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Abstract. In this paper, we discuss the existence, uniqueness and stability of solutions
for a nonlocal boundary value problem of nonlinear fractional differential equations with
two Caputo fractional derivatives. By applying the contraction mapping and O’Regan
fixed point theorem, the existence results are obtained. We also derive the Ulam-Hyers
stability of solutions. Finally, some examples are given to illustrate our results.
Keywords: Caputo derivative, Fixed point, Existence, Uniqueness, Boundary value
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1. Introduction

Boundary value problems for fractional differential equations with nonlocal bound-
ary conditions constitute a very interesting and important class of problems (see
[4, 5]). Differential equations of fractional order with nonlocal boundary conditions
arise in a variety of different areas of applied mathematics and physics. For example,
heat conduction, chemical engineering, underground water flow, thermo-elasticity,
and plasma physics can be reduced to nonlocal problems with integral boundary
conditions. For more details, we refer the reader to [6, 25]. Recently, by applying
different fixed point theorems such as the Banach fixed point theorem, Schaefer’s
fixed point theorem, Krasnoselskii’s fixed point theorem, the Leray-Schauder non-
linear alternative and the fixed point theorem of O’Regan, many researchers have
obtained some interesting results of the existence and uniqueness of solutions to
boundary value problems for fractional differential equations with nonlocal bound-
ary value problems [1, 2, 7, 8, 9, 14, 15, 18, 23, 24] and the references therein.
Ulam’s stability problem [17] has been attracted by several famous researchers.
Since then, a large number of monographs have been published in connection with
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various generalizations of Ulam’s type stability theory or the Ulam-Hyers stability
theory. For some recent development on Ulam’s type stability, we refer the reader
to [3, 12, 16, 17, 19, 20, 21, 22]. The stability of fractional differential equations has
been investigated by many authors [19, 21, 22].

Motivated by the above papers, we study the existence, uniqueness and stability
of solutions to the following fractional boundary value problem with tow Caputo
fractional derivatives involving nonlocal boundary conditions:

(1.1)











Dα
(

Dβ + λ
)

x (t) = f (t, x (t)) +
∫ t

0
(t−s)σ−1

Γ(σ) f (s, x (s)) ds, t ∈ [0, T ] ,

x (0) = x0 + g (x) , x (T ) = θ
∫ η

0
(η−s)p−1

Γ(p) x (s) ds, 0 < η < T,

where Dα, Dβ denote the Caputo fractional derivatives, with 0 < α, β ≤ 1, 1 <
α + β ≤ 2, f : [0, T ] × R → R and g : C ([0, T ] ,R) → R are given continuous
functions, and σ, p > 0, λ, x0, θ are real constants In (1.1), g (x) may be regarded
as g (x) =

∑m
j=0 kjx (tj) , where kj , j = 1, ...,m are given constants and 0 < t0 <

... < tm ≤ 1.
The paper is organized as follows: In Section 2, we recall some preliminaries and
lemmas that we need in the sequel. In Section 3, we present our main results for
the existence, uniqueness and stability of solutions to the fractional boundary value
problem (1.1). Some examples to illustrate our results are presented in Section 4.

2. Preliminaries

In this section, we present some useful definitions and lemmas [10, 11, 13]:

Definition 2.1. The Riemann-Liouville fractional integral operator of order ϑ ≥
0, for a continuous function f on [a, b] is defined as:

Iϑf (t) = 1
Γ(ϑ)

∫ t

a

(t− τ)
ϑ−1

f (τ) dτ, ϑ > 0, a ≤ t ≤ b

I0f (t) = f (t) ,

where Γ (ϑ) :=
∫ +∞

0 e−uuϑ−1du.

Definition 2.2. The fractional derivative of f ∈ Cn ([a, b]) in Caputo’s sense is
defined as:

Dϑf (t) = 1
Γ(n−ϑ)

∫ t

a

(t− τ)n−ϑ−1
f (n) (τ) dτ, n− 1 < ϑ, n ∈ N∗, a ≤ t ≤ b.
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The following lemmas give some properties of Riemann-Liouville fractional in-
tegrals and the Caputo fractional derivative [10, 11]:

Lemma 2.1. Let ϑ, s > 0, f ∈ L1([a, b]). Then IϑIsf(t) = Iϑ+sf(t), DsIsf(t) =
f(t), t ∈ [a, b] .

Lemma 2.2. Let s > ϑ > 0, f ∈ L1([a, b]). Then DϑIsf(t) = Is−ϑf(t), t ∈ [a, b] .

We also give the following lemmas [10]:

Lemma 2.3. For ϑ > 0, the general solution to the fractional differential equation
Dϑx (t) = 0 is given by

x (t) = c0 + c1t+ c2t
2 + ...+ cn−1t

n−1,

where ci ∈ R, i = 0, 1, 2, .., n− 1, n = [ϑ] + 1.

Lemma 2.4. Let ϑ > 0. Then

IϑDϑx (t) = x(t) + c0 + c1t+ c2t
2 + ...+ cn−1t

n−1,

for some ci ∈ R, i = 0, 1, 2, ..., n− 1, n = [ϑ] + 1.

We also need the following auxiliary result:

Lemma 2.5. For a given h ∈ C ([0, T ] ,R) , the solution to the fractional boundary
value problem

(2.1)







Dα
(

Dβ + λ
)

x (t) = h (t) , t ∈ [0, T ] , 0 < α, β ≤ 1,

x (0) = x0 + g (x) , x (T ) = θIpx (η) ,

is given by

x (t)(2.2)

=

∫ t

0

(t− s)α+β−1

Γ (α+ β)
h (s) ds− λ

∫ t

0

(t− s)β−1

Γ (β)
x (s) ds

−
∆tβ

Γ (β + 1)

∫ T

0

(T − s)α+β−1

Γ (α+ β)
h (s) ds+

λ∆tβ

Γ (β + 1)

∫ T

0

(T − s)β−1

Γ (β)
x (s) ds

+
∆θtβ

Γ (β + 1)

∫ η

0

(η − s)
α+β+p−1

Γ (α+ β + p)
h (s) ds−

λ∆θtβ

Γ (β + 1)

∫ η

0

(η−s)β+p−1

Γ(β+p) x (s) ds

+

(

∆
(θηp − Γ (p+ 1)) tβ

Γ (p+ 1)Γ (β + 1)
+ 1

)

(x0 + g (x)) ,

where
(2.3)

∆ =
Γ (β + p+ 1)Γ (β + 1)

Γ (β + p+ 1)T β − Γ (β + 1) θηβ+p
,Γ (β + p+ 1)T β 6= Γ (β + 1) θηβ+p.
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Proof. By Lemmas 5 and 6, we have

(2.4) x (t) = Iα+βh (t)− λIβx (t)−
c0

Γ (β + 1)
tβ − c1,

for some arbitrary constants c0, c1 ∈ R.

Using the boundary condition: x (0) = x0 + g (x), we obtain

c1 = − (x0 + g (x)) .

Thanks to Lemma 3, we get

Ipx (t) = Iα+β+ph (t)− λIβ+px (t)− c0
Γ(β+p+1) t

p+β − c1
Γ(p+1) t

p.

Applying the boundary condition: x (T ) = θIpx (η) , we obtain

c0 = ∆
[

Iα+βh (T )− λIβx (T )− θIα+β+ph (η) + λθIβ+px (η)

− (θηp−Γ(p+1))
Γ(p+1) (x0 + g (x))

]

,

where ∆ defined by (2.3). Substituting the value of c0 and c1 in (2.4), we obtain
the solution (2.2).

In view of Lemma 4, we define the operator: φ : X → X as

φx (t)(2.5)

=

∫ t

0

(t− s)α+β−1

Γ (α+ β)
f (s, x (s)) ds− λ

∫ t

0

(t− s)β−1

Γ (β)
x (s) ds

−
∆tβ

Γ (β + 1)

∫ T

0

(T − s)
α+β−1

Γ (α+ β)
f (s, x (s)) ds+

λ∆tβ

Γ (β + 1)

∫ T

0

(T − s)
β−1

Γ (β)
x (s) ds

+
∆θtβ

Γ (β + 1)

∫ η

0

(η − s)
α+β+p−1

Γ (α+ β + p)
f (s, x (s)) ds−

λ∆θtβ

Γ (β + 1)

∫ η

0

(η−s)β+p−1

Γ(β+p) x (s) ds

+

(

∆
(θηp − Γ (p+ 1)) tβ

Γ (p+ 1)Γ (β + 1)
+ 1

)

(x0 + g (x)) ,

We also introduce the operators φ1, φ2 : X → X , such that

φ1x (t)(2.6)

=

∫ t

0

(t− s)
α+β−1

Γ (α+ β)
f (s, x (s)) ds− λ

∫ t

0

(t− s)
β−1

Γ (β)
x (s) ds

−
∆tβ

Γ (β + 1)

∫ T

0

(T − s)
α+β−1

Γ (α+ β)
f (s, x (s)) ds+

λ∆tβ

Γ (β + 1)

∫ T

0

(T − s)
β−1

Γ (β)
x (s) ds

+
∆θtβ

Γ (β + 1)

∫ η

0

(η − s)
α+β+p−1

Γ (α+ β + p)
f (s, x (s)) ds−

λ∆θtβ

Γ (β + 1)

∫ η

0

(η−s)β+p−1

Γ(β+p) x (s) ds,
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and

(2.7) φ2 (x) (t) =

(

∆
(θηp − Γ (p+ 1)) tβ

Γ (p+ 1)Γ (β + 1)
+ 1

)

(x0 + g (x)) .

Clearly

(2.8) φ (x) (t) = φ1x (t) + φ2x (t) , t ∈ [0, T ] .

3. Main Results

We denote by X = C([0, T ] ,R) the Banach space of all continuous functions from
[0, T ] into R endowed with a topology of uniform convergence with the norm defined
by ‖x‖ = sup {|x (t)| : t ∈ [0, T ]} .

For computational convenience, we set the notations:

Λ =
Tα+β

Γ (α+ β + 1)
+

Tα+β+σ

Γ (α+ β + σ + 1)
(3.1)

+
|∆|T β

Γ (β + 1)

[

Tα+β

Γ (α+ β + 1)
+

Tα+β+σ

Γ (α+ β + σ + 1)

+
|θ| ηα+β+p

Γ (α+ β + p+ 1)
+

|θ| ηα+β+p+σ

Γ (α+ β + p+ σ + 1)

]

,

(3.2) Λ1 =
|∆(θηp − Γ (p+ 1))|T β

Γ (p+ 1)Γ (β + 1)
+ 1,

(3.3) Λ2 =
|λ|T β

Γ (β + 1)

[

1 +
|∆| T β

Γ (β + 1)
+

|∆θ| ηβ+p

Γ (β + p+ 1)

]

,

and

ρ =

[

Tα+β

Γ (α+ β + 1)
+

Tα+β+σ

Γ (α+ β + σ + 1)
(3.4)

+
|∆|T β

Γ (β + 1)

(

Tα+β

Γ(α+β+1) +
Tα+β+σ

Γ (α+ β + σ + 1)

+
|θ| ηα+β+p

Γ (α+ β + p+ 1)
+

|θ| ηα+β+p+σ

Γ (α+ β + p+ σ + 1)

)]

‖γ‖ .

Now, we impose the following hypotheses:

(H1) : There exists a constant ω > 0 such that for all t ∈ [0, T ] and x, y ∈
C ([0, T ] ,R) , we have |f (t, x)− f (t, y)| ≤ ω ||x− y|| ,
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(H2) : There exists a positive constant ̟ < 1
Λ1

and a continuous function
ϕ : [0,∞) → [0,∞)such that ϕ (u) ≤ ̟u and |g (x)− g (y)| ≤ ̟ (‖x− y‖) , for all
x, y ∈ C ([0, T ]) .

(H3) : g (0) = 0.

(H4) : There exists a non-negative function γ (t) ∈ C ([0, T ] ,R) and there exists
a nondecreasing function ψ : [0,∞) → (0,∞) , such that |f (t, x)| ≤ γ (t)ψ (|x|) for
all (t, x) ∈ [0, T ]×X.

(H5) : sup
r∈(0,∞)

r
ρψ(r)+Λ1|x0|

> 1
1−(Λ2+Λ1̟) , where Λ1, ρ and Λ2 are given respec-

tively in (3.2), (3.3) and (3.4).

3.1. Existence and uniqueness of solutions

The first result is concerned with the existence and uniqueness of solutions to frac-
tional boundary value problems and is based on the Banach contraction principle.

Theorem 3.1. Let f : [0, T ] × R → R be a continuous function. Assume that
(H1) and (H2) hold. If the inequality

(3.5) Λω + Λ1̟ < 1− Λ2,

is valid, then the fractional boundary value problem (1.1) has a unique solution on
[0, T ].

Proof. For x, y ∈ X and by (H1) and (H2) we have:

‖φ (x) − φ (y)‖

≤ sup
t∈[0,T ]

{
∫ t

0

(t−s)α+β−1

Γ(α+β) |f (s, x (s))− f (s, y (s))| ds

+

∫ t

0

(t−s)α+β+σ−1

Γ(α+β+σ) |f (s, x (s))− f (s, y (s))| ds

+ |λ|

∫ t

0

(t−s)β−1

Γ(β) |x (s)− y (s)| ds

+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)α+β−1

Γ(α+β) |f (s, x (s))− f (s, y (s))| ds

+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)α+β+σ−1

Γ(α+β+σ) |f (s, x (s))− f (s, y (s))| ds

+ |λ||∆|tβ

Γ(β+1)

∫ T

0

(T−s)β−1

Γ(β) |x (s)− y (s)| ds

+ |∆||θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p) |f (s, x (s))− f (s, y (s))| ds
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+ |∆||θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ) |f (s, x (s))− f (s, y (s))| ds

+ |∆||θ|tβ

Γ(β+1)

∫ η

0

(η−s)β+p−1

Γ(β+p) |x (s)− y (s)| ds

+
(

|∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1) + 1
)

|g (x)− g (y)|
}

≤ sup
t∈[0,T ]

{[
∫ t

0

(t−s)α+β−1

Γ(α+β) ds+

∫ t

0

(t−s)α+β+σ−1

Γ(α+β+σ) ds

+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)α+β−1

Γ(α+β) ds+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)α+β+σ−1

Γ(α+β+σ) ds

+ |∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p) ds+ |∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ) ds

]

ω

+ |λ|

[

∫ t

0

(t−s)β−1

Γ(β) ds+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)β−1

Γ(β) ds

+ |∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)β+p−1

Γ(β+p) ds

]

+
(

|∆(θηp−Γ(p+1))|tβ

Γ(p+1)Γ(β+1) + 1
)

̟

}

‖x− y‖

≤
{[

Tα+β

Γ(α+β+1) +
Tα+β+σ

Γ(α+β+σ+1) +
|∆|Tβ

Γ(β+1)

(

Tα+β

Γ(α+β+1)

+ Tα+β+σ

Γ(α+β+σ+1) +
|θ|ηα+β+p

Γ(α+β+p+1) +
|θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

)]

ω

+
[

|λ|Tβ

Γ(β+1)

(

1 + |∆|Tβ

Γ(β+1) +
|∆θ|ηβ+p

Γ(β+p+1)

)]

+
(

|∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1) + 1
)

̟
}

‖x− y‖

= (Λω + Λ2 + Λ1̟) ‖x− y‖ .

Thanks to (3.5), we conclude that φ is a contraction. As a consequence of the
Banach fixed point theorem, we deduce that φ has a fixed point which is a solution
to the fractional boundary value problem (1.1).

In the next result, we prove the existence of solutions to the fractional boundary
value problem by applying the following Lemma.

Lemma 3.1. (O’Regan Lemma) [15]. Denote by V an open set in a closed, convex

set C of a Banach space E. Assume 0 ∈ V . Also assume that φ
(

V
)

is bounded

and that φ : V → C is given by φ = φ1+φ2, in which φ1 : V → E is continuous and

completely continuous and φ2 : V → E is a nonlinear contraction (i.e., there exists
a nonnegative nondecreasing function ϕ : (0,∞) → (0,∞) satisfying ϕ (u) < u for

v > 0 such that ‖φ2 (x)− φ2 (y)‖ ≤ ϕ ‖x− y‖ for all x, y ∈ V ). Then, either

(I) : φ has a fixed point x ∈ V ; or

(II) : there exists a point x ∈ ∂V and 0 < µ < 1 with x = µφ (x), where V
(respectively ∂V ) represents the closure (respectively the boundary) of V.
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Let
Ω := {x ∈ C ([0, T ] ,R) : ‖x‖ < δ} ,

and denote the maximum number by

Nδ := max {|f (t, x)| : (t, x) ∈ [0, T ]× [δ,−δ]} .

Theorem 3.2. Let f : [0, T ] × R → R be a continuous function. Suppose that
(H2) , (H3) , (H4) and (H5) are satisfied.

Then the boundary value problem (1.1) has at least one solution on [0, T ].

Proof. Consider the operator φ : X → X defined by:

φ (x) (t) := φ1 (x) (t) + φ2 (x) (t) , t ∈ [0, T ] ,

where the operators φ1 and φ2 are defined respectively in (2.6) and (2.7).

From (H5) there exists a number δ0 > 0 such that

(3.6)
δ0

ρψ (δ0) + Λ1 |x0|
>

1

1− (Λ2 + Λ1̟)
.

We shall prove that the operators φ1 and φ2 satisfy all the conditions in Lemma 9.

Step1 : We show that the operator φ1 : Ωδ0 → X is continuous and completely
continuous. Let us consider the set

(3.7) Ωδ0 := {x ∈ C ([0, T ] ,R) : ‖x‖ ≤ δ0} ,

and show that φ1
(

Ωδ0
)

is bounded. For each x ∈ Ωδ0 , we have

‖φ1 (x)‖

≤ sup
t∈[0,T ]

{

∫ t

0

(t− s)α+β−1

Γ (α+ β)
|f (s, x (s))| ds+

∫ t

0

(t− s)α+β+σ−1

Γ (α+ β + σ)
|f (s, x (s))| ds

+ |λ|

∫ t

0

(t−s)β−1

Γ(β) |x (s)| ds+ |∆|tβ

Γ(β+1)

[

∫ T

0

(T−s)α+β−1

Γ(α+β) |f (s, x (s))| ds

+

∫ T

0

(T−s)α+β+σ−1

Γ(α+β+σ) |f (s, x (s))| ds+ |λ|

∫ T

0

(T−s)β−1

Γ(β) |x (s)| ds

+ |θ|

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p) |f (s, x (s))| ds+ |θ|

∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ) |f (s, x (s))| ds

+ |λθ|

∫ η

0

(η−s)β+p−1

Γ(β+p) |x (s)| ds

]}

≤
[

Tα+β

Γ(α+β+1) +
Tα+β+σ

Γ(α+β+σ+1) +
|∆|Tβ

Γ(β+1)

(

Tα+β

Γ(α+β+1)

+ Tα+β+σ

Γ(α+β+σ+1) +
|θ|ηα+β+p

Γ(α+β+p+1) +
|θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

)]

Nδ0 ‖γ‖

+ |λ|Tβ

Γ(β+1)

(

1 + |∆|Tβ

Γ(β+1) +
|∆θ|ηβ+p

Γ(β+p+1)

)

δ0

= ΛNδ0 ‖γ‖+ Λ2δ0.
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Thus the operator φ1
(

Ωδ0
)

is uniformly bounded. For any 0 ≤ t1 < t2 ≤ T , we
have

|φ1x (t2)− φ1x (t1)|

≤
∫ t1

0

[(t2−s)α+β−1−(t1−s)α+β−1]
Γ(α+β)

|f (s, x (s))| ds+
∫ t2

t1

(t2−s)α+β−1

Γ(α+β)
|f (s, x (s))| ds

+

∫ t1

0

[(t2−s)α+β+σ−1−(t1−s)α+β+σ−1]
Γ(α+β+σ)

|f (s, x (s))| ds+
∫ t2

t1

(t2−s)α+β+σ−1

Γ(α+β+σ)
|f (s, x (s))| ds

+ |λ|
∫ t1

0

[(t2−s)β−1−(t1−s)β−1]
Γ(β)

|x (s)| ds+ |λ|
∫ t2

t1

(t2−s)β−1

Γ(β)
|x (s)| ds

+

∣

∣

∣
t
β
2−tβ1

∣

∣

∣

Γ(β+1)

[

|∆|
∫ T

0

(T−s)α+β−1

Γ(α+β)
|f (s, x (s))| ds+ |∆|

∫ T

0

(T−s)α+β+σ−1

Γ(α+β+σ)
|f (s, x (s))| ds

+ |λ∆|
∫ T

0

(T−s)β−1

Γ(β)
|x (s)| ds+ |∆θ|

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p)
|f (s, x (s))| ds

+ |∆θ|
∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ)
|f (s, x (s))| ds+ |λ∆θ|

∫ η

0

(η−s)β+p−1

Γ(β+p)
|x (s)| ds

]

≤
Nδ0 ‖γ‖

Γ (α+ β + 1)

∣

∣

∣
t
α+β
2 − t

α+β
1

∣

∣

∣
+

Nδ0 ‖γ‖

Γ (α+ β + σ + 1)

∣

∣

∣
t
α+β+σ

2 − t
α+β+σ

1

∣

∣

∣

+

[

|∆|Nδ0 ‖γ‖

Γ (β + 1)

(

Tα+β

Γ (α+ β + 1)
+

Tα+β+σ

Γ (α+ β + σ + 1)

+
|θ| ηα+β+p

Γ (α+ β + p+ 1)
+

|θ| ηα+β+p+σ

Γ (α+ β + p+ σ + 1)

)

+
|λ| δ0

Γ (β + 1)

(

1 +
|∆|T β

Γ (β + 1)
+

|∆θ| ηβ+p

Γ (β + p+ 1)

)]

∣

∣

∣
t
β
2 − t

β
1

∣

∣

∣
,

which is independent of x and tends to zero as t2 → t1. Thus, φ1 is equicontinuous.
Hence, by the Arzelà–Ascoli theorem, φ1

(

Ωδ0
)

is a relatively compact set. Now,

let the sequence xn ⊂ Ωδ0 with xn → x. Then xn (t) → x (t) uniformly valid on
[0, T ] , then for each t ∈ [0, T ], we have. From the uniform continuity of f (t, x) on
the compact set [0, T ] × [δ0,−δ0], it follows that ‖f (t, xn (t))− f (t, x (t))‖ → 0 is
uniformly valid on J. Hence ‖φ1 (xn) (t)− φ1 (x) (t)‖ → 0 as n → ∞, which proves
the continuity of φ1

(

Ωδ0
)

.

Step2 : The operator φ2 : Ωδ0 → X is contractive, this is the consequence of
(H2) .

Step3 : The set φ2
(

Ωδ0
)

is bounded. For any x ∈ Ωδ0 and by (H2) and (H3),
we have

‖φ2 (x)‖ ≤ Λ1 (|x0|+̟δ0) ,

combining, with the set φ1
(

Ωδ0
)

being bounded, then the set φ
(

Ωδ0
)

is bounded.
Step4 : Finally, will be show that the case (II) in Lemma 9 does not hold. On the
contrary, we suppose that (II) holds. Then, there exist µ ∈ (0, 1) and x ∈ ∂Ωδ0 ,
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such that x = µφ (x) . So we have ‖x‖ = δ0 and

x (t)

= µ

[
∫ t

0

(t−s)α+β−1

Γ(α+β) f (s, x (s)) ds+

∫ t

0

(t−s)α+β+σ−1

Γ(α+β+σ) f (s, x (s)) ds

−λ

∫ t

0

(t−s)β−1

Γ(β) x (s) ds− ∆tβ

Γ(β+1)

∫ T

0

(T−s)α+β−1

Γ(α+β) f (s, x (s)) ds

− ∆tβ

Γ(β+1)

∫ T

0

(T−s)α+β+σ−1

Γ(α+β+σ) f (s, x (s)) ds+ λ∆tβ

Γ(β+1)

∫ T

0

(T−s)β−1

Γ(β) x (s) ds

+ ∆θtβ

Γ(β+1)

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p) f (s, x (s)) ds+ ∆θtβ

Γ(β+1)

∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ) f (s, x (s)) ds

− λ∆θtβ

Γ(β+1)

∫ η

0

(η−s)β+p−1

Γ(β+p) x (s) ds+
(

∆(θηp−Γ(p+1))tβ

Γ(p+1)Γ(β+1) + 1
)

(x0 + g (x))

]

, t ∈ [0, T ] .

Using the hypotheses (H3)− (H5) we get

‖x‖ ≤

[

∫ t

0

(t− s)
α+β−1

Γ (α+ β)
γ (s) ds+

∫ t

0

(t− s)
α+β+σ−1

Γ (α+ β + σ)
γ (s) ds

+
|∆| tβ

Γ (β + 1)

∫ T

0

(T − s)
α+β−1

Γ (α+ β)
γ (s) ds

+
|∆| tβ

Γ (β + 1)

∫ T

0

(T − s)α+β+σ−1

Γ (α+ β + σ)
γ (s) ds

+ |∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p−1

Γ(α+β+p) γ (s) ds

+ |∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)α+β+p+σ−1

Γ(α+β+p+σ) γ (s) ds

]

ψ (‖x‖)

+ |λ|

[

∫ t

0

(t−s)β−1

Γ(β) ds+ |∆|tβ

Γ(β+1)

∫ T

0

(T−s)β−1

Γ(β) ds

|∆θ|tβ

Γ(β+1)

∫ η

0

(η−s)β+p−1

Γ(β+p) ds

]

‖x‖

+
(

|∆(θηp−Γ(p+1))|tβ

Γ(p+1)Γ(β+1) + 1
)

(x0 +̟ ‖x‖) .

By (3.3) and (3.7), we obtain

δ0 ≤
[

Tα+β

Γ(α+β+1) +
Tα+β+σ

Γ(α+β+σ+1) +
|∆|Tβ

Γ(β+1)

(

Tα+β

Γ(α+β+1) +
Tα+β+σ

Γ(α+β+σ+1)

+ |θ|ηα+β+p

Γ(α+β+p+1) +
|θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

)]

‖ρ‖ψ (δ0)

+
[

|λ|Tβ

Γ(β+1)

(

1 + |∆|Tβ

Γ(β+1) +
|∆θ|ηβ+p

Γ(β+p+1)

)

+
(

|∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1) + 1
)

̟
]

δ0

+
(

|∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1) + 1
)

|x0| ,
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which implies
δ0 ≤ ρψ (δ0) + (Λ2 + Λ1̟) δ0 + Λ1 |x0| .

However,
δ0

ρψ (δ0) + Λ1 |x0|
≤

1

1− (Λ2 + Λ1̟)
,

which contradicts (3.6). Consequently, the operators φ1 and φ2 satisfy all the
conditions in Lemma 9. Hence, the operator φ has at least one fixed point x ∈ Ωδ0 ,
which is the solution of the fractional boundary value problem (1.1). This completes
the proof.

3.2. Ulam-Hyers stability

In this section, we will study Ulam’s type stability of the fractional boundary value
problem (1.1).

Let ε > 0, we consider the equation

Dα
(

Dβ + λ
)

x (t) = f (t, x (t)) +

∫ t

0

(t−s)σ−1

Γ(σ) f (s, x (s)) ds

and the following inequality

(3.8)

∣

∣

∣

∣

Dα
(

Dβ + λ
)

y (t)− f (t, y (t))−

∫ t

0

(t−s)σ−1

Γ(σ) f (s, y (s)) ds

∣

∣

∣

∣

≤ ε, t ∈ [0, T ] ,

with y (0) = y0 + g (y) , y (T ) = θIpy (η) .

Definition 3.1. The fractional boundary value problem (1.1) is Ulam-Hyers stable
if there exists a real number k > 0 such that for each solution y ∈ X to the inequality
(3.8) there exists a solution x ∈ X of the fractional boundary value problem (1.1)
with

‖x− y‖ ≤ kε.

Definition 3.2. The fractional boundary value problem (1.1) is generalized Ulam-
Hyers stable if there exists z ∈ C (R+,R+) , z (0) = 0 such that for each solution
y ∈ X to the inequality (3.8), there exists a solution x ∈ X of the fractional
boundary value problem (1.1) with

‖x− y‖ ≤ z (ε) .

Theorem 3.3. Let f : [0, T ] × R → R be a continuous function. Suppose that
(H1)− (H4) holds. In addition, we assume that:

(H6) sup
t∈[0,T ]

∣

∣Dα
(

Dβ + λ
)

x (t)
∣

∣ ≥ ΛNδ0 ‖γ‖+ (Λ2 + Λ1̟) δ0 + Λ1 |x0| .

If

(3.9) ω <
Γ (σ + 1)

[Γ (σ + 1) + T σ]
,

then the fractional boundary value problem (1.1) has the Ulam-Hyers stability in X.
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Proof. For each ε > 0, y ∈ X, we have

∣

∣

∣

∣

Dα
(

Dβ + λ
)

y (t)− f (t, y (t))−

∫ t

0

(t−s)σ−1

Γ(σ) f (s, y (s)) ds

∣

∣

∣

∣

≤ ε,

with y (0) = y0 + g (y) , y (T ) = θIpy (η) .

Let us denote by x ∈ X the unique solution of the fractional boundary value
problem(1.1).

According to the assumptions of Theorem 8, we have

|x (t)| ≤ ΛNδ0 ‖γ‖+ (Λ2 + Λ1̟) δ0 + Λ1 |x0| , t ∈ [0, T ] .

By (H6), we get

sup
t∈[0,T ]

|x (t)| ≤ sup
t∈[0,T ]

∣

∣Dα
(

Dβ + λ
)

x (t)
∣

∣ .

Then

sup
t∈[0,T ]

|x (t)− y (t)| ≤ sup
t∈[0,T ]

∣

∣Dα
(

Dβ + λ
)

(x (t)− y (t))
∣

∣

≤ sup
t∈[0,T ]

∣

∣

∣

∣

Dα
(

Dβ + λ
)

x (t)− f (t, x (t))−

∫ t

0

(t−s)σ−1

Γ(σ) f (s, x (s)) ds

−Dα
(

Dβ + λ
)

y (t) + f (t, y (t)) +

∫ t

0

(t−s)σ−1

Γ(σ) f (s, y (s)) ds

+f (t, x (t)) +

∫ t

0

(t−s)σ−1

Γ(σ) f (s, x (s)) ds

−f (t, y (t))−

∫ t

0

(t−s)σ−1

Γ(σ) f (s, y (s)) ds

∣

∣

∣

∣

≤ 2ε+
(

1 + Tσ

Γ(σ+1)

)

ω sup
t∈[0,T ]

|x (t)− y (t)| .

Hence

‖x− y‖ ≤ 2

1−(1+ Tσ

Γ(σ+1) )ω
ε = kε.

Thus, the fractional boundary value problem (1.1) has the Ulam-Hyers stability in
X .

Remark 3.1. By putting z (ε) = kε, z (ε) = 0 yields that the fractional boundary value
problem (1.1) has the generalized Ulam-Hyers stability in X.

4. Examples

To illustrate our main results, we treat the following examples.
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Example 4.1. Let us consider the following fractional boundary value problem:

(4.1)































D
1
2

(

D
1
2 + 3

20

)

x (t) =

(

e−πt|x(t)|
(25

√
π+e−πt)(1+|x(t)|) +

1
2
+ cosh

(

t2 + 2
)

)

+
∫ t

0

(t−s)
3
2

Γ( 5
2 )

(

e−πs|x(s)|
(25

√
π+e−πs)(1+|x(s)|) +

1
2
+ cosh

(

s2 + 2
)

)

ds, t ∈ [0, 1] ,

x (0) =
√

2
3

+ 1
19
x (ζ) , x (1) = 5

6

∫ 1
4
0

( 1
4
−s)

1
3

Γ( 4
3 )

ds, 0 < ζ < 1.

with α = 1
2
, β = 1

2
, λ = 3

20
, σ = 5

2
, θ = 5

6
, p = 4

3
, η = 1

4
and

f(t, x) = e−πt|x(t)|
(25

√
π+e−πt)(1+|x(t)|) +

1

2
+ cosh

(

t
2 + 2

)

, g (x) =
3

7
x (ζ) .

Let x, y ∈ R and t ∈ [0, 1] . Then

|f (t, x)− f (t, y)| ≤ e−πt

(25
√
π+e−πt)

|x− y| ≤ 1
25

√
π+e−π |x− y| .

Hence the condition (H1) holds with ω = 1
25

√
π+e−π . Also, for x, y ∈ C [0, 1] , we have

|g (t, x)− g (t, y)| ≤ 1

19
|x− y| .

Hence (H2) is satisfied with ̟ = 1
19
. We can find that

∆ : = Γ(β+p+1)Γ(β+1)

Γ(β+p+1)Tβ−Γ(β+1)θηβ+p = 0.917 16,

Λ : = Tα+β

Γ(α+β+1)
+ Tα+β+σ

Γ(α+β+σ+1)
+ |∆|Tβ

Γ(β+1)

(

Tα+β

Γ(α+β+1)

+ Tα+β+σ

Γ(α+β+σ+1)
+ |θ|ηα+β+p

Γ(α+β+p+1)
+ |θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

)

= 2. 222 1,

Λ1 : = |∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1)
+ 1 = 1.920 83,

Λ2 : = |λ|Tβ

Γ(β+1)

(

1 + |∆|Tβ

Γ(β+1)
+ |∆θ|ηβ+p

Γ(β+p+1)

)

= 0.350 33.

Therefore, we have
Λω + Λ1̟ < 1− Λ2.

Hence, by Theorem 6, the fractional boundary value problem (4.1) has a unique solution
on [0, 1] .

Example 4.2. Consider the following fractional boundary value problem:

(4.2)



































D
3
7

(

D
1
2e + 1

17

)

x (t) =
tanh(t+e1−t)

√
(1+t) sin(x2−1)

e
1+3t

5 (|x|+t2+1)

+
∫ t

0

(t−s)
e2

3
−1

Γ
(

e2

3

)

(

tanh(t+e1−t)
√

(1+t) sin(x2(s)−1)

25e
1+3t

5 (|x(s)|+t2+1)

)

ds, t ∈ [0, 1] ,

x (0) = 1
9
+ ln 3

11
x (ξ) , x (1) = 1

10

∫ 2
7

0

( 2
7
−s)

1
7

Γ( 8
7 )

ds, 0 < ξ < 1,

with α = 3
7
, β = 1

2e
, λ = 1

17
, σ = e2

3
, x0 = 1

9
, θ = 1

10
, p = 8

7
, η = 2

7
and f(t, x) =

tanh(t+e1−t)
√

(1+t) sin(x2−1)

25e
1+3t

5 (|x|+t2+1)
, g (x) = ln 3

11
x (ζ) .



354 M. Houas and M. Bezziou

For any x, y ∈ C [0, 1] , we have

|g (x)− g (y)| ≤ ln 3

11
‖x− y‖ ,

which implies that the function g (x) = ln 3
11
x (ζ) is contractive. Moreover, g (0) = 0. Hence,

the condition (H3) is satisfied. Also for x, y ∈ and t ∈ [0, 1] , we have

|f (t, x)| ≤ tanh
(

t+ e1−t
)
√

(1 + t)

25e
1+3t

5

(|x| − 1) .

So, we take γ (t) =
tanh(t+e1−t)

√
(1+t)

25e
1+3t

5

and ψ (|x|) = |x| + 1, then the condition (H4) is

satisfied. With the given values, it is found that

‖γ‖ = 4.5912 × 10−2
,

ρ : =
[

Tα+β

Γ(α+β+1)
+ Tα+β+σ

Γ(α+β+σ+1)
+ |∆|Tβ

Γ(β+1)

(

Tα+β

Γ(α+β+1)

+ Tα+β+σ

Γ(α+β+σ+1)
+ |θ|ηα+β+p

Γ(α+β+p+1)
+ |θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

)]

‖γ‖ = 0.135 10,

∆ : = Γ(β+p+1)Γ(β+1)

Γ(β+p+1)Tβ−Γ(β+1)θηβ+p = 0.936 41,

Λ : = Tα+β

Γ(α+β+1)
+ Tα+β+σ

Γ(α+β+σ+1)
+ |∆|Tβ

Γ(β+1)

[

Tα+β

Γ(α+β+1)

+ Tα+β+σ

Γ(α+β+σ+1)
+ |θ|ηα+β+p

Γ(α+β+p+1)
+ |θ|ηα+β+p+σ

Γ(α+β+p+σ+1)

]

= 2. 563 6,

Λ1 : = |∆(θηp−Γ(p+1))|Tβ

Γ(p+1)Γ(β+1)
+ 1 = 1.992 30,

Λ2 : = |λ|Tβ

Γ(β+1)

(

1 + |∆|Tβ

Γ(β+1)
+ |∆θ|ηβ+p

Γ(β+p+1)

)

= 0.129 43.

and the condition
δ0

Λ1|x0|+ρψ(δ0)
> 1

1−(Λ1̟+Λ2)
,

implies that δ0 > 0.622 71. Clearly all the conditions of Theorem 10 are satisfied. Hence by
the conclusion of Theorem 10, the fractional boundary value problem (4.2) has a solution
on [0, 1] .

Example 4.3. Consider:
(4.3)






















D
2
3

(

D
5
6 + 2

19

)

x (t) = 1
23(ln(t+1)+1)

(

sinh t+ |x(t)|
1+|x(t)| + |x (t)|

)

+ 1 + ln (t+ 3)

+
∫ t

0

(t−s)
1
3

Γ( 4
3 )

(

1
23(ln(t+1)+1)

(

sinh t+ |x(s)|
1+|x(s)| + |x (s)|

)

+ 1 + ln (s+ 3)
)

ds, t ∈ [0, 1] ,

x (0) =
∑n

i=1 ci
|x(ti)|

1+|x(ti)| , x (1) =
√
2
∫ 1

3
0

( 1
3
−s)

1
6

Γ( 7
6 )

ds.

where 0 < t1 < t2 < ... < tn < 1, ci, i = 1, 2, ..., n, are given positive constants with

∑n

i=1 ci <
1
2
.

Consider the fractional boundary value problem (4.3), with, α = 3
2
, β = 5

6
, λ =

2
19
, σ = 4

3
, θ =

√
2, p = 7

6
, η = 1

3
and f(t, x) = e−πt|x(t)|

(25
√
π+e−πt)(1+|x(t)|) + 1

2
+ cosh

(

t2 + 2
)

,

g (x) =
∑n

i=1 ci
|x(ti)|

1+|x(ti)| .
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Let t ∈ [0, 1] and x, y ∈ R. Then

|f(t, x)− f(t, y)| ≤
∣

∣

∣

∣

1

23 (ln (t+ 1) + 1)

∣

∣

∣

∣

|x− y| ≤ 1

23
|x− y| .

Hence the condition (H1) holds with ω = 1
23
. Also, for any x, y ∈ C ([0, 1]) , we have

|g(x)− g(y)| ≤
n
∑

i=1

ci |x− y| .

So, (H2) is satisfied with ̟ =
∑n

i=1 ci <
1
2
.

Thus the condition

ω = 4. 347 8× 10−2
<

Γ (σ + 1)

[Γ (σ + 1) + T σ]
= 0.543 5.

is satisfied. It follows from Theorem 8 that the fractional boundary value problem (4.3) has
a unique solution on [0, 1], and from Theorem 13, the fractional boundary value problem
(4.3) has the Ulam-Hyers stability.
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