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ON A-SPIRAL-LIKE FUNCTIONS INVOLVING A CONVOLUTION
STRUCTURE

Ravinder K. Raina and Poonam Sharma

Abstract. By using a subordination condition, a new class SQ (b; g;h) of p-valent func-
tions involving a convolution structure is defined. Among others, this class includes
the A-spiral-like and A-Robertson classes of functions. Based on first-order differential
subordination and its properties, various results pertaining to the class SQ (b; g;h) and its
subclass SQ (b; g; A, B) are derived. Several consequences of our results yield certain new
results. We also point out the relationship with other known results.
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1. Introduction
Let A, denotes a class of p-valent functions f(z) of the form

(1.1) f(2) = 2° + Z anz",peN = {1,2,..},

n=p+1
which are analytic in the open unit disk U = {z€ C: |z] < 1}. Denote by 7, a
subclass of A, whose members are of the form
(1.2) f(2) = 2° — Z lan| 2"

n=p+1

The convolution (Hadamard product) of f (z) of the form (1.1) and g (z) of the form

(1.3) g@)=2"+ Z bnz",ze U

n=p+1
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is defined by

(1.4) (fxg)(2=2"+ i anbnz" =(g+f)(2),ze U.

n=p+1

The above convolution leads us to consider various linear operators for the class
A,. Indeed, we infer that £(z) « Z = f(z) and f(z) = W SR}

Let p(z) and q(z) analyticin U be such that p(0) = q(0). We say p(z) is subordinate
to q(z) for z € U and write p(z) < q(z), z € U, if there exists a Schwarz function
w(z), analytic in U with w(0) = 0, and |w(z)| < 1,z € U such that p(z) = q(w(z2)),z €
U. Furthermore, if the function q(z) is univalent in U, then we have following
equivalence:

p(z) < q(z) < p(0) = q(0) and p(U) c q(U).

Let g(z),z € U be convex. We denote by #(q), a class of analytic functions

p(z) such that p(z) < q(z) in U. The class P (ﬁ’;) =P(A,B),-1<B<A<1isthe
Janowski class [7] of analytic functions p(z), and in particular, the class P (1, -1) =

is the class of analytic functions p(z) with positive real part in U.
For anon-zero complex number b, |A| < 77/2 and for some given function g € Ay,

we define here a new class SQ (b; g; h) consisting of A-spiral-like functions f € A,
satisfying the subordination condition that

el (z(f+9) (@)
(1.5) bcosA(p(f*g)(z) —-1)<h(2),z€ T,
where h € P.
Observe that if f € S{} (b; g;h), then by putting d = bcosA, we get
2(f+9) @ (h(Z)—l)
(1.6) —— <1+ ,zeU.
p(f=9)@) d

We denote S (b; g ﬂ’é;) by S (b; g; A, B), whose members satisfy the condition
that

2(f+g) @) 1+(B+%)z
p(fxg)(@ = 1+Bz

and S (b;g;1,-1) by Sj (b; g). Further, we denote S (b, £ A, B) by R} (b; A, B)

and S; (b M ‘A, B) by Q; (b; A, B). It may be observed that

1.7

,2€e],

p(L-2)°

feQ(b;AB) & #

e R) (b;AB).
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One may notice that a function f € S,’} (b; g; A, B) must evidently satisfy the
condition that

A
1_B,zeIU.

Re(1+ e (Z(f*g)l(z) —1))> 1-

bcosA\p(f+g)(2)

The class S) (1;9;1 - 2a,-1),0 < a < 1is represented by S} , (7) whose mem-
bers satisfy the condition that

ZU‘*—!])'(Z)<1+(2(1—04)e“AcosA)z
p(f*g9)(2) 1-2

,zeU.

To make this paper relatively self-contained (and for the reader’s convenience),
we deem it worthwhile here to give a rather comprehensive description of the
important special cases of the classes Ry (b; A, B), Q; (b; A, B), S, (b;g) and S7, (9),
which were studied earlier and some of which are used in the sequel.

Indeed, for 0 < a < 1, the class Ry (b;(1-a)A+aB,B) = S)(A,B,b) was
recently studied by Dileep and Latha [5]. The class Rf (b;A,B) = S* (A, B,b) was
studied in [18], and the class R‘l) (1;A,B) = S*(A,B) is the familiar Janowski class
of starlike functions [7]. Class Q0 (b;1,-1) = C, (b) is a class of p-valently convex

functions of complex order, studied by Aouf [2]. The class SA (b, 122) S* (b) was

studied by Al-Oboudi and Haidan [3] (see also [1]), whereas, the class S"( T Z) =
S% is the class of A-spiral-like univalent functions, introduced by Spacek [24]. Also,

the Class S° (b, 122) S (b) is the class of starlike functions of complex order which

was studied by Nasr and Aouf [12]. Further, for 0 < a < 1, the class SA (1 a; 5 Z)
is the class of A-spiral-like univalent functions of order « studied by Libera [9].
On the other hand, for 0 < a < 1, the class S? (1 o = Z) = S*(a) is the well
known class of starlike functlons of order a studled by Robertson [21]. Moreover,

the class S; (b ( e ZZ) ) = C*(b) is a A-Robertson class of complex order studied by

Aouf et al. [1], and the Class SA( ) = C* was studied earlier by Robertson

' (-2
[22]. For 0 < a < 1, the class S} (1 e ) = C*(1-a) is the class of A-
Robertson functions of order a studied by Chichra [4], whereas, for 0 < a < 1,

the class S° (1 & o Z) ) K(a) is the class of convex functions of order « studied

earlier by Robertson [21]. The class SO( ) = C(b) is the class of convex

' (1-2)
functions of complex order studied by Nasr and Aouf [13], and the class Sfa (ﬁ)
= Sp (A) was introduced by Kwon and Owa [8] (see also [14]), and finally, the class

St ( - ) K& (1) was introduced by Owa et al. [14].
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Suppose ¢ : C2 — C be analytic in a domain D, and let h be univalent in U.
Also, let p(z) be analytic in U with (p(z), zp’(z)) € D when z € U, then p(z) is said to
satisfy the first-order differential subordination if

(1.8) ¥ (p(2),2p'(2)) < h(2).

The univalent function q is said to be a dominant of the differential subordination
(1.8) if p < g for all p satisfying (1.8). If qis a dominant of (1.8) and g < q for all
dominants q of (1.8), then q is said to be the best dominant of (1.8). The theory of
differential subordination was introduced by Miller and Mocanu in [11].

In this paper, we define a class SQ (b; g; h) of p-valent analytic functions whose
convolution with some p-valent analytic function g(z) satisfy a subordination con-
dition. This class includes several classes of A-spiral-like functions and A-Robertson
class of functions with complex order. Using the first-order differential subordi-
nation, we derive a subordination result for the class SQ (b; g;h). Subordination

results for the subclass S (b; 7; A, B) of S7 (b; g;h) are also derived for B # 0 and
for B = 0. Moreover, a coefficient inequality and a convolution result for the class
S{} (b; g; A, B) are obtained. Also, mentioned are the results based on certain special
cases which include some new and known results (obtained earlier by adopting
different methods).

2. Main Results

To prove our first main result, we require the following known result on differ-
ential subordination.

Lemma2.1. [10, Theorem 3, p.190]. Let g be univalentin U and let 6 and ¢ be analytic
in a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set

Q@ =29@)¢ (@), h@)=0(q@)+Q@),

and suppose that
(i) Q is starlike (univalent) in U with Q(0) = 0 and Q’(0) # 0,
2h@)\ _ 0(0@) @)
(iii) Re( 20 ) = Re((rb(q(z)) + 30 ) >0,zeU.
If p(z) is analytic in U with p(0) = q(0), p(U) c D and

(2.1) 0 (p(2)) + 20" (2)¢ (p(2)) < 0 (9(2) + 29'(2)¢ (4(2)) ,

then p < g and q is the best dominant of (2.1).

Throughout this paper, we assume that only the principal values of the powers
are considered in our investigations.
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Theorem 2.1. Let f € A, and q(z) = 1 + 12 + G222 + ... (# 0 in V) be univalent in U
such that

292  z29"(2)

(2.2) Re(l- ) + Q) >0inT,
andfor 0 # g € C, let
z2q'(2)
2.3 h(z) =1+ ——.
@3) @ =1 )
(f+9)@ g)<z> wo
If f € S] (b; g;h) be such that #0inU, thenford = ;5 :
fxq)(2)\/
(2.9) ((z#) <q(2),zeU,
and q(z) is the best dominant.
Proof. Let us consider
fx pd
(25) 2) = (%) ,

and

ol )_ﬁ— ,0(w)=1,

then s(z) is analytic in U with s(0) = q(0) and 6 and ¢ are analytic in a domain D
(0 ¢ D). In order to apply Lemma 2.1, we observe from (2.3) that h(z) = 6 (q(z)) +

Q(2), where Q(z) = 212 s such that Q(0) = 0, Q’(0) # 0. Using (2.2), we find that

ppa(z)
@)\ . (zQ @) _ _29(2)  z297(29)
Re( 10 )‘Re( Q@) )‘Re(l @ 70 )>°

in U. Further, on differentiating (2.5) logarithmically, we obtain in view of the
subordination condition (1.5) that

(26) O(s(2))+z5'(@)P (s(2)) =1+

z5'(2) :1+d(2(f*9) @)
PBs(2) p(f+9)@
where h(z) is given by (2.3). Now applying Lemma 2.1, we conclude that the

subordination (2.6) implies the result (2.4), where q(z) is the best dominant of this
subordination. This proves Theorem 2.1. O

- 1) <h(z),ze U,

In our next result, we use a lemma which is as follows:

Lemma2.2. [22] The function (1 — z)# = ¢#'°9(-2 g = 0, is univalent in U if and only
if B is either in the closed disk | — 1| < 1, or in the closed disk | + 1| < 1.
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By choosing 0 # § € C and

p(A-B)B
@2 =(01+Bz) * ,-1<B<A<1(B#0)

in Theorem 2.1, we get the following result with the use of Lemma 2.2.

Theorem 2.2. Let f € S} (b;g; A, B) with B # 0 be such that (f*f,,)(z) # 0in U, and
0 # p € C be such that

A-B A-B
2.7 either u - 1' <lor 'u + 1‘ <1,
thenford = £ :
f pd A-B
(2.8) (%) <1+ Bz)p( o ,ze U,
p(A-B)B

and (1 +Bz) ® s the best dominant.

Proof. Let f € SQ (b; g; A, B) and s(z) be given by (2.5). ForB# 0,0 # g € C, let

P(A-B)B

(2.9) q(z)=(1+Bz) & .

then s(0) = q(0) and
zq'(z) p(A-B)pz

qz) 1+Bz
By Lemma 2.2, under the condition (2.7), q(z) is univalent (see also [16], [22]) and on
letting Q(z) = ;gq‘(?), we get Q(z) = A8 which is univalent with Q(0) = 0,Q'(0) =
A-B#0,and Re(:3) =Re(k;) > 0,z U.

Following similar lines of the proof of Theorem 2.1, we get the result (2.8) on
applying Lemma 2.1, which proves Theorem 2.2. O

In the case, when B = 0,0 # g € C and q(z) = eP?,0 < A < 1in Theorem 2.1,
then similar to Theorem 2.2, we can easily prove the following result.

(f+9)@)

zP

Theorem 2.3. Let f € S} (b; g; A, 0) be such that
0 # B € Cbe such that || < Z, then for d = ;& :

fx pd
(7( ng) (Z)) < zeT,

#0inU, and

and ePPAZ s the best dominant.
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For a non-zero complex number a, with § = %, Theorems 2.2 and 2.3, yield the
following corollaries.

Corollary 2.1.

(i) Let f € S} (b;g; A, B) with B # 0 be such that (f "7)(2) #0inU,andford = &,
g: bcosA
anon- zero complex number a be such that

A—-B)a A—-B)a
either %—1#1 r 'u+1‘31,
then
fxg)(z -
((Z#) <(1+Bz2) . ,2e ],
and (1 + Bz)w is the best dominant.
i Letf € ; e such that #0in and for d = , @ NoN-zero
(il) Let f € S (b;g;A,0) be such that U2 2 0in U, and for d = 2

complex number a be such that |2 < p’;, then

f = . paA
(%) <e7T4zel,

and e%AZ is the best dominant.

Remark 2.1.

(1) The results (i) of Corollary 2.1 coincide with the results of Aouf et al. [1, Theorem 1,
p. 95 and Corollaries 1, 2, p. 96] involving the classes S* (b) and C* (b), respectively,
which also include the results of Obradovic et al. [15] for the classes S (b), S* and
S'(1-a),0<a<1l

(2) The results (i) and (ii) of Corollary 2.1 coincide with the result of Obradovic and Owa
[16, Theorem 2, p. 363] for the class S* (A, B) and its subclass S* (), 0 < a < 1.

For real g, Theorem 2.2 simplifies to the following form:

Corollary 22. Letf e SA (b; g; A, B) with B # 0 be such that (f g)(z) # 0in U. Then for
d= bcos)\ and for positive real

Bl

(2.10) B= m’
(f+9)@\* (1-p(A-B)BB>0
(211) Re (—Zp ) > { m’ B<0 ,Z € U.
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Proof. From (2.8), we obtain that

o[22

[\

zP

{ |B|B>0

1+\B| B<0 ~

which proves the result (2.11) upon using (2.10). O

Remark 2.2. By settingb = 1 = p, replacing g by gcos A, Corollary 2.2forB = -1, A = 1-2q,
and for g(z) = 7%, corresponds to the known results of Obradovic and Owa [17 Theorem 1,

p. 440], (for the case when n = 1). Also, on setting b = 1 = p, replacing 8 by 5, Corollary 2.2
forB = —1,A =1, and for g(z) = 5, correspond to the known result [17, Corollary 1, p. 442]
(for the when case n = 1).

A more compact form of the result occurs when g =
and this result is given by the following corollary.

p(A 5 in (2.8) of Theorem 2.2,

Corollary 2.3. Let f € S} (b; ;A B) with B # 0 be such that (f g)(z) # 0in U, then for
d —

bcosA '

f PA-B)
(%) <1+Bz,ze T,

and hence, the Marx-Strohhacker type inequality:

((f*g)(z))% )

(2.12) =

1< |Bl,ze U.

Remark 2.3. Corollary 2.3 is the known result of Dileep and Latha ([5], Theorem 3.3, p. 543)
for the class S (A, B,b).

(p+(1-p)2)2

Further, for real g = p(A 5/ and setting g(z) = and 9(z) = ST

tively, Theorem 2.2 yields the following results:

, respec-

Corollary 2.4. Let f € RA (b; A, B) with B # 0 be such that f(z) # 0 in U, then for
d _ e|\

bcosA -

f(z) D
> <1+Bz,z€eT,

and hence, the Marx-Strohhacker type inequality:

f(z)\7®
=)

-1/ <|Bl,ze U.
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Corollary 25. Let f € Q) (b;A,B) with B # 0 be such that y # 0in U, then for

p-1
_ _é?
d= bcosA *

(f’(Z)

df
MAém
<1+Bz,zeT,
pzh~t

and hence, the Marx-Strohhacker type inequality:

-

pzP-t

<|Bl],ze U.

Remark 2.4. For p = 1, Corollary 2.4 gives the known result of Polatoglu and Sen ([18],
Theorem 2, p. 93) .

3. Coefficient Inequality

Theorem 3.1. Let f € Ay be of the form (1.1)and0# b € C, [A| < /2,
—1 < B < A < 1. If the coefficients of f(z) satisfy for some g € A, of the form (1.3) and for

d= £ the inequality

bcosA’

(3.1) Z {(g - 1) % + 1} lanbnl < 1,

n=p+1

then f eSQ (b; g; A, B). Furthermore, the inequality (3.1) is necessary if f = ge 7, satisfies
ford = %(lbl < 1),B < 0, the subordination:

’ A-B
2(f9) @ 1+(B+45)z
p(f+9) (@ 1+Bz '

The inequality is sharp for the functions given by

(3.2) zeU.

A-B
(2~ 1)+ BI) dl + A - B} b

(3.3) f(z) =2 - " ne{p+1,p+2..}.

Proof. Let f,g € Ap, respectively, be of the form (1.1) and (1.3). To show that
fe SQ (b; g; A, B), we need to show in view of (1.7) that for some Schwarz function
w(z), analytic in U with w(0) =0 :

2(f+g) @ -p(f*9 @

w(z)| =
Bz(f+9) @ -p(B+252)(f+9) (@

<1l,ze U,
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which yields that

(o)

Y (2= 1)lanbnl

n=p+1

w(@)l < <1

o) -

a8 ¥ {(2-1)Bl+ A5} anbnl

n=p+1

provided that (3.1) holds. Conversely, if f + g € 7, satisfies for d = ﬁ
(Ib] < 1),B < 0, the subordination (3.2), then we have

2(f+9) @) 1-(B+%)
@awmﬂ> -V
or,
Z(f*g)'(Z)) 1+|Bl- 450
(3.4) Re(p(f*g)(z) > 1718 ,2zeU.

(f+9)' @

Assuming ) ) to be real for real values of z, and using the inequality (3.4), we
get

1+ B)2(F 0y @-p(L+1B1- 202 ) (o) @ > O,

and this inequality upon using the corresponding series expansions, and then
letting z — 1~ along the real line gives the desired inequality (3.1). Sharpness of
the result can be verified for the function given by (3.3). O

If we put A=1-20,0<a<1B=-1b=1in Theorem 3.1, we get the

following coefficient inequality for the class S; , (9) .

Corollary 3.1. Let f € Ay beof theform (1.1)and [A| < 7t/2,0 < a < 1. If the coefficients
of f(z) satisfy for some g € Aj, of the form (1.3) the inequality

(3.5) y [(;:Z)%+l] lanbnl < 1,

n=p+1

then f € Sﬁa (9) . Inequality (3.5) is necessary for 0 < a < 1, if f »g € T, satisfies the
subordination:

z2(f+g9) (z -
(3.6) —( *9) @) <1+ 2~ ajcosz (1 - a)cos /\Z,z eU.
p(f+9) (@ 1-z
Remark 3.1. Forp =1, 4(z) = 1%, the above inequality (3.5) of Corollary 3.1 coincides with

the result of Kwon and Owa [8 Theorem 2.3, p. 21] which was obtained by a different
method.
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4. Subordination Result

In this section we obtain a subordination theorem involving convolution by using
the definition and a lemma due to Wilf [25], which is presented here in the following
form.

Definition 4.1. A sequence {An+p_1};°_l of complex numbers is said to be a subor-
dinating factor sequence if whenever h(z) = }. cnp-12", ¢p = 1isanalytic, univalent
n=1

and convex in U, we have the subordination:

Z Anip-1Cnip-12" < h(z),z € U.

n=1
(o]
n

Lemma4.l. The sequence {An+p_1} ) is subordinating factor sequence if and only if

Re [1 +2 Z An+p_1z“] >0,zeU.

n=1

Let P (b; 7; A, B) denote a subclass of the class S; (b; g; A, B), if the functions,

therein, are such that f * g € 7, satisfies for d = % (Ib] < 1,B < 0,) the subordina-
tion condition (3.2).

Theorem4.1. Letf e P,’)‘ (b;g;A,B)and ¥2) pe a convex function. Then

zP-1

PA-B)+@+[B)Id (f+g+0)(@) 12

(4.1) S A_B) T A Bl 7 < prZ€ U.
In particular,
(f+9) @) 2p(A—B)+(1+B])|d]
Re( T R YV B A )1
The quantity

P(A-B)+(1+[B)Id]
2p(A—-B)+(1+B)/d|

cannot be replaced by any larger value.

Proof. Letf € 503 (b; g; A, B) be of the form (1.1) with g(z) given by (1.3) and ;5—2 eK
(aclass of convex functions) be of the form

t(2)

4.2) il A Z Cnap-1Z".
z n=2
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Then, it easily follows that
P(A-B)+(1+[B))|d (f+g=*t)(2)
2[2p(A-B)+(L+B)[d]  z!

p(A—B)+(1+(B])Idl - "
220 (A—B)+ L+ 1B)d] Z+ nZ:;‘ an+p-1Pn+p-1Cn4p-12" |-

Thus, by Definition 4.1, the assertion of the theorem holds if the sequence
p(A—-B)+(1+1Bl)ldl b ©
2[2p(A—B) + (L + [B)d] PP

with a, = 1 = by is asubordinating factor sequence. In view of Lemma 4.1, this will
be the case if and only if

(4.3) Re

p(A—B)+ (L +B|)[dl
“Z 20 (A= B) + (L [B)) g P 1Pre-12

l>0,zeIU.

Now, for |z| = r, we see that
p(A-B)+(1+|B])[d|
1 b
+Z 2p(A=B) + @+ @) e me?

IO(A —B)+ (1 +B|)|d|
2p(A-B)+(1+B])d|

P(A-B) (L +1B])|d] ;
2p(A—B)+(1+|B|)|d|Z( p(A- B)) n+p-1bn+p—1zl

P(A-B)+(1+I[B)Id|

Re

= Re[1+

> 1- r—

2p(A—B)+(1+B])/d]
p(A-B) 3 ( (n—p)(1+|B|)|d|) —p41
1+ anbp| r" Pt
2p(A—B)+(1+|B|)|d|n_Zp+l p(A-B) )l

p(A—-B)+(1+1B])ldl p(A-B) 2

> 1- r— re, by (3.1
»A-B)+a+B)A  2A-BrarEyE Y

> 0.

Hence, (4.3) is true, which proves the desired assertion (4.1).
In particular, if f € P} (b; g; A, B) and & = %, we obtain from (4.1):
(f *9) (2) S p(A-B)+(1+ IBI)IdI/ cU.
zr-t p(A-B)+(1+IB])Id|

Sharpness can be seen for the function f;, € PQ (b; g; A, B) given by

p(A-B)

ZP+1
p(A-B)+(1+I(B|)Id|

(fp*g)(z) =20 -
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Since, for this function f,, and for ;g—ﬂ = 1%, from the relation (4.1), we get

pA-B)+L+B)d (h*9)@ 2

pA-B)+a+Bhd] z1  1-z2°

F(2) .= >

and it can be verified that

@1? Re (F(2))
_ minRe p(A-B)+(1+(B])|d| ,_ p(A-B) 2
<t \2[2p (A=B)+(1+[B|)[d]] 2[2p(A—B)+(1+[B])Idl]
1
= —5_

p(A-B)+(1+[B)(d|

This shows that the quantity m

is best possible. O

By putting g(z) = f—_”z A=1-2aB =-1,b =1in Theorem 4.1, we get the
following corollary.

Corollary 4.1. Letf e Sé,a (g9) and ;,S—Z)l be a convex function ¥z € U. Then

p(l—a)+secA (f=t)(2) t(2)

4.4 — .
(44) 2(p(1—a) +secA) zp-1 w172 v
In particular

. f(2) o 2p(1—a)+secA L e
zP-1 p(l-a)+secA’
The quantity

p(l-a)+secA
2(p(1—a)+sech)

cannot be replaced by any larger value.

Remark 4.1. For p = 1, Corollary 4.1 coincides with the result of Kwon and Owa ([8],
Theorem 2.4, p.22) which also includes the result of Singh [23] (for the case when a = 0); see
also [6] and [19].
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