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ON COMMON FIXED POINT FOR SEQUENCES OF MAPPINGS IN CONE
METRIC SPACE *

Dejan Ili¢ and Ljiljana Gaji¢

Abstract. In this paper the existence of acommon fixed point for sequences in cone metric
space will be considered. Some recent results of Lj. Gaji¢, T. Taniguchi, Sh. Rezapour
and R. Hamlbarani will be generalized.
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1. Introduction

The existence of a common fixed point for several mappings is studied in many
papers (see [3], [4], [6], [9], [11]). In this paper we will consider the existence of a
common fixed point for sequences in cone metric space.

Huang and Zhang [7] replaced the field of the real numbers by an ordered
Banach space and defined cone metric space. They have proved some fixed point
theorems for contractive mappings on cone metric spaces.

Let us recall some results and notations from the theory of cone metric spaces
(see [1], [2], [5], [8], [10D).

Let E be a real Banach space. A subset P of E is called a cone if the following
conditions hold:

(i) Pisclosed, nonempty and P # {0} ;

(if) abelR,ab>0andx,yePimplyax+byeP;

(iii) PN (-P) ={0}.

Given a cone P C E, we define a partial ordering < with respectto P by x <y

if and only if y — x € P. We shall write x < y to indicate that x < y but x # y, while
x <« y will stand for y — x € intP (interior of P).
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Let E be a normed space and P a cone and < the partial ordering defined by
P. Then, P is called normal if there exists a positive number K > 0 such that for all
X, yePp,
(1.1) 0<x<y implies x| < K]yl

The least positive number K satisfying (1.1) is called the normal constant of P. It
is clear that K > 1.

Definition 1.1. Let X be a nonempty set. Suppose that the mappingd: Xx X — E
satisfies:

(dl) 0<d(xy) forallx,y € X;

(d2) d(x,y)=0 ifandonlyifx =y;

(d3) d(x,y)=d(y,x) forallx,y e X;

(d4) d(x,y)<d(x,z)+d(z,y) forallx,y,ze X

Then d is called a cone metric on X and (X, d) is a cone metric space.

It is known that the class of cone metric spaces is bigger than the class of metric
spaces [10].

Example 1.1. Let E = I,P = {{Xn}ns1 € E: Xq >0, forall n}, (X, p) be a metric space and
d: Xx X Edefinedbyd(x,y) = {ﬁ(zx—ny)} . Then (X, d) is a cone metric space.
n>1

Example 1.2. Let X = R,E = R" and P = {(xy, ..., xn) € R": x; > 0}. it is easy to see that
d: XxX > Edefined by d(x, y) = (IX=Yl,ki[x=VYlI, ..., kn-1IX—yI) is @ cone metric on X, where
ki>0forallie{l,..n-1}.

Example 1.3. LetE = Ck ([0, 1]) with norm ||f|| = ||f||oo +
is a non-normal cone.

f’||w.TheconeP={feE: f > 0}

In the following we suppose that E is a Banach space, P is a cone in E with intP # &
and < is the partial order on E with respect to P.

Definition 1.2. [7] Let (X, d) be a cone metric space, x € X and {Xn},>1 @ sequence
in X. Then

(i) {Xn}n>1 cOnverges to x if for every ¢ € E with 0 < c there is a natural number
N such that d (xn, X) < ¢ for all n > N. We denote this by lim, x, = x or x, — X.

(if) {Xn}n>1 is a Cauchy sequence if for every c in E with 0 < c, there is a natural
number N such that d (x,, Xm) < ¢ foralln,m > N.

(iii) (X, d) isacomplete cone metric space if every Cauchy sequence is convergent.
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2. Main results

In this section we will present main results of this paper.

Theorem 2.1. Let (X, d) be a complete cone metric space, S, T : X — X be continuous
functions, A; : X = SX N TX, (j € IN) mappings commutative with S and T and for
i,jeN, i+ j,andeachx,y e X

d(Aix, Ajy) < q-d(Tx, Sy),

for some g € (0,1). Then there exists a unique common fixed point for family {A;}, S and
T.

Proof. For xo € X let us define a sequence {x,} in X such that for all n € N

TXon-1 = Aon_1Xan-2,
SXon = AonXon-1.

We shall prove that the sequence

| T™Xn ,n=2k-1
Yn = SXn, , n=2k
is a Cauchy sequence.
For n = 2k, we get

d(Yn, Yn+1) = d(SXak, TXoks1) = A(AkXak-1, Azk+1X2k)
< (- d(TXok-1, SXak) = q - d(Agk-1X2k—2, AokX2k-1)
< 0% - d(SXak—2, TXok-1)
< ... <% d(Sxo, Tx1) = q" - d(Sxo, A1Xo)

Evidently, same estimation is valid for n = 2k — 1.
So, for any n, p € IN we have that

n+p-1 n+p-1

d(yn, yn+p) < d(Yi, Y1) < Z qk - d(Sxo, A1Xp) <

k=n k=n

qn
1o 4(SXo, Arxo).

-q
Let 0 <« ¢ be given. Choose 6 > 0 such that ¢ + Ns(0) ¢ P, where Ns(0) = {y €
E, lyll < 6}. Also, choose a natural number ngy such that 1q—_nqd(Sxo, Tx1) € Ng(0), for
all natural n > n,.

Then, d(Yn, Yn+p) < ¢ for all n,p € N and n > ng. Hence {yn} is a Cauchy
sequence and it is true even when P is non-normal cone. Since (X, d) is a complete

cone metric space there exists z € X such that lim,y, = z, and consequently
lim, Txon—1 = limy Sxon = z. We shall prove that Sz = Tz.
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Using commutativity it follows

d(TAonXon-1, SA2n+1X2on) = d(A2nTXon-1, A2n+1SX2n)
= d(AznAon-1Xon-2, Aon+1A2nX2n-1)
0 - d(SA2n-1Xon-2, TA2nX2n-1)

<
< ... < g?"d(TSxo, SA1X0).

So there exists nj € IN such that
d(TAznX2n-1, SA2n+1X2n) <K % forn > ng.
On the other side, since S is continuous, there exists ng € IN such that
d(SAsns1Xon, SZ) < % forn > nj.

Now, for n > no = max{n}, n3}

d(TAznXon-1, Sz) < d(TA2nX2n-1, SA2n+1X2n)

C C
+ d(SAzn+1X2n, Sz) < > + 5 =C.

Since T is continuous and limit of convergent sequence is unique, it follows

Tz = Iir§n TAonXon-1 = Sz.

Now, we will prove that Axz = Tz = Sz, for any k € IN. For 2n > k

d(Axz, TAznXan-1) = d(AxZ, AonAzn-1Xon—2)
< 0-d(Tz, SAzn-1X2n-2).
Since, lim, SAn-1Xon-2 = Sz = Tz, for any ¢ € int P there exists ng € IN such that for

n=ng
d(Axz, TAznXon-1) < C.

Thus,
Tz = IirEn TAnXon-1 = Akz, k € IN.

Hence, it follows that A Acz = Axz, for each k € IN since

d(AkAkZ, AkZ) = d(AkAkZ, Ak+12) <Q- d(SAkZ, TZ)
= - d(ASz,T2) = q - d(AAZ, Ac2),

implies that AiAxz = A¢z, k € IN.

It remains to prove that y = Az = Sz = Tz is the uniqgue common fixed point.
Suppose that there exists v € X such that

Tv=Sv=Awv=y,
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for every k € IN. Then
d(y,v) = d(Acy, Ak1V) < g - d(Sy, Tv) = g - d(y, V),

soy=v.O

Remark 2.1. ForS=T =g, wegetA, = f, forall n € IN, and, as corollary, Theorem 2.3 [10].

Corollary 2.1. Let (X, d) be a complete cone metric space, g : X +— X be a continuous
mapping, f : X i g(X) mapping commutative with g such that for some q € (0, 1)

d(fx, fy) < q-d(gx, gy),

for all x, y € X. Then there exists a unique common fixed point for f and g.

Moreover, if we suppose that f(X) and g(X) are complete subspace in X we can
omit continuity of g and relax commutativity for f and g, thus improve Theorem
2.1from [3]. O

Theorem 2.2. Let (X, d) be a cone metric space, g : X = X, f : X i g(X) weakly
compatible mappings and let f(X) or g(X) be complete subspaces in X. If for some g € (0, 1)

for all x, y € X, then there exists a unique common fixed point for f and g.

Proof. Let {gx,} be defined as gx, = fx,—1, n € IN, for some x; € X. As in
previous theorem one can prove that it is Cauchy and so a convergent sequence.
For z = lim gx, there exists p € X such that gp = z. Inequality

d(fp, gxn) = d(fp, fXn-1) < q- d(gp, gXn-1),

implies that lim gx, = fp so, by uniqueness of limit point, fp = gp.

Since w = fp = gp is a unique point of coincidence, by Proposition 1.4 [3], w is
a unique common fixed point for f and g. O

Theorem 2.3. Let (X, d) be a complete cone metric space, and {As}, {Bp}, s,p € IN be two
sequences of mappings from X to X. Suppose that following conditions are satisfied:

a) there existsaq € (0, 1) such that

d(AZH—lX/ AZny) < q : d(BZn—1X/ any)/
d(Az2nX, Aom+1Y) < g - d(B2nX, Bom+1Y)

forallm>n, mneNandall x,y € X,

b) AonBom = BomAan and Aon_1Bom-1 = Bom-1Aon-1,
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¢) BonBom = BomBaon and Bon-1Bom—1 = Bom—1Ban-1,
d) Azn-1(X) € Ban(X) and Azn(X) € Bant1(X).

If each By, q € IN, is continuous, then there exists a unique common fixed point for two
sequences {As} and {Bp}, s,p € IN.

Proof. Let X, be an arbitrary point in X. By the condition (d), there exists a point
X1 € X such that A;xy = Box;. Inductively, we can define the sequence {x,} such
that

(2.2) AnXn-1 = Bns1Xn, n € IN.

Let us show that {Bnxn-1} is a Cauchy sequence. By (2.1) and condition (a), we
obtain that foreveryn € IN, n > 3,

d(B2n-1X2n-2, BanXan-1) = d(Azn-2X2n-3, Azn-1X2n-2)
< Q- d(B2n-2X2n-3, B2n-1X2n-2)
= q - d(Az2n-3X2n-4, A2n-2X2n-3)
< ¢ - d(Bzn-3Xan—4, Bon—2X2n-3)
<. < qP"2d(Byxo, Arxo)

So we have that
n-1

q
d(BnXn-1, BmXm-1) < 1 d(B1xXo, A1Xo)

so {B,xn-1} is @ Cauchy sequence.
Let z = lim, ByXxn—1. Now, since B, n € IN, is a continuous, we obtain that

Bomz = B2m(|ir|;n B2n+lX2n) = Ilrr;n BomBan+1Xan

= |i£n BomAonXon-1 = |irr1n AonBomXan-1

and Bom11Z = limy Agny1Boms1Xon.
We are going to prove that B,z = Bomy12.

d(B2mz, Bom+12)

< d(B2mz, A2nBomXan-1) + d(A2nBomXon-1, Aon+1Bam+1X2n)
+ d(A2n+l B2m+1X2n/ BZm+lZ)

< d(B2mz, BamBan+1X2n) + d(B2m+1Ban+2Xon+1, Bam+12)
+ ¢ - d(BamBanX2n-1, Bam+1B2n+1X2n)

< d(B2mz, BamBan+1X2n) + d(Bam+1Ban+2Xon+1, Bam+12)
+ g - d(B2mBanXan-1, Bomz) + q - d(Bomz, Bom+12)
+ 0 - d(B2m+1Z, Bom+1Ban+1X2n)-
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For any c € int P, there exist né € IN such that, forn > né,

1-q¢
d(B2mz, BamBnXn-1) < 1_+q c

and nj € N such that, for n > n2,

1-q
2(1+0q)

d(Bom+1Z, Bom+1BnXn-1) < c

Obviously, for n > ng = max{n}, n2}
(1 - 0)d(Bamz, Bam+12) < (L= 0)¢,

s0 d(Bomz, Boms12) < ¢ for any ¢ € intP, which implies that d(Bomz, Boms12) = 0 et
BomZ = Boms1Z.

Similarly we can prove that d(Bym+12, Bom+22z) = 0, m € IN U {0} and we have that
Bmz = Bmy1z, for m € IN.
Now, we shall prove that A,z = Bz, for all n € IN.
If m > n, then
d(B2n+1Bam+2Xom+1, A2nZ) = d(Azm+1Ban+1Xem, Aznz)
< - d(Bam+1B2n+1X2n, Bom2).
Since limpy Bons1BmXm-1 = Bons1Z = Bonz, it follows

Aonz = “an Bon+1 Bom+2 Xom+1 = Bons1Z.

Similarly, Bonz = Agn-12, forall n € IN, so
Ani1Z = Anz = Bhz = Bpy1z, forn e IN.
Hence z is a coincidence point for the sequences {As} and {Bp}.
Furthermore, for any n € IN, we obtain

d(A2an A2n+1A2n+lz) < q- d(B2an B2n+lA2n+1Z)
<q- d(AZnZ/ A2n+1A2n+1Z)/
which implies d(Aznz, Aon+1A2n+12) =0, n € IN.

Therefore, we obtain that u = A,(u) = Bp(u), p € IN, setting u = Anz.

Let us prove that u is the unique fixed point of {As} and {B,}. If there exists w,
such that w = Asw = B,w, for all s, p € IN, then

d(u, w) = d(Azm-1U, AomW) < g - d(Bom-1U, BomW)
< q- d(u/ W),

so d(u, w) = 0, which means thatw = u, O.

Remark 2.2. If (X, d) is metric space(in usually sense) we obtain T. Takeshi fixed point result
[11].
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