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Abstract. The primary aim of this study is to establish the existence of a fixed point
for Fa(€, A, 0)-generalized contractions in the context of b,(s)-metric spaces. The
obtained result extends various well-established findings in metric spaces, b-metric
spaces, rectangular b-metric spaces, and b,(s) metric spaces. Our discoveries not
only expand upon and consolidate existing results in C-class functions but also build
upon several previous contributions in the literature. Furthermore, we delve into and
elaborate on the recently introduced concept of Cg-class functions, providing illustrative
examples.
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1. Introduction and Preliminaries

Banach’s contraction principle, as introduced by [4], serves as the foundation for
the formulation of fixed point theorems, thereby contributing to the advancement
of nonlinear analysis. Various generalizations of Banach’s results are documented
in the literature, with examples provided by Ciric [7], Rhoades [17], Taskovic [18],
Edelstein [12], Popescu [16], and Bogin [5].

In 2014, Ansari [2] introduced the concept of C-class functions, aiming to establish
fixed point theorems for specific contractive mappings within this class. In this
paper, we explore a novel category of functions termed correctly generalized Cg-class
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functions and derive a fixed point theorem within the framework of b, (s)-metric
spaces.

Throughout this investigation, R, denotes the set of non-negative real numbers,
and ZT represents the set of positive integers.

Definition 1.1. [8] Let @ # M is a set and s > 1 is a real number. Suppose that
for all p,q,r € M the map § : M x M — R, satisfies the following conditions:

(01) 6(p,q) = 0;

(02) 8(p,q) =0 <= p=g¢

(03) 0(p,q) = 6(q,p);

(04) 0(p,7) < s[d(p,q) + (g, r)] (b-triangular inequality).

If 0 satisfies conditions (d1)-(d4), then § is known as b- metric on M. The couple
(M, ) is named as b-metric space.

After the introduction of the b-metric spaces, a generalized versions was introduced.
These include the extended b-metric space, rectangular b-metric space, b, (s)-metric
space and more.

Definition 1.2. [11] Let @ # M is a set and s > 1 be a fixed real number. Let
0 : M x M — R, be a map such that for all p,q € M and different points r,t € M,
each not equals from p and ¢:

(01) 6(p,q) = 0(g,p) =0 <= p=g;
(62) 0(p,q) = 6(q,p);
(03) d(p,q) < s[o(p,r) + (r,t) + (¢, q)] (b-rectangular inequality).

Here, ¢ is known as a b-rectangular metric, and the couple (M,d) is known as a
b-rectangular metric space.

The recent work of Mitrovic and Radenovic [15] is a more general version of b-metric
space called b, (s)-metric space.

Definition 1.3. [15] Let @ # M is a set. Let § : M x M — R, be a mapping and
v €Z%, s> 1. Then (M, ) is called the b, (s)-metric space for all p,q € M and all
distinct points uy, us, ..., u,, € M, each is different from p and ¢, the following hold:

(61) 6(p,q) = 6(q,p) =0 if and only if p = ¢;
(62) 6(p,q) = d(q,p);
(63) 6(p,q) < s[d(p,ur) + 6(ur, uz) + ... + 0(uy, q)] (by(s)-metric inequality).
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Definition 1.4. [15] Let the couple (M,J) be the b,(s)-metric space, (pg) the
sequence of M, and p € M. Then the

(a) sequence (py) converges to p in (M, d) if for any v > 0 there is Ng = Ny(y) € ZT
such that 0(pg,p) <~y for all £ > Ny and this fact is expressed as klirn DL = p;
—00

(b) sequence (pg) is Cauchy if for any v > 0 there is Ng = Ny(vy) € Z* such that
3(pr, 1) < 7y for all k,l > Np;

(c) couple (M, 9) is called complete b, (s)-metric space if every Cauchy sequence in
M converges to a point in it.

Some of the recent fixed point results in b,(s) can be found on [1], [9], [10] and
references there in.
Here, we give an instance of a b, (s-metric space).

Example 1.1. Let M = {5, 3T 3’8} We define 6 : M x M — Z" by
0 if w=uv,
5(l 1): lw—wv| if lw—2v]>1,
w’ v
1
1 if lw—v|=1.

Condition (é1) and (d2) of Definition 1.3 are obvious. We verify b,(s)-metric

inequality. Hence we choose p = % and ¢ = % with distinct intermediate points

U = %, Uy = %, and uz = % Now,

11 11 11 11 11
() =<1 (s) +o(a3) +olas) +oa)]

This inequality holds for any choice of p, ¢, and distinct intermediate points, as
long as s > 4.

Since all conditions of the b, (s)-metric space definition are met, (M, ¢) is indeed
a bz (4)-metric space.

Definition 1.5. [2] The continuous mapping F : Ry x Ry — R is called a C-class
function if for all p,q € R4

(a) F(p.q) <p;
(b) F(p,q) = p implies that either p =0 or ¢ = 0.
C represents the family of all C-class functions.

Definition 1.6. [14] A mapping F¢ : R — R is called a generalized Cg-class
function if for all p,q,r € R
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(a) Fg is continuous;

(b) Fa(p,q,r) < max{p,q};

(¢) Fa(p,q,r) = p implies that either p=0o0r g =0or r =0.
C¢ represents the family of all correctly generalized Cg-class functions.

Example 1.2. In the following, we give some members of Ca

]:1 (p7 q, T) = min{p, q, T}

This function is continuous, as the minimum of a set of continuous functions is
itself continuous. It satisfies F1(p,q,r) < max{p,q} since the minimum of any set
of numbers is less than or equal to the maximum of that set.

Finally, if 71 (p, q,r) = p, then either p = 0, ¢ = 0, or r = 0, satisfying the conditions
of the corrected generalization.

Example 1.3. Consider the function:
Fs(p,a,r) = Vp* +¢* +1?

Let’s consider a condition that holds in the definition 1.6 but fails to hold in the
definition 1.5. We can achieve this by introducing a third variable that contributes
to the conditions. Specifically, we’ll use the magnitude of the vector formed by
D, q,T.

In this case, F3 is the Euclidean norm in three-dimensional space. Now, let’s
check the conditions:

1. Continuity: F3 is continuous.

2. F3(p,q,r) < max{p,q}: This condition holds because the Euclidean norm is
always less than or equal to the maximum of its components.

3. Fs(p,q,r) = p implies that either p =0, ¢ =0, or r = 0:

This condition holds because if F3(p, ¢,7) = p, then p is the magnitude of the vector
(p,q,7), and the only way for this magnitude to be equal to p is if ¢ = 0 and r = 0.

Now, let’s consider the two-dimensional case (r = 0):

For F3(p,q,0) = p, it implies that either p = 0 or ¢ = 0. This condition is
consistent with the two-dimensional definition.

However, to demonstrate a condition that holds in the three-dimensional case
but fails in the two-dimensional case, we can consider F3(p,q,0) for p > 0 and
g > 0. In this case, F5(p,q,0) = /p? + ¢2, and if this equals p, it implies ¢ = 0.
This condition is specific to the three-dimensional case, where the third component
r contributes to the Euclidean norm. In the two-dimensional case (r = 0), the
condition would still be consistent with the two-dimensional definition.

Remark 1.1. [14] Every C-class function is Cg-class function. But the converse may
not hold.
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Now, let’s prove the remark:

Proof. To prove Every C-class function is a Cg-class function:

Let F be a C-class function. Define Fg(p,q,7) = F(p,q) for all p,q,7 € R..
Condition (a): F¢ is continuous because it inherits continuity from F.
Condition (b): Fa(p,q,r) = F(p,q) < p < max{p, ¢}
Condition (c): If Fa(p,q,7) = p, then F(p,q) = p, and by the C-class condition,
either p =0 or ¢ = 0.
Therefore, every C-class function satisfies the conditions of a Cg-class function.
The converse may not hold:
Consider the function Fg(p,q,7) = e~ - min{p, ¢}.
Conditions (a) and (b) of Cg-class are satisfied because e™” and min{p, ¢} are
continuous, and Fg(p, ¢, ) < max{p, q}.
Condition (¢): If Fg(p,q,r) = p, then =" - min{p, ¢} = p. This implies that either
p=0orqg=0orr=0.
However, this function does not satisfy the condition of the C-class definition
because it allows for cases where Fg(p, ¢, ) = p while ¢ is nonzero.

Therefore, every C-class function is a Cg-class function, but the converse may
not hold as demonstrated by the counter example. [

To prove the main result, we will use the following classes of functions.

Definition 1.7. [13] The function £ : Ry — R, is called the altering distance
function if the following properties are met:

(&1) € is non-decreasing and continuous,

(&2) &(s) = 0 if and only if s = 0.

= represents the family of all altering distance functions.

Definition 1.8. [3] The function 6 : Ry — R, is called the ultra-altering distance
function if the following properties are met:

(a) 6 is continuous,
(b) 6(s) > 0 for all s > 0.

O, represents the class of all ultra-altering distance functions.

Throughout this work, we represent the class of functions {\ : Ry — R such that
A is non-decreasing, upper semi-continuous from the right and A(¢) = 0 only when
t =0} by A.
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Lemma 1.1. [14] Let (M, §) be the b, (s)-metric space and let {p,} be the sequence

of M with different elements (py, # pm withn # m). Suppose that Um 6(py,, pnin) =
n—oo

0 for all h € {1,2,...v} and {p,} is not a b,(s)- Cauchy sequence. Then there exist

v > 0 and sequences {my} and {n} of positive integers such that my > np+v,ng >

k and

(1.1) v < lim inf 8(pp,, pmy) < lim sup 6(pn,,Pm,) < 57,
k—o0 k—o0
(12) 1 < lim inf 5<pnkvpmk+1) < lim sup 5(pnk7pmk+1) < 57,
S k—o0 k—o0
(1.3) T < tim inf 6(pny—1,Pmy) < Hm sup 6(pay—1,piny) < 57,
S k—o0 k—o0
(1.4) 12 < lim inf §(pp, 1, Pmyr1) < lim sup (P, 1, Pmys1) < 8°7.
S k—o0 k—o0

Definition 1.9. [14] A quadruple (£, ), 0, F) is said to be a monotone if for all
p,q € [0,00), then

p<q = Fc(p),Ap),0(p) < Fc(&(q), \(q),0(q)),

where £ € 2, A€ A, 0 € ©, and Fg € Cg.

Example 1.4. We define functions &, A\, 0 : R — R4 by
t if t<1

2 4
then (&, A, 0, F) is a monotone.

if t>1 and o(t) = %t,

Let’s check whether the given quadruple (£, A, 0, Fg) is a monotone according
to the provided definition.

We check the properties of each function:

1. £(t) = st

e Non-decreasing: Ast increases, (t) increases linearly.

[\l

e Continuous: &(¢) is a linear function, hence continuous.
e Zero Property: £(¢) = 0 if and only if ¢ = 0.

Thus, € € =.
2. A(t):

e For ¢t < 1: A(t) =t is non-decreasing and continuous.
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e For t > 1: \(t) = %t + % is also non-decreasing and continuous.
e Upper Semi-Continuity: A(t) is upper semi-continuous from the right.
Thus, A € A.
3. 0(t) = it:

e Continuous: §(t) is linear and continuous.

e Positive Property: 6(s) > 0 for all s > 0.
Thus, 6 € ©,.

The monotonicity condition requires that for all p,q € [0, c0):
p<q = Fall(p),Ap),0(p) < Fo(&(9), A9), 0(a))-

Since £(t), A(t), and 6(t) are non-decreasing functions, we have:
£p) <€(g), Alp) <Ag), 6(p) <0(q) forp<yg.

The generalized Cg-class function F¢ satisfies:

e Fg is continuous.

* Fa(&(p), A(p), 0(p)) < max{&(p), A(p)}-

Thus, by the definition of Cg-class functions, we conclude that:

fc(f(p), )‘(p)7 0(p)) < ]:G(g((I)’ )‘(Q)7 0(q)) forp<gq.

The given quadruple (&, \, 0, F¢) satisfies the monotonicity condition, meaning it
is indeed a monotone according to the provided definition. The functions £(¢), A(¢),
and 6(t) satisfy their respective properties, and Fg being a generalized Cg-class
function ensures the required inequality holds.

2. Main Results

Theorem 2.1. Given that (M,0) is a complete b,(s)-metric space. Let S : M —
M be a self mapping satisfying the inequality:

(2.1) £(6(Sp, Sq)) < Fa(&(L(p, q)), ML(p,q)),0(L(p, q)))

for each p,q € M, where

(g, Sq)[1 + d(p, Sq)]

L(p,q) = max{d(p, ¢), 8(p, Sp), 6(a, 59), T s[6(p,q) + 0(q, Sq)]

}

Ee=Z, Ae A, 00, and Fg € Cq.
Then S admits a single fixed point.
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Proof. Define a sequence {p, } contained in M with p, 1 = Sp,, for all n € Z*U{0}.
Assuming that p,, = pny+1 for some ng > 0, then p,, is a fixed point and we are
through. Therefore, we assume that p,, # pp41. for all n € ZT U {0}.

and p,, # ppa1 for all n on substituting p = p,, and ¢ = pp41 in (2.1), we have

5(6(pn+1>pn+2>) = f(&(Spn, Sanrl)) < fG(ﬁ(L(pnapvhH))a )\(L(pn;pn+1))a

Q(L(pnapn+1)))

(2.2) < max{§((L(pn,Pn+1))s A(L(pmpn+1)))}7

where

L(pn7pn+1) = max{é(pn,pn+1), 6(pna Spn)a 6(pn+la Spn+1)a

5(pn+1» Spn+1)[1 + 5(10717 Sanrl)}
1+ 8[5(p7L7pn+1) + 5(pn+1a Spn-‘rl)}

= max{5(pn7 pn+1)a 5(pn>pn+1)v 5(pn+17pn+2)7

8(Prt1,Pnt2)[1 4 6(Pns Prt2)]
L+ 5[6(pn, Pnt1) + 6(Pnt1, Pata)]

< max{(s(pnapn-l-l)v 6(pnapn+1)a 5(pn+1,pn+2),

S(Prt1, Pnt2) 1+ 8[0(Pns Prs1) + 0(Pri1, Pnt2)]] }
1+ S[é(p,manrl) + 6(pn+1apn+2)]

(23) = maX{(S(Pman)»5(pn+17pn+2)}~

Suppose that max{d(pn,Pn+1); 6(Pnt1,Pnt2)} = 0(Pn+1,Pnt2). Hence from (2.2),
we obtain

§(6(prt1,Pn+2)) = E(6(SPny Spnt1)) < FG(E(0(Pn+15Pnt2))s A0 (Pnt1, Pt2)),

0(0(Pnt1,Pnt2)))
< max{&(0(Pn+1,Pn+2))s A6 (Prt1,Pnt2))} = E(0(Pnt1,Pnr2))s

this is a contradiction.

Therefore, max{d(pn, Prn+1)0(Pn+1,Pn+2)} = 0(Pn,Pn+1). Hence from (2.2), we
obtain

§(6(Prt1,Pn+2)) = E(6(SPn, SPnt1)) < FG(E(0(Pns Prt1))s A0 (Pn,y Prt1)),

0(0(PnyPnt1)))
< max{g((s(pnapn-ﬁ—l))? A(5(pnapn-|-1))} = g((s(p’mpn-‘rl)))
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From non-decreasing property of &, it follows that §(pn+1,Pn+2) < (pn, Pns1) for
alln € Z+.

Hence, {6, } = {6(pn,pn+1)} is a decreasing positive sequence in M. and it converges
to some real number [ > 0. We now claim that [ = 0. Now, taking the upper limit
letting n — oo in (2.2), we have

(2.4) (1) < Fa (&), A1), 0(1)) < max{£(1), A()} = &(1).
From (2.4), we get
(2.5) Fa (&), A1), 0(1) = £(1).

By the condition ¢ of Definition 1.6 and (2.5), it can be deduced that either £(1) = 0
or \(1) =0 or §(I) = 0. Hence, [ = 0.

Next, we will show that p,, # pn, for all m # n. Assume the contrary. i. e.,
Pm = Pn, for some m > n. Hence we have,

Pm+1 = Spm = Spn = Pn+1,
and 5(pm7pm+l) < 5(pm—1apm) <. < 5(pnapn+1) = 6(pmapm+1)a
a contradiction. Therefore, p,, # pp, for all m # n. Since the sequence {J(pn, Pn+1)}

is decreasing, by applying b, (s) metric inequality for h =1,2,3,...,v, we get

6(pn7pn+h) < 5[6(pn7pn+l) + 6(pn+1apn+2) + ...+ 5(pn+h—1;pn+h)]~

(2'6) < 3[6(pn7pn+l) + 6(pnapn+1) + ...+ 5(pnapn+1)]-

From (2.6), we have

1
(2'7) 55(pnapn+h) < 5(pnapn+1)~

For h > 1, we have

1 1
(28) %5(pnapn+1) < E(S(pnvpn—i-h) < 5(pn7pn+1) < 6(pn7pn+h)-

Again, by replacing p = pn, ¢ = pptn in (2.1), where p, # pnyp for all n and
h=1,2,3,...,v, we have

6(5(pn+17pn+h+l)) = 5(6(51711’ Spn—i-h)) < ]:G(é-(L(pn)pn-‘rh))) )\(L(pnapn+h))a

O(L (P, Pntn)))

(2~9) < max{g(L(pnapn-i-h))v/\(L(pnapn+h)))}a
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where
L(pn, pn+h> = max{&(pn, pn+h>7 §(pm Spn)7 §(pn+h7 SPnin),

5(pn+ha Sp7z+h)[1 + 6(pn7 Spn+h)]
L+ 5[6(pn, Patn) + (Prtns SPrtn)]

= max{é(pn, pn+h)7 6(pn7 pn+1)7 5(pn+h7 pn+h+1)7

S(Prths Pnth1)[1 + 0(Pn, Pntht1)]
1+ S[(S(pn,pn_,'_h) + 6(pn+hvpn+h+1)]

< max{0(Pn;Pn+n), 0(Pns Pnt1)s O (Prths Pnthtl)s

5(pn+h»pn+h+1)[1 + 5[§(pnapn+h) + 5(pn+h7pn+h+1)] }
L+ 8[6(pns Prtn) + 0(Prths Prtnt)] ’

(2.10) = max{d(pn, Pn+n), 0(Pn,Prt1), 6 (Prths Pntht1)}

We denote by a, = 6(pn,Pnt1)s bn = 6(PnsPnsn)s bns1 = 8(Pna1,Pnins1) and
¢n = 0(Dn+th, Pntht1). Hence

Cn < Cpe1 < Cpeg < oo < Cpep = ap = (P, Prt1)-

Thus ¢, can not be the maximum. Again from (2.8), we have a,, < b,,.
Hence from (2.9) and (2.10), we get

f(anrl) S g(bn)

From non-decreasing property of £, it follows that b,,1 < b, for all n € ZT and
for h = 1,2,3,...,v. Hence {b,} = {0(pn,pn+r)} is a decreasing positive sequence
in M.

In the next step, we will prove that the sequence {0(pn,pn+n)} — 0 for h =
1,2,3,...,v. Since §(pn, pntn) > 0, we have

0 < 6(pn>pn+h> S 3[6(pn7pn+1) + 5(pn+17pn+2) + ...+ 6(pn+hflapn+h)]

(2.11) < Sh[3(pas pas1)]

Letting n — oo in (2.11), we obtain

6(pnapn+h) — 0.
In the following, we show that {p,} is a b,(s)-Cauchy sequence. Now, assuming
the contrary, {p,} is not a b, (s)-Cauchy sequence. From Lemma 1.1, there is v > 0

and sequences {my} and {ny} of ZT such that my > ny + v,n; > k and

v < lim inf §(pny, pm,) < lim sup 8(pp,, Pmy) < 87,
k—o0 k—o0
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< hm lnf 6(pnkapmk+1) S hm sup 6(pnkapmk+1) S 877
k—o0 k—o0

» |2 w2

< lim inf 6(pnk—1apmk) < lim sup 6(pnk—17pmk) < 57,
k—o0 k—o0

a
2

< lim inf 5(pnk—17pmk+1) < lim sup 5(pnk—17pmk+1) < 5277
S k—o0

k—o0

Hence, putting p = pp,, —1 and ¢ = p,,, in (2.1), we have

5(6(pnkapmk+1)) = £<6(Spnk71a Spmk))

(2.12) < Fa(E(L(Pny—1,Pmi )y ML(Pry—15Pmy ) O(L(Pry—15 Py )

where

L(pnk—lapmk) = max{(s(pnk—lvpfnk)a 6(pnk—17 Spnk—l)a 5(pmk ) Sp’mk)7
6(pmk ) Spmk)[l + 6(pnk—1a Spm;€ )} }

1+ s[é(pnk—lvpmk) + 6(pmkaspmk)}
= max{é(pnk_l,pmk), 6(pnk—17pnk)7 6(pmkapmk+1)

Py Prag+1) 1+ (Pny =1, Pmp+1)]
1+ S[é(pnk*hpmk) + 6(pmkapmk+1)]

Thus,

(213) kli{go SupL(pnk*hpmk) < 5.

601

Now, taking the upper limit as k — oo in (2.12) and using Lemma 1.1, we obtain

(214) 5(8’7) < ]:G(f(s’y)v )‘(5’7)7 0(87)) < max{f(sy), )‘(87)} = 5(8’7)7

This implies that
Fa(€(s7), A(s7),0(s7)) = &(s7).

That means, v = 0, a contradiction. Hence {p, } is Cauchy.

Since (M, ¢) is a complete b, (s)-metric space, there exists a point p* such that

(2.15) lim 6(pp4n, p*) = 0,

forh=1,2,3,...,v.

Assume that §(Sp*,px) > 0, i.e., Sp*x # px. Since {p,} is a sequence with distinct
elements, we can suppose that p, # Spx for all n € ZT. Now, putting p = pnyn_1

and ¢ = p* in (2.1), we obtain

E(0(Pnth, Sp*)) = E(6(SPntn—1,5P%)) < Fa(&(L(Pntn—1,p%)),

(216) A(L(pn-Q—h—lvp*))aQ(L(p’rl-ﬁ-h—l7p*)))'
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where

L(pntn—1,p%) = max{d(Pntnh—1,0%), 0 (Prnth—1, SPnth—1), 0 (p*, Sp*),

(p, Sp*)[1 + 8(Prin—1, Sp*)] )
1+ 8[6(pn+n—1,p%) + 6(p*, Spx)]
On taking the upper limit of L, we have

(2.17)

(2.18) lim sup L(pnn-1,p%) = 0(p*, Sp*).
Hence by taking the upper limit as n — oo in (2.16), we get
§(0(px, Spx)) < Fa(&(6(px, Spx)),

(2.19) A(8(px, Spx)),0(0(p*, Spx))) < £(6(p*, Sp*),

a contradiction. Therefore, d(p*, Spx) = 0. i.e., Spx = p *.

At last, we show that p« is the only fixed point of S. Assume that px,¢*x € F(S)
provided that px and g¢* are distinct. Hence a(px,¢*x) > 1. Now, putting p = px*
and ¢ = g« in (2.1), we have

§(6(px, gx)) = £(6(Sp*, Sqx)) < E(alpx, gx)6(Sp*, Sqx))
< Fa(§(L(p*, g%)), A(L(p*, g*)), O(L(p*, g*)))
< max{{(L(p*, gx)), N(L(p*, q*))}
(2.20) = §(L(p*, q%))
for each px, gx € M, where

L(px, qx) = max{d(p*, gx), d(px, Spx), 6 (q*, Sqx),
0(gx, Sgx)[1 4 d(px, Sqx)]
1+ s[0(px, gx) + 0(g*, Sqx*)]

Hence, from (2.20) and (2.21), we get £(d(p*, g*)) < &(d(p*,g*)), a contradiction.
Therefore, px = gx. [

(2.21) } = d(px*, g*).

Corollary 2.1. Given that (M,0) is a complete b,(s)-metric space. Let S : M —
M be a self mapping satisfying the inequality:

(2.22) §(6(Sp, Sq)) < &(L(p,q)) — ML(p, q)) — O(L(p, q))

for each p,q € M, where

(g, Sq)[1 + o(p, Sq)]
14 s[0(p,q) + (g, Sq)]

L(p, q) = max{d(p,q),d(p, Sp),d(q, Sq), b

E€eZ, NeA, and 0 € O.
Then S admits a single fixed point.
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Proof. Consider the function Fg(p,q,r) =p — q¢ — r. Notice that:

Fa(§(L(p, 9)), M(L(p, 9)), 0(L(p, 0))) = &(L(p, 0)) — AM(L(p, q)) — O(L(p, q))-
Substituting this into inequality (2.1) from Theorem 2.1, we have:

£(0(Sp, Sq)) < &(L(p, q)) — ML(p, q)) — 0(L(p, q)),
which is exactly the inequality (2.22) required in the corollary.

Since Theorem 2.1 guarantees the existence of a single fixed point for S under
the conditions of (2.1), the same conclusion holds for the inequality in the corollary
(2.22) when Fe(p,q,7) =p—q—r.

Thus, S admits a single fixed point.

Example 2.1. Let M = [0, 1], a closed interval in the real line. Define the b, (s)-metric
0 on M as:

5(p.a) = lp—al*.
Let s = 2. This makes M a complete b, (s)-metric space.
Define the self-mapping S : M — M as:

)=t At)=5, 0@)=.
Let the function Fg be defined as:

]:G(p7 q, 'I") = max{p7 q} - min{q, ’I"}.

Verification

Step 1: Complete b,(s)-metric space

The space M = [0, 1] with the metric 6(p,q) = |p — ¢|* and s = 2 is a complete
b, (s)-metric space. The conditions for a b, (s)-metric space are satisfied:

1. 4(p,q) =0 if and only if p = q.
2. §(p,q) = (g, p), which is symmetric.
3. For all distinct points uy, ug,...,u, € M, where v = 1:
6(p,q) < s[6(p,ur) + 6(u1, q)]
For u; € M, we have:
lp—a?<2[p—wl®+|lu —qf’].

which holds due to the properties of squares of real numbers.
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Step 2: Inequality Satisfaction
For any p,q € M, we need to check the inequality:

£(6(Sp, Sq)) < Fa(§(L(p, q)), ML(p, ), 0(L(p, 2)))
First, we calculate L(p,q):

5(q,89)[1 + (p, Sq)] }
1+ s[d(p,q) + d(q, Sq)]

Substituting 6(p, q) = |p — ¢q|? and S(z) = %, we have:

Lp.q) = max{é(zo, 0),8(p, 5p). 50, Sq),

N O

6(q,8q) = ‘q— %‘2 =

A S,

2
P ¢ 1+ 5]
474 1 2flp— g + 4]

Now, using &(t) = ¢, A(t) = 3, and 0(t) = {:

L(p, q) = max {Ip —q)?,

4
€(o(sp. sa)) = 210

We substitute into the inequality:

lp—dq* < maX{L<p’q>7L(p,61)} _min{L(p,q)’ L(I%Q)} .

4 2

Step 3: Function Properties
The functions &, A, and 6 satisfy their respective definitions:

e &(t) = t: This is non-decreasing, continuous, and £(0) = 0.

o \(t) = %: This is non-decreasing, upper semi-continuous from the right, and
A(0) =0.

e 0(t) = : This is continuous, and 6(t) > 0 for all ¢ > 0.

The function Fg(p,q,7) = max{p,q} — min{q,r} is a generalized Cg-class
function:

e It is continuous.
e Fc(p,q,r) < max{p,q}.
b }—G(p7q’7”) =D lmphes that p= O7 q= 0’ or r = 0

Since all conditions are satisfied, the inequality holds, and thus the Theorem 2.1
is verified.
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3. Summary

In our result, the fixed points for Fg(&, A, 0)-generalized contraction with Cg-class
functions in complete b,(s)-metric spaces was proved. The recently introduced
concept of C'g-class functions was also discussed and developed with examples. The
results introduced in this research extends several well known comparable results in
metric spaces, b-metric spaces, rectangular b-metric spaces and v-generalized metric
by Branciari [6].
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