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Abstract. In this study, by using definition of lacunary statistical convergence we
introduce the concepts of f— lacunary statistical convergence of order § and strongly f—
lacunary summability of order 8 of double sequences for different sequences of fractional
order spaces. Also, we establish some inclusion relations between these concepts.
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1. Introduction

In 1951, Steinhaus [55] and Fast [27] introduced the concept of statistical con-
vergence and later in 1959, Schoenberg [53] reintroduced independently. Bhardwajj
and Dhawan [11], Caserta et al. [12], Connor [13], Cakall [17, 18], Cinar et al. [19],
Colak [20], Et et al. [22, 24], Fridy [29], Isik [35], Salat [51], Di Maio and Ko¢inac
[21], Mursaleen et al. [41, 42, 43], Belen and Mohiuddine [10], Sengiil Kandemir
[58], Aral [7] and many authors investigated some arguments related to this notion.

Difference sequence spaces were defined by Kizmaz [39] and the concept was
generalized by Et et al. [22, 25] as follows:

A™(X) = {z = (zx) : (A™wx) € X},
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where X is any sequence space, m € N, A%z = (x3,), Az = (2 — 2p41), A™a =
(Amag) = (A™ oy, — A™ ey ) and so A™ay = Y00 0 (=1)Y (7)) kg

If v € A™ (X)) then there exists one and only one sequence y = (y;) € X such
that y, = A™xy and

ko k—v—1 b k+m—-—v—1
_ _1\m — U= _ _1\m - U=
(=3 (1) ( S )yv_@ ) ( mo )yv_m,
Yem =Y2-m = ... =Yg =0

for sufficiently large k, for instance & > 2m. After then some properties of difference
sequence spaces have been studied in [3, 4, 5, 23, 25, 38, 52, 59, 60, 61, 62].

By I'(r), we denote the Gamma function of a real number r and r > 0. By the
definition, it can be expressed as an improper integral as:

F(r):/ et Lat.
0

From the definition, it is observed that:
(i) For any natural number n, I'(n + 1) = n!,
(ii) For any real number n and n ¢ {0,—1,-2,-3,...},T'(n + 1) = nl'(n),
(iii) For particular cases, we have I'(1) =T'(2) = 1,I'(3) = 2,T'(4) = 3|, ....

For a proper fraction «, we define a fractional difference operator A® : w — w
defined by
o0

(1.2) A%(zp) =Y (-1)

7=

INa+1)

(o —i+1) et

In particular, we have A%xk =z — %xk+1 — %xk+2 — %6:1%% — %xmﬁl — %$k+5 —
%xlﬁ(; .
A73ap = o + 3Tpp1 + 2Thio + STh43 R Thrd o Tt s + e Tt 6
Aszy =z — TTht1 — BTht2 — D Tht3 — Py Thid — g Thi5 — g Tt -
Aizy = a4 — 2ht1 — BTkt — S Th43 — e Thid — 45 — GeeyThi6 " -
Without loss of generality, we assume throughout that the series defined in (1.2)

is convergent. Moreover, if « is a positive integer, then the infinite sum defined in
(1.2) reduces to a finite sum i.e.,

[e3%

. D(a+1)

S L e e S
;( e iz o
In fact, this operator generalized the difference operator introduced by Et and
Colak [22].

Recently, using fractional operator A® (fractional order of a, @ € R ) Baliarsingh
et al. [8, 9, 45] defined the sequence space A* (X) such as:

A (X) ={z = (z) : (A%) € X}, where X is any sequence space.
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A modulus f is a function from [0, 00) to [0, 00) such that
i) f(z) =0 if and only if x = 0,

i) fz+y) < f(z) + f(y) for z,y >0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous in everywhere on [0,00). A modulus may
be unbounded or bounded.

Aizpuru et al. [1] defined f—density of a subset E C N for any unbounded
modulus f by

N (LR 2 3])
d’ (E) nlﬁoo 7o)

and defined f—statistical convergence for any unbounded modulus f by

,if the limit exists

A ({keN:|z, -0 >e})=0
i.e.

Jm s (k< =] = e} =0,

and we write it as S/ —limxy, = £ or 2, — ¢ (Sf) . Every f—statistically convergent
sequence is statistically convergent, but a statistically convergent sequence does not
need to be f—statistically convergent for every unbounded modulus f.

By a lacunary sequence we mean an increasing integer sequence 6 = (k,) of
non-negative integers such that kg = 0 and h, = (k, — k,—1) — 0o as r — co. The
intervals determined by 6 will be denoted by I, = (k._1, k] and the ratio kfil will
be abbreviated by ¢, and ¢; = k; for convenience.

In [30], Fridy and Orhan introduced the concept of lacunary statistically conver-
gence in the sense that a sequence (zy) of real numbers is called lacunary statistically
convergent to a real number ¢, if

1
li)m — kel |z, —¢ >e}|=0

for every positive real number €.

Lacunary sequence spaces were studied in [6, 14, 15, 16, 26, 28, 30, 31, 33, 34,
36, 37, 48, 54, 57, 59].

A double sequence z = (mj’k);-’,okzo has Pringsheim limit ¢ provided that given
for every € > 0 there exists N € N such that |z, — ¢| < € whenever j,k > N. In
this case, we write P — limz = ¢ (see Pringsheim [50]).

Let K € Nx N and K (m,n) = {(j,k) : j <m,k <n}. The double natural
density of K is defined by
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1
09 (K) =P —lim — |K (m,n)|, if the limit exists.
m,n mn

A double sequence z = (xjk)j7k€N is said to be statistically convergent to a
number £ if for every € > 0 the set {(j,k) : j <m,k <n:|zx;p — £ > e} has double
natural density zero (see Mursaleen and Edely [42]).

In [47], Patterson and Savag introduced the concept of double lacunary sequence
in the sense that double sequence 6" = {(k,,[s)} is called double lacunary sequence,
if there exist two increasing sequences of integers such that

ko=0,h, =k, —k,_1 00 asr — oo
and
lo=0,hg =13 —ls_1 — 00 as s — o0.

where ks = k.ls, hys = hrhs and the following intervals are determined by 6",
I, ={(k) i kpor <k <k}, Iy ={() : ls—1 <1<},
Lo = {(k,0) s kyy <k < hp and Iy <1< 1}, gr = e, gy = 7% and ¢ =
q’f‘qs'

The double number sequence z is S, —convergent to ¢ provided that for every
>0,

1
P—lim — [{(k,]) € I, s : |zi; — £] = €}]) = 0.
L hr,s ' ’
In this case write Sy —limxy; = £ or xx; — £ (S, ) (see [47]).

The notion of a modulus was given by Nakano [44]. Maddox [40] used a modulus
function to construct some sequence spaces. Afterwards different sequence spaces
defined by modulus have been studied by Altin and Et [2], Et et al. [23], Isik [35],
Gaur and Mursaleen [32], Nuray and Savag [46], Pehlivan and Fisher [49], Sengiil
[56] and everybody else.

2. Main Results

In this section we will introduce the concepts of f—lacunary statistical conver-
gence of order # and strong f—lacunary summability of order 8 of double sequences
for difference sequences of fractional order, where f is an unbounded modulus and
give some results related to these concepts.

Definition 2.1. Let f be an unbounded modulus, 8” = {(k.,ls)} be a double
lacunary sequence and 8 be a real number such that 0 < 8 < 1 and «a be a proper
fraction. We say that the double sequence z = (z) is A;’é—lacunary statistically
convergent of order 3, if there is a real number ¢ such that

1
lim —— o f (kD) € Ty |A%T0 — €] > €}]) = 0.

2 [ f ()]
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This space will be denoted by A (Sg,’,ﬂ). In this case, we write A“(Sg,’,ﬁ)flim =4
or xy,; — ¢ (Aa(Sg;,ﬁ)) . In the special case 8" = {(27,2°%)}, we shall write A% (S"7-%)
instead of A“(Sg,’,ﬁ) .

Definition 2.2. Let f be a modulus function, 6" = {(k.., ls)} be a double lacunary

sequence, p = (px) be a sequence of strictly positive real numbers and g8 be a positive
real number and « be a proper fraction. We say that the double sequence z = (z)

is strongly A® (wﬁ [9//, 1, pD —summable to £ (a real number), if there is a real
number ¢ such that

lim
7,5— 00 [h

- B Z [f (|A%zp, — £])]F = 0.

r,s) (k)EL s

In this case we write A® (wﬂ [Hll,f,p]) — limzy; = £. The set of all strongly
A® (wﬁ [9”, 1, pD — summable sequences will be denoted by A% (wﬂ [9//,f,pD LI
we take pr = 1 for all k € N, we write A® (w'B [9”, fD instead of A% (w'B [9//, 1, pD .

Definition 2.3. Let f be an unbounded modulus, 8” = {(k.,ls)} be a double
lacunary sequence, p = (p) be a sequence of strictly positive real numbers and
8 be a positive real number and « be a proper fraction. We say that the double

sequence x = (xy,) is strongly A* (wg;/ﬁ (p)) —summable to ¢ (a real number), if
there is a real number ¢ such that

1
lim ———— [f (A%, — D)™ = 0.
T,5—00 [f (hrvs)]ﬁ (k,l)zelr,s

In the present case, we write A® (wg,’,ﬁ (p)) —limzy; = ¢. The set of all strongly
AN (wg,’,’g (p)) — summable sequences will be denoted by A® (wg,’,ﬁ (p)) . In case of
pr = p for all kK € N we write A® (wg,’/ﬁ [p]) instead of A% (wg,’,ﬂ (p)) .

Definition 2.4. Let f be an unbounded modulus, 8” = {(k.,ls)} be a double
lacunary sequence, p = (pi) be a sequence of strictly positive real numbers and

8 be a positive real number and « be a proper fraction. We say that the double

B

sequence = = () is strongly A® (we,, s (p)) —summable to ¢ (a real number), if

there is a real number ¢ such that

1 —
ot A%z, —lPF = 0.
3 E | k.l
[f (hrs)] (k,)EL s

In the present case, we write A% (wg,, s (p)) — limz,; = £. The set of all strongly
A“ (wg,, ; (p)) — summable sequences will be denoted by A® (wg,, s (p)) . In case
of pr = p for all k € N we write A (wg/, s [p]) instead of A (wg,, s (p)) .
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The proof of each of the following results is fairly straightforward, so we choose to
state these results without proof, where we shall assume that the sequence p = (py)
is bounded and 0 < h = infy, p, < pir < sup, pr = H < 00.

Theorem 2.1. The space A“ (wg;,,e (p)) is paranormed by

1 « :
g (x) =sup m Z [f (1A% zk,

s (k,1)EI s

)]Pk

where M = max (1, H).

Proposition 2.1. [49] Let f be a modulus and 0 < § < 1. Then for each |u|| > 4,
we have f ([lu]]) < 2f (1) 67" [Ju] .

Theorem 2.2. Let f be an unbounded modulus, B be a real number such that

0 < B <1, a be a proper fraction and p > 1. If limy_ o inf £ 5 0, then

A® (wg,’,ﬂ [p]) = A~ (wg,,yf [p]) ) '

Proof. Let p > 1 be a positive real number and = € A“ (wg,’,ﬂ [p]) CIf

limy, oo inf@ > 0 then there exists a number ¢ > 0 such that f(u) > cu for
u > 0. Clearly

1 |
B [f (1A%, =€) > —5 [c|A%zy, — €))7
0P i ¥ 25,

D T,

[f (hr,S)]B (k,D)el s

and therefore A% <w£;,ﬁ [p]) C A® (wg/,J [p]) .

Now let z € A® (wg,,yf [p]) . Then we have

1
m( Z A%z — )P — 0 as 7,5 — oo.
rs ) (ke .

Let 0 < § < 1. We can write
1 a p ]- « p
Z |A Tkl — €| Z EE—— Z |A Tkl — €|

B B
eV B2 oS-,
‘A“Ik,L—flzﬁ



On f—Lacunary Statistical Convergence of Order 5 of Double Sequences 335

! f(A“:ck,l—a)r
= T V1B _
- [f(hr,s)]ﬁ (hgejlm [ 2f (1)6-1
|[Aczy  —L]>5
1 §P
A% — )P
= PP PP (k,l)zejlm[f (1A% — ()]

by Proposition 2.1. Therefore z € A® (wg}/ﬁ [p]) . O
; e fu) : a 1.8 _ A B
If limy o0 inf 522 = 0, the equality A (we,, [p]) =A (wg,lwf [p]) can not be
hold as shown the following example:

Example 2.1. Let f (z) = 2y/7 and define a double sequence = = (xx,;) by

3 o — —
A%z, = { Vhrs, if k=krand =1, r,s=1,2,..

0, otherwise

ForézO,B:%andp:g,wehave

—0asr,s— o0

1 o p_ . _
I

hence z € A® (wg,’,a [p]) , but

6
3/h 5
1 ( r,.s)
—F E A%z P = L+ 50 as r,s = 00

[f (hr,s)] (k,D)EI s (2% !

N

and so z ¢ A“ (wg//yf [p]) .

Maddox [40] showed that the existence of an unbounded modulus f for which
there is a positive constant ¢ such that f (xy) > c¢f (z) f (y), for all x > 0, y > 0.

Theorem 2.3. Let f be an unbounded modulus and B be a positive real number and
a be a proper fraction. If lim, .o [fsluﬁ)]ﬁ > 0, then A“ <w5 {Gl/,f]) C A“ (Sg/’/ﬁ) .

Proof. Let x € A® (wﬁ 0", f]) and lim,_, o ffjg)ﬁ > 0. For € > 0, we have

1
[hr,s)”

S F(A% — )

(k,D)€elr s
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1
> SF1 D 1AM -
[for,s] (k)Elr s
]' [e%
> 5/ Yo AT -
(5] (kD)el,.
|A‘1a7k11—€‘28
1
> [ ]ﬁf(\{(k,l) €l s:|A%p; — L] > c}|e)
C
> g f(H{k 1) € Ls - [A%py — ] > €}]) f ()

[For.s]

_ e FUHkD Ly AT ==} oy s
[ s)° f (heo))” (-l £ ()

Therefore, A® (wB [0//,fD —limzy,; = ¢ implies A“ (Sg/,ﬁ) —limz,; =4 O

Theorem 2.4. Let 31, 52 be two real numbers such that 0 < f1 < B2 <1, f be an
unbounded modulus function and let 0" = {(k,,ls)} be a double lacunary sequence,

then we have A (w(’:,’,ﬁl (p)) C A® (Sg,’,52) .

Proof. Let x € A® (wg,’,ﬁl (p)) and € > 0 be given and ), , >, denote the sums
over (k,1) € I 5, |A%y; — ¥ > ¢ and (k,1) € I, 5, |A%xy,; — £ < € respectively.
Since f (h,ﬂ,s)ﬁ1 <f (hns)’82 for each r and s, we may write

1
- [f (1A%, — )]
i (hns)]ﬂ1 (k,ge:lm xkl

= Wl)]ﬂl Zl [f (A2, — €|)]pk + Zz [f(|Aazk,l _ gmpk}

> [f(hl)]ﬁz Zl [f (|Aa$k,l — €|)]pk + Zz [f(|Aaxk,l _ empk}
17 [ Pk

2 i 2 ) ]

Y4
=
=~
3
=
™!
[V
&'1
N
]
@
b
ol
N———
—_

AR (;,9]52 {f (Zl min([e]” [g]H))}

>
1 . .
> o (D € (8%, =02 &) [min(" [17)])
> Pk € Lt A% — 0> 3 £ ([min(" (1))

H.[f (hr.s)]
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Hence =z € A® (552/52> . O

Theorem 2.5. Let 0" = {(k,,l5)} be a double lacunary sequence and 8 be a fized
real number such that 0 < 5 < 1 and « be a proper fraction. If liminf,.q, > 1,

liminf, gs > 1 and limy_ o VS‘,}]B > 0, then A“ (S”f’ﬁ) C A~ (Sg;ﬁ) .

Proof. Suppose first that liminf,. ¢, > 1 and liminf, g5 > 1; then there exists a,b >
0 such that ¢, > 1+ a and ¢; > 1 + b for sufficiently large r and s, which implies

that
heo o (TS (el
k.~ 1+a k.. “\l+a

and

=

o~
®

LR (A U
140 ls) —\14b)
If A« (S”fﬁ> —limaxy; = ¢, then for every € > 0 and for sufficiently large r and s,

we have

Wll)]gf({k <kl <yt |A%p — 0] > 2})
2 k_ll ) Bf(‘{(k7l) S Ins . |Aaxk,l _£| Z €}|)

[f (kel)]
B
[[;Eh)]] (D) € T 1A% — €] 2 €}])

[f (hr)]

_ U)K [’ F (D) € Ty £ | A% — £ > €}])
e [f (Rele))? R [f (hrs)]

) RPIE BERY F (kD) € Lt | A2y — 0] > €}])
) [f (kele)])” RIS [f (hs))”

[f (hr,s)]ﬁ (krls)ﬂ a ? b ? f(|{(/€,l) € Ir,s : |Aaxk,l —€| > E}D
5 el U L)P <1 +a> (1 + b) [f (hr,s))” '

This proves the sufficiency. [

Theorem 2.6. Let f be an unbounded modulus, 8 = (k.) and 8’ = (l5) be two
lacunary sequences, 0" = {(k,,ls)} be a double lacunary sequence, 0 < 8 < 1 and

a be a proper fraction. If A* (5’?’0 —limzy, = £ and A® (S?’9,> —limx; = ¢, then
Ae (S?e) —lim g, = .
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Proof. Suppose A* (S?)9> —limzy, = ¢ and A® (S?,e,) —lima; = ¢. Then for e >0

we can write

r

1
lim ——— {k €l : |[A%y, — ¢ >e}| =0
[f (h))”
and

S

1
lim ———— [{l € I, : [A%; — (| > e} = 0.
f(n

S

So we have

o 0D € s A% — 2 2}
7 1

[cf (he) f (Bs)]
1

A Lf (he)) [£ (Bs)]

[[f(;)]ﬁ Hk €I, : |A%y, — £] > €}

IN

B H(k,1) €I |A%y; — ¢ > €}

IN

3 {(k, 1) € I s : |[A%x); — | > €}

IN

[[f(hl)]ﬁ {lely:|A — (] > 5”1 :

S

Hence A® (S?,e/') —limzy,; =¢ 0O

Theorem 2.7. Let f be an unbounded modulus. Iflim p > 0, then A“ (wg,",ﬁ (p))f

limxy,; = £ uniquely.

Proof. Letlimpg = s > 0. Assume that A* (wg}fg (p)) —limzy; = ¢1 and A (wg/’,ﬁ (p)) -

limxy; = f3. Then

1

lim =g > [f (A% — G =0
s ﬁ 7 |
s [f (hr,s)] (k,l)elr,s
and
. 1 “ '
lim ——— Z [f (|A%2k1 — L)) = 0.

e [f (hr,S)] (k,1)EI,

By definition of f, we have

1
- - 61 _ €2 Pk
If (hr,s)]ﬁ (k’;)EI:w Lf )]
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D

IN

——— | D F(A%m —aD™ + Y [f (1A% — L))
[f (hf’vs)] (k,D)el, s (keI s

D
— f Aa 7 76 Pk
[f (hrs)) (k,ge:zm[ &bl

D
TR S [F (1A% — L)
1 (ora) (k,l)zgm e

where sup,, pr = H and D = max (1, 2H’1) . Hence

1
lim ————— [f (Jr = D) = 0.
m[f (b))’ (k:wze:fw o

Since limy_, oo pr = s we have £1 — 5 = 0. Thus the limit is unique. O

Theorem 2.8. Let 6] = {(k,,ls)} and 6 = {(s,,ts)} be two double lacunary
sequences such that I, s C J, s for all r,s € N, 1,82 two real numbers such that
0< fB1 < By <1 and « be a proper fraction. If

(2.1) lim inf 7[]8 (hr’s)}ﬁl

>0
,8—00 [ r,s)]ﬂ2
then A (w£},ﬁ2 (p)) C A® (wg;,ﬁl (p)) , where
2 1 —
Lis = {(k) i ko1 <k <kyand l;_1 <1<}, ks = kels, hpos = hohs and
Jrs ={(8,t) 1 $p_1 <5< sp and ts_1 <1 <ts}, Sps = Spts, brs = lyrls.

Proof. Let © € A® (wg,’,/32 (p)) . We can write
2

1
1 [ (1A% — )P
AW (M)Z o

1
= — [f (1A%, — £
[f (gr,s)}ﬁQ (k‘,l)eJZr,sIr,s -

> I (A%, — )]

Y A
[f (&»75)] (keI s

1
> fA%,; — £ Pk
T o,
B1
> [f (hr,s)] 1 Z [f (|Aa$k,l _ gmpk )

F (@)1 1 (e )™ G520

Thus if z € A* (wg},ﬁz (p)) , then z € A (wg,’/Bl (p)) . O

2 1
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From Theorem 2.8. we have the following results.

Corollary 2.1. Let 0/ = {(k.,l5)} and 05 = {(s,,ts)} be two double lacunary
sequences such that I, s C J, s for all r;s € N, By, B2 two real numbers such that
0 < 1 < B2 <1 and « be a proper fraction. If (2.1) holds then

(i) A (w) (1) < & (wl (1)), if B = Bo = B,
(ii) A (w), () € A (wf? (), if B2 = 1,

(i) A (w)y () € A (w)y (0)) i By = Ba = 1.
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