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Abstract. Let G be a group and S be an inverse-closed subset of G which does not
contain the identity element of G. The Cayley graph of G with respect to S, Cay(G, S),
is a graph with the vertex set G and the edge set {{g,sg} | g € G,s € S}. In this
paper, we compute the number of walks of any length between two arbitrary vertices of
Cay(G, S) in terms of complex irreducible representations of G. Using our main result,
we give exact formulas for the number of walks of any length between two vertices
in complete graphs, cycles, complete bipartite graphs, Hamming graphs and complete
transposition graphs.
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1. Introduction

Let G be a finite group and S be an inverse-closed subset of G not containing the
identity element of G. The Cayley graph on G with respect to S, Cay(G, S), is a
graph with the vertex set G and the edge set {{g,s9} | g € G,s € S}. Cay(G,S) is
an undirected loop-free regular graph of valency |S|. Many famous regular graphs
can be represented as Cayley graphs. For example, cycles, complete graphs, Ham-
ming graphs and complete transposition graphs are Cayley graphs. Some chemical
graphs are Cayley graphs as well. For instance, the Buckyball, a soccer ball like
molecule which consists of 60 carbon atoms, is a Cayley graph on the alternating
group As on 5 symbols with the connection set {(12345), (54321), (12)(23)} [5, p.
209]. Also, the honeycomb toroidal graph is a Cayley graph on a generalized di-
hedral group [1, Theorem 3.4]. Since Cayley graphs possess many properties such
as low degree, low diameter, symmetry, low congestion, high connectivity, high
fault tolerance, and efficient routing algorithms, in the past several years there has
been a spurt of research on using Cayley graphs in constructions of interconnection
networks. For more details see [7].

A walk of length r from vertex x to vertex y in a graph I' is a sequence of
vertices (vg,v1,...,v,) such that v = x, v, = y and v;_1 is adjacent to v; for all
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1 <4 <r. If x =y then the walk is called a closed walk of length r at vertex z.
The number of walks in a graph is often necessary in, for instance, network analysis,
epidemiology (requiring slow diffusion of viruses) and network design (aiming for
fast data propagation) [3]. Also walks in molecular graphs and their counts for a
long time have found applications in theoretical chemistry [6]. Furthermore, using
counting closed walks, many non-Cayley vertex-transitive graphs are constructed
[10, 11, 12, 13]. So it seems that computing the number of walks in Cayley graphs is
important in graph theory. In this paper, we give an exact formula for the number
of walks of any length between two vertices of a Cayley graph on a group G in
terms of irreducible representations of G. For the representation group’s theoretic
and graph theoretic terminology not defined here, we refer the reader to [9] and [5],
respectively.

2. Main Results

Let G be a finite group and C[G] be the complex vector space of dimension |G|
with basis {e, | ¢ € G}. We identify C[G] with the vector space of all complex-
valued functions on G. Thus a function ¢ : G — C corresponds to the vector
¢ =2 ,ec Plg)eg and vice versa. In particular, the vector ey, where g € G, of the
standard basis corresponds to the function ey, where

eg(h)—{ (1) Z;g

Let A = [azy)s.yec be the adjacency matrix of I' = Cay(G, S), S = S~ C
G\ {1}, where

[ 1 aytes
Gy =19 0 Ty 1¢sS

Then viewing A as a linear map on C[G], we have

(2.1) Ae, = Z Ay wCy = Z ey = Ze“'

yeG yeG,yz—1esS s€S

Let w,(T;2,y) be the number of walks of length k from the vertex x to the
vertex y in a graph I We denote this by w,(z,y) when there is no ambiguity.
Recall that for a graph T" with adjacency matrix A, w,(T; z,y) is the zy-entry of A"
[5, Lemma 8.1.2]. In particular, wr(I') := >_, v wr(I'; 2, 7), the total number of
closed walks of length 7, is the trace of A which is equal to the sum of rth powers of
the adjacency eigenvalues of T' [5, p. 165]. Let us start with an important lemma:

Lemma 2.1. Let A be the adjacency matriz of I' = Cay(G, S). Then

ATe, = Z wr(z,y)ey.

yeG
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Proof. 'We use induction on 7. Since by (2.1), Ae, = >, g €se, and

1 yztes
aaea)={ o WL 5%

the induction holds for r = 1. Now let » > 2 and the result hold for » — 1. Since
there exists a walk of length r from « to y if and only if there exists a walk of length
r —1 of x to z where yz=! € S, we have

(2.2)

Now we have

A"e,

wr(z,y) = Z wr_1(x, s 1y).

seS
A(A™ te,)
A( Z wr—1(x, y)ey) (by induction hypothesis)
yeG
Z erl(xa y)Aey
yeG
> il y)(Dew) by (21)
yeG seS
Z ZwT_l(:C, s 12)e,
z€G seS
ZwT(x,z)ez, (by (2.2))
zeG

which completes the proof. [

Lemma 2.2. Let A be the adjacency matriz of I' = Cay(G, S). Then

s —
A €x = § €s,.5._1...51%"

81,..+,87€S

Proof. 'We prove the result by induction. By 2.1, we have Ae, = ) _ges
which proves the result for » = 1. Let > 2 and the result holds for r — 1. Then

A'e, =

A(A™ ley)

Z esr,lsr,2___51m) (by induction hypothesis)

51,.0,87—1€S

E Aes, _ys,_s..512

81,..,8r—1E€S

S Y e by 21)

S1,..,8r—1ES $.€S

§ eSTSTfl...51I7
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which completes the proof. [

Let Irr(G) = {p1, - - ., pm | be the set of all irreducible inequivalent C-representations
of G. Let dj, and o®) be the degree and a unitary matrix representation of py,
k = 1,...,m, respectively. We keep these notations throughout the paper. In
the following lemma, which seems to be well-known, the authors constructed an
orthogonal basis for C[G] using the matrix representations o(¥), 1 < k < m.

Lemma 2.3. ([2, Lemma 1]) Let ggf) (9) be the ijth entry of 0% (g), 1 < i,j < dy,
and 51(?) = quG QEJ)(g)eg. Then

(1) {@Ef) |1 <k<m,1<1i,75<d} form an orthogonal basis for C[G],

(1) preg(y )Qw El 1911 ( )sz yforallge Gand 1 <i,5 <d;, 1 <k <m,
where preg 15 the left reqular representation of G,

(iii) C[G] = Pj- 1@(1’“ W(k), where W( ) = = (0, o\ | 1 < i < dg) which is a

Preg-invariant subspace of ClqG] of dzmenswn dk

Now we are ready to prove our main result. Let us denote the ij entry of a
matrix X by [X];;. Then we have the following theorem.

Theorem 2.1. Let I' = Cay(G,S), 1 ¢ S = S™! and Irr(G) = {p1,.--,pm}-
Then

r(2,9) |G|izdk[zg T} [(k)( )Lz

k=11,7=1 ses

Proof.  First, recall that the adjacency matrix A of I' can be viewed as a linear
map on C[G] and by Lemma C[G] = @;-, @?il Wj(k), where Wj(k) = (o o) |
1 < i < dj) which is a preg-invariant subspace of C[G] of dimension dy. Slnce

A"e, € C[G], there exist complex numbers agj), 1 < 4,5 <dj such that

(2.3) Z Z ol

k=11,5=1

On the other hand, agf) = ﬁ where (u,v) denotes the usual inner product
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of v and v in complex field vector spaces. Furthermore,

_(k k
(A"eq, Q§J)> = Z €55 1..517 Z g( g g)eg) (by Lemma 2.2)
S1yeees sreS geG
k
= Z 657‘57' 1...81%) Z Q( )
81,.,80ES geqG

- Y S )

81,...,5r€5 g€G

- Z Qgg)(srsr—l ce Sl.’IJ)

S1,eers sr€ES
= Z [g(k) () ... o™ (sl)g(k) (:1:)} ~ (since o™ is a homomorphism)
S1,...,80E€S *
= | X M6 e PP @)
81,..,87ES *
= (32 6™ (D2 oM (1o (@)
" spES s1€S 7
— Zgw ) o) ( )} ,
L SES lj
Also
k % %
(0 oy = ZQ( ) (9)eg: > Q( '(h
geqd heG
_ Z g(k) Z g(k) h)(eg, en)
geG heG
- Z Q(k) QZJ
geG
= Z Q(k) gz(f) (9) (since o™ is unitary)
geG
_ ¢l s relati
= 3 (by Schur’s relations).
k

Hence agf) = % [(Zses 0¥ (5))" o*) (ZC)} . Now from the equality (2.3), Lemma
ij

2.1 and this fact that @Z(-I?) = gec Q;l;) (g7 1)ey, we have

= 30 3 (e wr] ()

k=11,5=1 sES 7t

which completes the proof. O

Keeping the notations of Theorem 2.1, since ¢(®) (1) = I, , we have the following
direct consequence.
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Corollary 2.1.
we (I, x) Z di Tr| Z 0¥ (s
|G| sesS
where Tr[X] denotes the trace of matriz X. In particular,

Z di Tr[( Z g(k)

seS

Corollary 2.2. ([15, Theorem 2]) LetT' = Cay(G,S) and 1 ¢ S = S~! be a union
of conjugacy classes of G. Then

~ (Cses Xk(s) Xk (zy ™)
wp(z,y) = FZ i 1 .
In particular, if G is abelian then
|G|
Z D X)) xulay ™).
k 1 seS

Proof. First, note that S is a union of conjugacy classes if and only if for all
g € G we have g=1Sg = S. Thus for all g € G, we have

o™ (g™ oM(5))e™ (g) > o™ (g7 sg)

ses ses

Z oM (s) (since g71Sg = 9).

ses

Hence by Schur’s Lemma, Y, 4 0% (s) = éTr(Zses o) (s))Iy, = Es%:‘k(s)]dk
Now the result follows from Theorem 2.1. [

Let G = (a) & Z, be a cyclic group of order n. Then Irr(G) = {x; | i =
0,...,n— 1}, where xx(a") = exp(2mikr/n).

Corollary 2.3. (See also [14]) Let K,, be a complete graph with n vertices. Then

M- -1ty
Wr(anTvy) - { anl((n _ 1)7"71 — (—1)7"71) xr =1y.

Proof. Let G = (a) be a cyclic group of order n and S = G \ {1}. Then for all
g€ G, g 1Sg =S and K,, = Cay(G, S). Hence, by Corollary 2.2,

wr(Kps 2, y) Z > xk(9) Xk (wy ™).

kOsES
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On the other hand

1 k#0
ZXk(S)‘{n—l kio

ses

Let 2 = a' and y = a'". Then xx(zy~") = exp(2k(l — I)wi/n), k=0,...,n—1. It
is clear that if = y then 22;3(2563 Xe(8) " xk(zy™) = (n—1)"+ (n—1)(-1)".
Since z + 22 + ...+ 2" ! = —1 whenever z is a nth root of unity, we conclude that
if  # y then 300 (X ,es xa(8)) Xk(zy~1) = (n — 1) — (=1)", which completes
the proof. O

Corollary 2.4. Let C,, be an n-cycle. Then C,, = Cay(G,S) where G = {(a) and
S ={a,a"'}. Furthermore,

n—1
2" 2k 2kl =1
wr(Cpsal,a) = = E cosT(L)cos(L

n n n

).

Proof. Let xj € Irr(G). Then yi(a) + xx(a™t) = 2cos(2ZX). Also yi(zy~!) =
cos(%fl_l/)) + isin(%f;l/)). Furthermore, ZZ;& cos(2Zk)r sin(%) = 0.

Now the result follows immediately from Corollary 2.2. O

Corollary 2.5. Let K, be the complete bipartite graph with 2n vertices, where
n > 3. Then K, , = Cay(G, S), where G = (a) = Zs,, and S = {a,a?,...,a*"1}.

W () (1)
2n '

Wr(Kn,n; al7 al/) =

Proof. Let wy = exp(wik/n). Then irreducible characters of G are i, k =

0,...,2n — 1, where yx(a') = w!. For k # 0,n we have wk+w2+...+win_l =0.
Thus
0 k#0,n
ZXk(s): n k=0
s€S -n k=n

Let = a' and y = a!’. Then y(zy~!) = wfc_l/ which completes the proof. [

Recall that the Hamming graph H(n,m) is the graph whose vertex set is the
Cartesian product of n copies of a set with m elements, where two vertices are
adjacent if they differ in precisely one coordinate. H(n,2) = @, is the familiar
n-dimensional hypercuble. It is well-known that ' = Cay(G1 X ... x Gy, S) where
G;={a),i=1,...,n,is of order m and S is the set of all elements of G x ... X G,,
with exactly one non-identity coordinate. In the following example, we compute
the number of walks between any two vertices in the Hamming graphs.
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Corollary 2.6. LetI'= H(n,m). Then

1 T . .
wT(Fa €z, y) = W Z (n(m_l)_mc(jlv cee 7]71)) T(Tl_SI)J1+W+(TH_SH)]H7

0<j1,..:jn<m—1

where x = (a™,...,a™), y = (a®,...,a°") and ¢(j1,...,jn) is the number of non-
zero coordinates of (j1,...,Jn).. In particular,
1 ) . r Y _ .
(Qna x y) 2n Z (TL - 20(]17 cee a.]n)) T(Tl sujit4(rn Sn)Jna
0<71,..,0n <1

where © = (a™,...,a™) and y = (a®',...,a°").

Proof. Let xy € rr(Gy x...xG,) and g = (a®,...,a™) € Gy x. . X Gp. Then
there exist (j1,...,7n), where 0 < j; < m—1, such that x(g) = T“Jl+ Finin where
7 = exp(2mi/m). Hence every irreducible character of G; x ... x G,, completely

determined by an n-tuple (ji,...,jn), where 0 < j; < m — 1. Let us denote the

corresponding character of this tuple by x(j, ... j,)-

Let = a* # 1 and 9 be a 1 x n vector that its only non-identity element
is x at the jth position. Let s € S. Then s = (ai)(k) forsome 1 <7< m-—1
and 1 <k < n. Hence X(jr,ernin) (8) = 74k which implies that Y oees X(rsein) (8) =
Sp_ Stk On the other hand,

= . m—1 je=0
IR = ;
Y ={ It G
Let ¢(j1, - - -, jn) be the number of non-zero coordinates of (1, . .., jn). Then
Y oees X(ryin)(8) = n(m —1) — me(J1, . .., jn). Now, by Corollary 2.2,
1 r . )
- _1) — ; ; (r1=s1)ji+...+(rn—sn)in
w’r‘(x7 y) mn ) Z (n(m 1) mc(jl? AR 7.777/)) T )
0<j1,--,jn<m—1
where z = (a™,...,a™) and y = (a®!,...,a°"). This completes the proof. O
Recall that a partition of a positive integer n is a sequence A = (A1,..., Ay) of

positive integers such that Ay > Ay > ... > A\, and Z:’il Ai = n. We write A F n to
indicate that A is a partition of n. Since the inequivalent irreducible representations
of the symmetric group S,, on n letters are conveniently by partitions of n, we write
Px, x» and dy for the irreducible representation, the character and the degree of
the representation associated with A - n.

For A\=(A1,..,Am)Fn,putl; =X +m—4, 1 <i<m. Ifm=1thendy =1
and whenever m > 1, by [4, equality (4.11)] we have

(2.4) dy = 11'12 ~ H ;).

Furthermore,
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(1) if 7 € Sy, is a transposition, then by [8, equality (5.1)],

My ()

(2.5) Xa(T) = ”(T_l)db

(2) if T € S, is a 3-cycle, then by [8, equality (5.2)]

M3(\) —3n(n—1)
2n(n —1)(n — 2)

(2.6) xa(1) = dy,

(3) if 7 is a product of two disjoint transpositions, then by [8, equality (5.5)]

_ Mg()\)2 — 2M3(/\) + 4TL(TL — 1)d
n(n—1)(n —2)(n —3) A

(2.7) XA(7)

where
m

M) =3 (=) =i +1) =G~ 1))

j=1
and
M) = (O = DOy =3+ 1)) =2+ 1)+ 6 - D - 1).

Corollary 2.7. LetT' = Cay(S,,S), be the complete transposition graph, where S
is the set of all transpositions of {1,...,n}. Then for all x € S,, we have

! > M\

nl2r
AbFn

wr(z, ) =

Furthermore, if x # y be two non-disjoint transpositions then

n12r+in nl_ Din—2 > M) (Ms(X) = 3n(n — 1)),
( )( ) AFn

wr(z,y) =

and if they are disjoint, then

2 n(n — 1)(1n —2)(n—13) ; M) (Mz(A)? = 2M5(A) + 4n(n — 1)).

wr(z,y) =

Proof.  Since S is the set of all transpositions of S,, it is a conjugacy class
of S, with @ elements. On the other hand, by Equality (2.5), for any A =
(A, .-, Am) F n we have

Ma(A
> () = I8 ((1,2)) = 2V g,

seS
Let 2,y € S,,. If x = y then 2y~! = 1 and yx(zy~!) = xa(1) = dy. If 2 # y and
they are not disjoint transpositions then 2y ' is a 3-cycle. Now the result follows
immediately from Corollary 2.2 and equalities (2.6) and (2.7). O
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