FACTA UNIVERSITATIS (Nlé)
SErR. MaTH. INForM. VOI. 30, No 4 (2015), 513-525

FINSLER SPACE SUBJECTED TO A KROPINA CHANGE WITH AN
h-VECTOR

M. K. Gurta® and P. N. PANDEY

Abstract. In this paper, we discuss the Finsler spaces (M",L) and (M", 'L), where "L(X, y)

is obtained from L(x,y) by Kropina change L(x,y) = b_L(ZX(’;’)y;i and b;(x, y) is an h-vector

in (M",L). We find the necessary and sufficient condition when the Cartan connection
coefficients for both spaces (M", L) and (M", L) are the same. We also find the necessary
and sufficient condition for Kropina change with an h-vector to be projective.
Keywords: Finsler space, Kropina change, h-vector.

1. Introduction

In 1984, C. Shibata [16] dealt with a change of Finsler metric which is called a g-

change of metric. A remarkable class of f-change is Kropina change 1L(x, y) = %

If L(x, y) isametric function of a Riemannian space then "L(x, y) reduces to the metric
function of a Kropina space. Kropina metric was first introduced by L. Berwald
in connection with a two-dimensional Finsler space with rectilinear extremals and
was investigated by V.K. Kropina [8, 9]. Kropina metric is the simplest non-trivial
Finsler metric having many interesting applications in physics, electron optics with
a magnetic field, plants study for fungal fusion hypothesis, dissipative mechanics
and irreversible thermodynamics [1, 2, 3, 6]. In 1978, C. Shibata [15] studied some
basic local geometric properties of Kropinaspaces. In 1991, M. Matsumoto obtained
a set of necessary and sufficient conditions for a Kropina space to be of constant
curvature [12].

H. Izumi [7], while studying the conformal transformation of Finsler spaces,
introduced the concept of h-vector b;, which is v-covariant constant with respect
to the Cartan connection and satisfies LCE‘j b, = phij, where p is a non-zero scalar

function, C!‘j are components of Cartan tensor and h;; are components of angular
metric tensor. Thus if bj is an h-vector then

(1.1) (i) bily =0, (ii) LCihj by = phij.
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This gives
(1.2) Léjbi = phij .

Since p # 0 and h;; # 0, the h-vector b; depends not only on positional coordinates
but also on directional arguments. Izumi [7] showed that p is independent of
directional arguments. M. Matsumoto [11] discussed the Cartan connection of
Randers change of Finsler metric, while B. N. Prasad [14] obtained the Cartan
connection of (M", 'L) where "L(x,y) is given by "L(x,y) = L(x,y) + bi(x,y) y', and
bi(x, y) is an h-vector. Present authors [4, 5] discussed the hypersurface of a Finsler
space whose metric is given by certain transformations with an h-vector. In this
paper we obtain the relation between the Cartan connections of F" = (M", L) and
1= (M", L) where "L(X, y) is obtained by the transformation

L2(x, y)

(1.3) Lixy) = B Y)Y

7

and bj(x, y) is an h-vector in (M", L).

The paper is organized as follows: In Section 2, we study how the fundamental
metric tensor and the Cartan tensor change by Kropina change with an h-vector.
The relation between the Cartan connection coefficients of both spaces is obtained
in the Section 3 and we find the necessary and sufficient condition when these
connection coefficients are the same. In Section 4, we find the necessary and
sufficient condition for the Kropina change with an h-vector to be projective.

2. The Finsler space “*F" = (M", L)

Let F" = (M", L) be an n-dimensional Finsler space equipped with the fundamental
function L(x, y). We consider a change of Finsler metric ‘L(x, y) which is defined
by (1.3) and have another Finsler space F" = (M", 'L). If we denote b, y' by 8 then

the indicatory property of h;; yields d; = b;. Throughout this paper, the geometric
objects associated with F" will be marked by the asterisk. We shall use the notation

Li=adiL =1, Lij=didjL, Lij = dLij,...
etc. From (1.3), we get

(2.1) Li=27Li - t2b;,

2
(2.2) lij 2(2’[—‘0’[2) Lij+ Z?Tmi mj,

27T
Lijk =(2t — p7°) Lij + 3 (pt = 1) (miLj + mjLi + myLij)
(23) 2 2
27 67
— ——(mimjl + mjmgl; + meml;) - Ia mim;my.,

Lp
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wheret =L/B, mj =bi— %Ii. The normalized supporting element, the metric tensor
and Cartan tensor of *F" are obtained as

(2.4) i = 21l — by,
(2.5) ;= 27 = pt°) g;; + 3t biby — 4T3 (liby + bily) + (4% + p)il;,

g} 72 672
(26) Tik = (212 - p7®) Cij — ﬁ@ — 3p7)(hijmk + hjm; + him;) — ?mimjmk.

For the computation of the inverse metric tensor, we use the following lemma [10]:

Lemma?2.l. Let (mij) be a non-singular matrix and Iij =m; +nn, The elements I') of
the inverse matrix and the determinant of the matrix (Iij) are given by

1" =m'—(L+nn)tn'nl,  det(lij) = (1 + n,n*) det(m;))
respectively, where m'J are elements of the inverse matrix of (m;,) and nk = mkin;.

The inverse metric tensor of F" is derived as follows:

2t ;.. 4-p1
b'b!
2%t —p T opr - p

*gij — (2,.[2 _ p,.[3)—1|:gij _ (II b] + bi I])

2.7)

3pb?7® — p?12 — 4b?1? — 2pT + 8 i Ij]
7(2b%t — p)
where b is the magnitude of the vector b' = g'ib;.
From (2.6) and (2.7), we get

«~h _ ~h (4-3p7)t o h 61 o
Cij —Cij_m<hijm +h] m|+hi mj)—mm,mlm
(28) 27bh — (4 _ pT)lh 1
h. =m?7(4 - — (2 —
L@ po@ee— g Mila™ T =307~ p(2 = p))

+ mimj{6'7: m? + 7(4 — 3p1)}].

3. Cartan connection of the space "F"

LetC'T = (*Fj‘k, *Nj‘, *Cj‘k) be the Cartan connection for the space F" = (M", L). Since
for a Cartan connection Li“. = 0, we obtain

(3.1) 8,—Li = LirN; + LrFiG .
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Differentiating (2.1) with respect to xJ, we get
(3.2) aj*l_i =2TajLi+2LiajT—T28jbi—2TbiajT.

This equation may be written in tensorial form as

2L
Lir N + Lo Rl = 20 (LieN] + LFf) + ?'(N; L — 7B — TNjby)

) 2.+ pLyN + b FT) — 25 by (NI Ly = 7; N'by)
= Ty pLieNj +brFy) = = BNy Le = 65 = TNjbo),

where g, = .. If we put

(34) Fi = Fjc+ Dji,

then in view of (2.2), equation (3.3) may be written as

2 2
(35) (2l — %) Df + {27~ prd)Lic + % mim|Df; =

2t

p

mi; = T°byy,
where the subscript ‘0’ denote the contraction by y'.

In order to find the difference tensor D‘jk, we construct supplementary equations
to (3.5). From (2.2), we obtain

Jk Lij =(27 — pt?) dkLij + Lij(29kT — 2pT T — T2kp)
(36) - i

+ —T mi(?km,— + Z?T m,—&kmi + 2mimjﬁ—12(2fcﬁ8kf - ’I'Z Qkﬁ)

p

From Li”k =0, equation (3.6) is written in the form

Lije Ni+ L Fie + Lie B, =1 = pt) (L Ny + L Fi + L Fl)

ijr rj ik ir jk
2
+ Lij{E(l - p1)(=1B, — TN;m;) — szk}
272 1 1
+ ?mi{Fjrkmr + NIE"”(ID - ;) - ENL'jmr}
272 1 1
+ ?mj{Fi[(mr + N;Lir(p - ;) - ﬁ—TN;Iimr}

2
+ Emimj{ZT(—T‘Bk —TNimy) — (B, + Nlibr)},
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where p, = P = dkp. In view of (2.2), (2.3) and (3.4), above equation is written as

272
(27 - p7®) (L, Dy + LD + L, Djj} + ?mr(mjD{k +miD})

272 27 2pt?
- ?(mim,—br + m,—mrbi + mrmibj)D{)k + ?,Bkl—ij - p— ,Bkl—ij

p
272 1 672
+ —(p - ;)(Ljrmi + Lirmj + Lijm,—)ng + ﬁ_z ﬁkmimj + szkLij =0.

p

Now we will prove:

(3.7)

Proposition 3.1. The difference tensor D‘jk is completely determined by the equations
(3.5) and (3.7).

To prove this, first we will prove a lemma:
Lemma3.1. The system of algebraic equations
(i) Li:A" = B;, (i) L/ A" =B,
has a unique solution A" for given B and B;.

Proof. It follows from (2.2) that (i) is written in the form

(3.8) {(27 - PTZ)%(gir = Iily) + %szimr}Ar = B;.

Contracting by bf, we get

et - pTz)%<br - %Ir) + %Zmz m A" = B,
i.e.
2 _
(39) m AT = Bﬁ(ZT;b2 -Ey

where the subscript g denote the contraction by b', i.e. B
Also from (2.1), equation (ii) is written in the form

5 =B

(27l —b)A" =B

(3.10) ?mA" - 7I,A" = —B.
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Using (3.9) in (3.10), we get

2"[2 bz _ p_’fz)_l

|rAr:T_lB+TB/3( B 3

Then (3.8) is written as

21202 pti\-1, 272 21202 pti\-1

AT T _ _ . _
g,rA'_zT_pTZB,+I,{T B+ 7By : =) } el o : =) -
This gives
(3.11)

: Lo i 2120 pr®\-1) 272 21202 p7®\-1

i i i) -1 _rr _ i _r

= 5t + 1B+ By ( : =) } 2_meB,;( : =)

which is the concrete form of the solution Al. O

We are now in a position to prove the proposition.
Taking the symmetric and anti-symmetric parts of (3.5), we get

2 2
2(2tl; — 72by) DYy +{(27 - pr)Lir + % mim; D,

(3.12) o2 22
+ {(27 - p7®)Ljr + 5 mjmr}D{,i = (miB; + mjB;) — 2T°E;;,
and
2 2T2 r 2 212 r
{(ZT - p1°)Lir+—- mimr}Doj - {(ZT - pT)j + — mjmr}DOi
(3.13) P P

Vis
B

where we put 2Eij = bi” + bj|i and 2Fij = bi” - bjli'
On the other hand, applying Christoffel process with respected to indices i, j, k
in equation (3.7), we get

(3.14)

(Mif; —mjB;) — 2T2Fij ,

272
Dgi - Lking)j} + 2D|rk{(2T - PTZ)L”- + —mrmj}

(2t - pr?) {L;;Dp + L ;

ijr— 0ok jkr

2z

5 {ﬁk((PT - DLij - %Tmimi) + ﬁi((PT - DLy - %mjmk) - ﬁj((PT - Dby - %kami)}
+ %ng G(ijr)mi{(m - 1)Ljr - %mjb,—} + %Dgi e(jkr)mj{(p’[ - 1)|—kr - %mkbr}

27 T
- ?DBJ- G5(|<ir)mk{(PT - DLir - Bmibr} +7*(p Lij + piLik — pjLii) = 0,
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where Sj) denote cyclic interchange of indices i, j, k and summation. Contracting
(3.12) and (3.13) by yi, we get

2 2
(315) (47l —27%,)Dy; + {(27 — pt?)Lir + %mimr}Dgo = 2%[;Qmi - 27°E,,,
and

272 272

{(2’1' - pTz)Lir + ?mimr}D(;o = ?ﬁomi - 2T2Fi0,

i.e.

r 2T2 2
(3.16) LirDgy = ?.Bomi —27°F,

which on contraction by b' gives
2 2 Py\L
ro_ 2 2
me DOO = (Eﬁom - 2F/30)(/—3b - E) ,
where B, = ﬁjyj. Similarly contraction of (3.14) by yk gives

2t

(2t - p’L’Z) {L F

Do — Ly Db + L, Db b+ 2D {27 - pr?)L; + —mem}}

272 272
— —Dg, mjm; + ?ng mim;

2
(3.17) + ?TD{)O G(immi{(m = l)Ljr - Emjbr} 8

p

2 3
- ?Tﬁo((m - L - ?Tmimi) +77poLij =0,

Contraction of (3.15) by y' gives

(211, — 12b,)Dy = —T?Eqy,
i.e.
(3.18) 1,D, = Eq-

We can apply Lemma 3.1 to equations (3.16) and (3.18) to obtain

Diy =1t {(5m - 280) 36" - )~ o)
2 - . . :
G = 260) (50t - D) e (G o ),

where F) = g'IFjo. Also note that

(3.19)

_Z—pT

Eoo = Eijy'y = bijy'y! = (i y);y! = Bo = Po-
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Now adding (3.13) and (3.17), we obtain

272
ng{(ZT - pTz)Lir + ?mimr} = Gij ,

i.e.
(3.20) Lir Dg; = Gij,

where we put

v 2 1 2 . T
Gij = g(miﬁj —mjpi) — " Fij — 5(27 = pr*)LijrDgo — 7 poLi
(3.21)
T T T 37
— ’ED&) 6(ijr)mi{(p1 - 1)Ljr - Em,—br} + E‘BO{(pT - 1)Lij - Fmimj} .

The equation (3.15) is written in the form

(2tl; — 7 b)Dg; = Gj,

i.e.
. 1
(3.22) erOj -T2 Gj,
where
w 2 1 2 w r
G;= Eﬁomj - 1°Ejo — {5(21’ - pT )Ljr + ?mjmr} DOO‘
In view of (3.16), G; are written as
(3.23) Gj = 7°(Fjo — Ejo) -

Applying Lemma 3.1 to equations (3.20) and (3.22) to obtain

(324) D} = I‘{%(%bz 2 ey

where GJ.i = g*Gyj.

T j} 2—p1<ﬁb L) Gﬁ]+2’f—p’czej'

Finally we solve (3.12) and (3.14) for Djik. These equations may be written as

(3.25) L,; D = Hixs

and

(3.26) L, Djy = Hy,
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where
(3.27)
(pr® - 27)
S {Liergk + Ly Doi — LkirDBj}
- EDBk 6(ijr)mi{(m - 1)Ljr - Imjb,—} - EDBi S(jkr)mj{(m - 1)|—kr - Emkbr}
p p p p
2
+ %DBJ- 6(kir)mk{(PT - DLir - %mibr} - %(Pkl-ij + piLik — pjLii)
T 3t 3t
+ ‘E{ﬁk«p’t - 1)Lij - ?mimj) +ﬁi<(p’t - 1)ij - ?mjmk)

- ﬁj((PT = DLy — %kami)},

and

T2
B
Again applying Lemma 3.1 to equations (3.25) and (3.26) to obtain

(3.28) Hy = — (Mif + m,B) — TEik — %(Gik + Gyi) .

P12 P\~ 1 2mi /2 P\-1 L i
i 2 A K2 _ P J
(329) D, = I‘{;(Eb - E) Hgy + ;H.k} 5 pT(ﬁ L) pik ¥ 5 pr2 ik’

where we put Hif( = gijmik' This completes the Proposition 3.1.

We now propose a lemma:
Lemma3.2. If the h-vector is gradient then the scalar p is constant.
Proof. Taking h-covariant derivative of (1.2) and using L = 0 and h;jjx = 0, we get
L @bk = pye iy
Utilizing the commutation formula exhibited by
I(T 1) = @T))y = T oFyy, = T/ AF, = (0 T)Chigo

we get '
2L diFik = py hij = pji hii -
If b; is a gradient vector, i.e. 2Fij = bi“. - bj|i = 0. Then above equation becomes

Pk hij = pj hjk =0
which after contraction by y* gives Py y€ = 0. Differentiating P yk = 0 partially
with respect to yJ, and using the commutation formula Bj(plk) - (ij)|k = —(Qrp)erkIO
and the fact that p is a function of position only, we get p; = 0 and therefore djp = 0.
This completes the proof. O
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Now, we find the condition for which the Cartan connection coefficients for
both spaces F" and 'F" are the same, i.e. ”Fj'k = FJ.'k then D'J.k = 0. Therefore (3.15) and

(3.16) gives E;, = F,;. This will give

(3.30) b, =0,

0ji

ie. Bi = 0. Different_iating ‘BIi_ = 0 partially with respect to yl, and using the

commutation formula 8j(ﬁli) - (@iB)i = —(Qrﬁ)C{jlo, we get

(3.31) by = b, Co.

This gives Fi= 0 and then in view of Lemma 3.2, Fi= 0 implies p, = p; = 0.
Taking h-covariant derivative of (1.1)(ii) and using L = 0, Py =0 and h;j, = 0, we
get (b C), = ({ hij)‘k = 0. This gives

by i + b, Cfy = 0.

From (3.31), we get brIk = b, , then above equation becomes

klr?

by Cif + by Cly = 0.

Contracting by y*, we get bo‘r Ci'j + b, Cirno = 0. Using (3.30) and (3.31), this gives

bi“. =0, i.e. the h-vector b, is parallel with respect to the Cartan connection of F".

Conversely;, if bi“. = 0 then we get E;=0=F; and g, = Bi = bjliyj = 0. In view
of Lemma 3.2, Fij = 0implies p; = 0; = 0. Therefore from (3.19) we get D‘OO =0and
then Gij =0and Gj = 0. This gives D:)J. = 0 and then Hjik = 0and H, = 0. Therefore

(3.29) implies D‘jk = 0and then *Fj‘k = Fj‘k. Thus, we have:

Theorem 3.1. For the Kropina change with an h-vector, the Cartan connection coefficients
for both spaces F" and *F" are the same if and only if the h-vector b; is parallel with respect
to the Cartan connection of F".

Transvecting (3.4) by y! and using Fjik yl =G/, we get
(3.32) ‘G, = G, + D} .
Further transvecting (3.32) by y* and using G, y* = 2G', we get
(3.33) 2'G'=2G'+Dy,.
Differentiating (3.32) partially with respect to y" and using éhGL = Gy, we have

(3.34) ‘G), = Gl + D},
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where Glih are the Berwald connection coefficients.

Now, if the h-vector b, is parallel with respect to the Cartan connection of F",
then by Theorem 3.1, the Cartan connection coefficients for both spaces F" and F"
are the same, therefore D'J.k = 0. Then from (3.34), we get "G, = G, .

Thus, we have:

Theorem 3.2. For the Kropina change with an h-vector, if the h-vector b; is parallel with
respect to the Cartan connection of F". Then the Berwald connection coefficients for both
the spaces F" and F" are the same.

4. Relation between Projective change and Kropina change with an h-vector

We consider two Finsler spaces F" = (M",L) and ‘F" = (M", 'L). If any geodesic on
F" is also a geodesic on *F" and the inverse is true, the change L — L of the metric
is called projective. A geodesic on F" is given by

dy’

dy' o d2s/dt?
dt B

i i
+2G'(x,y)=1Y'; ds/dt

The change L — 'L is a projective change if and only if there exists a scalar P(x, y)
which is positively homogeneous of degree one in y' and satisfies [13]

‘G'(x,y) = G'(x,y) +P(x,y)y'.

Now, we find condition for the Kropina change (1.3) with h-vector to be projective.
From (3.33), it follows that the Kropina change with an h-vector is projective if and
only if Dy, = 2Py'. Then from (3.19), we get

2Py = (2pom? - 26,0) (50 - {)” - Exo
21% (2 2 o2kt 1,
— 5o _TPT(‘[—gﬁom2 —~ ZFﬁO)(EbZ —~ E) m'+ 5= ;T(Eﬁo m' — Fo)-

Contracting (4.1) by y;, and using m'y, = 0 = Fj y,, we get

(4.1)

2PL? = T{(%ﬁomz — 2Fﬁ0)(§b2 — E)_l ~EpfL, e,
4.2) P=o= {(%ﬁomz - 2Fﬁ0)(§b2 - E)_l ~Ey)-
Putting the value of P in (4.1), we get
2 - . . .
_22_%(%50”‘2 B 2Fﬁ0)<§b2 - 5) '+ 22_L;T<%ﬁo m' — Ft;) =0,
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i.e.,
. 1 :
Fo = % m' — g m,Dg, m'.
Transvecing by g;j We get
p 1
(4.3) Fio = ?0 m; — 8 m;Dgo M; -

Using (4.3) in (3.16), and referring 27 — pt2 # 0, we get L;, Dgo = 0, which transvect-
ing by m' and using Liym' = £ m,, we get m,D/;; = 0, and then (4.3) becomes

(4.4) Fo= % m; .

This equation (4.4) is a necessary condition for the Kropina change with an h-vector
to be a projective change.

Conversely, if (4.4) satisfies, then (3.16) gives

2
{(2’1’ - pTz)Lir + 2%mimr}D(;0 =0.

. 2
Transvecting by m' and referring & LPT) + Zﬁ%zmz # 0, we get m,D{, = 0 and then

(3.19) gives D}, = —E, 7 I'. Therefore F" is projective to F". Thus, we have:

Theorem 4.1. The Kropina change (1.3) with an h-vector is projective if and only if the
condition (4.4) is satisfied.
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