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a—SERIES FOR QUADRUPLED FIXED POINT

Animesh Gupta

Abstract. This manuscript has two aims: first, we extend the definitions of compatibility
and weakly reciprocally continuity, for a quadvariate mapping F and a self-mapping g
akin to a compatible mapping as introduced by Choudhary and Kundu (Nonlinear Anal.
73:2524-2531, 2010) for a bivariate mapping F and a self-mapping g. Further, using these
definitions, we establish quadrupled coincidence and fixed point results by applying
the new concept of an a-series for a sequence of mappings, introduced by Sihag et al.
(Quaest. Math. 37:1-6, 2014), in the setting of partially ordered metric spaces.
Keywords: a-series; compatible mappings; quadrupled coincidence point; quadrupled
fixed point; partially ordered metric space.

1. Introduction

Since the year 1922, Banachs contraction principle, due to its simplicity and
applicability, has been a very popular tool in modern analysis, especially in non-
linear analysis including its applications to differential and integral equations,
variational inequality theory, complementarity problems, equilibrium problems,
minimization problems and many others. Also, many authors have improved,
extended and generalized this contraction principle in several ways. Existence of
fixed points in ordered metric spaces has been initiated in 2004 by Ran and Reur-
ings [30] further studied by Nieto and Rodriguez - Lopez [29]. Sametand Vetro [37]
introduced the notion of fixed point of N order in case of single-valued mappings.
It should be noted that through the coupled fixed point (for N = 2) and tripled fixed
point (for N = 3)technique we cannot solve a system with the following form:

x* +6yzw —9x + 12 =
y'+6xzw -9y +12 =
Z+6yxw—-9z+12 =
w4+ 6yxz—9w+12 =

~
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In particular for N = 4 (Quadruple case) i.e., Let (X, <) be partially ordered set
and (X, d) be a complete metric space. We consider the following partial order on
the product space X* = X x X x X x X

1.2 (uv,r,t) <(x,y,zw) iff x<u, y< v, z=r, t=w,

where (u,v,1,t),(X,y,z,w) € X%
Regarding this partial order Karapinar [26] give the following definitions,

Definition 1.1. Let (X, <) be a partially ordered set and F : X* — X. We say that
F has the mixed monotone property if F(x, y, z, w) is monotone non-decreasing in x
and z and it is monotone non-increasing in y and w, that is, forany x,y,z,w € X

X1, X2 € X, X1
Yy Y2€ X, Y1
21,22 € X, 71
(1.2 Wi, Wo € X, Wi

Xo = F(X1,Y,2,W) < F(X2,Y,2,W)
y2 = F(X, y2,2,W) < F(X, y1,2,W)
2, = F(X,Y,21,W) < F(X,Y,Z2,W)
Wy, = F(X,Y,Z,Wz) < F(X,Y,z,wW;)

IAN A TN TA

Definition 1.2. An element (x,y,z,w) € X* is called a quadruple fixed point of
F:X* > Xif

F(X,y,z,w)
(1.3) F(z,w,Xx,y)

X, F(y,z,w,x) =y,
z, F(w,X,y,2) =w.

Definition 1.3. Let (X, d) be a complete metric space. It is called metric on X*, the
mapping d : X x X — X with

di(x,y,z1),(u,v,w,s)] = d(x, u) + d(y, v) + d(z, w) + d(t, s).

Akin to the concept of g-mixed monotone property for a quadvariate mapping,
F: X* > X and a self-mapping, g : X — X, is as follows.

Definition 1.4. Let (X, <) be a partially ordered setand F : X* - X and g : X —
X. We say that F has the g—mixed monotone property if F(x, y, z, t) is monotone
nondecreasing in x and z, and if it is monotone non-increasing in y and t, that is,
forany x,y,z,te X,

X1, X2 € X/ H(Xl) =< g(XZ) = F(Xl/ y/ Z, t) < F(XZI y/ z, t)/

Y1, Y2 € X/ g(yl) = g(yZ) = F(X/ Y1, 2, t) z F(X/ Y2, 2, t)/
21,22 € X, 9(21) 2 9(z2) = F(x,y,21,1) <F(x,y, 22, 1)

and
t,to e X, g(ty) < g(t2)) = F(X,y,z,t1) > F(X,y,z1).
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Now, we introduce the concept of compatible mapping for a quadvariate mapping
F and a self-mapping g akin to compatible mapping as introduced by Choudhary
and Kundu [8] for a bivariate mapping F and a self-mapping g.

Definition 1.5. Let mapping F and g where F : X* — X and g : X — X are said to
be compatible if

Jim  d(g(F(%n, Yn, Zn, tn)), F(g(%n), 7(¥n), 9(2n), 9(ta))) = O,

Nim_ d(g(F(Yn, zn,t, X0)), F(g(Yn), 9(20), 9(t), 906))) = 0,
lim_ d(g(F(zn, ta, %o, yn)), F(g(2n), 9(ta), 90x0), 9(y)) = O,

and
Jim_d(g(F(ta, Xn, Yn, n)), F(g(tn), 9(xn), 9(yn), 9(zn))) = 0,

whenever {xn}, {yn}, {zn} and {t,} are sequences in X, such that
Ilm F(Xn/ yn/ Zn/tn) = Ilm g(xn) = X/
n—+oo n—+oo

lim F(Yn,zn, th, Xn) = lim g(yn) =y,
n—+oo n—+oo

Ilm F(Zn/ tn/ Xn/ yn) = nI—I>rI]oo g(zn) = Z/

n—+oo
and
lim F(tn/xn/ Yn, Zn) = lim g(tn) = t,
n—+oo N—+00

forall x,y,z,te X.

Definition 1.6. The mappings F : X* — X and g: X — X are called:
(i) Reciprocally continuous if

Jim g(F(xn, yn, zn, tn)) =g(x) and lim F(g(xn), 3(yn), 9(zn), 9(ta)) =F(x, ¥, Z,1),
Jim g(F(yn, zn, t, Xn))=g(y) and_ lim F(g(yn), g(zn), 9(tn), 90n)) =F(y, 2, £, X)

lim g(F(zn, tn, Xn, yn))=g(z) and 1im F(g(zn), 9(tn), 9(xn), 9(yn)) =F(z,t, X, y),
and

Jim g(F(ta, Xn, yn, zn))=g(t) and lim F(g(tn), 9(xn), 9(¥n), 9(zn)) =F(t, X, ¥, 2),
whenever {x,}, {yn}, {zn} and {t,} are sequences in X, such that

Ilm F(Xn/ yn/ Zn/tn) = Ilm g(xn) = X/
n—+oo n—+oo
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lim F(Yn/ Zn/tn/ Xn) = lim g(yn) =y,
n—+oo N—+00
lim F(zn, th, Xn, Yn) = lim g(zn) =z
N—=+0c0 nN—+oco
and
lim F(tn, Xn, Yn,zn) = lim g(t)) =t,
N—=+0c0 n—+oco

forall x,y,z,te X.

(i)Weakly reciprocally continuous if

lim g(F(Xn, Yn, Zn, ta)) =g(x) or lim F(g(xn), 9(yn), 9(zn), g(tn)) =F(X,y, 2, 1),
Jim g(F(yn zn, to, xn)) =g(y) or lim F(g(yn), 9(zn), 9(tn), () =F(y, 2, 1,X)

Jim g(F(zn, ta, Xn, yn))=g(2) or lim F(g(zn), 9(tn), 9(%n), 9(yn) =F(z,t, x, y),
and

Jim g(F(t, Xn, Yo, zn)) =g(t) or lim F(g(tn), g(xn), 9(yn), 9(zn)) =F(t, X, ¥, 2),
whenever {xn}, {yn}, {zn} and {t,} are sequences in X, such that

Ilm F(Xn/ yn/ Zn/tn) = Ilm g(xn) = X/
n—+oo n—+oo

n—-+oo

lim F(yn, zn, tn, Xn) = lim g(yn) =y,
lim F(zn, th, Xn, Yn) = lim g(zn) =z
N—=+0c0 n—+co
and
lim F(tnrxn, Yn, Zn) = lim g(tn) = t,
n—+oco N—+co

forallx,y,z,te X.

Definition 1.7. Let (X, d, <) be a partially ordered metric space. We say that X is
regular if the following conditions hold:

(i) if a non-decreasing sequence {xn} is such that x, — X, then x, < x forall n > 0,
(ii) if a non-increasing sequence {y,} is such that y, — y, theny <y, forall n > 0.

Definition 1.8. Let {a,} be a sequence of non-negative real numbers. We say that a
series L' a, is an a—series, if there exist 0 < & < 1and n, € N such that =¥ a; < ak
for each k > n,.

Remark 1.1. Each convergent series of non-negative real terms is an a—series.However,
there are also divergent series that are a—series. For example, Z** L is an a—series.
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2. Main Results

Let (X, <) be a partially ordered set, g be a self-mapping on X and {Ti}ien be a
sequence of mappings from X* into X such that T;(X*) € ¢(X) and

Ti(x,y,z,t) =< Tiza(u,v,w,s),
Tira(v,w,s,u) < Ti(y,zt,X)
Tiz,t,x,y) =< Tia(w,su,v),
(2.2) Tiri(s,u,v,w) < Ti(t,x,y,2)

forx,y,z,t,u,v,w,s e X with g(x) < g(u), g(v) <g(y), 9(z) < g(w)and g(s) < g(t).

In the proof of our main theorem, we consider sequences that are constructed
in the following way.

Let Xo, Yo, Zo, to € X be such that

g(x0) = To(Xo, Yo, 2o, 1), g(Yo) = To(Yo, Zo, to, Xo),
9(20) =< TO(ZOI tO/ Xo, yO) and g(to) = TO(tO/ Xo, Yo, ZO)‘

Since To(X*) C g(X), we can choose X1, y1,21, t; € X such that
g(x1) = To(Xo, Yo, Zo, to),

g(y1) = To(Yo, 2o, to, Xo),

9(z1) = To(2o, to, Xo, Yo)
and

g(t1) = To(to, Xo, Yo, 20)-
Again we can choose X3, Y2, Z7, t; € X such that

g(x2) = T1(Xy, y1,21,t1),
g(y2) = T1(y1, Z1, t1, X1),
9(z2) = T1(za, t1, X1, Y1)

and
g(t2) = Ta(ty, X1, Y1, 22).

Continuing like this, we can construct three sequences {Xn}, {yn}, and {x,} such
that

g(Xns1) = Ta(Xn, Yn, Zn, th),
g(yn+1) = Ty (yn/ Zn, tn, Xn)/
g(Zn+1) = Tn(zn/tn/ Xn, yn)/

(2.2) g(ths1) = Tn(tn, Xn, Yn, Zn)
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foralln > 0.

Now, by using mathematical induction, we prove that
g(xn) = g(Xn+1), g(Yn) = g(yn+1)/
(2.3) 9(zn) < 9(Zn+1), 9(tn) = g(tn+1)

foralln > 0.

Since
g(Xo) = To(Xo, Yo, Zo, to),

9(Yo) = To(Yo, Zo, to, Xo),
9(20) = To(zo, to, X0, Yo)

and
g(to) = To(to, Xo, Yo, Zo).
In view of
g(x1) = To(Xo, Yo, Zo, to),
g(y1) = To(Yo, Zo, to, Xo),
9(z1) = To(zo, to, X0, Yo)
and

g(t1) = To(to, Xo, Yo, Z0),

we have g(xn) < g(Xn+1), 9(Yn) = 9(¥n+1), 9(2n) < g(zn+1) and g(tn) = g(tn+1), that is,
2.3 holds for n = 0. We presume that 2.3 holds for some n > 0. Now, by 2.2 and 2.3,
one deduces that

g(Xn+1) = Tn(Xn, Yn, Zn, th) = Taer(Xns1, Yne1, Znet, ther) = 9(Xns2)
g(yn+2) = Tn+1(yn+1/ Zn+1, thea, Xn+l) <Th (yn/ Zn, ty, Xn) = 9(3/n+1)
9(Zn+1) = TnlZn, th, Xn, Yn) = Tne1(Znst, ther, Xnet, Yne1) = 9(Zn+2)
I(tn2) = Tnra(tnes, Xns1, Yns1, Znet) = Tnltn, Xn, Yn, Zn) = g(thsa).

Thus by mathematical induction, we conclude that 2.3 holds for all n0. There-
fore, we have

g(X0) < g(X1) L g(X2) < ++- L g(Xns1) < ...,
g(yo) = g(y1) = g(y2) = -+ = g(yns1) = ...,
9(z0) 2 9(z1) 2 9(z2) < - 2 g(Zns1) < ...,

gto) = g(ty) = g(t2) = -+ = g(tnsr) = ...

In view of the above considerations, we revise Definitions 1.4 and 1.5 as follows.



a—series for Quadrupled Fixed Point 669
Definition 2.1. Let (X, d) be a metric space. {Ti}ien and g are compatible if

M 0o A(G(Tn(Xn, Yn, Zn, th)), Ta(g(Xn), 9(Yn), 9(2n), 9(tn))) = 0O,
im0 A(G(Tn(Yn, Zn, th, Xn)), Ta(g(Yn), 9(zn), 9(tn), 9(Xn))) = 0,
liMpo o d(g(Tn(Zn/ th, Xn, Yn)), Tn(g(zn)f g(tn)f g(xn)r g(yn))) =0,
limp_ 100 d(g(Tn(th, Xn, Yn, Zn)), Ta(g(tn), 9(Xn), 9(¥n), 9(zn))) = O,

whenever {xn}, {yn}, {zn} and {t,} are sequences in X, such that

lIMnS o0 Tn(Xn, Y, Zn, th) = liMps s g(Xne1) = X,
liMnotoo Tn(Yn, Zn, th, Xn) = liMps e g(yn+1) =Y,
liMn 00 Tn(Zn, th, Xn, Yn) = iMns i 9(Zns1) = 2,
liMns oo Tltn, Xn, Yo, Zn) = iMoo g(the) =,

forallx,y,z,te X.

Definition 2.2. The mappings {Tilien and g : X — X are called:

(i) Reciprocally continuous if

im g(Ta(xn, Yn, Zn, ta)) =g(x) and. lim Ta(g(xn), 9(¥n), 9(2n), 9(tn)) =T(x, ¥, 2, 1),

im g(Ta(yn, zn, to, Xn)) = g(y) andlim Ta(g(yn), 9(zn), g(ta), g00)) =T (Y, 2,1, X),
im g(Ta(zn, t, Xa, ) =g(@) and lim Ta(g(zn), g(ta), 90n), 9(¥a)) =T (2, 1, X, Y),
1im g(Ta(ta, Xn, Yn, Z0)) =g(t) and. lim Ta(g(ta), 9(Xn), 9(¥n), 9(za) =T(t, X, Y, 2),

whenever {x,}, {yn}, {zn} and {t,} are sequences in X, such that

lim Tn(Xn, Yn,Zn,th) = lim g(Xn11) = X,
n—-+oco N—+oo
M Tn(Yn, Zn, ta, Xa) = liM g(yn+1) =y,
n—-+oco N—+oo
lim Tn(zn, th, Xn, Yn) = lim g(zn1) = 2,
n—+oco n—+oo
lim Ta(tn, Xn, Yn,Zn) = lim !](tn+l) =1,
n—-+oco N—+oo

forsome x,y,z,te X.

(if)Weakly reciprocally continuous if

1im_ g(Tn(Xn, Yn, 2n, 1)) = 9(%),
1im g(Tn(yn, zn, tn, Xn)) = g(¥),
Him_g(Tn(zn, t, Xn, Yn)) = 9(2),
1im g(Ta(tn, Xn, Yn, 2n)) = 9(0),
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whenever {xn}, {yn}, {zn} and {t,} are sequences in X, such that
lim Tn(Xn, Yn,Zn,th) = lim g(Xn11) = X,
n—+oo n—+oo
lim Tn(Yn, Zn, th, Xn) = lim Q(Yn+1) =Y,
n—+oo n—+oo
lim Tn(zn, th, Xn, Yn) = lim 9(2n+1) =1z,
n—+oo n—+oo

lim Tn(th, Xn, Yn, Zn) = lim g(the) =t
n—+oo n—+oo
for some x,y,z,te X.
Now, we establish the main result of this manuscript as follows.

Theorem 2.1. Let (X, d, <) be a partially ordered metric space. Let g be a self-mapping
on X and {Ti}ien be a sequence of mappings from X* into X such that Ti(X*) C g(X), g(X)
is a complete subset of X, {Ti}ien and g are compatible, weakly reciprocally continuous,
g is monotonic non-decreasing, continuous, satisfying condition 2.1 and the following
condition:
d(Ti(x,y,z,1), Tj(u,v,w,s)) < Bijld(g(x), Ti(x, y,z, 1)) + d(g(u), Tj(u,v,w, s))]

(2.4) +7i,id(g(u), g(x))

for x,y,z,t,u,v,w,s € X with g(x) < g(u), g(v) < g(y), g9() =< g(w) g(s) < g(t) or

g(x) = g(u), g(v) = g(y), 9(@) = g(w), g(s) = g(t). Also 0 < Bij, yij <O0fori,jeN;
limp_ 100 SUP Bin < 1. Suppose also that there exists (Xo, Yo, Zo, to) € X% such that

g(Xo) < To(Xo, Yo, Zo, to),

9(Yo) = To(Yo, Zo, to, Xo),
9(20) = TO(ZOI tO/ Xo, YO)

and
g(to) = To(to, Xo, Yo, Zo).

If Z:;"f% is an a—series and g(X) is regular, then {Ti}ien and g have a quadrupled

coincidence point, that is, there exists (x, y, z,t) € X* such that g(x) = Ti(x, Y, z,t), g(y) =
Ti(y,z,t,X), 9(2) = Ti(z,t, x, y) and g(t) = Ti(t, X, y,z) for i € N.

We consider the sequences {xn}, {yn}, and {z,} constructed above and denote

On = d(g(Xn), g(Xn+1) + d(g(yn), 9(Yn+1)) + d(g(zn), 9(zn+1)) + d(g(tn), g(tn+1))-
Then, by 2.4 we get

d(g(x1), g(x2))

d(To(Xo, Yo, 2o, to), Ta(X1, Y1, 21, 11))

Bo,.[d(9(X0), To(Xo, Yo, Zo, to)) + d(g(x1), T1(X1, Y1,21,11))]
+70,1d(9(X0), 9(X1))

Bo[d(g(x0), d(g(X1)) + d(g(x1), d(g(x2))]

+701d(g(X0), g(X1))-

IA
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It follows that

(1 = Bo,)d(g(x1), g(x2)) < (Bo,1 + 70,1)d(g(X0), g(X1))

or, equivalently,

d(g0x), 9x2) < (ﬁ o ﬁZ“)d(g(xO) g(x2)).
Also, one obtains
d(g(x2), 9(x3)) < (ﬁ = ﬁy”)d(g(xl) 9(%2))
d(g(%2), g(x)) < (ﬁ L2t )2 ) ( ) d(g(x0), 9(x1)-
Repeating the above procedure, we have
(25) d(g(xn), g(x »<ﬁ(M)d( (Xo), 9(x0))
. J(Xn), I(Xn+1 _i:0 1B gXo), 9(X1))-

Using similar arguments as above, one can also show that

n-1 . .

(26) d(g(yn), gynea)) < [ | (%) d(g(y0), 9092)
i=0 ii+
L= Biji+1 + Vijis1

@7) d(g(zn), 9(znr)) < [ | (ﬁ)d(g(zw(zm
i=0 ii+

and
= Bijir1 + Vijic1

(28) d(g(t), gltns) < [ | (ﬁ)d(g(to),g(tl».
i=0 ii+

Adding 2.5, 2.6,2.7 and 2.8, we have
On = d(g(xn), g(Xn+1)) + d(g(Yn), g(Yn+1)) + d(9(zn), 9(zn+1)) + d(g(tn), g(tn+1))

< ﬁiiiil;ﬁ:ifﬂ)d(g(xo),g(xl)+d(g(yo),g(yl))+d(g(zo),g(zl))+d(g(to>/9<t1>>1

ﬁ||+ + Viji+
_H( 11 ,B||+l l)
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Moreover, for p > 0 and by repeated use of the triangle inequality, one obtains

d(g(Xn), 9(Xn+p)) + d(g(Yn), 9(Yn+p)) + d(9(zn), 9(zn+p)) + d(g(tn), g(tn+p))
d(g(Xn), 9(Xn+1)) + d(g(Yn), 9(Yn+1)) + d(9(zn), 9(zn+1)) + d(g(tn), g(tni1))
+d(g(Xn+1), g(Xn+2)) + d(g(Yn+1), 9(Yn+2)) + d(9(Zn+1), 9(Zn+2))
+d(g(th+1), (th+2))

-+ + d(g(Xn+p-1), (Xn+p)) + d(G(Yn+p-1), 9(Yn+p)) + d(9(Zn+p-1), 9(Zn+p))
+d(g(thsp-1), g(tn+p))

n-1 n

Biji+1 + Viji+1 Biji+1 + Vi1
1:(!:( 1 —ﬁi,i+1 )60 - Il:O[( 1 _,Bi,i+l )60
n+p-2
,BI i+1 T Vii+1

T H ( 1-Biin )60

n+k-1 ﬁ"l"‘)/"l
_ Zp_l ii+ ii+ 5
k=0 H ( 1= Bijer ) °

IN

IA

i=0
1 Biji+1 + Vi1
- Z‘n+p—l ( i+ i+ )6 )
k=n Q 1-Bii+1 0

Let @« and n, be as in Definition 1.8, then, for n > n,, and using the fact that
the geometric mean of non-negative numbers is less than or equal to the arithmetic
mean, it follows that

d(!](xn)r!](xmp)) + d(g(yn), g(Yn+p)) + d(g(zn)r_l](zmp)) + d(g(tn), g(tn+p))

k-1 k
nep-1 |1 H Biji+1 + Viji+1
Hen [k ( 1-Biin )l %0

i=0
< (=) 5
aﬂ
O
1-a°

Now, taking the limit as n — +o0, one deduces that
1im [d(g(xn), 9(%n+p)) +d(g(yn), 9(Yn+p)) +d(9(zn), 9(Zn+p)) +d(g(tn), 9(tn+p))] =0,
which further implies that
1im d(g(xn), 9(xn+p)) = 0,
1im d(g(yn), g(ynsp)) = O,
Jim _d(g(zn), 9(zn+p)) =0,
1im d(g(t), g(tass) = 0.
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Thus {g(xn)}, {g(yn)}, {9(zn)} and {g(t,)} are Cauchy sequences in X. Since g(X)
is complete, then there exists (X, y,z,t) € X*, with g(x) = x,g(y) = y,9(z) = z and
g(t) = t, such that

lim Tn(Xn, Yn,Zn,th) = lim g(Xn11) = X,
n—+oo nN—+00

lim Tn(Yn, Zn, th, Xn) = lim g(yns1) =y,
n—+oo nN—+00

lim Tn(zn, th, Xn, Yn) = lim g(zn1) = 2,
n—+oo nN—+0co

lim Typ(th, Xn, Yn, Zn) = lim g(to1) =t
n—-+oco N—+oo
Now, as {Tilien and g are weakly reciprocally continuous, we have

n!»rpoo g(Tn (Xﬂr Yn, Zn, tn)) = g(X)’

nEToo g(Tn(yn/ Zn, tn/ Xn)) = g(y)

nE)TOO g(Tn(zn, th, Xn, Yn) = 9(2)

and
nE)TOO {](Tn(tn/ Xn, Yn, Zn)) = g(Z).

On the other hand, the compatibility of {Ti}ien and g yields
nﬂrpoo d(g(Tn(Xn, ¥n, Zn, tn)), Tn(g(Xn), 9(Yn), 9(zn), 9(tn))) = O,
nuqlo d(g(Tn(Yn, zn, th, Xn)), Tn(g(yn), 9(2n), 9(tn), 9(xn))) = O,

nurpm d(g(Tn(zn, t, Xn, Yn)), Tn(9(zn), 9(tn), 9(Xn), 9(¥n))) = 0,
nuTOO d(g(Tn(tn, Xn, Yn, Zn)), Tn(g(tn), 9(Xn), 9(y¥n), 9(zn))) = 0.

Then we have

(2.9) nE)TOO Tn(g(Xn), 9(Yn), 9(zn), 9(tn)) = g(X),
(2.10) 1im Tn(g(yn), 9(zn), 9(ta), 9(xn)) = 9(y),
(2.11) lim_ Ta(g(zn), g(tn), 9(xn), 9(¥n)) = 9(2),
and

(2.12) Iim Ta(g(t), 9x0), g(yn), @) = (1),
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Since {g(xn)} and {g(z,)} are non-decreasing also {g(yn)} and {g(t,)} are non-increasing Jj
using the regularity of X, we have g(x,) < X, y < g(yn), 9(zn) < zand t < g(t,) for
all n > 0. Then by 2.4, one obtains

d(Ti(x, ¥, 2, 1), Ta(g(Xn), 9(Yn), 9(zn), 9(tn)))

< Binld(g(x), Ti(x, y, 2, 1))
+d(g(g(%n), Tn(9(Xn), 9(¥n), 9(zn), 9(tn)))]
+7ind(9(g(Xn), 9(X))-

Taking the limit as n — +oo, we obtain Ti(X, y, z,t) = g(x) as fin < 1. Similarly,
it can be proved that g(y) = Ti(y,z t,x), g(z) = Ti(z,t,x,y) and g(t) = Ti(t,x, y,z).
Thus, (x,y,z,t) is a quadrupled coincidence point of {Ti}ieny and g.

Now, we give useful conditions for the existence and uniqueness of a quadru-
pled common fixed point.

Theorem 2.2. In addition to the hypotheses of Theorem 2.1, suppose that the set of
coincidence points is comparable with respect to g, then {Ti}ien and g have a unique
quadrupled common fixed point, that is, there exists (X, y, z, t) € X* such that x = g(x) =
Ti(X/ Y, Z/t)/ y= g(y) = Ti(y/ z,t, X)a Z= 9(2) = Ti(z/t/ X, y) andt = g(t) = Ti(t/xr \Z Z) for
ieN.

Proof. From Theorem 2.1, the set of quadrupled coincidence points is non-empty.
Now, we show that if (X, y,z,t) and (u,v,w,s) are quadrupled coincidence points,
that is, if g(x) = Ti(x,¥,z,1), g(y) = Ti(y, z,t,X), 9(z) = Ti(z, t, X, ¥), g(t) = Ti(t, x, y, 2),
g(u) = Ti(u,v,w,s), g(v) = Ti(v,w,s,u), g(w) = Ti(w,s,u,v) and g(s) = Ti(s,u, Vv, w)
then g(x) = g(u), g(y) = g(v), 9(z) = g(w) and g(t) = g(s). Since the set of coincidence
points is comparable, applying condition 2.4 to these points, we get

d(!](x)/ !](U)) d(Ti(X/ Y, Z, t)/ Tj(u/ V, W, S))
= ﬁi,j [d(g(x)/ Ti(X, Y, Z, t)) + d(g(u)/ Tj(u/ Vv, W, S))]
+)/i,jd(g(x)/ g(u))/

and so as yi, j < 1, it follows that d(g(x), g(u)) = O, that is, g(x) = g(u). Similarly, it
can be proved that g(y) = g(v), 9(z) = g(w) and g(t) = g(s). Hence, {Ti}ien and g have
a unique quadrupled point of coincidence. It is well known that two compatible
mappings are also weakly compatible, that is, they commute at their coincidence
points. Thus, itis clear that {Ti}ien and g have a unique quadrupled common fixed
point whenever {Ti}ien and g are weakly compatible. This finishes the proof. [

A

If g is the identity mapping, as a consequence of Theorem 2.1, we state the following
corollary.

Corollary 2.1. Let (X, d, <) be a complete partially ordered metric space. Let {Ti}ien be a
sequence of mappings from XxXxX into X such that {Ti}en satisfies, forx, y, z, t,u, v, w, s €}
Xwithx <u, vy, z<w s<torx>uvz>y z>w, s>t., thefollowing
conditions:
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(I) Tn(X/ y/ Z/ t) 5 Tﬂ+l(u/ V/ W/ S)/
(ii) for0 < Bij vij<1 andi,jeN

d(Ti(x, y,z,1), Tj(u,v,w,s)) < Bi;ld(x, Ti(x, y,z,t)) +d(u, Tj(u,v,w,s))]
+)/i,jd(U,X).

Xo =< To(Xo, Yo, 20, t0), Yo = To(Yo, Zo, to, Xo),
Zo < To(2o, to, Xo, Yo) and to = To(to, Xo, Yo, 20)-
If Z:;"f% is an a—series and X is regular, then {Ti}icy has a quadrupled fixed
point, that is, there exists (x,y,z,t) € X* such that x = Ti(x,y,z 1),y = Ti(y,zt,X),
z=Ti(z t,x,y)and t = Ti(t,x,y,2z) fori € N.

Example 2.1. Take X = [0, 1] endowed with usual metricd = [x — y| for all X,y € X and < be
defined as greater than /equal to the (X, d, <) be partial order metric space. Let T; : X* — X
be mapping defined as Ti(x, y,z,t) = “2;i € N and g is self -mapping defined as g(x) = x.
Clearly, Ti(x,y,z,t) C g(X), g(X) is a complete subset of X.

By choosing the sequences {x,} = %,{yn} = -5.{za} = 75 and {t,} = ;35 one can easily

observe that {Ti}ien and g are compatible, weakly reciprocally continuous; g is monotonic
nondecreasing, continuous, as well as satisfying condition 2.1.

Again by taking 0 < B ;, vij < 1, it is easy to check inequality 2.4 holds, thus all the hy-
potheses of Theorem 2.1 are satisfied and (0,0, 0,0), (1,1, 1, 1) are the quadrupled coincident
points of g and T;. Moreover,using the same T; and g in Theorem 2.2, (0, 0, 0, 0) is the unique
fixed point of g and T;.

Remark 2.1. Open problem: In this paper, we prove quadrupled fixed point results. The
idea can be extended to multidimensional cases. But the technicalities in the proofs therein
will be different. We consider this as an open problem.
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