ol
—~
Q
+
Ealis]
+
>~
=)
?r‘-i-
B
N
T|=
+
& 7 ~

Proof. By using Lemma 3.2, and power mean inequality, we obtain

2T (qoch,, L fmb) + Tk fna) - f (2e)]

(mb—na)®

ey 1ot
< 16(7'72*’2%"%“) (/ t |f”(nat+m(1—t)b)|dt+/ (1-t)* |f”(nat+m(1—t)b)|dt>
@ ¢ 0 %
1 -7 5 "
< hmboma)? (/ t‘édt> (/ t% | (nat +m(1 - )b)|" dt)
a2” k 0 0
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+ </11(1—t)‘idt> ’ ([(1—75)?3 |f”(nat+m(1—t)b)|“dt>u

2

1
> 1-1 EN .
= Hmenm ()R (/ t% 11" (nat +m(1 — t)b)|" dt)

0

m

+ </1(1 — )% |f" (nat +m(1 — t)b)|" dt)

1

(3.26)

The k-B-convexity of | f”|" gives

(/2 t% |f"(nat + m(1 — t)b)|" dt> !
0

/O ok [EA -0 |l + b= 0F | b)) dt)

®l=

1

[N

1

2 atq P 2
%If”(na)v*/0 t”‘?”(l—t)%dt+%|f”(mb)|"/0 5 (1—t)k~dt> .

IN

=

1
2

k g+k 4 k ptk
< (3B SR o)l + By (SR 2 |7 b))
Using the following algebraic inequality:
(a1 4+ a2)® <aj+a3, for 0 <s <1 anday,az >0,

we get

(3.27) (/02 t% | " (nat +m(1 — t)b)|" dt) u

1

1 1
< (R ) I )|+ (1B, (SHEE,2E) 1 (mb).

1
2

Similarly, we obtain

1
W

([(1 —OF " (nat + m(1 — t)b)“dt)
< (F(B (it ept) - By (BE ) 1 (na)

4 % (B (%7 a+£+k¢) _B (%7 a+£+k)> |f”(mb)|“);

=
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< (b (B (2 ) - By (2, 520))) )
(3.28) + (% (B (q;k, “+P+’“) By (‘Hk, “+P+k)))% | (mb)] .
Using (3.27) and (3.28) in (3.26), we get the desired inequality in (3.25). O
Remark 3.4. Theorem 3.4 will be reduced to Theorem 2.1 from [10], if we choose k =

n=u=1p=sand ¢ = 0. Moreover, if we take @« = 2 and m = s = 1, we obtain
Prposition from [38].

Corollary 3.5. In (3.25), if we choose k =1, p = —s € (—1,0],¢ = 0 and for
a > —1, we obtain the following inequality for s-Godunova-Levin function involving
the integrals in (2.6) and (2.7):

22D (o a— a— na+m
G (0 i S0m) 1 55)

I
(mb— na)2 % *%
0423 W_/% oc+1 (af1—s)20FI=5 s)2"‘+1 s
(1-sa+1)" ) £ (na)
= +1— 1 "
Theorem 3.5. Let f: I CR — R be a twice differentiable mapping on I° (I° is
the interior of I) such that f" € Lila,b] where a,b € I°, and a < me, n, m € N*.

If |f"|" is k-B-convex function on [a,b] for p > 1. Then the following inequality
holds:

IN

Nl

+ (B(l—s,a+1)—B

E e (1 (S OM0) 4 Iy () = f ()|

(mb—na)®

1
< k(mb—na)? k A
— a22+% Aa+k

1
A e i L e A
x(((iB;(”:‘“,%) + () )|f”<na>|
B

(3.29)

with k>0, a >k, p, g > —k andi—i—%:l.
Proof. From Lemma 3.2, and Holder’s inequality, we have

@ _2
2 Lr k (I(anal-cl—mb)+ kf(mb) Izlﬂalimb) f(na)> - f (na—gmb)‘

(mbfna)



580 F. Lakhal and B. Meftah

1
< Hmbonay </ CtE |1 (nat +m(1 — t)b)] dt
a2k 0
1 (o3
_|_/ (1—=8t)*% |f"(nat +m(1 — t)b)| dt
1
s 1
(e N !
< Hmbona)? (/ tkdt> (/ |f”(nat+m(1—t)b)|udt>
a2?" & 0 0

=

+</ (1—t)dt ) (/ |f”(nat+m(1—t)b)“dt)

2

=

®I=

1

_ k(mb—na)? k X 2
- () ()
1 W
(3.30) +</ |f”(nat+m(1—t)b)|“dt> .

The k-B-convexity of | f”|" gives

(/0 \F" (nat + m(1 — t)b)|“dt) ’

|f" (nat +m(1 — t)b)|" dt>

< (i/:t’i(l—t) |f" (na)|" dt + /: (1—1) f”(mb)“df>

= (B (R ) 1 (a)|" + £By (5, B | (b))

< (BB )T )]+ (RBy () b
(3.31)

Similarly, we obtain

([1 If” (nat +m(1 — t)b)|“dt> :

1 1 ;
/1 th(1 -0 | (na)" dt+%/1 tE (L= )% [ (mb)]" dt)

2

1
m

INA
N
=
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Substituting (3.31) and (3.32) in (3.30), we obtain the desired inequality in (3.29). O

Corollary 3.6. In (3.29), if we put k =1 and p = q = 0, we get the following
inequality for P-function involving the integrals in (2.6) and (2.7):
a—2
o (Ieehn  FOmb) + I22L s f(na)) — f (22t)|

2

2

(333)< el ()T (1 (ma)] + 17 (mb)).

. 1 1 _
wztha>1andﬁ+xfl.

4. Applications to special means
For arbitrary real numbers a,b we have:
The Arithmetic mean: A (a,b) = %52,

pptl_,pt+1

1
m)p, a,b > 0,a # band p €

The p-Logarithmic mean: L, (a,b) = (
Rv{0, —1}.

Proposition 4.1. Let a,b € R with 0 < a < b and n > 2, then we have
L2 (a,b) — A™ (a,b)] < P50V (gt 4 pnety,

Proof. The assertion follows from Theorem 3.3 with « = f =k =1 and u = 2,
applied to the function f (z) =z™. O

Proposition 4.2. Let a,b € R with 0 < a < b, then we have

|L3 (na,mb) — A* (na, mb)| < M (na 4+ mb) .
Proof. The assertion follows from Corollary 3.6 with o = p = 2, applied to the
function f (z) =t3. O

5. Conclusion
The main results of the paper can be summarized as follows:

1. Hermite-Hadamard inequality for the class of k-8-convex functions involving
the generalized k-fractional conformable integral operators is established.

2. Two new fractional identities regarding midpoint type inequalities are estab-
lished.

3. Some k-fractional conformable midpoint type inequalities for functions whose
first derivatives are k-f-convex are discussed.

4. Some k-fractional conformable midpoint type inequalities for functions whose
second derivatives are k-(-convex are given.

5. Various special cases have been studied in details.
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