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ON THE MAPPINGS PRESERVING THE HYPERBOLIC
POLYGONS OF TYPE B TOGETHER WITH THEIR HYPERBOLIC
AREAS

Oguzhan Demirel

Abstract. In this paper, we present new characterizations of Mobius transformations
and conjugate Mobius transformations by using the mappings preserving the hyperbolic
polygons of type B together with their hyperbolic areas.

Keywords. Hyperbolic polygons; Mobius transformations; hyperbolic areas.

1. Introduction

1 e . el ~ . . . +b
A Moébius transformation f : C — C is a mapping of the form w = Z§+d

satisfying ad — bc # 0, where a,b,c,d € C and C = C U {oco}. The set of all
Mobius transformations is a group under composition. Mobius transformations are
conformal mappings having many useful properties. For example, a map is M&bius
if and only if it preserves cross ratios. As for geometric aspect, circle-preserving
is another important characterization of Mobius transformations. There are well-
known elementary proofs that if f is a continuous injective map of the extended
complex plane C that maps circles into circles, then f is Mébius.

The Mobius invariant property is naturally related to hyperbolic geometry. For
instance, see the preservation of triangular domains [6], Lambert and Saccheri
quadrilaterals [10], [11], hyperbolic regular polygons [3], hyperbolic regular star
polygons [4], polygons of type A [7] and others. The Mobius transformations pre-
serving the open unit disc B?> = {2z € C : |z| < 1} are precisely those of the form
i0 =, where a,z € B and § € R. The Poincaré disc model of hyperbolic
geometry is built on B2, more precisely the points of this model are points of B2
and the hyperbolic lines of this model are Euclidean semicircular arcs that intersect
the boundary of B? orthogonally including diameters of B2. Given two distinct
hyperbolic lines which intersect at a point, the measure of the angle between these
hyperbolic lines is defined by the Euclidean tangents at the common point.

w = e€
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498 O. Demirel

Definition 1.1. [1] A Lambert quadrilateral is a hyperbolic quadrilateral with

ordered interior angles 5, 5, § and 6, where 0 < 6 < 7.

Definition 1.2. [1] A Saccheri quadrilateral is a hyperbolic quadrilateral with
ordered interior angles 7, 7, 6, 6, where 0 < 0 < 7.

Definition 1.3. [7] A hyperbolic polygon with n—sides is called as of type A if it
has exactly two interior angles not equal to 3.

Definition 1.4. [7] A hyperbolic polygon with n—sides is called as of type B if it
has exactly a unique interior angle not equal to 3.

Saccheri quadrilaterals and Lambert quadrilaterals are convex hyperbolic poly-
gons with 4 sides having type A and type B, respectively.

The transformations defined by f(z) = Z;IZ from C to C satisfying ad — bc #
0 are known as conjugate Mdbius transformations. Clearly a conjugate Mobius
transformation is a composition of the complex conjugate function with a M&bius
transformation. These transformations, like M&bius transformations, have many
beautiful properties. For instance they preserve angle magnitudes of angles, but
notice that Mobius transformations preserve the orientation while conjugate Mobius

transformations reverse it.

C. Carathéodory [2] proved that every arbitrary one to one correspondence be-
tween the points of a circular disc C' and a bounded point set C’ by which circles
lying completely in C are transformed into circles lying in C’ must always be ei-
ther a Mobius transformation or a conjugate Mobius transformation. The following
results are well known and they play major roles in our proofs.

Lemma 1.1. [I] Let 01,0,,...,0, be any ordered n—tuple with 0 < 6; < (n —
NDm, j =1,...,n. Then there exists a hyperbolic polygon P with interior angles
01,02, ...,0,, occurring in this order around OP, if and only if 01 + 02+ ...+ 0, <
(n—2)r.

Theorem 1.1. (Gauss-Bonnet theorem for a hyperbolic polygon with n sides) Let
P be a hyperbolic convex polygon with n— sides and with interior angles 61,605, ...,6,.
Then the hyperbolic area A(P) of the polygon P is

(1.1) A(P)=(n—2)m— (61 + 02+ ... +6,)

Throughout the paper we denote by X’ the image of X under f, by [A4;, Ax]
the geodesic segment between the points A; and Ay, by A; Ay the hyperbolic line
passing through the points A; and Ay, by A;AiAs the hyperbolic triangle with
three ordered vertices A;, Ay and A, by A1 As -+ A, the hyperbolic polygon with
n— ordered vertices Ai, Ag,---A,, and by LA;A,A, the angle between [A;, Ak]
and [As, Ax]. We consider the hyperbolic plane B2 = {z € C: |z| < 1} with length

differential ds? = %-
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2. The Mappings Preserving the Hyperbolic Polygons of Type B
Together With Their Hyperbolic Areas

A map f : B2 — B? has the property B, if it preserves n—sided hyperbolic
polygons having type B, that is if P is a n—sided hyperbolic polygon of type B,
then f(P) is a n—sided hyperbolic polygon of type B, see [7]. J. Liu proved the
following result in [7]:

Lemma 2.1. [7] Let f : B2 — B? be a continuous bijection. If f has Property B
for each n > 3, then f preserves the vertex where the interior angle is not right.

Instead of using the continuity condition of functions, we try to obtain a new
characterization of Mobius transformations with the condition “n—sided hyperbolic
polygons preserving property of type B together with their hyperbolic areas ” for a
fixed n > 3. More precisely, when we say f preserves n—sided hyperbolic polygons
of type B together with their hyperbolic areas, this means that if P is a n—sided
hyperbolic polygon of type B with hyperbolic area A(P) = o, then f(P) is a
n—sided hyperbolic polygon of type B with hyperbolic area A(f(P)) = 0. Area
preserving mappings are studied by V. Pambuccian in [8] and by O. Demirel in [5].

Lemma 2.2. Let f : B2 — B? be a mapping which preserves n—sided hyperbolic
polygons of type B for a fired n > 3. Then f is injective.

Proof. Let P and @ be two distinct points in B2. By Lemma 2.1, there exists a
hyperbolic polygon, say A;As--- Ay, satisfying /A4, A142 = a < §, ZA1AxA, =
o =LAp 2 An 1Ay = LAy 1 AR AL = 5. There are three cases:

Case 1: Assume dp(P,Q) < dg(Ai, As), where dy is hyperbolic distance.
Ay As -+ A, can be carried to the point @ with the help of a hyperbolic isometry g;
such that g;(Az2) = Q and P € [g1(A1), g1(A2)]. Let I be the hyperbolic line passing
through P and intersects g1(A,—1)g1(Ay) perpendicularly. Denote the common
point of the hyperbolic lines | and g1(A,—1)g1(An) by S. The existence of the
point S is clear since ZPg1(An)g1(An-1) < 5, ZPg1(An-1)g1(A,) < 5. Hence
we construct a hyperbolic polygon PQgi(As)---g1(An—1)S which is an n—sided

hyperbolic polygon of type B.

Case 2: Assume dgy(P,Q) > dy(A1,A2). A1As--- A, can be carried to the
point @ with the help of a hyperbolic isometry go such that g2(As) = @ and
92(41) € [P,Q] = [P,g2(A3)]. Let k be the hyperbolic line passing through P
which intersects the hyperbolic line g2(A,—1)g2(A,) perpendicularly. Denote the
common point of the hyperbolic lines k and g2(A,,—1)g2(A,) by R. The existence of
the point R is clear since ZPg2(An)g2(An—1) > 5. Hence we construct an n—sided
hyperbolic polygon RPQg2(As) - - - g1(An—2)g1(An-1) of type B.

Case 3: i dy(P,Q) = dy (A1, A2), then A1 Ay - -+ A, can be carried to the point
@ with the help of a hyperbolic isometry g3 such that gs(A;) = P and g3(A42) = Q.
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Hence we construct an n—sided hyperbolic polygon PQgs(As) - - g3(An—1)g3(An)
of type B.

As in the cases above, for two arbitrary points P and @, it is possible to construct
an n—sided hyperbolic polygon of type B by using these points. Therefore, if
PQB1B; - By, is an n—sided hyperbolic polygon of type B, then P'Q'Bi B} --- B!,
is also an n—sided hyperbolic polygon of type B. This ends the proof. O

Lemma 2.3. Let f : B2 — B? be a mapping which preserves n—sided hyper-
bolic polygons of type B for a fizred n > 3. Then f preserves the collinearity and
betweenness properties of the points.

Proof. Let P and @ be two distinct points in B? and assume that S be an interior
point of [P,Q]. By Lemma 2.2, one can easily construct an n—sided hyperbolic
polygon of type B, say PQA; -+ A,_2. Moreover, there are many more n—sided
hyperbolic polygons of type B with common side [P, Q] and all of them contain S.
Hence the images of all n—sided hyperbolic polygons of type B with common side
[P, Q] under f are n—sided hyperbolic polygons of type B with common side [P, Q']
containing S’. Therefore, f preserves the collinearity and betweenness properties
of the points. [

Lemma 2.4. Let f : B2 — B? be a mapping which preserves n—sided hyperbolic
polygons of type B together with their hyperbolic areas for a fired n > 3. Then f
preserves the vertices together with their interior angles.

Proof. Let A1 Ay --- A, be an n—sided hyperbolic polygon of type B (directed coun-
terclockwise) such that ZA,A14; = 0 # 5. Assume ZA] A1 A; = 3. Clearly,
LA, JALAY = § or LATAS AL = T Without loss of generality, we may assume
LA _JALA = Now draw a geodesic segment [A,,, K] to the hyperbolic line
A Az where the point K lies on A; Ay satisfying ZA,KA; = 3. Notice that if
6 < %, then K lies on [Ay, Ay and if § > 7, then A; lies on [K, Ay]. Since K lies
on Aj Az, by Lemma 2.3, the point K’ must be lie on A} A}. Hence we construct
a new n—sided hyperbolic polygon K Az --- A, of type B. Therefore, K'A,, --- Al

is also an n—sided hyperbolic polygon of type B. Since ZA) | A} A} = T, we get

LA, A, K" # % which yields ZA] K'A), = ZA] K'A} = Z. Obviously, this is a
contradiction since the sum of the interior angles of the hyperbolic triangle A}, K’ A}
is greater then . Thus we have ZA] A1 A5 # . Because of the fact that f pre-
serves the n—sided hyperbolic polygons of type B together with their hyperbolic
areas, by Gauss-Bonnet theorem, we get LA} A1 Ay =0, LA] | AjA] | = T for all

2<i<n-—1land ZA, (AJA=7%. O

[N ELSE]

Lemma 2.5. Let f : B2 — B? be a mapping which preserves n—sided hyperbolic
polygons of type B together with their hyperbolic areas for a fired n > 3. Then f
preserves hyperbolic distance.

Proof. Let X,Y and Z be three distinct points in B? such that XY Z is a hy-
perbolic triangle (directed counterclockwise) with ZZXY = a1,4XYZ = aq
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and /YZX := a3. Now, by Lemma 2.1, there exists a hyperbolic polygon of
type B, say Aj1As...A, (directed counterclockwise), such that ZA,A142 = aj.
The angle ZA, A1 Ay of the hyperbolic polygon A; A, ... A, can be moved to the
vertex X of the hyperbolic triangle XY Z by an appropriate Mébius transfor-
mation g such that the points g(As) and g(A,) lie on the hyperbolic lines XY
and X Z, respectively. By the properties of f and g, we immediately get that
g(A1)'g(As) ... g(A,), that is X'g(Az) ... g(A,)’, is an n—sided hyperbolic poly-
gon of type B. By Lemma 2.4, we have LZZXY = LA, A1Ay = ZLg(A,) X g(A2) =
2g(A,)' X'g(Ag) = LA AL AL = ZZ'X'Y' = ay. Hence [ preserves the interior
angle Z/ZXY of the hyperbolic triangle XY Z. Following the same way, one can
easily prove that /XY Z = /X'Y'Z" and £ YZX = £Y'Z'X’ hold true. It is well
known that, in hyperbolic plane, the lengths of a hyperbolic triangle are deter-
mined by its interior angles, see [9]. Therefore, we get that dy(X,Y) = dy (X', Y’),
du(X,Z2)=dyg (X', Z") and dy (Y, Z) =dyg(Y', Z"). O

Lemma 2.6. Let f : B2 — B? be a mapping which preserves n—sided hyperbolic
polygons of type B together with their hyperbolic areas for a fited n > 3. Then f is
surjective.

Proof. To prove that f is surjective, we will show that for any point Y in B2, there
exists a point X in B? such that f(X) =Y. Let A, B,C be three three distinct
points in B2, each of which is different from Y. Now construct three hyperbolic
circles with radius 1 = dg(A',Y), ro = dg(B',Y) and r3 = dg(C’,Y) centered at
A’ B’ C’, respectively. These circles meet together only at Y. Because of the fact
that f is a distance preserving mapping by Lemma 2.5, the pre-images of circles
meet together only at a point, say X. Hence, X' =Y. [

Theorem 2.1. The mapping f : B?> — B? is Mébius or conjugate Mdébius if,
and only if, [ preserves n—sided hyperbolic polygons of type B together with their
hyperbolic areas for a fized n > 3.

Proof. Because of the fact that f is an isometry, the “only if” part is clear. Con-
versely, we may assume that f preserves n—sided hyperbolic polygons of type B
together with their hyperbolic areas for a fixed n > 3. Without loss of generality
we may assume f(O) = O by composing an isometry if necessary. Let z and y be
two different points in B2. Since f preserves the hyperbolic distance by Lemma 2.5,
one can easily get dy(0,2) = dg(0,2") and dg(0,y) = dg(0,y’), namely |z| = |/|
and |y| = |y’|, where | - | is the Euclidean norm. Hence we have |z — y| = |2’ — ¢/|,
since f preserves the angles by Lemma 2.4. Finally, we get

21) 2y =laP+ P —lz—yl =2+ P - o' —y)? =20 y).

Therefore, f preserves the inner product and then is the restriction on B? of an
orthogonal transformation, that is, f is Mobius transformation or conjugate M&bius
transformation by Carathédory’s theorem. If the orientation of the angles preserved
under f, then f is a Mobius transformation, otherwise; f is a conjugate Mobius
transformation. [
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Corollary 2.1. The mapping f : B> — B? is Mobius or conjugate Mobius if, and
only if, f preserves the Lambert quadrilaterals together with their hyperbolic areas.

Naturally, one may wonder whether Corollary 2.1 is valid for Saccheri quadri-
laterals. Now we give the affirmative answer as follows:

Corollary 2.2. The mapping f : B2 — B? is Mébius or conjugate Mébius if, and
only if, f preserves all Saccheri quadrilaterals together with their hyperbolic areas.

Proof. Because of the fact that f is an isometry, the “only if” part is clear. Con-
versely, we may assume that f preserves all Saccheri quadrilaterals together with
their hyperbolic areas. The injectivity, collinearity and the betweenness properties
of f can be easily proved following the ways in the proofs of Lemma 2.2, Lemma
2.3.

Step 1: We claim that f preserves the right angles of Saccheri quadrilater-
als. Let ABCD be a Saccheri quadrilateral with Z/DAB = ZABC = % and
/ZBCD = ZCDA := 0 < %. For each point X; € [A, D], there exists a point
Y; € [C, B] such that X; ABY; is a Saccheri quadrilateral. Notice that dy (A, X;) =
dy(B,Y;). Assume /Y, X;A = /BY;X; :=0; for all i € I C R. Since f preserves
the Saccheri quadrilaterals together with their hyperbolic areas, we immediately get
that X/A’'B'Y] are Saccheri quadrilaterals with A(X/A'B'Y;/) = A(X; ABY;) for all
i € I. Notice that, by injectivity property of f, the sets {X/:i € I} and {Y] : i € I}
are consist of collinear points, that is X/ € [A’, D] and Y/ € [B’,C’] hold true for
all ¢ € I. Because of the fact that all the Saccheri quadrilaterals XA’ B’Y/ have
common two interior angles 7,7 and have common two vertices A" and B’, this
implies that /X;A'B" = ZA'B'Y] = §. Thus f preserves right angles of Saccheri

quadrilaterals.

Step 2: By Step 1, f preserves the other interior angles of Saccheri quadrilaterals
which are not right angles.

Step 3: Let ABCD be a Lambert quadrilateral with Z/CDA := § < § and

/ZDAB = ZABC = ZBCD = %. By reflecting ABCD with respect to geodesic
BC, we get a Saccheri quadrilateral AEF D, where the points E and F are the
reflections of the points A and D, respectively. Thus, the quadrilateral A’E'F’D’
must be a Saccheri quadrilateral with A(A’E'F'D’) = A(AEFD). Since B € [A, E|
and C € [D, F|, we have B’ € [A',E'] and C’' € [D',F']. Therefore, A’E'F'D’
contains two quadrilaterals A’B’C'D’ and B'E'F'C’. By Step 1 and Step 2, we get
LD'A'B' = /B'E'F' = § and ZC'D'A" = ZE'F'C" = 0. By reflecting ABCD in
the geodesic AB, one can easily see that ZD'C'B’ = 7 holds true. This implies
that C’ is the midpoint of D’ and F’ which implies that ZA'B'C’ = 7. Hence
the quadrilateral A’B’C’D’" must be a Lambert quadrilateral with A(A’B'C'D’) =
A(ABCD) and this implies that f is a Mobius transformation or a conjugate Mobius
transformation.

O
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ful comments to improve the paper.
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ITERATIONS FOR APPROXIMATING LIMIT
REPRESENTATIONS OF GENERALIZED INVERSES

Bilall I. Shaini and Predrag S. Stanimirovié

Abstract. Our underlying motivation is the iterative method for the implementation
of the limit representation of the Moore-Penrose inverse lirr%) (al + A*A)~' A* from
a—r

[Zukovski, Lipcer, On recurent computation of normal solutions of linear algebraic
equations, Z. Vicisl. Mat. i Mat. Fiz. 12 (1972), 843-857] and [Zukovski, Lipcer,
On computation pseudoinverse matrices, Z. Vicisl. Mat. i Mat. Fiz. 15 (1975),
489-492]. The iterative process for the implementation of the general limit formula
i%(a] + R*S)"'R* was defined in [P.S. Stanimirovié¢, Limit representations of gen-

eralized inverses and related methods, Appl. Math. Comput. 103 (1999), 51-68]. In
this paper we develop an improvement of this iterative process. The iterative method
defined in such a way is able to produce the result in a predefined number of iterative
steps. Convergence properties of defined iterations are further investigated.

Keywords. Generalized inverses; Moore-Penrose inverse; Drazin inverse; limit repre-
sentation; Leverrier-Faddeev algorithm.

1. Introduction

We use the following notation. C™*": the set of m x n complex matrices; C;**"

is the set of rank 7: C™*" = {X € C™*"™ : rank(X) = r}; O (resp. 0): the zero
matrix of an appropriate order (resp. the zero vector); I,,,: identity matrix of the
order m; R(A) and N(A): the range and the null space of 4; Tr (A): the trace of
A.

For any matrix A € C™*" consider the following equations in X:
(1) AXA=A, (2) XAX=X, (3) (AX)"=AX, (4) (XA)"'=XA
and if m = n, also

(5) AX =XA (1%) AFlx = Ak,

Received December 20, 2018.; Accepted January 22, 2019.
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For a sequence S of {1,2,3,4,5,1*} the set of matrices obeying the equations rep-
resented in S is denoted by A{S}. A matrix from A{S} is called an S-inverse of A
and denoted by A(S). If X satisfies (1) and (2), it is said to be a reflexive g-inverse
of A, whereas X = A" is said to be the Moore-Penrose inverse of A if it satisfies
(1)-(4). Also, A;' (vesp. AR') denote an arbitrary left (resp. right) inverse of A.
The group inverse A* is the unique {1,2,5} inverse of A, and exists if and only if
ind(A) = min{k : rank(A¥*!)=rank(A4*)}=1. A matrix G = AP is said to be the
Drazin inverse of A if (1¥) (for some positive integer k), (2) and (5) are satisfied.

Let there be given invertible matrices M and N of the order m and n, re-
spectively. For any m X n matrix A, the weighted Moore-Penrose inverse of A is
the unique solution X = ARL y of the matrix equations (1), (2) and the following
equations in X:

(3M) (MAX)* = MAX (4N) (XA)*N = NXA.
the next is valid for a rectangular matrix A [14]:
_ (2) T —1 *
(1.1) AT = AQ) ) viary Ahy = Al iy aroany, Af= N71A'M

where M, N are positive definite matrices. For a given square matrix A the next
identities are satisfied:

(1.2) AP =A% k> ind(4), A* =AZ)

N(Ak)? R(A)N(A)
The core inverse of a complex matrix was originated by Baksalary and Trenkler

n [1]. A matrix A% € C"*" satisfying
AA® = P’R(A) and R(A®) - R(A)

is called the core inverse of A.

Manjunatha Prasad and Mohana in [10] discovered the core-EP inverse. A
matrix X, denoted by A®, is called the core-EP inverse of A € C™*" if it satisfies

XAX =X, R(X)=R(X") =R(A").
The following results can be derived using results from [9]:

A® — A3

@
AP = Ap( R(A)N(A)"

AR)N((AF)*)?

The remainder of the manuscript is organized as follows. In order to complete the
presentation and describe our motivation, limit representations of main generalized
inverses are surveyed in Section 2.. Some additional results about the convergence
of the iterations proposed in [11] are presented in Section 3.. An efficient method
for the improved implementation of defined iterations is considered in Section 4..
An illustrative numerical example is presented in Section 5..
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2. Survey of limit representations

Limit representations of main generalized inverses is restated in Proposition 2.1.
The inverse of a nonsingular matrix A can be characterized in terms of the limiting
process

(2.1) Al = lim (ol + A)7Y,
a—0

wherein it is assumed that —« ¢ 0(A) and o(A) stands for the set of all eigenvalues
of A.

Proposition 2.1. (a) [3] Limit representation of the Moore-Penrose inverse of a
matrix A € C™*" s equal to

(2.2) At = lim (oI, + A*A)~" 4%
a—0

(b) [7] Limit representation of the Drazin inverse of a matriv A € C"*™ whose
index is k can be expressed as the limit

(2.3) AP = lim (al, + A1) AL 1>k

a—0

(c) [13] Let A € C™*™ be of rank r, let T be a subspace of C™ of dimension s <,
and let S be a subspace of C™ of dimension m — s. In addition, suppose that
G € C"™™ satisfies R(G) =T and N(G) = S. In the case of the existence, A(T2)S
is defined by the limit representation 7

(2.4) AP, = lim (GA + o)l G,
’ a—

(d)[16] Let A € C™™™ with ind(A) = 1. Then
(2.5) A® = lim AA*(A?A* 4+ aol)™' = lim (AA*A + o) P AA*.
a—0 a—0

(26) A% = lim A(A%)"(A%(A%)" +al) ™" = lim (A(A%)" A+ al) " A(4%)".

a—0

(e) [16] Let A € C*™ and ind(A) = k. Then
(2.7) A® = lim AF(ARY (AFFLARY fal) ™! = lirrb(Ak(Ak)*A + al) tAR(AR)*.
a— a—

The limit representations of the outer inverse in Banach space were investigated
in [6].
The following additional notation will be used in this section.
ai
at, t=1,....,m: tthrowof A € C™*" A, = |[...|,t=1,...,m: thet xn
t o
submatrix which contains the first ¢t rows of A € C™*™; y, = A, x, and specially
Yy =aaqx, t=1,...,m; B B
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Our idea in the present paper can be described in three steps. First step is an
iterative method for the implementation of the limit representation of the Moore-
Penrose inverse lin}) (oI +A*A)~" A* from [17, 18]. Another step is the iterative

a—r

process for the implementation of the general limit formula lim0 (al + R*S)" 'R,
a—r

originated in [11]. In this paper we develop an improvement of this iterative process.
Detailed description is given in the rest of this section.

In Proposition 2.2 and Proposition 2.3 we restate known iterative methods from
[17, 18].

Proposition 2.2. (Zukovski, Lipcer 1972) [17] For a given m x n complex matriz
A and given m x 1 complex vector y, the solution of the iterative process

Ve 01 a1
@ bt tms PPt S a>0
Yi+1 =Mt o+ at+1’YtO‘aI+17 0 n )
(2.8) N o Vit o a
T =z - 1 — Q41T g =0
t+1 t o +at+1’)’f‘a2‘+1 (yt+ t+ t)7 0 )
t=0,....m—1
is given by
-1
Ty = (O‘In + AL*AL) Az*yg

v = (a[n+AL*AL)71a, t=1,...,m.

Proposition 2.3. (Zukovski, Lipcer 1975) [18] Let A € C™*™. If the rows of the

unit matriz I, are denoted by iz, t =1,...,m, then the following iterative method
Vit aF 1 Qe Ys a
,_yOé :’Ya_—*7 7 :Ia O[>O,
t+1 t a +at+17?at+1 0 n
ok
(29) X?—Q—l _ X? + Vi Q41 (it—i-l _ at-i—lXta)y X(()l o= cnxm

o+ ag1vay
t=0,....m—1

produces the resulting matrices
X% = (al, + A*A) " A*, 42 = (al, + A*A) ' a.
Of special interest are the limits lin}) X2 = At [2] and lirr}) e =1, — ATA [17].
a— a—

An interesting computational scheme was proposed in [17]. This scheme ensures
indirect decreasing of the values for a: after computation of the values v and X,
i =1,...,m by means of (2.9), compute v and X, ¢ > t, by means of the rows

Am41 = Q1,...,02m = G, ... and the numbers y,+1 = Y1,---,Y2m = Ym,-.- I
this case is
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where X7 and v, 5 are defined by
oy = (@ + Ary Ann) " Ay vy = (@l + Ay Any) @
and A,,n is the block matrix which consists of N blocks of A,, = A:
A A

The main result in [11] was an approximate method for computing generalized
inverses and different matrix expressions involving generalized inverses which are
determined by the limit expressions

. v an—1 px

(2.11) Olélg%) (aly + R*S)"" R*,
. * -1

(2.12) Olélg%) (aly + R*S) " «,

where R and S are two arbitrary p X ¢ complex matrices.

For a given matrix A € C**", in the case R = S = A we obtain the iterative
method (2.9) for computing the Moore-Penrose inverse. In the case m = n, R* = Al
[ > ind(A), S = A, we construct an iterative process for implementation of the limit
representation (2.3) for computing the Drazin inverse.

The following result from [11] generalizes the iterative process (2.8).

Proposition 2.4. (Stanimirovié¢ 1999) [11] Let given two arbitrary p X q¢ complex
matrices R and S and p X 1 complex vector y. If the rows of the matrices R and S
are denoted by r, and s, respectively, w=1,...,p, and r;, denotes conjugate and
transpose of the vector r,, then the following iterative sequences

Vi i St o
’Ya :,-YO‘_—*’ Vi :[a O[>O,
U et s o
(2.13) o o Vi TE o a_ g
Xz =T Y —ax  Yt4y1 — St4+17T ) Ty = 07
t+1 t O+ 17T (Y1+ +12¢) 0
t=0,....,p—1
exist if and only if
(2.14) a+ 517 T #0, t=0,...,p—1.

In this case, (2.13) produces the following values:

~1
v = (alq + RjSL) @
(2.15) s
xy = (a[q—&—R:SL) Rly,, t=1,...,p

where RY is ¢ X t matriz, equal to the conjugate and transpose of the submatriz R,

of R.
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An approximate method for the implementation of the limit formula (2.11) and
its convergence properties were investigated in [11].

Proposition 2.5. (Stanimirovi¢ 1999) [11] Consider m x n complex matriz A
and two p X q complex matrices R and S, whose rows are denoted by ry and s,
t =1,...,p, respectively. If the rows of the unit matriz I, are denoted by i,
t=1,...,p, then the iterations

Vi TS0 o
Y=, =1 a>0,
t+1 t Q-+ SeeTE 0 q
Oé,’-.*
(2.16) X2, = X0+ i Tedt (it41 — s X7"), X§ =0 € CIP,

a+ ST
t=0,...,p—1

converge if and only if
a+ s riy, #0, t=0,...,p—1

and the limits lim X%, lim v produce the following results:
a—0 P’ a0 'P
. a 7 * —1 px . o o * —1 p*
(2.17) Oléll)r})Xp = (lll)r})(alq + R*S)™'R", ili%’yp =1, ilg})(alq + R*S)"'R*S.

(i) In the case p=m, q=n, R=S=A we get

lim X2 = AT, lim 42 =1, — ATA.
a—0 a—0

(i) If A is n x n matriz, selecting the values p=q=n, R* = A', | > ind(A),
S = A, we obtain
lim X¢ = AP, lim 2 =1, — APA.
a—0 a—0
(iii) In the case p > q = rank(S), for arbitrary R € CL*? such that R*S is
invertible, we get lim X ¥ = Sgl.
a—0

(iv) Consider the case ¢ > p = rank(S) and an arbitrary matriz R € CP*? such
that SR* is invertible. Then lin%) X, = Sﬁl.
a—

(v) Selection S = R € CP*1 in (2.16) implies

lim X = RY, Jim 4 =1, — R'R.

a—0 P

(vi) For A € C™", in the case n=p=gq, R* = A*, S = I, the limit value
lim X2 exists if ind(A)=k, in which case lin}) Xo = AAP.

a—0 a—

(vii) If AcCm™*" p=g=m=n, R*=a*I,, S=a~*I,, k=ind(A) >0, then
lim X& = (—=1)*}(I — AAP)AF-L,
a—0
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3. Further results on the convergence
Some further results about the convergence with respect to Proposition 3.1.

Theorem 3.1. Let us observe m X n complex matriz A and two p X q¢ complex

matrices R and S with rows ry and sy, t = 1,...,p, respectively. If the rows of the
unit matric I, are denoted by iy, t = 1,...,p, then the iterations (2.16) converge if
and only if

a+ s i, #0, t=0,...,p—1

In this case, the limits lim X%, lim v produce the following results:
a—0 P’ as0 P

: a _ 1: * —1 px* . a o * —1
lim X —i%(afq+RS) R, olzlg%)%’_lq i;n%)(afq+RS) R*S.

a—0 P

(viii) If A is of rank r, T is a subspace of C" of dimension s < r, and S
be a subspace of C™ of dimension m — s. If G € C"*™ satisfies R(G) = T and
N(G) = S and rank(GA) = rank(G), then A’(/ngLN(G) then in the case p = m,
q=n, R=G*, S= A we get

. a _ 4(2) 3 a 2)
lim Xm = AR(G),N(G)’ 01611)1}) Tm = [n - AR(G)J\/(G)A

a—0

(ix) If A e C™™*™ of index ind(A) = 1, the selected values p=q=n, R= A*A,
S = A initiate
lim X = A%, lim~y> =1, — A®A.
a—0 a—0

(x) If A € C"" of index ind(A) = k, the selected values p = ¢ = n, R =
(AR)* Ak S = A initiate

lim X =A% lim~2 =1, — A®A.
a—0 a—0

Proof. The proof can be verified using (2.17) in conjunction with (2.4), (2.5) and
(2.6). O

4. An improved implementation

In this paper we propose an improvement of the iterative processes (2.13), (2.15) and
(2.16). According to the improvement, these iterations can converge in an arbitrary
prescribed number of iterations. If b is the required number of iterations , and
integers ¢, d are defined as ¢ = Quotient[b,p|, d = Mod[b,p], then the iterations
(2.13), (2.15) and (2.16) terminate in p — 1 + d steps, where ¢ = Quotient[b,p],
d = Mod[b,p].

Also, an implementation of the introduced approximate methods in the pro-
gramming package Mathematica is developed.
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Theorem 4.1. Let given two arbitrary p X q complex matrices R and S and p x 1
complex vector y. Let the rows of the matrices R and S be denoted by r, and s,
respectively, for each uw=1,...,p. Also, assume that the rows of the unit matriz I,
are denoted by iz, t =1,...,p. If b is an arbitrary prescribed number of iterations,
and integers ¢, d are defined as ¢ = Quotient|b, p|, d = Mod[b, p], then the following
iterative sequences:

’ya/cT‘* s 1’Yoz/c
1°t+
V?Jr/lc = ’Y?/C - G as a/ct P ’Y(()]/C - [q, o > O,
ajc+siy i
’ya/cr*
m?ﬁ = xta/c + . tzl/c (yt+1 - 3t+1$?/c) ) mg/c =0,
(4.1) ajc+sivy i
’ya/cr*
Xplf = — 2T (- s X)  XgP= 0 e Cor

ajc +3t+1’Yta/c7"Zf+1
t=0,....,p—1+4d
exist if and only if

(4.2) oz/c—l—stJrlfytO‘/crf_H;zréO7 t=0,...,p—1.
In the case when (4.2) holds, the iterations (4.1) produce the following values:
ale o « . -1 ¢
’ypidfl =% = (ZIq +R, Si) e
Oé/C @ « * -1 *
(4.3) wpla =ap = (SL+R,S,) Ry,

-1
*
R,

afc « &7 %
ij(d—1 =X, = (Z[q + R, Si)

where R, * is ¢ X t matriz, equal to the conjugate and transpose of the submatriz

R, of R.

Proof. Utilizing a result from [11], for an arbitrary integer N > 1, we get the
following statements for the iterative process:

N N N
(4.4) oy =N, xay = XN, 28y =22V, N=1,2,....
Consequently, after the first p — 1 iterations we obtain

ale _ o aje _ « ale _
rYp - ’Ypm Xp - ch7 ‘Ip - xpc'

Finally, applying another d iterations we obtain

ale

— « _ «
Tp+d = Tpetd = Vb s
alec o o a
Xpra = Xperd = Xp's
ale

o _
Lptd = Tpetd = Tb -

This completes the proof. O
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Now we describe implementation of the iterative methods presented in (4.1).
Input parameters in the algorithm are:

r_, s_: input matrices R and .S

it_: a prescribed number of iterations;

alpha_: a small real number representing the initial value of the parameter a.

STEP 1. Initial values of used local variables:

{m,n}=Dimensions[a];
in=IdentityMatrix[n]; im=IdentityMatrix[m];
g0=in; x0=ConstantArray[0, {n, m};

STEP 2. Implementation of the iterative step. A major problem arising in the
implementation of the limit hm X, by means of (4.1) is the increase of dimen-

sions. Namely, according to the property (4.4), decrease of the value o to a/N,
N > 1 requires usage of block matrices vy, X[y, . This fact initiates a signif-
icant increase of number of arithmetic operations during the iterations. In order to
avoid this problem, we use the standard function Mod of the programming language
Mathematica. Further improvement is achieved using the iterations (4.1). Detailed

implementation of the iterative rule (4.1) is presented as follows.

c=Quotient[it,m]; d=Mod[it,m];

alpha=alpha/c;

i=1;

While[i<=p-1+d,
j=i;
If[i>m, j=Mod[i,m];If[j==0, j=m];
g1=g0-(g0.Transpose [{r[[j11}] .{s[[j11}.g0)/

(alpha+({s[[j11}.g0.Transpose [{r[[j11}]1) [[1,111);
x1=x0+g0.Transpose [{r [[j11}]. ({in[[j11}-{s[[j11}.x0)/
(alpha+({s[[j]11}.g0.Transpose [{r [[j11}1) [[1,111);

g0=gl; x0=x1; i=i+1

1;

STEP 3. Generate the output: Return[{x1,g1}];

5. Numerical example

In this section we present a few numerical comparisons between the implementation
given in [11] and the implementation introduced in this paper. Assume that R, .S are
p X g matrices. Let us denote by b an arbitrary prescribed number of iterations, ¢ =
Quotient[b, p| and d = Mod[b, p]. Implementation presented in [11] terminates after
b = pc + d iterations. On the other hand, modification defined in (4.1) terminates
after p+d — 1 iterations. It is clear that the improved method requires (p — 1)c—1
iterations less than the original one.
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Let us choose the matrices r=s={{1,2,3},{3,2,1}}. Using the modified imple-
mentation with o = 0.01, and the maximal number of steps equal to 20, we perform
301 usual iterations from [11] in only two steps

c=150d =1

alpha= 0.0000666667

it=1

x1={{0.07142823129413669,0}, {0.1428564625882733, 0},{0.21428469388241,0}}

it=2
x1={{-0.166663, 0.3333289352552714}, {0.0833331, 0.0833331018524948},
{0.333329, -0.16666273155028171}}

it=3

x1={{-0.1666627315502817, 0.3333289352552714},
{0.0833331018524949, 0.0833331018524948},
{0.3333289352552714, -0.1666627315502817}}

Implementation described in [11] gives the following result after 301 iterations:

x1={{-0.1666627422808011, 0.3333289429198914},
{0.0833331072178662,0.083333098020105},
{0.333328956716534, -0.166662746879682}}

6. Conclusion and possible further research

Starting point in our research was the iterative method for the implementation of
the limit representation of the Moore-Penrose inverse AT = lin%) (al + A*A)_1 A*
oa—r

and the matrix expression I — AT A from [17] and [18]. Further, we used the iterative
process for the implementation of the general limit formula lin%) (aI+R*S)"'R* from
a—r

[11]. In this paper we further investigate convergence of these iterations. Moreover,
an improvement of the iterations from from [11] is proposed and investigated. The
efficacy of the proposed method is confirmed by its ability to produce the result in
a predefined number of iterative steps. Convergence properties of defined iterations
and iterations from [11] are further investigated.

An efficient algorithm for the implementation of the iterative processes (2.13),
(2.15) and (2.16) from [11] is proposed and described. Firstly, an useful rule for
avoiding usage of increasing block matrices during the iterations is proposed. In-
stead of growing block matrices we propose usage of the function Mod on the indices
of the input matrices. In addition, according to certain rules, the introduced algo-
rithm can converge in an arbitrary prescribed number of iterations.

Also, an implementation of the introduced approximate methods in the pro-
gramming package Mathematica is developed.

An alternative limit expression of the Drazin inverse of the form

AP = lim (al, + A R U
a—
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was presented in [5]. One possibility for further research could be development of
iterations for the implementation of this alternative limiting formula.
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MULTIDISKCYCLIC OPERATORS ON BANACH SPACES

Nareen Bamerni

Abstract. In this paper, we define and study multidiskcyclic operators and find some
of their properties. Peris (2001) proved that every multihypercyclic operator is hyper-
cyclic. We show the corresponding result for multidiskcyclic operators. In particular,
we show that every multidiskcyclic operator is diskcyclic too.

Keywords. Multidiskcyclic operators; Banach space; hypercyclic operator.

1. Introduction

An operator T is called hypercyclic if there is a vector € H such that Orb(T, z) =
{T"x : n € N} is dense in H, such a vector z is called hypercyclic for T. The first
example of hypercyclic operators in a Banach space was constructed by Rolewicz in
1969 [13]. He proved that if B is a backward shift on the Banach space ¢P(N) then
AB is hypercyclic for any complex number A; |A| > 1. Motivated by Rolewicz’s
example, supercyclic operators and diskcyclic operators were defined. An opera-
tor T is supercyclic if there is a vector x € H such that COrb(T,z) = {\T"z :
A € C,n € N} is dense in H, where z is called supercyclic vector [9]. An op-
erator 1" is called diskcyclic if there is a vector x € H such that the disk orbit
DOrb(T,xz) = {aT"x : n > 0, € C,|a| < 1} is dense in H, such a vector z is
called diskcyclic for T' [15]. For more information on these concepts, one may refer
to [5, 4, 2].

Recently, these operators were extended to subspaces of Banach spaces, which
are called subspace-hypercyclic, subspace-supercyclic and subspace-diskcyclic. For
more details on these operators, we refer the reader to [10, 1, 14, 3].

In 1992, Herrero [8] generalized the concepts of hypercyclicity and supercyclicity
to multihypercyclicity and multisupercyclicity, respectively as follows:
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Definition 1.1. An operator T' € B(X) is called multihypercyclic (or multisuper-
cyclic), if there exists a finite subset {z1, x2, - - -,z } of X such that J;_, Orb(T, z)
(or CUj_, Orb(T, z1), respectively) is dense in X.

Herrero [8] posed the following conjecture:

if T is multihypercyclic (or multisupercyclic), then T is hypercyclic (or
supercyclic, respectively)

Costakis [7] and Peris [12] independently proved Herrero’s conjecture positively.
For more information on these concepts, the reader may be refered to [8, 6, 7, 12, 11].

Now, since both multihypercyclic operators and multisupercyclic operators have
been defined and studied, then it is natural to define and study multidiskcyclic op-
erators as well. Therefore, the purpose of this section is to define multidiskcyclic
operators and find some of their properties which are similar to those of multihyper-
cyclicity and multisupercyclicity. We show that if T is multidiskcyclic, then every
positive integer power of T' is multidiskcyclic and 7™ has at most one eigenvalue;
and that one has to have a modulus greater than one. Finally, we show that every
multidiskcyclic operator is diskcyclic.

2. Main results

Definition 2.1. Let L = {z1,---,2} C X, T € B(X) and DOrb(T,L) =
Ui~ DOrb(T, ;). If L is minimal such that DOrb(T, L) is dense, then T is called
a multidiskcyclic operator and L is called a diskcyclic set for T

It is clear form the above definition, that every diskcyclic operator is multidiskcyclic.

The following two results give the common properties between multidiskcyclic
operators and diskcyclic operators.

Theorem 2.1. If T is multidiskcyclic, then T™ is multidiskcyclic for all n > 2.

Proof. Let L be a diskcyclic set for T', then it is clear that

m
i=1

It follows that T™ is multidiskcyclic with a multidiskcyclic set {zji 11 <1<
m,0<j<n—1}. O

n—1 m
DOrb(T", TV ;) = | DOrb(T, a;).
j=0 i=1

Proposition 2.1. IfT is a multidiskcyclic operator on a Hilbert space H, then T
has at most one eigenvalue. If o,(T*) = {\}, then X has a modulus greater than
one.
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Proof. Since each multidiskcyclic operator is multisupercyclic, then the adjoint of a
multidiskcyclic operator has at most one eigenvalue [11, Theorem 5]. Now, suppose
that o,(T*) = {\}. Towards a contradiction assume that |[A| < 1.

Let L = {x1, -+, 2} be diskcyclic set for T. Then there exists a unit vector z in
which T*z = Az and

(2.1) {U KuT "z, z) :m > 0,peD, x; € L} is dense in R™ U {0}.
i=1

Since |(uT"x;, 2)| < |p] |A\™ ||z:]|||z]| for all 1 <4 < m, and since |A| < 1, then

(T i, 2)] < lallll 2]l

that is, {U;~, [(¢T"z;,2)| : n > 0, € D, z; € L} is bounded above, a contradiction
to the equation (2.1). O

Miller [11] proved that if T' is multihypercyclic (or multisupercyclic) then there
exists a vector z such that Orb(T,z) (or COrb(T,x), respectively) is somewhere
dense. Later on, Bourdon and Feldman [6] showed that the somewhere density
of orbit and dense orbit imply to everywhere density of them. It follows that ev-
ery multihypercyclic (or multisupercyclic) operator is hypercyclic (or supercyclic,
respectively). The next theorem shows the analogue of Miller’s result for multi-
diskeyclicity.

Proposition 2.2. If T is multidiskcyclic, then there exists a vector x € X such
that the disk orbit of x under T is somewhere dense.

Proof. Let L be a diskcyclic set for T. Towards a contradiction, suppose that

DOrb(T, x) is nowhere dense for all x € X. Then, there is #; € L such that

DOrb(T, zy) is nowhere dense. It follows that, |J7, DOrd(T,x;) is dense in X,
i#k

which is contradiction to the minimality of L. Thus, there exists a vector z € X
such that DOrb(T, x) is somewhere dense. [

Since the somewhere density of disk orbit does not imply to everywhere density of
it [4, Example 3.14], then we can not apply Bourdon’s and Feldman’s result [6] to
show that every multidiskcyclic is diskcyclic. However, we follow Peris’ approach
[12] to show that every multidiskcyclic operator is diskcyclic. First, we need the
following lemmas.

Lemma 2.1. [12] If p is a polynomial and « is an eigenvalue of T*, then p(T)
has a dense range if and only if p(a) # 0.

The following lemma can be proved by the same way of proving [12, Lemma 3].

Lemma 2.2. If the interior closure of two disk orbits intersect each other, then
they coincide.
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Theorem 2.2. Let T be a multidiskcyclic operator, then T is diskcyclic.

Proof. Let n be a positive integer and L = {x1,---,2,} be a diskcyclic set for T,
then

X = JDOrb(T, z).
i=1
Let n > 1 (otherwise T is diskcyclic) and x € X with int(DOrb(T, x)) # ¢, then

there exists xp, € L such that int(DOrb(T,x)) N int(DOrb(T, xp)) # ¢. It follows
by Lemma (2.2) that

int(DOrb(T, x)) = int(DOrb(T, xp)).

Claim. Orb(T,z) C int(DOrb(T, x)).

Proof of Claim:

Towards a contradiction, suppose that there exists Tz € Orb(T,z) such that
Tmx ¢ int(DOrb(T, x)). It follows that T™x ¢ int(DOrb(T, xp)), thus there exists
1 < k < njk # h such that T2 € DOrb(T, z,). Since DOrb(T, x) is T-invariant,
then

(2.2) int(D{T™+az : g > 0}) C int(DOrb(T, xy)).

Now, we get

int(DOrb(T, xp,)) = int(DOrb(T, x)) = int(D{T™+x : ¢ > 0}) C int(DOrbd(T, xy,)).

By Lemma 2.2, it follows that

int(DOrb(T, xp,)) = int(DOrb(T, x1)).

which is a contradiction. Thus the claim is proved.

To prove the theorem, by applying Proposition 2.1 and Lemma 2.1, we have

X =P(T)(X) = | P(T)(DOrb(T, x;)).

i=1

for every polynomial P with P(«) # 0 (if 0,(T™*) = o). Now, since

P(T)(DOrd(T, z;)) = DOrb(T, P(T)x;),

and since L is minimal, then

int (ID)Orb(T, P(T)mi)) £ ¢, for all ; € L.

Thus, for each i € {1,---,n} there exists j € {1,---,n} such that

Orb(T, P(T)x;) C int (ID)Orb(T, P(T)mi)) = int (W:nxj))
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Let .
- |J o, P(T U t (DO(T,2,))

P(A\)#£0
Moreover, B = span (Orb(T,z1)) \(T — M) (X). Tt follows that B is connected and
hence B C int (DOrb(T,xl)). By [12, Lemma 2], we have B is dense, thus

X =DOrb(T, 1),

which means that, T is diskcyclic. O

Corollary 2.1. An operator is diskcyclic if and only if it is multidiskcyclic.
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SOME GEOMETRIC PROPERTIES OF WEIGHTED LEBESGUE
SPACES 12,(G)

Oguz Ogur

Abstract. In this paper, we deal with some geometric properties of weighted Lebesgue
spaces L%, (G), where G is locally compact Abelian group and w is a Beurling weight.
Also, we study the uniformly convexity of the space LP(G) N L"(G) with 1 < p,r < oco.
Keywords: weighted Lebesgue space, geometric properties

1. Introduction

Throughout this paper, G is a locally compact Abelian group and dz is a Haar
measure on G. If 1 < p < oo, then LP(G) will denote the space of functions f such
that | f|? is integrable [2]. A Beurling weight on G is a measurable, locally bounded
function w satisfying for each z,y € G the following two properties: w(z) > 1 and
w(z +y) < w(z).w(y). By the definition of wit is deduced easily that wdz is a
positive measure on G. We denote by LP (G), 1 < p < oo, the Banach spaces of
equivalence classes of real valued measurable functions on G with the system of
following norm

P

110 = /u@ww@mx .
G

The conjugate space of Lf,(G) is the L?  (G), where w = w'? and 1—1) + i =11t
can be easily seen that LP (G) is a reflexive Banach space [3], [4], [8], [9]-

A Banach space X is said to be strictly conver if x,y € X with ||z| = |ly|| =1
and x # y, then |(1 — M)z + Ay| < 1 for all A € (0,1).

A Banach space X is said to be uniformly convez if for all € > 0, there exists a
positive number § > 0 such that the conditions

Joll < 1, Tl < 1 and o =gl > e gty |25 <1-6.
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for all z,y € X.

The number

6(6)=inf{1— ”“""2”’

H el =llgl =1, -yl > }

is called the modulus of convezity. Note that if &1 < eq, then d(e1) < d(e2) and
6(0) =0 since z =y if e = 0 [1],[7].

We will need some auxiliary lemmas to prove that the spaces LP (G) are uni-
formly convex whenever 1 < p < oco.

Let us first remind that the Minkowski inequality for the space L2 (G), p > 1;
If f,g € LP(G), then

1 1
P P P

/ @) + 9@ wiz)dz | < / F@Pw@)dz | + / l9(@)P w(z)dz
G

Lemma 1.1. Let 0 < p <1, we have (a +b)’ < aP +b° for all a >0 and b > 0.

Lemma 1.2. Ifp > 1, then (a+b)” < 2P~1 (aP + bP) for all positive numbers a
and b.

2. Main Results

Theorem 2.1. The space L (G) is conver whenever 0 < p < 00.

Proof. Let f,g € LP (G). We need to show that tf 4+ (1 —t)g € L8 (G) for 0 < ¢ < 1.
Let us consider this in two cases; p > 1 and 0 < p < 1.
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T

Case p > 1. By lemma 2 and the Minkowski inequality, we have

p

dzx

”dz)
]p

1

/Itf (1-1) \”()dz:/]tf (1~ 0)g(@)) (w()?

- (/]tf (1 - H)g()) (w(@)) #
(/](tﬂx))( (@)} ”dx)p
_G

+ (/\((1—t>g< ) (w(a)? ”dm)
G
2! [ [t wy?
G
+ [ |- o9t i) ”dm]
G
= o [It” [15@) w@)ds
G
s [ g(m)Pw(m)d:c]
G

-1
2 (1P A1, + 1=t gl5,,)
< o0

=

IN

=

IN

which shows that tf + (1 —t)g € L2 (G) for p > 1.
Case 0 <p < 1. Let f,g € LY (G) and t € [0,1]. By lemma 1, we get

/|tf (1 —t)g(2)]P w(z)de = /‘ tf(2) + (1 —t)g(x)) (w (a?))% pdm
< /’ tf(x)) (w(zx) % dx_"/’((l—t)g(x)) (w(z))% de
G G

= P + 1=t llgllp.

< 00.

This completes the proof. O
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Theorem 2.2. The space LP (G), 1 < p < 00, is strictly convex.

Proof. Let f,g € L%,(G) with f # g, [[f,. =1 l9l,., =1and 0 <t <1. Then,
by strictly convexity of LP(G) we have

p

dzx

s =

a0 +tgl,, = | [|@=0s@ + @) @)
G

[(@=nf+tgwi

< 1.

P

O
Lemma 2.1. Let 2 <p < oo and a,b € R, then we have
ja+ b +la—b" < 2P (laf” + [b]") .
[5].
Lemma 2.2. Let 2 <p <oo. For any f,g € Ly, we have
1+ gll2 + 11 = glit < 27 (71 + llgll?)
[6].
We will also need the following inequality.
Lemma 2.3. For2 <p< oo and any f,g € L (G), we have

p —_ al? p—1 D P
1+ gl + 15 =gl < 27 (15, + ) -

Proof. Let f,g € L (G). Then fw%,gw% € L,. By lemma 4, we get
P p 1 1 p

1+ ol +11f =gl = [Fof +gu?
op—1 (wa;

= 2 (1118, + gl ) -

p 1 1
+ wap — gw?r
P

)

P

IN

p 1
+ ows
P

O

Theorem 2.3. LP (G) is uniformly convex for 2 < p < co.
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Proof. Let f,g € LE,(G) with |[fIl,, <1, llgl, ., <1 and |f - gll,, > e Then,

pw —
we have
b)) = 1=l

-1
1+ gl <277 (118, + g
which implies that
If+alp, < 2°7'2-¢P

- 2 0-G))

)
b,w 2

That is, 6(e) =1 — (1 — (%)p) ? and this is known to be exact. O

Therefore, we get

Lemma 2.4. (The Minkowski inequality for p € (0,1)) Let 0 < p < 1 and let f
and g be positive functions in Ly(G), then f + g € L,(G) and

I1f +gll, = £l + llgll, -
Lemma 2.5. Ifl1<p<2andq= p%l, then
ja+ b7+ |a = b|* < 2(Jaf” + [p]")*"
for all real numbers a and b [6].

Lemma 2.6. Let 1 <p<2andq= p%l. For any f, g € LP(G), we have

qg—1
1F+gld+ 1 = alg <2 (W71 + glly)

Theorem 2.4. Let 1 <p <2 and let q= p%l. For any f, g € LP (GQ), we have

qg—1
1+ 9l 4 15 = 0l <2 (LI + gl )

Proof. First notice that

1N\ ¢
P

191, = || /1@ uea
G

p—1

— | 1@ i
G

- E/U@W@”UM@M
G

A1 1 -
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Let f,g € L? (G). By the Minkowski inequality for 0 < r < 1, we have

(/F )+ Gl |d;z:) (/|F dx) +(!G(x)’”dz)i

Since 1 < p <2, wehave 0 < L <1. Let us define F(z) = ‘(f(;z:) + g(z)) w(x)

%
p
dm)

q

==

and G(z) = |((2) - g(2)) w(z) > |

[lo@+

G

Jtr@ + gy wi

LG

= | [ |[r@w@? + )|’
LG

. By lemma 7, we get

”dm) s ( @ - gt wta?
G
: dx] P

q q

IN

+ (/@) - g@)) wia)?

IN
r 1
Qe
/N
[\
>
=
o
=4
o
<=

= 2 /(f(fv)pw(z)+lg(fv)pw(z))d:v]
LG

Thus, we obtain

-
a a p p
17+ gl + 17— ol <2 (1712, + 1l
o
Theorem 2.5. The space LE (G) is uniformly convex for 1 < p < 2.

Proof. Let f,g € L2 (G), 1 < p < 2, with || f]|
€. Then, by the theorem 4, we have

q—1
If+ally., < 2 (HfIIZ,w + HgHZ,w) —If =9l .
2,291 _ g4

- w(- ),

<L llglly, < 1and [If =gl =

pw — pw — pw —

IN
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Hence, we get

f+yg
2

IN
VS

—

|
S
DN ™
—
k)
—
Q|-

p,w

IN
—_
|
[«

1
q

where 6(g) =1— (1 — (%)q) O
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Let us define By, = LP(G) N L"(G) with 1 < p,r < co. It is known that B, , is

a normed space with the norm

11 = max {71, 171, }
7).

Theorem 2.6. The space By, , is uniformly convex space for 1 < p,r < co.

Proof. Let f,g € By, with | f|,, <1, [[g]l,, < 1and|[|f —gll,, > e. By definition

pr =
of the space B, , we have f,g € LP(G) and f,g € L"(G). Assume that

1f + gl = max {1 +gll,. If + gl } = 1 +ll,-

By assumption, we have || f + gl < | f + 4],
Let 1 < p,7 < 2. By lemma 8, we have

qg—1
q p p q
1F +gls <2 (171 +Ngl) = 1F =gl
D

where ¢ = 1 Then, we get

qg—1
1F+ale, = NF+gle <2 (I8 +192)" = If = gl
< 29297t ga

- (- (3))

< (1 — (%)q)% By choosing

’f—ﬁ-g
2
P,

which gives ‘

1
Se)=1-(1- (%)q) ¢ the proof is completed for 1 < p,r < 2.
If 2 < p,r < oo, then we have, by lemma 4,

1F+ gl = 17+l <27 (U715 + 1lgls) = 1f = gl
EN\P
< 2(-(5))
and we get H%H < ( (%)p)% If we choose §(e) = 1— (1 — (§)")
is completed. O "

—
I
Sl

, the proof
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SOME CLASSES OF ANALYTIC FUNCTIONS ASSOCIATED WITH
¢-RUSCHEWEYH DIFFERENTIAL OPERATOR

Khalida Inayat Noor

Abstract. It is known that the g-analysis (g-calculus) has many applications in math-
ematics and physics. The notion of the g-derivative D, of a function f, analytic in the
open unit disc, is defined as Dg f(z) = %, q € (0,1), (# # 0) and D, £(0) = f(0).
Using a g-analogue of the well-known Ruscheweyh differential operator Dy of order n,
we introduce certain classes STy(n) for n = 0,1, 2, ..., and investigate a number of in-
teresting properties such as inclusion and coefficient results. The ideas and techniques

in this paper may stimulate further research in this field.

Keywords: Analytic, Starlike functions, g-derivative, Ruscheweyh operator, Subordi-
nation

1. Introduction

Let A denote the class of functions f which are analytic in the open unit disc
E ={z:]z] <1} and are of the form

(1.1) fz)=2z+ Z am 2™,
m=2

The class S C A consists of univalent functions. A function f € A is said to be
starlike of order a(0 < aw < 1) in F if it satisfies the condition

Re{'z]{;g) } >a, (z€B).

We denote this class by S*(a). For a = 0, we have S*(0) = S*, is the well-known
class of starlike functions. The class C(«), (0 < a < 1) consists of convex functions
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of order « and can be defined by the relation f € C(«), if and only if, zf' € S* ().

Let f1, fo € A. If there exists a Schwartz function ¢(z) which is analytic in E
with ¢(0) = 0 and |¢(z)| < 1 such that f1(2) = f2(¢(2)), then we say that fi(z) is
subordinate to f2(z) and write f1(z) < f2(z), where < denote subordination symbol.

For f € A and given by (1.1), g : g(z) = z + > o _,by2™, convolution *
(Hadamard product) of f and g is defined by

(f*9)(z E:amnﬂ

Recently, the use of g-calculus has attracted the attention of many researchers in
the field of geometric function theory. Ismail et al. [5] generalized the class S*
with the concept of g-derivative and called this class S; of g-starlike functions. For
recent developments, see [10, 11, 12, 13, 14, 17] and the references therein.

We first give some basic definitions and the concept of g-calculus, which we shall
use in this paper. For more details, see [3, 8].

A set B C C is called g-geometric if, for ¢ € (0,1), gz € B, it contains all the
sequences {zq™}&°. Jackson [6, 7] defined ¢-derivative and ¢-integral of f on the set
B as follows:

f(z) = f(zq)

(z#0,2€(0,1)),
and
/Oz f(#)9qt = 2(1 - q) i q"f(2¢™), q€(0,1),
m=0
provided that the series converges.
It can easily be seen that, for m =1,2,3,..., and z € F,

(1.3) {Zamz }_imqamz -1

where

(1.4) g =143 ' = 11__(1:7 [0,4] = 0.

For any non-negative integer m, the g-number shift factorial is defined by
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L -
[m, q]! —{ [1,4)[2,4][3,q]...[m,q], =1 2,3,

Also, the g-generalized Pochhamer symbol for z > 0 is given as

1, m
[m, qJm :{ [z,q][z+1,q]...[z+m-1,q], m =

Throughout this paper, we shall assume z € E, and ¢ € (0,1), unless stated
otherwise.

Using the g-derivative, we define certain new classes of analytic functions given
as below.

Definition 1.1. Let f € A. Then f is said to belong to the class STy, if

z q q
m(aqf)(z) TIo g <7 2

where 9, f(z) is defined by (1.2) on ¢-geometric set B.

Remark 1.1. We note that, as ¢ — 17, the disc [w(2) — 1-Lz| < =Lz becomes the right
half plane Re{w(z)} > a, a € (3, 1) and the class ST, reduces to S*( )

Following the argument similar to the one used in [20], it is easily seen that f € ST,
if and only if],

200 f(2) 1
JG) T-gz

From (1.5) it can be seen that the linear transformation —— maps |z| = r onto the

(1.5)

circle with center C(r) = q—ZTZ and the radius o(r) = q— and we can write

1—q 1—q27"2’

1—qr+qr? 204 f(2) 1+ qr+qr?
I CET R L o e e

Now, with d,(log f(2)) = 8}](;(,)2)7 Re Bf{z()z) r 2 logclif(z)‘ and some computation,

we have from (1.6)

1 q 1 q
1.7 .
(1.7) +1—|—qv"_d7’ o8 |f(2)] < r+1—qr

Taking the g-integral on both sides of (1.7) and simplifying, we get

’f 1 l—g¢

T —grym’ T logg !

(1.8)

(1 + qr qq1
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Since limg_,q- 7 1, (1.8) gives us a distortion result for f € 5*(3) as

1-q _
ogg—?

<[fx)l <

i i =y see [4]

For n € N, ={0,1,2,3,...}, the Ruscheweyh derivative D™ of order n, is defined as

z _ 2" ()™

We now proceed to discuss the g-analogue of the Ruscheweyh derivative.
Let the function Fj , 1 be defined as

(1+7) +7’)

D"f(z) =

m+n—1 q' .

(1.9) Fyni(z _z+Z _1q]z ,

where the series converges absolutely in E.

Using (1.9), the g-Ruscheweyh differential operator of order n, Dy : A — A is
defined for f(z) given by (1.1) as

Dyf(z) = Fyny1(2)* f(2)

-1
Z 4+ Z L_qu]]amzm, see [9].

(1.10)

We note that

DUf(z) = f(2) and Dif(z) = 20,f(2).
Also (1.10) can be written as
205 (2" f(2))
[, q]!
As g — 171 lim, - Fypii(2) = 7(1722)%1, and lim,_,;- Dy f(z) = D" f(2), that
is, the g-Ruscheweyh derivative reduces to the Ruscheweyh derivative as ¢ — 1.

See [18].
The following identity can easily be derived from (1.10).

[n, 4l e
0 Dy f(z)-

n € N.

Dy f(z) =

(1.11) 204(D} f(2)) = (1+ [q ]>D"+1f( ) —

When ¢ — 17, (1.11) reduces to the well-known identity for the Ruscheweyh deriva-
tive as

2(D"f(2)) = (n+1)D" 1 f(2) = nD" f(2).

Using the g-operator Dy, we define the following.
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Definition 1.2. Let f € A and let the operator D' : A — A be defined by (1.10).
Then f € ST,(n), if and only if, D7 f € ST, in E.

In other words zaqf()gD]%‘();()z)) = 1_1qz implies f € ST,(n). We note that, if
(2) < ! then Rep(z) > ! €EFE
p(z) < 1= o n p(2) > 75 L z .
2. Main Results
Theorem 2.1. Forn € Ny, ST,(n+ 1) C ST,(n).
Proof. Let f € STy(n+1). Set
20,(Dg f(2))
2.1 a7 ).
We note that p(z) is analytic in E and p(0) = 1. We shall show that p(z) < %

1—qz"

The g-logarithmic differentiation of (2.1) and the use of identity (1.11) yields

20,(Dy 1 f(2)) 204p(2) _ [n,d]
o ot e M
Let
1
(2.3) p(z) = TQ%Z)

¢(z) is analytic in E and ¢(0) = 0. We shall show that |¢(z)| < 1, for all z € E.

Suppose, on the contrary, that there exists a zp € E such that |¢(z)| = 1.
Since f € ST,(n+ 1), it follows from (2.2) that

Ol ), Ly,

Re ¢ p(z) + , = .
{() p(z)+NgJ = 14+q 7 gn

Using (2.3), we have

20qp(2) | . 1 q2094$(20)
(24) Re {W”pi(z) T NJ =R [1—q¢>(20) TG+ No) Ny (z0)] |

Let ¢(z0) = e*®. Then

1 1—gcost

(2:5) Re 1 —qd(z0) 1 2gcosf + g2
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Also
(2.6) 20049(20) = kd(20), k2>1,

by using g-Jacks’s Lemma given in [1].
Using (2.5), (2.6), #(z0) = €% in (2.4), we have

204(D2 M £(20)) } { 1 qke'? }
2.7) Req /L """ =R, . . —~ .
@ Re{ S ) = red i + e, T
In (2.7), we take 6 = m, and this gives us
Dn+1
N E TR B
Dy f(2) 1+g¢

1
1—qgz"

which is a contradiction. Thus, |¢(z)] < 1 for all z € E and this proves p(z) <
Consequently, f € STy(n) in E. O

Using the identity (1.11) and the definition, the proof of the following result is
straightforward.

Theorem 2.2. Let f € STy(n) and let I,,f : A — A be defined as

[n+1,q]
qnzn

L.f(z) = /0 t"Lf(t)dgt, n e No.

Then I, f(z) € STy(n+1).

This operator was introduced by Bernardi [2] for ¢ — 17. For n =1, I f(2) is the
g-analogue of the Libera integral operator, see [15, 16].

In [19], it has been proved that No<4<1S; () = S*(a), 0 < a < 1. From this we
can easily deduce that
(). No<ge1STy = S*(3).
(ii).  f € [Mo<qe15Ty(n)] implies D" f € S*(3).

We have the following.

Theorem 2.3. N ,ST,(n) = {id} where id is the identity function.
Proof. Let f(z) = z. Then it follows trivially that z € STy(n), for n € N,.
On the contrary, assume f € N5, ST, (n) with f(z) given by (1.1).

From (1.5) and (1.10), we deduce that f(z) =2. O

Theorem 2.4. Let f € ST,(n) and be given by (1.1). Then

o )= La) g 1-g
m = O G (m +n = Lgh B ey

where O(1) is a constant depending on q.
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Proof. Let
Dif(z)=z+ Y Ap(n)z™.
m=2
Then, from (1.10), we have
Ap(n) = ———=—an.
)= ol L]

Since f € ST,y(n), Dy f € ST,, and we can write

1
1—qz

204(Dg f(2)) = (D f(2))(p(2)), p(z) <

The Cauchy Theorem, (1.8) and the Schwartz inequality gives us

1 1—gq
< B —— ] = —
[m7 q]‘Am(n)‘ = Cl(q) (1 — r)qql-i-% y @1 log(fl’
where ¢1(g) is a constant. Taking r = 1 — L, (m — 00), we obtain the desired

result. [

As a special case for n =0, Dgf € ST, and a,, = O(1) -mlan=2) m — 0.
We observe here that, lim,_,;- ST, = S*(3) and f(z) < t%. Using the Schwartz
inequality and subordination, we get

nl(m — 1)!
m=0(1) ———.
“ (1) (m+n-—1)!
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ON A KAHLER MANIFOLD EQUIPPED WITH LIFT OF
QUARTER SYMMETRIC NON-METRIC CONNECTION

Pankaj Pandey and Braj Bhushan Chaturvedi

Abstract. The aim of the present paper is to study Kéahler manifolds equipped with
the lift of a quarter-symmetric non-metric connection. In this paper, a condition on the
manifold for being a Kéhler manifold with respect to the lift of the quarter-symmetric
non-metric connection is obtained. It is further shown that the Nijenhuis tensor with
respect to the lift of the quarter-symmetric non-metric connection vanishes. Also, a
necessary and sufficient condition for a contravariant almost analytic vector field in a
Kéhler manifold equipped with the lift of a quarter-symmetric non-metric connection
has been found.

Keywords Kéhler manifold; non-metric connection; differentiable manifolds.

1. Introduction

In 1975, a linear connection was introduced by S. Golab [5] called quarter-symmetric
connection.

A linear connection V is said to be a quarter-symmetric connection if the torsion
tensor T' of V has the form

T(X,Y) = w(Y)oX — w(X)eY,

where ¢ is the tensor field of type (1,1) and X,Y are arbitrary vector fields. A
linear connection V is said to be a non-metric connection if the covariant derivative
of the metric tensor g with respect to V does not vanish i.e. Vg # 0.

The lift function plays an important role in the study of differentiable manifolds.
In the last few decades, the theory of lift has been studied by several authors. Fur-
thermore, the study of tangent bundles has been continued by L. S. Das and M. N.
I. Khan [3] (2005). They [3] considered a manifold with an almost r-contact struc-
ture and obtained an almost complex structure on the tangent bundle. Recently,
M. Tekkoyun and S. Civelek [8] (2008) studied and extended the concept of lifts by
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considering the structures on complex manifolds. In 2014, the lift was studied with
a quarter-symmetric semi-metric connection on tangent bundles by M. N. I. Khan
[6]. The same author [7] (2015) also studied the lift equipped with a semi-symmetric
non-metric connection on a Kéhler manifold. The semi-symmetric non-metric con-
nection has also been considered by B. B. Chaturvedi and P. N. Pandey [2] (2008)
in a Kahler manifold. In [2] they showed that the Nijenhuis tensor vanishes in a
Kahler manifold equipped with a semi-symmetric non-metric connection. In the
same paper, they [2] also proved that if V' is a contra-variant almost analytic vector
field in a Kéhler manifold then V is also a contra-variant almost analytic vector
field in a Kéahler manifold equipped with a semi-symmetric non-metric connection.
Recently, B. B. Chaturvedi and P. Pandey [1] (2015) studied a new type of the met-
ric connection in an almost Hermitian manifold. In that paper, they [1] obtained a
condition for a vector field V' to be a contravariant almost analytic vector field in
an almost Hermitian manifold equipped with a new type of the metric connection.

1.1. Kahler manifold

Let M be an n-(even) dimensional differentiable manifold. If for a tensor field F' of
type (1,1) and a Riemannian metric g the conditions

FA(X)+X =0, g(FX,FY)=g(X)Y), (VxF)Y =0,

hold then M is called Kéhler manifold, X,Y are arbitrary vector fields.

1.2. Quarter-symmetric non-metric connection
Let F' be a tensor field of type (1,1) then a linear connection V defined by
(1.1) VxY =VxY +w(Y)FX,

is called quarter-symmetric non-metric connection, V is the Riemannian connection,
w is 1-form defined by g(X, p) = w(X) for the associated vector field p.
The torsion tensor 7" and the metric tensor g of V are given respectively by

T(X,Y) =w(Y)FX-w(X)FY and (Vxg)(Y,Z)=w(Y)g(X,FZ)+w(Z)g(X,FY),

for arbitrary vector fields X and Y.

1.3. Tangent Bundle

let M be a differentiable manifold and 7,M denotes the tangent space of M at
any point p € M then the collection of all tangent spaces at p € M is called the
tangent bundle of M and denoted by T (M) = UpemTp,M. Let p € T (M) then the
projection 7 : T(M) — M defined by w(p) = p is called the bundle projection of
T(M) over M and the set 7~ 1(p) is called the fiber over p € M and M the base
space.



On a Kahler Manifold 541

Vertical lift: The composition of two maps 7 : T(M) — M and f : M — R defined
by fV = for is called the vertical lift of f, where f is a smooth function in M. For
p € 7~ H(U) with induced coordinates (z",y"), the value of fV(p) is constant along
each fiber T,(M) and equal to f(p) i.e. fV(p) = fV(z,y) = for(p) = f(p) = f(z).
Complete lift: For a smooth function f in M, a function f¢ defined by f¢ = i(df)
on T(M) is called the complete lift of f. If 9f is denoted locally by y'd; f then the
complete lift of f is locally denoted by f¢ = yi0;f = Of.

Let X be a vector field, then for a smooth function f on M, a vector field X¢ €
T(M) defined by X f¢ = (X f) is called the complete lift of X in T(M). If X
has the component z" in M then the component of the complete lift X< in T'(M)
is given by X : (2" 0z") with respect to the induced coordinates in T'(M).

For a 1-form w in M and an arbitrary vector field X, the complete lift of w is
denoted by w® and defined by w®(X%) = (w(X))° [7].

1.4. Induced metric and connection

Let 7: S — M be the immersion of an (n — 1)-dimensional manifold S in M. If we
denote the differentiable map dr : T'(S) — T(M) of 7 by B called the tangent map
of 7, T(S) and T'(M) being the tangent bundles of S and M, respectively, then the
tangent map of B is denoted by B : T(T'(S)) — T(T(M)) [7].

Let g be a Riemannian metric in M and the complete lift of g is g¢ in T'(M). If §
denotes the induced metric of g© on T'(S) then we have §(X,Y) = ¢¢(BX¢, BY©),
where X, Y are vector fields in S. If V denotes a Riemannian connection on M then
VY, the complete lift of V, is also a Riemannian connection satisfying V)C(CYC =

(VxY)“ and VGeYV = (Vx Y)Y, for the vector fields X,Y in M.
From [7], we know that the lift function has the following properties,

Ww(BXY) = w(BX)T = #(w" (X)) = #((@(X))")
= (WBX))",w/(BX) = w(BX)?
= #OX9)) = #(W(X))) = (WBX), [X, Y]
(X, Y], FOXY) =(F(X))", w (X9 = (X)X
(1.2) = (X)) ¢“(xXV, YY) = QC(XC7YV) (9(X, Y)Y,
where X¢ w® FC ¢¢ and XV, wY,FV, ¢V are the complete and vertical lifts of

X,w,F,g. #,V and C denote the operation of restriction, vertical lift and complete
lift on 7, (7(S)) respectively, X,Y are vector fields in S.

2. Lift of quarter-symmetric non-metric connection on a Kahler
manifold

Taking the complete lift of the equation (1.1), we get

(2.1) (VexBY) = (Vpx BY)® + (w(BY)B(FX))C.
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Simplifying (2.1), we have

(2.2) VayeBYC = V% o BYY +w?(BYY)B(FX)Y +w"(BYY)B(FX)C.

A connection vo defined by (2.2) is called the lift of a quarter-symmetric non-

metric connection V.
Replacing Y by FY, the equation (2.2) gives

VaxeB(FY)? =V¢ _B(FY)C +wC(B(FY)C)B(FX)V
(2.3) +wY(B(FY)°)(B(FX))°.
Also, operating F'© on the equation (2.2), we get
2AFC(VxeBY?) = FO(VE . BYC) - wC(BYC)BXY — ¥ (BY?)BXC.
Subtracting (2.4) from (2.3), we have
—C ~ ~
(VpxeBFO)(BY®) =

w(B(FY))B(FX)Y +wY (B(FY)°)B(FX)®
(2.5) + WY

B
BYY)BXV +w"(BY®)BXC.
Thus, we can state

Theorem 2.1. Let M be a Kdhler manifold equipped with the lift of a quarter-
symmetric non-metric connection vo then M is a Kdhler manifold with respect to
vc if and only if

wC(B(FY)C)B(FX)V +w(B(FY)°)B(FX)°
(2.6) +w%(BY°)BXY + WY (BY®)BXC = 0.

Now, if we denote
(2.7) T (BXC, BYC) = wC(BY)B(FX)” +wV(BYC)B(FX)C.
and define a tensor "H* of type (0,3) by
(2.8) "HY(BXC,BYC,Bz°) = ¢¢(@ (BXC,BYC®), BZC),
then, the equations (2.7) and (2.8) together give
T (BXC,BYC,Bz°) =uwC(BYC)¢C(B(FX)V,BZC)
(2.9) +wV(BY©)g®(B(FX)®, BZC)
Replacing Y and Z by FY and FZ in (2.9), respectively, we get
HY(BXC,B(FY)C,B(FZ)°) = wC(B(FY)°)¢C(B(FX)Y,B(FZ)°)
(2.10) + WY(B(FY)%)g%(B(FX)°,B(FZ)°)
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Subtracting (2.9) from (2.10), we find

’FC(BXC,B(FY)C B(Fz)¢) — T (BXC,BYC,BzC)

= WC(B(FY)©)g® (B(FX)", BFZ)°)

+wY(B(FY)©) g% (B(FX)°,B(FZ)°)
(211)  —wC(BYC)gC(B(FX)V, BZC) —wV (BY )¢ (B(FX)C, BZO),
which shows that ’ T’ is a hybrid in the last two slots if and only if the right hand
side of (2.11) vanishes.
We also know that a necessary and sufficient condition to be a Kéhler manifold
with respect to the connection D defined by DxY = VxY + H(X,Y) is that 'H
defined by "H(X,Y,Z) = g(H(X,Y), Z) is a hybrid in the last two slots [4].
Hence from the above discussions, we conclude the following

Theorem 2.2. Let M be a Kdhler manifold equipped with the lift of a quarter-
. . . =C . .y
symmetric non-metric connection V then a necessary and sufficient condition for
. . . . =C .
M to be a Kahler manifold with respect to the connection V~ is that

W (B(FY)9)g?(B(FX)V, B(FZ)?) +w"(B(FY))g°(B(FX)?, B(FZ)?)
(2.12) —w®(BY )¢ (B(FX)V,BZ%) —wY(BY)¢g®(B(FX)®,BZC) =
Corollary 2.1. Also, replacing X by FX in (2.12), we have

wC(B(FY))B(FX)V +wY(B(FY)°)B(FX)°
(2.13) +w(BY°)BXY 4+ wY(BY®)BXC =0,

which verifies the condition of the Kdhler manifold obtained in (2.6). O

Let 'F denotes the 2-form of the Riemannian metric g defined by 'F(Y,Z) =
g(FY, Z) then the complete lift of 'F' is denoted and defined by

(2.14) '"FC(BYC,BZz°) = ¢°(B(FY)“,BZ°).

Taking the covariant differentiation of (2.14), we get

Corollary 2.2.
—C ~ ~ ~ ~
(Ve FONBYC, BZC) = (VS /' FO)(BY, BZC)
wC(BY)g®(BXY,BZC) +w"(BY®)g®(BXC,BZC)
wC(BZC)¢%(BY®,BXV) —wV(BZ%)¢°(BY®, BXC).

By taking the cyclic sum over X,Y, Z of the equation (2.15), we obtain

(Voxe'FOYBYC, BZC) + (Vgye' FC)(BZC, BXC)
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= wC(BY%) g% (BXY,BZ) +wY (BY®)g®(BX®,BZ°)
+w(BZ%)g%(BYY,BX%) +w"(BZ)g®(BY®, BXC)
+wC(BX%)g%(BZY,BY) +w"(BX)g® (B2, BY®)
—w%(BZ%)¢¢(BY® BXV) —w"(BZ%)¢°(BY®, BXC)
—wC(BX g% Bz, BYY) —wV(BX%)¢°(BZC, BY°)
(2.15) —wC(BY )¢ (BXC,BZV) —wV(BY“)¢y°(BXC, BZC)

Thus, we can state the following

Theorem 2.3. Let M be a Kdahler manifold equipped with the lift of a quarter-
symmetric non-metric connection YV then the relation (2.16) holds.

Also, it is well known that the Nijenhuis tensor N with respect to the Riemannian
connection V is given by

(2.16) N(X,Y) :[FX,FY]—[X,Y]—F[FX,Y}—F[X,FY]
(2.17) =VpxFY —VpyFX —VxY +Vy X
(2.18) —FVpxY 4+ FVyFX — FVxFY + FVpy X.

If N denotes the complete lift of the Nijenhuis tensor N then the equation (2.17)

gives the Nijenhuis tensor Nc with respect to the connection vc as follows
—=C , = ~ =C ~ =C ~
N (BX®,BYY) = VB(FX)cB(FY)C - VB(Fy)CB(FX)C
—C ~ =C =
(2.19) +FY(VpyeB(FX)Y) — FC(VixeB(FY)Y)
(2.20) +FC (V5 pyye BXO).
By help of (2.2), the equation (2.18) reduces to
(2.21) NY(BxC BYC) =0,
Hence, we have

Theorem 2.4. Let M be a Kdhler manifold equipped with the lift of a quarter-
. . . =C .. . —C
symmetric non-metric connection V-~ then the Nijenhuis tensor N~ with respect to

. =C .
the connection V~ vanishes.

3. Contravariant almost analytic vector field on a Kihler manifold

We know that in an almost Hermitian manifold, a necessary and sufficient condition
for a vector field W to be a contravariant almost analytic vector field is that

(3.1) VexW = (VwF)X + F(VxW).
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For a Kéhler manifold the equation (3.1) reduces to
(3.2) VexW — F(VxW) = 0.
Now, replacing X by FX and Y by W in (2.2) we have

(33) Varx)e BWE = VG oy e BWE —wC(BWO)BXY — oV (BWC) BXC

Again, replacing Y by W and then taking F¢ in (2.2), we get

(3.4 (V5o BWEC) = FC(VE

€ eBWY) —w“(BWY)BXY —w"(BWY)BXC.

Subtracting (3.4) from (3.3), we obtain

(FX)

R C C(oC
@ pxye BWE = FE(VS

€ e BWO).

Thus, we have the following theorem

Theorem 3.1. Let M be a Kdahler manifold equipped with the lift of a quarter-

. . . =C . .y
symmetric non-metric connection V- then a necessary and sufficient condition for
a vector field W to be a contravariant almost analytic vector field with respect to the

connection V is that it is a contravariant almost analytic vector field with respect
to the connection V. O
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OPERATORS IN THE TANGENT BUNDLE
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Abstract. The main aim of the present paper is to study Tachibana and Vishnevskii
operators for the Lorentzian almost r-para-contact structure in the tangent bundle.
Keywords: Tangent bundle, Vertical lift, Complete lift, Lie derivative, Tachibana
operator, Vishnevskii operator.

1. Introduction

The study of differential geometry of the tangent bundle is a very fruitful do-
main of differential geometry because the theory provides many new problems in
modern differential geometry. The study of differential geometry of the tangent
bundle started promptly in 1960s by Davis, Sasaki, Yano and Davis, Tachibana and
many others. Yano and Ishihara have studied vertical, complete and horizontal lifts
of tensors and connection. The first author studied lifts of a hypersurface with con-
nections to tangent bundles and a Kdhler manifold in 2014 [7] and 2016 [8]. Also,
different structures on tanent bundles have been studied by several authors such as
Das and the first author (2005) [4], Tekkoyun(2006) [6], the first author(2017) [15]
and many others.

I. Sato [17] introduced the notion of almost contact structure on differential
geometry. An almost paracontact Riemannian manifold and an almost product
Riemannian manifold were studied by Adati [19] while the almost r-contact struc-
ture was introduced by Vanzura [10]. In [13], Motsumoto initiated the study of
Lorentzian paracontact manifolds. The Lorentzian almost r-paracontact structure
in the tangent bundle was studied by Khan and Jun [14].

The paper is organized as follows: In Section 2, we recall some basic definitions
of vertical, complete and horizontal lifts and the Lie derivative. Section 3 deals
with Tachibana and Vishnevskii operators associated with the Lorentzian almost
r-para-contact structure in the tangent bundle.
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2. Preliminaries

Let M be an n-dimensional differentiable manifold and let T'(M) = (¢ 5, T,(M)
be its tangent bundle. Then T(M) is also a differentiable manifold [1]. Let
X =" 2%(5%) and n = 1" n'da’ be the expressions in local coordinates
for the vector field X and the 1-form n in M. Let (2*,y") be local coordinates of
point in T'(M) induced naturally from the coordinate chart U(z*) in M.

2.1. Vertical lifts

If f is a function in M, we write fV for the function in T'(M) obtained by
forming the composition of 7 : T(M) — M and f: M — R, so that

(2.1) fV = for
Thus, if a point per~*(U) has induced the coordinates (z",y") then
(2.2) FY@0) = ¥ (z,y) = for(p) = f(p) = f(2)

Thus the value of fV(p) is constant along each fibre T},(M) and equal to the
value f(p). We call fV the vertical lift of the function f . Vertical lifts to a unique
algebraic isomorphism of the tensor algebra (M) into the tensor algebra 7(T'(M))
with respect to constant coefficients by the conditions

(2.3) PeQ)Y =P @Q",(P+R)Y =PV +RY

P, @ and R being arbitrary elements of 7(M) [3].

Furthermore, the vertical lifts of tensor fields obey the general properties [1, 2]:

(a) f9) =1Vg". (fF+9)V =fV+4g"
b)) (X4 =XV YV (LX) = VXY, XV =0,[XY,YY] =0
(c) (fm)V =0V " (XV)=0,XV(YV) =0,

Vf,geTg(M),X,Y € 15(M),¢ € 1 (M).

2.2. Complete lifts

If f is a function in M, we write f¢ for the function in T'(M) defined by

¢ =i(df)
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and call f¢ the complete lift of the function f. The complete lift f€ of a function
f has the local expression

¢ =y'of=0of
with respect to the induced coordinates in T'(M), where 0 f denotes y'9; f.
Suppose that X € 73(M). We define a vector field X¢ in T(M) by

XCfC=(xp)°

f being an arbitrary function in M and call X¢ the complete lift of X in T'(M).
The complete lift X¢ of X with components 2" in M has components

h
C. z
x| o |
with respect to the induced coordinates in T'(M).
Suppose that 7 € 74(M) Then a 1-form 7 in T(M) defined by

(X)) = (n(x))“

X being an arbitrary vector field in M. We call n¢ the complete lift of 7.

The complete lifts to a unique algebra isomorphism of the tensor algebra 7(M)
into the tensor algebra 7(T(M)) with respect to constant coefficients, is given by
the conditions

PRQ)=P°2Q"+P Q% (P+R)=P°+R"

P,Q and R being arbitrary elements of 7(M).
Moreover, the complete lifts of tensor fields obey the general properties [1, 2]:

(a) (fX)¢ =fXV + VX9 = (X)), XV =(Xf)V, XV =(X[)",
(b) PV XC = (¢X)V, 0 XV = (¢X)V, (6X)° = ¢“ X,

(c) n’ X9 = X)XV = (n(X))"

(d) XV,YC] = [X,Y]°,1C = I,IVIC = XV,[XC, Y] = [X,Y]C

2.3. Horizontal lifts

Let (z",y") be a local coordinate system in an open set 7—*(U) C T(M) where
U is an arbitrary coordinate neighborhood in M. Suppose that a tensor field S in
M by
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and a tensor field v,S in 7= (U) by

; 0 0
VoS = (X lSZ;,;;;;Z) 77 O @ g ® da®

and a tensor field 7S in 7~ 1(U) by

The tensor fields ~,S and vS defined in each 7—!(U) determine respectively
global tensor fields in T'(M).

Let V be an affine connection in M. If f is a function in M then the gradient
of f dented by Vf in M.

Apply the operation v to v f and get y(Vf).

Put
Vyf =v(Vf).
The horizontal lift f# of f € 7J(M) to the tangent bundle T'(M) by
(2.4) (N =10 =V, f

Let X € 74(M). Then the horizontal lift X of X defined by
(2.5) X7 =x°-v,X

in T(M), where
VX =7(VX)

The horizontal lift X of X has the components
2
26) o
with respect to the induced coordinates in T'(M), where T'}' = 47T,

Suppose that € 70(M). Then the 1-form ¢ in T'(M) defined by the horizontal
lift S of the tensor field S of an arbitrary type in M to T(M) is defined by

(2.7) SH =5¢-v,S
for all P,@Q € 7(M). We have

V,(P2Q)=(V,P)® Q" + P & (V,Q)

(2.8) (PoQ)" =P QY + PV o Q".
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In addition, the horizontal lifts of tensor fields obey the general properties [1, 2]:

(a) XHfV = (Xf)V,FVXH = (FX)V, FCXH = (FX)? + (V,F)XH
(b) nV (X)) = (X)), n“(XT) = (X)) = v(no (VX),;
() ™" (X) =" (V,X),n"(X") =0

Vf,geTd(M), XY € it (M),ne (M), F eri(M).

LetX be a vector field in an n-dimensional differentiable manifold M. The dif-
ferential transformation Ly is called the Lie derivative with respect to X if

(a)  Lxf=XfVfer(M)
(b) LxY =[X,Y].

The Lie derivative Lx F' of a tensor field F' of type (1, 1) with respect to a vector
field X is defined by [1]

(2.9) (LxF) = [X, FY] - F[X,Y]
where [,] is the Lie bracket.

Let M be an n-dimensional differentiable manifold. Differential transformation
of algebra T'(M) defined by

(2.10) D=Vx:T(M)—=T(M),X €15 (M),

is called covariant derivation with respect to a vector field X if

(a) Vixygvt = fVxt+gVyt,
(b) Vxf=XfVfgerd(M),VX,Y € 74(M),Vt € 7(M).

and a transformation defined by
(2.11) V:g(M) x 18(M) = 78(M)
is called affine connection [1].

Proposition 2.1. For any X,Y € 73(M)/[1]

(a) XV, YH] = [X, Y] = (VxY)Y = =(VxY)V
(b) [XC7yH} = [X7 Y]H - ’Y(ny),
(C) [XHvyv] = [X7 Y}V + (VYX)V7

(d) (X V1] = [X, Y] —yR(X,Y)
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where V is an affine connection in M defined by
VxY =VyX +[X,Y]

and R denotes the curvature tensor of the affine connection V.

Proposition 2.2. For any X,Y € 7}(M), f € 70(M) and V¥ is the horizontal
lift of the affine connection V to T(M) [1]

(a) VA YV =0,
(b) Vi YH =0,
(c) VELYY = (VxY)Y,
(d) VEYH = (VxY)H,

3. Tachibana and Vishnevskii operators associated with the
Lorentzian almost r-para-contact structure in the tangent bundle

Let M be a differentiable manifold of C* class and T'(M) denotes the tangent
bundle of M. Suppose that there are a tensor field ¢ of type (1, 1), a vector field
& and a 1-form n,,p=1,2,...... r satisfying [5, 6, 11]

(a) ¢ =1- 22:1 Ep @ mp
(b) P&p =0
(c) Mpo¢=0

(3.1) (d) Mp(&q) = Opg

where p = 1,2,......r and d,, denote the Kronecker delta. Thus the manifold M
satisfying conditions (3.1) will be said to possess a Lorentzian almost r-para-contact
structure [13, 14].

Let us suppose that the base space M admits the Lorentzian almost r-para-
contact structure. Then there exists a tensor field ¢ of type (1, 1), (C°°) vector
fields &1, o, . . . &, and r(C°°) 1-forms 71, 12, . . . Mp, such that equation (3.1) are sat-
isfied. Taking the complete lifts of the equation (3.1) we obtain the following:

(a) ("2 =T+ _{& onfl —¢fen)}

(b) pHe) =0,0M¢S =

(c) ny 0" =0,n oV =0, 0" =0,n) 0¥V =0
32) (4 ni (&) = my (&) = 0,01 (&)) = ny (&) =
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Let us define the element J of JIT(M) by

(3.3) J=o"+> (& @n) — &l onfl)

p=1

then in the view of the equation (3.2), it is easily shown that
j2XV :XV j2XH :XH

which means that .J is an almost product structure in 7'(M) [3, 14]. Now in view
of the equation (3.3), we have

(a) JXH = (¢X)H + 22:1 {(Up(X))sz‘,/}

(3.4) (b)  IXV=(6X)V =3 {(np(X))Vei}

for all X € 7¢(M).

3.1. Tachibana Operator

Let ¢ € 7 (M) and 7(M) = >, 75(M) be a tensor algebra over R. A map

r,s=0 "r

@4 |r+s>0 is called the Tachibana operator or @, operator on M if [9]

@4 is linear with respect to constant coef ficient ,
Qg7 (M) = 7] (M) for all v and s
Py(K@° L) = (PyK)R L+ K @ ®4L for all K,L € 7*(M),
PyuxY = —(Lyd)X forallX,Y € 73 (M)
where Ly is Lie derivation with respect to 'Y,
(e) ()Y = (d(ryn(®X) = (d(ry (7.0 )X + 5((Ly $)X)
(3.5) — (@X (1)) (@X) — X(roxn) + n((Lyd)X)

for all p € (M) and X,Y € 7}, where 7yn = n(X) = n®° Y, 7*(M) the module
of the pure tensor field of type (r,s) on M with respect to the affinor field ¢.

Theorem 3.1. For the Tachibana operator on M, Lx the operator Lie derivation
with respect to X,J € 71 (T(M)) defined by J = ¢ + Z;Zl (& @ny — & @nlf)
and n(Y) = 0, we have
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(a) O v XM = —((Vx)YV)V + 30 (Vxp) V)V
(b) Ty X = —((Lxp)Y)T +yR(X,¢Y) — 30 (Lxnp)Y)VEY — JYR(X,Y)
(c) ;v XV =0
(d) Oju XY = —((Lxo)Y)Y + (Vxd)Y)” + 30 (Lxnp)YV)VEHN
(3.6) — Y (Vxmp)Y)Vel

where X, Y € 13(M), a tensor field ¢ € 11 (M), a vector field & and a 1-form
n e (M).

Proof.
()@ 5yv X = ~(Lxn J)YV = —~(Lxn JYY — JLxuYV), since LxY =[X,Y]

=[x JyV]+ (qSH +Z (& @ny —§f®n,f’)> (X7 YV

(X7 (V)] + 0" (X, Y]V + (VxY)Y +an (X, Y1V +(VyX)V)E)

—Zn,, (X, Y]V + (VyX)V)el

= —[X", (V)" 1(Ver X)V + 6" (X, Y]V + (Vy X)Y +an (X, v]”

p=1
+(VyX)V)g) - Zn,, (X, YTV + (Vy X)V)e!

= —((Vx9)Y)" = (¢VxY)V = > ((Lxnp)Y)V &) + Z((@an)Y)vﬁf
p=1

p=1

= p(LxY)VE

p=1
as U(LXY) —(Lxnp)Y
Vx(b -‘rz van V€H

(3.7)

D)7y u X = ~(Lxu)Y? = —(LxuJYH — JLxuY™) since LxY =[X,Y]
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—[X Ty )+ <¢>H +Y (& o~ ® n;?)) Xy

= —[X" (V)] + "X T, YH) 4> ) X Y1) = X v Hel
p=1 p=1

since X7 Y] = [X,Y]? —yR(X,Y),

r

—(Lx V) +yR(X,0Y) — p"yR(X, V) = > (Lxnp)V)VEY

= (O AR, Y)E + ) (v R(X, V)]
p=1 p=1
(3.8) = —((LxO)Y)" +yR(X,¢Y) = Y (Lxnp)Y)VE) — JYR(X,Y).

p=1

)P XV = —(Lxv )YV = —(LxvJYV = JLxvY") since LxY =[X,Y]
XV, YV +JxV, YY), [xV,YV]=o0

—[XV, 6" +> (¢ @ny — ¢ @nl) YY)
p=1

as (np(y)fp)H =0
(3.9) =[xV, ()] + Y XY, (np(V)E) "] =0

(D@7 u XY = ~(Lyxv )YH = —LyxvIVH + JLxvYH),  since LxY =[X,Y]

—xV, gy H) + <¢H+Z(£X®n,,v —ff@nf)) XV, vH

= —[X, Y]V + (VxoY)V + 6" (X, Y]V = (VxYV)" +an (X, Y] = (VxY)V)g)

p=1

—Zn,, (X, Y] = (VxY)V)g)!

since  npLxY = Lxnp(Y) — (LXUP)K nvaY Vxnp(Y) = (Vxnp)Y

r

—((Lx®)Y)V + (Vxo)Y +Z (Lxnp)V) e = (Vxnp) V)V e

(3.10) -
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Corollary 3.1. IfweputY =¢, i.e. nf(ff) = 171‘,/(51‘,/) =0, nf(fl‘,/) = nl‘,/(ff) =
1, then we have

(a) Qe XM =371 (Le, X)M — YR(X,&p) = (Vx )V — (Vxmp)&y &l

(b) g X" = (V&)Y — (Lxd)§)" + " R(X, &) — X5 (Lxmp)&) &)
=S AR(X, &)Y + 3 iy R(X, &)l

(c) Doy XV = (Ve)p XV

(d) Cyen XYV = —((Lxd)p)" + 21 (Lxmp)&p)V & = 321 (Vxp)&p) V&,

3.2. Vishnevskii Operator

Let V be a linear connection and ¢ be a tensor field of type (1,1) on M. If the
condition (d) of the Tachibana operator is replaced by

(3.11) (D) WyxY =VyxY — ¢VxY

for any X,Y € 70(M). A map U, : 7°(M) — 7(M), which satisfies conditions
(a), (b), (c), (e) of the Tachibana operator and the condition (D), is called the
Vishnevskii operator on M9, 11].

Theorem 3.2. For ¥, the Vishnevskii operator on M and V¥ the horizontal lift
of an affine connection V in M to T(M),J € 1(T(M)) defined by (5.3), we have

(a) ‘IijVYH == 22:1((77P(X)v5)pYH
(b) VixnYV =((Vy$)X)V = (Lxd)X)V + 3, (npVy X)VEH
= 2 Ly X)VET

(c) Ui YV = —22:1(77p(X))V)Vg§IYV
(@) Wjen Y = (Vyo)X) — (Lxd)X)T = S, (3, ¥y X)VE)
(3.12) + 3 Ly X)VeEY

where X,Y € 13(M), a tensor field ¢ € T} (T(M)), vector fields &, and a 1-form
Mp erd,p=1...r.

Proof.

@)V YT =V YH — vl vH

_ H H H 174 \% H H H H
= V(o (qremy —egen))xv Y T <¢ +Z;(€p ®n, —& ©n, )) Vi Y
e
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= v(¢X)V_Z;:1(an)VU£IYH asvngH =

= Y X))V (Ve V) asVE v =0

(3.13) - - Z (1 (X) Ve, )

D) sxn YV =V YT - JVEvY

=vi 14 H VoV _ ¢H o H H vV
= Vi{enrsy(eyeny —sfen))xn T <¢ +Z_:(€p @n, —& @, )> VLY

=Vin YV =" (VxY)V + ) p=17(VxV) el
= (VyoX)" +[¢X, Y]V = " (Vv X)" +[X, Y]V +an (Vy X)Y +[X,Y]V)ef!
p=1
B14) = ((Vy®)X)" = (Ly))X)" + > Vv X))V = Ly X)V&

U YV =VE YV - JvE YV

Jxv
_vH v H VoV _ eH o H H vV
- V(¢H+Z;:1(51\;@”;/,55@”5)))(‘/Y - <¢ + Z (& @my =& @m )) VxvY
p=1
= V(I—éX)vY an ngYV
(3.15) == p=1"n,(X YIVERYY  asV{ixp YV =0

()T xn YT =VE  YH — JV,vH

_ H H H 174 174 H H H H
= V(onssr_ (e ony —ciani))xn Y T <¢ +§;(£,, R, =& O, )) VinY
=

= Vixyn YT =" (VxY)? an (VxY)Hey
p=1

= (Vy )" + [pX, Y7 = o™ (Vy2X)" + (X, Y)7) = 3 0 (Vv )" + (X, Y)T)e)

™ T

(3.16) = ((Vy®)X)" = (Lyo)X)" =D (Vv X) &) = > Ly X)V¢)

p=1 p=1
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O

Corollary 3.2. If we put Y = ¢&p i.e. nf(gf) = 771‘,/(51‘,/) =0, nf({l‘,/) = ng(ﬁf) =1, then we
have

(a) Y ey YH = — (V)Y H
(b) \IIJ—SEYV = —¢H(¢Y§~p)v + (¢LY§p)V + Z;;:l(np(@ng)ng - ;:1(7117([/}’517)‘/)55
() Vi YV = =(Ve, V)V
(d) \IfjggYH = (Vy®)en) + @Y, &)™ + 32 (Vymp)ép)V Y — 301 (Lymp)ép)VEY -
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CONHARMONIC CURVATURE TENSOR OF A
QUARTER-SYMMETRIC METRIC CONNECTION IN A
KENMOTSU MANIFOLD
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Abstract. The aim of the present paper is to study Kenmotsu manifolds admitting
a quarter-symmetric metric connection whose conharmonic curvature tensor satisfies
certain curvature conditions.
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1. Introduction

Manifolds known as Kenmotsu manifolds were studied by K. Kenmotsu in 1972
[17]. They set up one of the three classes of almost contact Riemannian manifolds
whose automorphism group attains the maximum dimension [26]. Consider an al-
most contact metric manifold M2+ with the structure (¢, £, 7, g) given by a tensor
field ¢ of type (1,1), a vector field £, a 1-form 7 satisfying ¢ = —I+n®¢&, n(€) = 1,
and a Riemannian metric g such that g(¢X, ¢Y) = g(X,Y) —n(X)n(Y) for any vec-
tor field X and Y. The fundamental 2-form ® is defined by ®(X,Y") = g(X, ¢Y) for
any vector fields X and Y. The normality of an almost contact metric manifold is
expressed by the vanishing of the tensor field N = [¢, ¢] +2dn®¢&, where [¢, ¢] is the
Nijenhuis tensor of ¢ [6]. For more details we refer to Blair’s books ([6],[7]). A Ken-
motsu manifold can be defined as a normal almost contact metric manifold such that
dn = 0and d® = 2nA®. It is well known that Kenmotsu manifolds can be character-
ized through their Levi-Civita connection, by (Vx¢)(Y) = g(¢X,Y)¢ — n(Y)oX,
for any vector fields X,Y,Z. Moreover, Kenmotsu proved that such a manifold
M7+ s locally a warped product | — g,e[x fN?", N?" being a Kihler manifold
and f2 = ce?, cis a positive constant.

More recently in ([18],[21]) and [12], almost contact metric manifolds such that
1 is closed and d® = 2n A ® are studied and they are called almost Kenmotsu.
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Obviously, a normal almost Kenmotsu manifold is a Kenmotsu manifold. Kenmotsu
manifolds have been studied by Barman and De ([4], [5]) Barman [2], Kim and Pak
[18] and many others.

In 1924, Friedmann and Schouten [13] introduced the idea of a semi-symmetric
connection on a differentiable manifold. A linear connection V on a differentiable
manifold M is said to be a semi-symmetric connection if the torsion tensor T of the
connection V satisfies

(1.1) T(X,Y) =u(Y)X — u(X)Y,

where u is a 1-form and p is a vector field defined by
(1.2) u(X) = g(X, p),

for all vector fields X € x(M), x(M) is the set of all differentiable vector fields on
M.

In 1932, Hayden [14] introduced the idea of semi-symmetric metric connections
on a Riemannian manifold (M, g). A semi-symmetric connection V is said to be a
semi-symmetric metric connection if @g =0.

A relation between the semi-symmetric metric connection V and the Levi-Civita
connection V of (M, g) was given by Yano [27]: VxY = VxY +u(Y)X —g(X,Y)p,
where u(X) = g(X, p).

In 1975, Golab [15] defined and studied the quarter-symmetric connection in
differentiable manifolds with affine connections. A linear connection V on an n-
dimensional Riemannian manifold (M, g) is called a quarter-symmetric connection
[15] if its torsion tensor T satisfies

(1.3) T(X,Y) =n(Y)¢X —n(X)eY,

where 7 is a 1-form and ¢ is a (1,1) tensor field.

In particular, if X = X, then the quarter-symmetric connection reduces to
the semi-symmetric connection [13]. Thus the notion of the quarter-symmetric
connection generalizes the notion of the semi-symmetric connection.

If, moreover, a quarter-symmetric connection V satisfies the condition

(1.4) (Vxg)(Y.Z) =0,

for all X,Y,Z € x(M), then the quarter-symmetric connection V is said to be
a quarter-symmetric metric connection.

After Golab [15] and Rastogi ([23], [24]) the systematic study of quarter-symmetric
metric connection have been continued by Mishra and Pandey [19], Yano and
Imai [28], Mukhopadhyay, Roy and Barua [20], De and Biswas [10], Taleshian and
Parakasha [25], Barman [3] and many others.
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Let M be a Riemannian manifold of dimension n equipped with two metric
tensors g and g. If a transformation of M does not change the angle between two
tangent vectors at a point with respect to g and g, then such a transformation is
said to be a conformal transformation of the metrics on the Riemannian manifold.
Under conformal transformation, the length of the curves are changed but the an-
gles made by the curves remain the same.

Let us consider a Riemannian manifold M with two metric tensors g and g such
that they are related by

(1.5) 9(XY) = e*7g(X,Y),

where o is a real function on M.

It is known that a harmonic function is defined as a function whose Laplacian
vanishes. In general, a harmonic function is not transformed into a harmonic func-
tion. The condition under which a harmonic function remains invariant has been
studied by Ishii [16] who introduced the conharmonic transformation as a subgroup
of the conformal transformation (1.5) satisfying the condition

(16) 0'7:2: +0, O-ai = 07

where the comma denotes the covariant differentiation with respect to the metric
qg.

Let C denote the conharmonic curvature tensor of type (1,3) with respect to
the Levi-Civita connection which is defined by

C(X,Y)Z =R(X,Y)Z — ﬁ[g()/, 2)QX — g(X,2)QY
(1.7) +8(Y,Z)X — S(X, Z2)Y],

where S(Y, Z) = g(QY, Z).
Taking the inner product of (1.7) with W, we have

C(X,Y,2,W) = R(X,Y, 2,W) — o [g(¥, 2)S(X, W) — (X, 2)S(Y, W)

(1.8) +5(Y, 2)g(X, W) = 5(X, Z)g(Y, W),

where 'C(X,Y, Z, W) = g(C(X,Y)Z,W), 'R(X,Y,Z,W) = g(R(X,Y)Z, W),
R and S are the curvature tensor and the Ricci tensor with respect to the Levi-
Civita connection, respectively.

A manifold is said to be an Einstein manifold if its Ricci tensor S of the Levi-
Civita connection is of the form S(X,Y) = a’¢g(X,Y’), where «’ is a constant on the
manifold.
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A manifold is said to be an n-Einstein manifold if its Ricci tensor S of the Levi-
Civita connection is of the form S(X,Y) = ag(X,Y) 4+ bn(X)n(Y), where a and b
are smooth functions on the manifold.

In this paper we study the conharmonic curvature tensor on Kenmotsu man-
ifolds with respect to the quarter-symmetric metric connection. The paper is or-
ganized as follows. After the introduction in Section 2, we give a brief account of
the Kenmotsu manifolds. In section 3, we express the quarter-symmetric metric
connection on Kenmotsu manifolds. Section 4 is devoted to the study of the semi
¢-conharmonically flat on Kenmotsu manifolds admitting the quarter-symmetric
metric connection and we prove that the manifold is an Einstein manifold with re-
spect to the Levi-Civita connection. Section 5 deals with the £-conharmonically flat
on Kenmotsu manifolds with respect to the quarter-symmetric metric connection.
Section 6 contains the ¢-conharmonically flat on Kenmotsu manifolds admitting
the quarter-symmetric metric connection. We get the manifold to be an 7n- Ein-
stein manifold with respect to the Levi-Civita connection. Finally, we construct an
example of a 3-dimensional Kenmotsu manifold admitting the quarter-symmetric
metric connection to support the results obtained in Section 5.

2. Kenmotsu Manifolds

Let M be an (2n+1)-dimensional almost contact metric manifold with an almost
contact metric structure (¢, &, 7, g) consisting of a (1, 1) tensor field ¢, a vector field
¢, a 1-form 7 and the Riemannian metric g on M satisfying [6]

(2.1) n€) =1, ¢(§) =0, n(¢(X)) =0, g(X,§) =n(X),
(2.2) P*(X) = —X +n(X)E,
(2.3) (¢ X, 0Y) = g(X,Y) —n(X)n(Y),

for all vector fields X Y on x(M). A manifold with an almost contact metric struc-
ture (¢,&,n,9) is an almost Kenmotsu manifold if the following conditions are sat-
isfied

dn=0; dQQ=2nANQ,

where Q being the 2-form defined by Q(X,Y) = ¢(X,#Y). Any normal almost
Kenmotsu manifold is a Kenmotsu manifold. An almost contact metric structure
(¢,&,m, g) is a Kenmotsu manifold [17] if and only if

(2.4) (Vxo)(Y) = g(¢X,Y)E —n(Y)pX.

Here we denote the Kenmotsu manifold of dimension (2n + 1) by M. From the
above relations, it follows that
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(2.6) Vx&=X-n(X)§,

(2.7) (Vxm(Y) = g(X,Y) = n(X)n(Y),
(2.8) R(X,Y)E =n(X)Y —n(Y)X,

(2.9) R(& X)Y =n(Y)X — g(X,Y)E,
(2.10) n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),
(2.11) S(X,€) = —2nn(X),

where R and S denote the curvature tensor and the Ricci tensor of M|, respectively,
with respect to the Levi-Civita connection.

Let M be a Kenmotsu manifold. M is said to be a n-Finstein manifold if there
exist real valued functions A1, Ay such that

S(X,Y) = Mg(X,Y) + Aan(X)n(Y).

For Ay = 0, the manifold M is an Einstein manifold.

Now we state the following:

Lemma 2.1. [17] Let M be an n-Einstein Kenmotsu manifold of the form S(X,Y) =
Mg(X,Y) + Xan(X)n(Y). If Ay = constant (or, A\; = constant), then M is an Ein-
stein one.

3. Quarter-symmetric metric connection on Kenmotsu manifolds

A relation between the quarter-symmetric metric connection V and the Levi-
Civita connection V on (M, g) has been obtained by Sular, Ozgiir and De [11]
which is given by
(3.1) VxY =VxY —n(X)pY.

Analogous to the definitions of the curvature tensor R of M with respect to
the Levi-Civita connection V and the curvature tensor R of M with respect to the
quarter-symmetric metric connection V [11] given by

R(X,Y)Z = R(X,Y)Z +1(X)g(oY, 2)§ —n(Y)g(¢X, Z)¢ —

(3.2) n(X)n(Z)pY +n(Y)n(Z)pX
and
(3.3) R(X,Y)E =n(X)Y —n(Y)X —n(X)oY +n(Y)pX,

where X, Y, Z € x(M), the set of all differentiable vector fields on M.
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The above equation (3.2) yields

R(X,Y)Z = —R(Y,X)Z.

Taking the inner product of (3.2) with W [11], we have

/R(Xv Y, Z, W) =’ R(X7 Y, Z, W) + U(X)U(W)g(ﬂﬁ/’ Z)
—n(Y)n(W)g(¢X, Z) —n(X)n(
(3.4) +n(Y)n(2)g(eX, W),

where 'R(X,Y, Z,W) = g(R(X,Y)Z.W), 'R(X,Y,Z,W) = g(R(X,Y)Z,W).
A relation between the Ricci tensor S of V and the Ricci tensors S of V on
(M, g) has been obtained by S [11] which is obtained by

(3.5) S(v,2) = S(Y,2) + g(6, 2)
and also
(3.6) S(,€) = —2mnn(Y).

In view of (3.5) yields
(3.7) QY = QY + ¢Y,
where S(Y, Z) = g(QY, Z).
Again the scalar curvature tensor 7 of the quarter-symmetric metric connection

V and the scalar curvature tensor 7 of the Levi-Civita connection V on (M, g) is
defined by [11], so we get

=i
I
=

(3.8)

From (2.9), it is implied that

r=—-2n2n+1).

4. Semi ¢-conharmonically flat Kenmotsu manifolds with respect to
the quarter-symmetric metric connection

Let 'C denote the conharmonic curvature tensor of type (0,4) with respect to
the quarter-symmetric metric connection which is defined by

'C(X,Y,Z,W)="R(X,Y,Z,W) 9(Y,Z2)S(X, W) — g(X,Z2)S(Y,W)

S oan—1
(4.1) +S(Y, 2)g(X, W) — S(X, Z)g(Y,W)],
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where'C(X,Y, Z,W) = g(C(X,Y)Z, W), 'R(X,Y, Z,W) = g(R(X,Y)Z, W) and
X,Y,Z € x(M), the set of all differentiable vector fields on M.

Let C be the Weyl conformal curvature tensor of a (2n + 1)-dimensional man-
ifold M. Since at each point p € M the tangent space x,(M) can be decomposed
into a direct sum x, (M) = ¢(xp(M)) & L(§p), where L(€p) is a 1-dimensional linear
subspace of x, (M) generated by &,. Then we have a map:

C: xp(M) x xp(M) X xp(M) — ¢(xp(M)) & L(&p)-
It may be natural to consider the following particular cases:

(1)C : xp(M) X xp(M) x xp(M) — L(&p), i.e, the projection of the image of
C in ¢(xp(M)) is zero.

(2)C : xp(M) X xp(M) x xp(M) — ¢(xp(M)), i.e, the projection of the image
of Cin L(§,) is zero.

C(X,Y)E=0.

(B)C : dp(xp(M)) x ¢(xp(M)) x ¢(xp(M)) — L(&p), i-e, when C is restricted to
d(xp(M)) x ¢p(xp(M)) X ¢(xp(M)), the projection of the image of C in ¢(x,(M))
is zero. This condition is equivalent to

¢*C(¢X, Y )pZ = 0.

Here the cases 1, 2 and 3 are conformally symmetric, £-conformally flat and
¢-conformally flat, respectively. The cases (1) and (2) were considered in [9] and
[29], respectively. The case (3) was considered in [8] for the case M is a K-contact
manifold. Furthermore, in [1], the authors studied contact metric manifolds satis-
fying (3). Analogous to the definition of &-conformally flat and ¢-conformally flat,
we give the following definitions:

Definition 4.1. A Kenmotsu manifold is said to be semi-¢-conharmonically flat
with respect to the quarter-symmetric metric connection if

(4.2) g(C(pX,Y)Z,¢W) = 0.

Definition 4.2. A Kenmotsu manifold is said to be an Einstein manifold if its
Ricci tensor S of the Levi-Civita connection is of the form

S(X,Y)=dg(X,Y),

where a’ is a constant on the manifold.
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Putting X = ¢X and W = ¢W in (4.1), we get

9(¢X, Z)S(Y, ¢W) +S(Y,2)9(pX, oW) —
(4.3) S(¢X, Z)g(Y,¢W)].

In view of (2.1), (2.2), (3.4) and (4.3) yields

'C(¢X,Y,Z,¢W) =" R(¢X,Y, Z,oW) = n(Y)n(Z)g(X, oW)
S l9(V: 2)S(6X, W) - 9(6X, 2)5(Y, 67)
(14) +5(Y, 2)g(6X, oW) = S(6X. Z2)g(Y. 6W)].

Applying (2.1), (2.2), (2.3), (2.5) and (3.5) in (4.4), it follows that

'C(¢X,Y, Z,6W) =" R(6X,Y, Z,oW) — n(Y)1(Z)g(X, oW
9V Z2)S(X, W) + 20n(X)n(W)g (Y, Z) — g(¥, Z)g(X, 677

)

2n )
—9(¢X, 2)S(Y,oW) + g(Y, W)g(X, ¢Z) — n(Y)n(W)g(X, $Z)

+9(X, W)S(Y, Z) = n(X)n(W)S(Y, Z) + g(X, W)g(¢Y, Z)
—n(X)n(W)g(Y, Z) — g(Y, oW )S(¢X, Z) — g(X, Z)g(¢Y, W)

(4.5) +n(X)n(Z2)g(eY, W)].

Let {e1,...,e2,,&} be a local orthonormal basis of vector fields in M, then
{de1, ..., pean, &} is also a local orthonormal basis. Putting X = W = e; in (4.5)
and summing over ¢ = 1 to 2n, we obtain

Zg (dei,Y)Z, pes) = Zg (¢es,Y)Z, de;) Zn g(ei, de;)

2n

> [9(Y, Z)S(ei,e:) + 2nn(ei)n(es)g(Y, Z) — g(Y, Z)g e, dei)

i=1
—g(dei, 2)S(Y, pe;) + g(Y, ei)g(ei, 9Z) — n(Y)n(ei)g(ei, 9Z)
+g(ei,ei)S(Y, Z) —n(ei)n(e)S(Y, Z) + glei, ei)g(9Y, Z)
—n(ei)n(ei)g(dY, Z) — g(Y, pe;)S(gei, ) g(ei, Z2)g(dY, €i)
(4.6) +n(e)n(Z)g(dY, e;)].

Again using (2.1), (2.2), (2.5) and (4.2) in (4.6), we see that

1
2n—1
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3
(4.7) S(Y,2) = =2n°g(Y, Z) = (n = 5)g(Y. $2).
Interchanging Y with Z in (4.7), implies that

(18) S(Y,2) = ~20%(Y, 2) ~ (n — 3)g(Z,6Y).

By adding (4.7) and (4.8) and using (2.5), we have

S(Y,Z) = —2n%g(Y, Z).

Therefore, S(Y,Z)=4dg(Y,2),
where a’ = —2n?.

This means that the manifold is an Einstein manifold with respect to the Levi-
Civita connection.

Summing up we can state the following:

Theorem 4.1. If a Kenmotsu manifold is semi-¢-conharmonically flat with re-
spect to the quarter-symmetric metric connection, then the manifold is an Einstein
manifold.

5. ¢ -conharmonically flat Kenmotsu manifolds with respect to the
quarter-symmetric metric connection

Let C denote the conharmonic curvature tensor of type (1,3) with respect to
the quarter-symmetric metric connection which is defined by

C(X,Y)Z = R(X,Y)Z — ﬁ[g()ﬂ 2)0X — g(X, 2)QY
(5.1) +S(Y,Z2)X — 8(X, 2)Y],

where S(Y, Z) = g(QY, Z) and X,Y,Z € x(M), the set of all differentiable vector
fields on M.

Definition 5.1. A Kenmotsu manifold with respect to the quarter-symmetric
metric connection is said to be &-conharmonically flat if C'(X,Y )¢ = 0.

Putting Z = ¢ in (5.1), it follows that

C(X,Y)=R(X,Y)E—

579V ORX —g(X, QY
(5:2) +5(Y,6)X — §(X,€)Y].
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Using (2.1), (2.2), (3.3), (3.6) and (3.7) in (5.2), we get

63 OXYIE= e+ A D v)ex - n(x)ev]

If n = 1, then the above equation (5.3) implies that
C(X,Y)E = O(X,Y)e.
Now, we are in a position to state the following:

Theorem 5.1. A three-dimensional Kenmotsu manifold is & -conharmonically flat
with respect to the quarter-symmetric metric connection if the manifold is also & -
conharmonically flat with respect to the Levi-Civita connection.

6. ¢ -conharmonically flat Kenmotsu manifolds with respect to the
quarter-symmetric metric connection

Definition 6.1. A Kenmotsu manifold is said to be ¢-conharmonically flat with
respect to the quarter-symmetric metric connection if

(6.1) 9(C(oX, Y )0 Z, W) = 0,
where X, Y, Z,W € x(M), the set of all differentiable vector fields on M.

Definition 6.2. A Kenmotsu manifold is said to be an n-Einstein manifold if its
Ricci tensor S of the Levi-Civita connection is of the form

S(X,Y) = ag(X,Y) +bn(X)n(Y),
where a and b are smooth functions on the manifold .

Putting Y = ¢Y and Z = ¢Z in (4.3), we get

(CI6X, 6Y,67,0W) =/ R(OX, 6V, 67, 6W)
S 9(6Y, 62)S(6X, 6W) — g(6X, 62)S(6Y, o)
(62 FS(OY, 62)9(6X, 6W) ~ S(6X, 62)g(6Y, oW)].

Using (2.1), (2.2) and (3.4) in (6.2), we have

COX, 6,07, 6W) = RIOX, 6Y, 67, 6W)
(Y, 02)S(6X, 61W) — g(6X 62)S(6Y, W)
(63 (6, 62)9(0X, 6W) — S(6X, 62)g(6Y, 91V,
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Let {e1,...,e2,,&} be a local orthonormal basis of vector fields in M, then
{¢e1, ..., dean, £} is also a local orthonormal basis. Putting X = W = ¢; in (6.3)
and summing over ¢ = 1 to 2n, we obtain

Zg (¢ei, 6Y)0Z, bes) Zg (¢ei, 6Y,)0Z, be;)

2n

S l0(6Y. 02)S(er, bes) — gloes, 6Z)S(6Y, )
i=1

(6.4) +S(oY, 9 Z)g(dei, pe;) — S(pei, Z)g(dY, pe;)).

In view of (3.8), (3.), (6.1) and (6.4), we take the form

S(6Y.62) — g—[~2n(2n+ 1)g(#Y. 62)
(6.5) +2(n —1)S(8Y, ¢Z)] =0

Applying (2.1), (2.2) and (3.5) in (6.5), it is implied that

(6.6) S(@Y,9Z) = =2n(2n + 1)g(¢Y, ¢Z) — 2(n — 1)g(Y, 9Z).
Interchanging Y with Z in (6.6), we get

(6.7) S(¢Y,¢Z) = =2n(2n+ 1)g(¢Y, ¢Z) — 2(n — 1)g(Z, ¢Y ).
By adding (6.6) and (6.7) and using (2.5), we have

(6.8) S(oY,0Z) = —2n(2n+ 1)g(¢Y, ¢ Z).
By virtue of (2.3) and (6.8) we yield

S(Y,Z) = =2n(2n + 1)g(Y, Z) + 4n°n(Y)n(Z).

Therefore, S(Y,Z) =ag(Y,Z) +bm(Y)n(2),
where a = —2n(2n+1) and b= 4n%

From which it follows that the manifold is an 7-Einstein manifold.
This leads us to state the following:

Theorem 6.1. If a Kenmotsu manifold is ¢ -conharmonically flat with respect
to the quarter-symmetric metric connection, then the manifold is an n-Einstein
manifold with respect to the Levi-Civita connection.
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Since a and b are both constant, in view of Lemma 2.1, we conclude the following:

Corollary 6.1. If a Kenmotsu manifold is ¢ -conharmonically flat with respect to
the quarter-symmetric metric connection, then the manifold is an Einstein manifold
one.

7. Example

In this section we construct an example on a Kenmotsu manifold with respect to
the quarter-symmetric metric connection V which verify the result in Section 3 and
Section 5 of V.

We consider a 3-dimensional manifold M = {(z,y,2) € R*}, where (z,y, 2) are
the standard coordinates in R3. We choose the vector fields

6*22 6*252 6*—22
1= ) 2 — 8y7 3 — 9z

ox

are linearly independent at each point of M.

Let ¢g be the Riemannian metric defined by

gle1,e3) = g(ez,e3) = g(e1,e2) =0
and
9(61761) - 9(62762) = 9(63363) = 1

Let n be a 1-form defined by
n(Z) = g(Z, es)

for any Z € x(M).

Let ¢ be a (1, 1)-tensor field defined by
per = —ea, pea = e, gez = 0.
Using the linearity of ¢ and g, we have
n(es) =1
¢*(Z2) = ~Z +n(Z)es
and

9(dZ, W) = g(Z, W) — n(Z)n(W)

for any U,W € x(M). Thus for e3 =&, (4,£,n, g) defines an almost contact metric
structure on M. The 1-form 7 is closed. Therefore, M (¢, £, n, g) is an almost Ken-
motsu manifold and is also normal. So, it is a Kenmotsu manifold.
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Then we have
[61,62] = 07 [61763} = €1, [62763} = €2.

The Riemannian connection V of the metric tensor ¢ is given by Koszul’s formula
which is given by [22]

29(VxY, W) = Xg(Y, W)+ Yg(X,W) - Wg(X,Y) — g(X, [Y,W])
(7.1) —g(Y, [X, W]) + g(W, [X,Y]).

Using Koszul’s formula we get the following
Ve,e1 = —e3, Ve,ea =0, Ve e3 =eq,

Ve,e1 =0, Ve,ea = —e3, Ve,e3 = €3,

ve361 = 0, ve362 = 0, ve363 =0.

Using (3.1) in the above equation, we obtain

Ve,e1 = —e3, Ve,ea =0, Ve e3 =€,
Ve,e1 =0, Ve,ea = —e3, Ve,e3 = €3,
V6361 = €2, v6362 = —€1, v€363 = 0.

By using the above results, we can easily obtain the components of the curvature
tensor as follows:

R(ey,e2)es = —e1, R(er,ez)es = —e1, R(ez,e1)er = —ea,
R(ez,e3)ez = —e2, R(es,e1)er = —e3, R(es,ez)es = —e3,
and - - -
R(ey,e2)ea = —e1, R(er,e3)es = —ea —e1, R(ez,er)e;r = —ea,
R(62763)63 = €1 — €2, R(63761)61 = —e€s3, R(63762)62 = —E€s.

With the help of the above results we can express the Ricci tensor as follows:
5(61761) = 5(62762) = 5(63763) = -2

and

S(e1,e1) = S(ea,ea) = S(es,e3) = —2.

From the above expressions we can easily verify the equation (3.5). Also, it
follows that the scalar curvature with respect to the Levi-Civita connection and
quarter-symmetric metric connection is equal to -6.

Let X and Y be any two vector fields given by
X = aiey + agseg + ases and Y = b161 + b262 + bgeg where ai,bi, for all ¢ = 1,273
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are all non-zero real numbers.

Using the above curvature tensors and the Ricci tensors of the Levi-Civita con-

nection and quarter-symmetric metric connection, respectively, we obtain

C(X,Y)¢§ = 3(a1bs — azbi)er + 3(azbs — azba)ez = C(X,Y)E.
Hence, the manifold under consideration satisfies the Theorem 5.1 of Section 5.
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SUBMANIFOLDS OF A RIEMANNIAN MANIFOLD ADMITTING
A TYPE OF RICCI QUARTER-SYMMETRIC METRIC
CONNECTION *

Abul Kalam Mondal

Abstract. The aim of the present paper is to study submanifolds of a Riemannian man-
ifold admitting a type of Ricci quater-symmetric metric connection. We have proved
that the induced connection is also a Ricci quarter-symmetric metric connection. We
have also considered the mean curvature and the shape operator of the submanifold
with respect to the Ricci quarter-symmetric metric connection. We have obtained the
Gauss, Codazzi and Ricci equations with respect to the Ricci quarter-symmetric metric
connection. Finally, we have considered the totally geodesicness and obtained the rela-
tion between the sectional curvatures of the manifold and its submanifold with respect
to the Ricci quarter-symmetric metric connection.

Keywords. Riemannian manifold; submanifolds; metric connection; curvature.

1. Introduction

Let V be a linear connection in an n—dimensional differentiable manifold M.
The torsion tensor T" and the curvature tensor R of V are given respectively by

T(X,Y)=VxY - VyX — [X,Y]

and
R(X,Y)Z =VxVyZ —VyVxZ —VxyZ.

The connection V is symmetric if its torsion tensor 7" vanishes, otherwise it is called
non-symmetric. The connection V is a metric connection if there is a Riemannian
metric g in M such that Vg = 0, otherwise it is called non-metric. It is well known
that a linear connection is symmetric and metric if and only if it is the Levi-Civita
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connection. In 1975, S. Golab|[8] introduced the notion of a quarter-symmetric lin-
ear connection in a differentiable manifold. In 1980, R. S. Mishra and S. N. Pandey
[11] deduced some properties of the Riemannian, Kaehlerian and Sasakian manifolds
that admits quarter-symmetric metric connection. In 1972, T. Imai[10] found some
properties of a Riemannian manifold and hypersurfaces of a Riemannian manifold
with a semisymmetric metric connection. In 1976, Z. Nakao[13] studied subman-
ifolds of a Riemannian manifold with semisymmetric metric connection. Also in
1994, Agashe and Chafle[1] studied submanifolds of a Riemannian manifold with a
semi-symmetric non-metric connection. In 2010, C. Ozgur[14], studied on submani-
folds of a Riemannian manifold with a semi-symmetric non-metric connection. Also
Zhao etal([9],[16],[17])studied on Riemannian manifolds with Quarter-symmetric
metric connection. De etal ([7],[5],[6],[3],[12], [15]) studied Quarter-symmetric and
Ricci Quarter-symmetric metric connections in Riemannian and Contact manifolds.
Later in 2000, S. Ali and R. Nivas[2] studied on submanifolds immersed in a mani-
fold with quarter-symmetric metric connection.

A linear connection is said to be a Ricci quarter-symmetric connection if its
torsion tensor T is of the form

T(X,Y) = 7(Y)QX — 7(X)QY.
where 7 is a 1—form and @ is the Ricci tensor operator defined by
9(QX,Y) = S(X.Y),

where S is the Ricci tensor of type (0, 2).

Motivated by these studies, in this paper we study submanifolds of a Riemannian
manifold admitting a type of Ricci quarter-symmetric metric connection.

The present paper is organized as follows: After the preliminaries, in Section 3,
we consider submanifold of a Riemannian manifold endowed with a Ricci quater-
symmetric metric connection and show that the induced connection on a subman-
ifold of a Riemannian manifold with a Ricci quarter-symmetric metric connection
is also a Ricci quarter-symmetric metric connection. We also show that the mean
curvature vector of the Riemannian manifold with respect to the Levi-Civita connec-
tion and Ricci quarter-symmetric metric connection coincide if and only if the scalar
curvature vanishes. In the last part of this section we prove that the shape opera-
tors with respect to the Levi-Civita connection are simultaneously diagonalizable if
and only if the shape operators with respect to the Ricci quarter-symmetric metric
connection are simultaneously diagonalizable. Finally, we study the Gauss and Co-
dazzi equation with respect to the Ricci quarter-symmetric metric connection and
prove that the normal connection V* is flat if and only if all second fundamental
tensors with respect to the Ricci quarter-symmetric and the Levi-Civita connection
are simultaneously diagonalizable and also if the submanifold is totally geodesic
with respect to the Ricci quarter-symmetric metric connection, then the sectional
curvature of the manifold and its submanifold are identical.
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2. Preliminaries

Let M be an m—dimensional manifold with a Riemannian metric g and V is
the Levi-Civita connection on M[18]. We define a linear connection V* on M by

(2.1) VY =VxY +7(Y)QX — S(X,Y)p

for arbitrary vector fields X, Y of M, where p is the vector field defined by g(X, p) =
m(X) and @ is the Ricci operator defined by S(X,Y) = ¢(QX,Y) ,S is the Ricci
tensor of (0,2)—type.

Using (2.1), the torsion tensor T* with respect to the connection V* is given by

(2.2) T*(X,Y) = n(Y)QX — 7(X)QY.

A linear connection V* satisfying the condition (2.2) is called a Ricci quarter-
symmertic connection. Also using (2.1), we have

(VEQ)(X,Y) = (?ZQ)(X7 Y) = 0.

Hence the connection is a metric connection.

We denote by R* the curvature tensor of M with respect to the Ricci quarter-
symmetric metric connection V*. So we have

RX.Y)Z = ViViZ—-VyViZ-VigyZ
= R(X,Y)Z+(Vxm)(2)QY — (Vy7)(2)QX
+m(Z2){(VxQ)Y — (VyQ)X} + {(VyS)(X, Z)
—(VxS)Y,2)}p+ S(X,Z)Vyp—S(Y,Z)Vxp
+r(Z2){m(QY)QX — m(QX)QY + S(V, QX)X
=S(X,QY)Y}+m(p){S(X, Z2)QY — S(Y,2)QX}
(2.3) HS(Y, Z2)S(X, p) — S(X,2)S(Y, p)}p,

where R(X,Y)Z =VxVyZ-VyVxZ— ?[X7Y]Z_is the curvature tensor of the
manifold with respect to the Levi-Civita connection V. The Riemannian curvature
tensors of the connections V* and V are defined by

RY(X,Y,Z,W) = g(R*(X,Y, Z),W)

and
R(X7 Y, Z, W)= g(R(X7 Y, Z),W)

respectively.
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3. submanifolds of a Riemannian manifold with a Ricci
quarter-symmetric metric connection

Let M be an n—dimensional submanifold of a Riemannian manifold M with a
Ricci quarter-symmetric metric connection. Decomposing the vector field p on M
uniquely into their tangent and normal components p” and p* respectively we have

p=p"+p".

The Gauss formula for a submanifgld M of a Riemannian manifold M with
respect to the Riemannian connection V is given by

(3.1) ?XY:VXY—&—m(X,YL

where X and Y are vector fields tangent to M and m is the second fundamental
form of M in M. If m = 0, then M is called totally geodesic with respect to the
Riemannian connection. H = %tracem is called the mean curvature vector of the
submanifold. If H = 0, then M is called minimal. For the second fundamental form
m, the covariant derivative of m is defined by

(Vxm)(Y, Z) = Vxm(Y, Z) = m(VxY, Z) = m(Y,VxZ).

for any vector field X tangent to M. V is called the Van der Waerden-Bortolotti
connection of M, that is, V is the connection in TM @ T*M built with V and
V44].

Let V be the induced connection from the Ricci quarter-symmetric metric con-
nection. We define
(3.2) ViY = VxY +1m(X,Y),
where 11 is the induced second fundamental form.

The equation (3.2) is the Gauss equation with respect to the Ricci quarter-
symmetric metric connection V*

Using (2.1), from (3.1) and (3.2) we have

VxY +m(X,Y) = VxY+m(X,Y)+r(Y)QX
(3.3) —S(X,Y)pT —S(X,Y)pt.

Now taking the tangential and normal parts we have

(3.4) VxY =VxY +7(Y)QX — S(X,Y)p"
and
(3.5) m(X,Y)=m(X,Y) - S(X,Y)p".

If h = 0, then M is called totally geodesic with respect to the Ricci quarter-
symmetric connection.
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From (3.4), we have
(3.6) T(X,Y)=VxY - VyX — [X,Y] =7(Y)QX — 7(X)QY,
where T is the torsion tensor of M with respect to V and X,Y are vector fields

tangent to M.

Moreover using (3.4) we have
(3.7) (Vxg)(Y, Z) = (Vxg)(Y. Z).
In view of (2.1), (3.4), (3.6) and (3.7) we can state the following:

Theorem 3.1. The induced connection on a submanifold of a Riemannian man-
ifold with a Ricci quarter-symmetric metric connection is also a Ricci quarter-
symmetric metric connection.

Let {e1, €2, ....... ,€n} be an orthonormal basis of the tangent space of M. We de-
fine the mean curvature vector H of M with respect to the Ricci quarter-symmetric

metric connection V by
n

. 1
==Y e e).
ni:lm(e €;)

So from (3.5), we find
H=H- sz.
n

If H =0, then M is called minimal with respect to the Ricci quarter-symmetric
metric connection.

So we have the following result:

Theorem 3.2. If M be an n—dimensional submanifold of an m— dimensional Rie-
mannian manifold M, then the mean curvature vector of M with respect to the
Levi-Civita connection and the Ricci quarter-symmetric metric connection coincide
if and only if the scalar curvature vanishes.

Let N be a normal vector field on M. From (2.1), we have
(3.8) V5N =VxN +7(N)QX.

The usual Weingarten formula is given by
(3.9) VxN =-AyX + V%N, N € T+ (M)

where —An X and V% N are the tangential and normal parts of Vx N. From (3.8)
and (3.9) we get

(3.10) ViN = —AxX + V%N, where Ay = (Ay — 7(N)Q)I,
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which is the Weingarten formulae for a submanifold of a Riemannian manifold with
respect to the Ricci quarter-symmetric metric connection.

Since Ay is symmetric, it is easy to see that

and
(3.11) 9([An, AL)X,Y) = g(X, [AN, AL]Y),

where [AN,AL} = ANAL — ALAN, [AN,AL] = ANAp — AL An, N and L are unit
normal vector fields on M.

Theorem 3.3. If M be an n—dimensional submanifold of an m—dimensional Rie-
mannian manifold M admitting the Ricci quarter-symmetric metric connection,
then the shape operators with respect to Levi-Civita connection are simultaneously
diagonalizable if and only if the shape operators with respect to then Ricci quarter-
symmetric metric connection are simultaneously diagonalizable.

4. Gauss and codazzi equation with respect to the Ricci
quarter-symmetric metric connection

We denote the curvature tensor of M with respect to the Ricci quarter-symmetric
metric connection V* by

RY(X,Y)Z =V5VyZ - VyViZ - Vix /2

and that of M with respect to the induced Ricci quarter-symmetric metric connec-
tion V by
R(X,Y)Z =VxVyZ—-VyVxZ -V xyZ.

We shall now find the equation of Gauss-Codazzi with respect to the Ricci quarter-
symmetric metric connection.

R*(X,Y)Z ViVyZ - VyViZ —Vixy|Z
= VxVyZ +1i(X,VyZ)) = Ajy. X + Vii(Y, Z)
~VyVxZ —m(Y,VxZ))+ Aj(x,2)Y — Vyi(X, 2Z)
~Vixy)Z —m(X,Y],2)
= R(X.YV)Z - Ajy, X + Apx,2)Y
+1m(X,VyZ) — (Y, VxZ) —m([X,Y], Z)
(4.1) +V%(Y, Z) — Vei(X, Z).
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Taking account of (3.10), we have

RY(X.Y)Z = R(X,Y)Z- ApynX — 1Y, Z2)X + Ayx,2)Y
+r(n(X, 2))Y +m(X,VyZ) —m(Y,VxZ)
(4.2) —m([X,Y], Z) + Vxm(Y, Z) — Vyi(X, Z).

Since g(AnX,Y) = g(h(X,Y), N), using (3.5) we obtain

RY(X,)Y,Z,W) = R(X,Y,Z,W)—g(Ay,2)X; W) + 9(Ax,2)Y, W)
+(m(Y, Z))g(QX, W) — n((X, Z))g(QY, W)
= R(X,)Y,Z,W)—gm(Y,Z),m(X,W))
+9(m(X,Z),m(Y,W)) + S(Y, Z)r(m(X, W))
=S(X, Z)m(m(Y,W)) + S(X, W)m(m(Y, Z))
—S(Y,W)m(m(X, Z)) + w(p™)[S(X, Z)S(Y, W)
(4.3) =S(Y,2)S(X, W),

where W is a tangent vector field on M.
From (4.2), the normal component of R*(X,Y)Z is given by

(R*(X,Y)Z)Y = m(X,VyZ)—m(Y,VxZ)—m(X,Y],Z)
+Vxi(Y, Z) — Vym(X, Z)

(Vxm)(Y, Z) = (Vym)(X, Z)

(4.4) +7(Y)m(QX, Z) — m(X)m(QY, Z),

where (V) (Y, Z) = Vxm(Y, Z) —1m(VxY, Z) — m(Vy X, Z).
It is called the van der Waerden-Bortolotti connection with respect to the Ricci
quarter-symmetric metric connection.

Also the equation (4.4) is the equation of Codazzi with respect to the Ricci
quarter-symmetric metric connection.

From (3.2) and (3.10), we get

ViViNL = —Agiy, X —m(An,Y, X)

(4.5) +V%VEN, — Vx Ay, Y,
*Yv;(Nl = _AV§N1Y_m(AN1X7Y)

(4.6) +V V%N, — VyAn, X

and
(47) VFX,Y]Nl = _ANl [X7 Y} + V[JE(,Y]NL
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So using (4.5)-(4.7), we have

R*(X,KNhNg) = RL(X,Y7N1,N2)—g(Th(ANlY7X),N2)
(4.8) +g(m(An, X, Y), Na),

where N7 and N3 are normal vector fields on M. Hence in view of (3.5) and
(3.10) the equation (4.8) turns into

R*(X,Y,Ni,Ny) = RJ_(X,KNl,NQ)—g(m(AN1Y7X),N2)
+S8(AN,Y, X)g(p™, N2) + g(m(An, X, Y), Na)
—S(AN, X, Y)g(p", Na)
(4.9) = RY(X,Y,Ni,Na)+ g([Ni, N2] X, Y).

The equation (4.9) is the equation of Ricci with respect to the Ricci quarter-
symmetric metric connection.

If M is a space of constant curvature ¢ with respect to the connection V, then
the equation (2.2) reduce to

RY (X, Y)Z = {( Z)X = g(X, Z)Y} + (Vx7)(2)QY — (Vym)(Z2)QX
+7(Z2){(VxQ)Y — (VyQ)X} + {(VyS)(X, Z)
(ﬁ S)( 72)}P+S(X7Z)?YP—S(sz)?xp
+7(Z ){W( Y)QX - m(QX)QY + S(Y,QX)X
—S(X,QY)} + n{(5(X, 2)QY - S(Y, 2)QX}
+{S

(4.10) S, 2)S(X, p) = S(X, 2)S(Y, p)}p-

From (4.10)we have R*(X,Y, N1, N3) = 0. Therefore using (3.11) and (4.9) we
obtain

Rl(vav N17N2) = g([N27N1}X, Y)= g([N;Nl*]va)
Hence we can state the following theorem:
Theorem 4.1. If M be an n—dimensional submanifold of an m-—dimensional
space of constant curvature M (c) admitting Ricci quarter-symmetric metric connec-
tion, then the normal connection V+ is flat if and only if all second fundamental
tensors with respect to the Ricci quarter-symmetric and the Levi-Civita connection

are simultaneously diagonalizable.

From the equation (4.3) we have

R*(X,Y,Y,X) = R(X,Y,Y,X)-g(m(X,X),m(,Y))
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—|—g(m(X, Y)7 m(Y7 X)) + S(Y7 Y)ﬂ—(m(Xv X))
—S(X, X)mr(m(Y,Y)) — S(X,Y)mr(m(X,Y))
—S(Y, X)m(m(X,Y)) + x(p")[S(X,Y)S(Y, X)
=S¥, Y)S(

(4.11) Y)S(X, X))

Now if the sectional curvature of M and M at a point p € M with respect to
the Ricci quarter-symmetric metric connection is denoted by «* and & respectively,
then the equation (4.11) reduce to

K = k—gm(X,X),mY,Y)) + g(m(X,Y),m(Y, X))
+5(Y,Y)n(m(X, X)) — S(X, X)r(m(Y,Y))
—S(X,Y)r(m(X,Y)) = S(Y, X)n(m(X,Y))

(4.12) +7(pH)[S(X,Y)S(Y, X) — S(Y,Y)S(X, X)].

If we consider M is totally geodesic with respect to the Ricci quarter-symmetric
metric connection, then from (3.5) we get m(X,Y) = S(X,Y)pt and using this
result, the equation (4.12) becomes

Hence we have the following theorem:

Theorem 4.2. Let M be an n—dimensional submanifold of an m—dimensional
Riemannian manifold M admitting a Ricci quarter-symmetric metric connection. If
M s totally geodesic with respect to the Ricci quarter-symmetric metric connection,
then the sectional curvatures k* and f of M and M (resp.) are identical.
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SOME RESULTS ON (k, 1)~ ALMOST KENMOTSU MANIFOLDS *

Wenfeng Ning, Ximin Liu and Jin Li

Abstract. In this paper, we study the quasi-conformal curvature tensor C and pro-
jective curvature tensor P on a (k, u)’-almost Kenmotsu manifold M?""! of dimension
greater than 3. We obtain that if M2?"*? is non-Kenmotsu and satisfies R - C' = 0 or
P - P =0, then it is locally isometric to the Riemannian product H"™!(—4) x R™.

Keywords: Almost Kenmotsu manifold, (k, i)’ -nullity condition, quasi-conformal cur-
vature tensor, projective curvature tensor.

1. Introduction

In 1972, K. Kenmotsu introduced a new class of almost contact metric manifolds,
nowadays known as Kenmotsu manifolds [8]. The concept of almost Kenmotsu
manifolds, regarded as a generalization of Kenmotsu manifolds, was studied by
Janssens and Vanhecke (see [4]). In 2007, Pitis [7] published a book containing many
systematic studies related to Kenmotsu manifolds. Some geometric properties and
fundamental formulas of almost Kenmotsu manifolds were obtained by Kim and Pak
[11] and Pastore et al. [5, 6]. Several authors studied almost Kenmotsu manifolds
considering some curvature conditions (see [12, 13, 14]). Recently, some curvature
properties of some types of almost Kenmotsu manifolds were obtained by Wang and
Liu in [15, 16, 17, 18].

The projective curvature tensor is an important tensor from the differential
geometric point of view. Let M be a (2n + 1)-dimensional Riemannian manifold.
If there exists a one-to-one correspondence between each coordinate neighbourhood
of M and a domain in Euclidian space such that any geodesic of the Riemannian
manifold corresponds to a straight line in the Euclidean space, then M is said to
be locally projectively flat (see [2]). For n > 1, M is locally projectively flat if and
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only if the projective curvature tensor P vanishes. Here P is defined by

(1.1) P(X,Y)U = R(X,Y)U — QL[S(Y, U)X — S(X,U)Y]

n

for any vector fields X, Y, U € X(M), where S is the Ricci tensor of M.

The Weyl conformal curvature tensor C' on a (2n + 1)-dimensional manifold M
is defined by [20]

C(X,Y)Z =R(X,Y)Z + mb(x 2)X — g(X, Z)Y]
(1.2)
- in_ TSY, 2)X = 5(X, 2)Y +9(Y, 2)QX — g(X, Z)QY]

for any vector fields X,Y,Z on M, where S, @ and r denote the Ricci curvature
tensor, the Ricci operator with respect to the metric g and the scalar curvature,
respectively. Note that the Weyl conformal curvature tensor on any three dimension
Riemannian manifold vanishes.

For a (2n + 1)-dimensional manifold M, the quasi-conformal curvature tensor c
is defined by [21]

w3 C(X,Y)Z =aR(X,Y)Z = 5 [om + 20][g(Y, 2)X = g(X, 2)Y]

+B[S(Y, 2)X = S(X, Z)Y + g(Y, 2)QX — g(X, Z)QY],

where a and b are two constants. If a =1 and b = —ﬁ, then the quasi-conformal

curvature tensor reduces to the Weyl conformal curvature tensor.

In this paper, we aim to extend some known results regarding the projective
and quasi-conformal curvature tensor on Kenmotsu manifolds (see [1, 2, 9, 10]) to a
class of almost Kenmotsu manifolds. In Section 2, we recall some basic formulas and
properties of almost Kenmotsu manifolds and the notion of (k, u)’-almost Kenmotsu
manifolds. In Section 3, we introduce some properties of such manifolds used to
prove our main results. In Section 4 and 5, we classify almost Kenmotsu manifolds

satisfying R-C =0 and P - P = 0, respectively.
2. Almost Kenmotsu manifolds

Let M?"+! be an almost contact metric manifold of dimension 2n + 1, equipped
with an almost contact metric structure (¢,£,n,g) (see [3]) satisfying

(2.1) ¢’ =—-id+n®E nE)=1, nof=0, ¢&=0,

(2.2) 9(0X,¢Y) = g(X,Y) =n(X)n(Y), n(X)=g(X,E)

forany X, Y € X(M), where ¢, &, 1, g and X(M) denote a (1, 1)-tensor field, a vector
field, a 1-form, the Riemannian metric and the Lie algebra of all differentiable vector
fields on M?2"*1 respectively.
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The fundamental 2-form @ of an almost contact metric manifold M2 *! is de-
fined by ®(X,Y) = g(X, ¢Y) for any fields X, Y € X(M). M?"*! is called an almost
Kenmotsu manifold if dp = 0 and d® = 2n A ®. The almost contact metric mani-
fold is said to be normal if the Nijenhuis tensor of ¢ is given by [¢, ¢] = —2dn ® &,
where [¢, ¢](X,Y) = ¢?[X, Y] + [0 X, dY] — ¢[¢ X, Y] — ¢[X, ¢Y]. A normal almost
Kenmotsu manifold is said to be a Kenmotsu manifold [4].

On an almost Kenmotsu manifold M?"*! the two (1,1)-type tensor fields [ =
R(-,€)¢ and h = %Egd) are symmetric, where R is the Riemannian curvature tensor
of g and L is the Lie differentiation. Then we get

(2.3) he=0, 1£€=0, tr(h)=0, tr(h¢)=0, hé+ ¢h=0.

We also have the following formulas presented in [5, 6]:

(2.4) Vxé = —¢*X — phX (= Vel = 0),
(2.5) ol — 1 =2(h? — ¢?),
(2.6) trl = S(€,€) = g(Q€,€) = —2n — trh?,

2.7)  R(X,Y)E=n(X)(Y + 1Y) —nY)(X + X))+ (VxR)Y — (Vyh)X

for any X,Y € X(M), where b’ = ho¢ and S, Q, V, X(M) denote the Ricci tensor,
the Ricci operator with respect to g, the Levi-Civita connection of g and the Lie
algebra of all vector fields on M?2"+1!, respectively.

3. Some properties of (k, 1)’ -almost Kenmotsu manifolds

If the characteristic vector field £ of an almost Kenmotsu manifold (M2"F1
$,&,1,9) satisfies the (k, p)-nullity condition (see [6]), then it is called a (k,u)’-
almost Kenmotsu manifold. The (k, x)'-nullity condition is defined as follows:

(3.1) R(X,Y)E = kn(Y)X — n(X)Y] + ulp(Y)W'X = n(X)WY]

for any vector fields X,Y, where both k and u are constant on M?2"*1. M2+l ig
said to be a (k, pu)-almost manifold Kenmotsu manifold if there holds R(X,Y)¢ =
Ein(M)X —n(X)Y]+ un(Y)hX —n(X)hY] for any vector fields X,Y and k, u € R.
A (k, p)-almost Kenmotsu manifold satisfies k = —1 and h = 0 (see [6]). A (k,u)-
almost Kenmotsu manifold is a special case of (k, u)’-almost Kenmotsu manifolds.
Following [6], on any (k, 1)’-almost Kenmotsu manifold M?"+1 we have

(3.2) ?X = —(k+1)X + (k+ 1)n(X)¢

for any vector field X € X(M) and p = —2. From (3.2), we know that A’ = 0 is
equivalent to K = —1 and h’ # 0 everywhere if and only if ¥ < —1. Furthermore,



590 W. Ning, X. and J. Li

by (3.1) and the symmetry of the Riemannian curvature tensor R, it is easy to see
that

(3-3) R(&X)Y = k[g(X,Y)§ = n(Y)X] = 2[g(W' X, V)€ = n(Y)W X]

for any X,Y € X(M). In case of k < —1, we denote by [A]" and [— )]’ the eigenspaces
of b’ corresponding two eigenvalues A > 0 and —\, respectively. Obviously, by (3.2),
we have

(3.4) A=vV-k—-1>0.
Before presenting one of our main results, we give the following two lemmas.
Lemma 3.1. [6, Proposition 4.2] Let M*"*! be a (k, ) -almost Kenmotsu mani-

fold such that k' = 0. Then, for any Xx,Yx,Zx € [N and X_x,Y_x,Z_» € [\,
the Riemannian curvature tensor satisfies

(35)  R(X\,YN)Z-x = 0,

(3.6) R(X_\,Y_x)Zx = 0,

(3.7) R(X\Y_n)Zyn = (k+2)9(Xx, Z0)Y-»,

(3.8)  R(Xx,Y_n)Zox = —(k+2)g(Yox,Z_x)Xn,

(39)  RXnYAZy = (k—2N[g(Ya, Z:)Xx — g(Xx, Zx)Y],

(3.10) R(X_x,Y_x)Z-x = (k+2XN)[g(Y=x, Z_x)X_x — g(X_x, Z_2)Y-1].

Lemma 3.2. [18, Lemma 3.2] Let M?"*! be a (k,p) -almost Kenmotsu manifold
such that b/ # 0. Then the Ricci operator of M>"+1 is given by

(3.11) Q= —2nid+2n(k+1)n® & — 2nk’.

Moreover, the scalar curvature of M>"*1 is 2n(k — 2n).
Proof. See the proof of [19, Lemma 3.2]. O
4. (k,p)-almost Kenmotsu manifolds satisfying R(X,Y)-C =0
In this section, we consider a non-Kenmotsu (k, 11)’-almost Kenmotsu manifold
M?"+1 satisfying the condition
(4.1) R(X,Y)-C =0,
or equivalently

(R(X,Y)-C)U, V)W = R(X,Y)C(U, V)W — C(R(X,Y)U,V)W
(4.2) —C(U,R(X,Y)V)W — C(U,V)R(X,Y)W
=0
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for any X,Y,U,V,W € X(M).
From the definition of C' (see (1.3)), we have
r
m+1 2n

C(E,Y)Z = [ak —
(4.3) —lak— 5 — 1(2 + 2b) + 2nkb — 2nbln(Z)Y

— (—ap+2nb)g(R'Y, Z)¢ + (—ap + 2nb)n(Z)1'Y,

(== + 2b) + 2nkb — 2nblg(Y, Z)¢

2—_’_1(2— + 2b) + 2nkb — 2nbln(Y)¢

o +1(2—+2b)+2nkb 2nblY

+ (—ap + 2nb)L'Y,

C(&.Y)§ = [ak —
(4.4) — [ak —

where 7, a and b denote the scalar curvature and two constants, respectively. Let
us denote by A = [ak — + 2b) + 2nkb — 2nb], B = —A, D = (—au + 2nb)
and F = —D.

Substituting X = U = ¢ in (4.2) we have

(R(£,Y)-C) & V)W = R(&,Y)C(E, V)W — C(R(EY)E, V)W
(4.5) —CEREY)V)W = C(§,V)R(E Y)W
=0

2n+1 (

for any Y, V,W € X(M).

Making use of (3.3), (4.3) and (4.4) we calculate every term in equation (4.5)
straightly. Then we have

R(E,Y)C(E, V)W
=k[g(Y,C (&, V)W)E = n(C (£, V)W))Y]

+ulg(WY,C(&, V)W) = n(C(E,V)W)HY]
(4.6) =k{An(Y)g(V, W)€ —n(W)g(Y, V)¢

+ En(Y)g(h'V, W) —n(W)g(Y, 'V )¢}

— k{Alg(V, W)Y —n(W)n(V)Y] + Eg(h'V,W)Y'}

+ p{—An(W)g(h'Y, V)¢ — En(W)g(h'Y, 'V )€}

— {Alg(V,W)R'Y —n(W)n(V)W'Y] + Eg(h'V,W)h'Y }.

C(R(&Y)E V)W
=kn(Y)C (&, V)W — kC(Y, V)W — uC(W'Y, V)W
=k{An(Y)g(V,W)¢§ — n(W)n(Y)V} Eln ( )g(W'V,W)¢

= n(Wn(Y)R'V]} = kC(Y, V)W — uC(R'Y, V)W.

(4.7)
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CEREYV)W
=kg(Y,V)C(&EW — kn(V)C(&, Y)W
+ pg(W'Y,V)C(&OW — un(V)C (&, WY)W
(4.8) :—k{A[( )9 (Y, W)E = n(W)n(V)Y]
En(V)g(h'Y, W) —n(W)n(V)R'Y]}
—M{A[( )g (K'Y, W)E = n(W)n(V)h'Y]}
En(V)g(h*Y, W)& = n(W)n(V)hY1}.

C&, V)R(E Y)W
=kg(Y,W)C(£, V)¢ — kn(W)C (£, V)Y
+ pg (WY, W)C(€, V)€ = pn(W)C (&, VII'Y
oy =AY WV)E - oY, WIV]+ Dy(Y, WIHV)
= k{A[W)g(V,Y)§ = n(Y)n(W)V]
+ En(W)g(K'V,Y)§ = n(Y)n(W)h'V]}
+ u{Alg(WY, Wn(V)§ — g(W'Y, W)V] + Dg(h'Y, W)h'V'}
= 1{An(W)g(V, 'Y)§ + En(W)g(h'V, h'Y)&}
for any Y, V,W € X(M).
Substituting (4.6)-(4.9) into (4.5) and using (3.2) gives
EC(Y, V)W + uC (WY, V)W — kAg(V,W)Y
—kEg(WV,W)Y — pAg(V,W)R'Y — uEg(K'V,W)K'Y
(4.10)  +kEn(V)g(h'Y,W)§ = kEn(W)n(V)R'Y — pE(k + 1)n(V)g(Y, W)§
Bk + Dn(V)n(W)Y + kAg(Y, W)V + kEg(Y, W)h'V
+uAg(h'Y, W)V + uEg('Y,W)h'V =0
for any Y, V,W € X(M).
Substituting Y = A'Y in (4.10) and using (3.2) we obtain
EC(WY, VYW — u(k +1)C(Y, V)W — kAg(V, W)h'Y
—kEg(WV, WR'Y + pA(k + 1)g(V, W)Y + pE(k + 1)g(h'V, W)Y
(4.11) —kEk+1)n(V)g(Y,W)E+EKE(k + )n(V)n(W)Y
—pEk+Dn(V)g(WY,W)E + pE(k + D)n(V)n(WHR'Y + kAg(h'Y, W)V
VEEg(RY, W'V — pA(k + 1)g(Y, W)V — pB(k + 1)g(Y, W'V = 0
for any Y, V,W € X(M). Subtracting p multiple of (4.11) from k multiple of (4.10)
and using p = —2 implies
(k+22C(Y, V)W = (k+2)*{Ag(V,W)Y + Eg(K'V,W)Y

(4.12) —En(V)g(h/Y, W)f + ET](V)U(W)h/Y _ Ag(Y7 W)V — Eg(Y7 W)h’V} =0
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for any Y, V, W € X(M). Next, we assume that Y =V =W € [-)]’ in (1.3), where
[—A]’ is eigenspace of h' corresponding eigenvalue —A. Thus, by applying Lemma
3.1 and Lemma 3.2, we get

CY, V)W

(4.13) r

=la(k +2X) - (5— +20) + 4nb(A — D)][g(V, W)Y — g(¥, W)V]

2n+1"2n

for any Y, V,W € X(M).
With the help of (4.13) and assuming Y =V =W € [-)], from (4.12) we get

(4.14) 2nb(k 4+ 2)*(A — 1 — k)[g(V, W)Y — g(Y,W)V] = 0.
Putting (3.4) into (4.14) we have
(4.15) AA=12A+1)% =0.

In view of the fact A > 0, we obtain A = 1 and hence kK = —2. From [6, Corollary
4.2] and [5, Theorem 6], we know that M?"*? is locally isometric to the Riemannian
product H*H1(—4) x R™.

Therefore we have the following:

Theorem 4.1. If a non-Kenmotsu (k, p)'-almost Kenmotsu manifold M+ of

dimension greater than 3 satisfies R - C = 0, then it is locally isometric to the
Riemannian product H" "1 (—4) x R™.

Since quasi-conformally symmetric manifold (VC' = 0) implies R - C =0, there-
fore from Theorem 4.1 we state the following:

Corollary 4.1. A quasi-conformally symmetric non-Kenmotsu (k, u)'-almost Ken-
motsu manifold M*"*1(n > 1) is locally isometric to the Riemannian product
H"H(—4) x R™.

Since R - R implies R - C = 0, we get the following:

Corollary 4.2. A semisymmetric non-Kenmotsu (k, p) -almost Kenmotsu mani-
fold M*" 1 (n > 1) is locally isometric to the Riemannian product H"T*(—4) x R".

The above corollary has been proved by Wang and Liu [15].
5. (k,u)’-almost Kenmotsu manifolds satisfying P(X,Y)- P =0

In this section, we consider a non-Kenmotsu (k, 1)’-almost Kenmotsu manifolds
M?"*+1 gatisfying the condition

(5.1) P(X,Y)-P =0,
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which implies

(5.2)

(P(X,Y) - P)(U,V)W
=P(X,Y)P(U,V)W — P(P(X,Y)U, V)W
— P(U,P(X,Y)V)W — P(U,V)P(X,Y)W
=0

for any X,Y,U,V,W € X(M).
Making use of (1.1), we get

(5.3)

(5.4)

(5.5)

(5.6)

P(X,Y)P(U V)W

— R(X,Y)R(U,V)W — %S(V, W)R(X,Y)U + %S(U, WYR(X, V)V

— = (SO RWU VWX — - S(V,W)S(YV,0)X + 5 S(U, W)S(Y,V)X)

4égﬂxmamww—%auwwmﬂw+%ﬂawwmyWL

P(P(X,Y)U, V)W
— R(R(X,Y)U,V)W — %S(Y, UYR(X, V)W + %S(X, UYR(Y, V)W
_ %{S(V, WYR(X, YU — %S(V, W)S(Y, U)X + %S(V, W)S(X,U)Y}

+ %{S(R(X, VU, W)V — %S(Y7 U)S(X, W)V + %S(X, U)S(Yy,W)v},

PU,PX,Y) V)W

— R(U, R(X,Y)V)W — %S(Y, VYR(U, X)W + %S(X, V)R(U, Y)W

_ %{S(R(X, Y)WV, WU — %S(Y, V)S(X, W)U + %S(X, V)S(Y, W)U}

+ %{S(U, W)R(X, V)V — %S(U, W)S(Y, V)X + %S(U, W)S(X,V)YY,

PU,V)P(X, Y)W

:Mammon—%ﬂxwmﬁvw+%ﬂxwmﬁvw
- %{S(V, R(X,Y)W)U — %S(Y, W)S(V, X)U + %S(X, W)S(V. YU}

+ %{S(U, RIX, V)W)V — %S(Y, W)S(U, X)V + %S(X, W)S(U,Y)VY.
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Substituting (5.3)-(5.6) into (5.2), we have
(R(X,Y) - R)(U, V)W — %{S(Y, R(U, VW)X — S(X, R(U,V)W)Y}
+ %{S(Y, U)R(X, V)W — S(X,U)R(Y, V)W — S(R(X,Y)U, W)V}
+ %{S(Y, V)R(U, X)W — S(X,V)R(U, Y)W + S(R(X,Y)V,W)U}
+ %{S(Y, W)R(U, V)X — S(X,W)R(U,V)Y + S(V,R(X,Y)W)U

— S(U,R(X, )W)V} =0
for any vector fields X, Y, U, V,W € X(M). If (5.1) holds, putting Y = U = £ into
(5.7), we obtain
(R(X,8) - R)(EVIW — %{5(5’ R(E VW)X = S(X,R(& V)W)ER
+ 5 (S(E VIR(E X)W — S(XV)R(EOW + SRV, W)E)

4 S (S(E WIRIE V)X — S(XIWR(EV)E+ SV, RIX. W)
- S(f’ R(X’ €)W)V} =0

for any vector fields X,V,W € X(M). In Section 4, we know that S(§,V) =
2nkn(V'), using the equation and (3.1), we have

S(R(¢, X)Y, Z)

=2n{n(2)[k*9(X,Y) — 2kg(h'X,Y)]
+n(Y)[kg(X, Z) — k(k + 1)n(Z)n(X)
+kg(X, W' Z) — 29(W X, Z) — 29(W' X, W Z)]}

(5.9)

for any vector fields X,Y,Z € X(M). Combining (5.9) with (5.8) and assuming
that X € [\] and V = W € [-)] in (5.8) are eigenvector fields of k' corresponding
two eigenvalues A and —A\, respectively. Thus, by applying Lemma 3.1, we obtian

(5.10) (R(X,€) - R)(&, V)W = [k? + 2kX + k(k + 2)]g(V, W) X.

On the other hand, by a straightforward computation and applying Lemma 3.1,
Wang and Liu [15, Theorem 1.1] obtained the following relation (one can check it
by a direct calculation).

(R(X,€) - R)(§, V)W
=R(X,ER(E, V)W — R(R(X, )&, V)W

— R(& R(X, V)W — R(§, V)R(X, )W
=[(k —2)\)(k +2) — k? + 4 \g(V, W) X.

(5.11)
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From (5.10) and (5.11), we get A2 (A — 1) = 0. In view of the fact A > 0, we
obtain A = 1 and hence k = —2. From [6, Corollary 4.2] and [5, Theorem 6] we can
know that M?"*1 is locally isometric to the Riemannian product H"*1(—4) x R™.

Consequently, we have the following theorem:

Theorem 5.1. If a non-Kenmotsu (k, i)' -almost Kenmotsu manifold M*"+! sat-
isfies P+ P = 0, then it is locally isometric to the Riemannian product H""1(—4) x

R™.
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ON A SUBSPACE OF A SPECIAL FINSLER SPACE

Vivek Kumar Pandey and P. N. Pandey

Abstract. The present paper deals with the properties of a Finsler space F,; whose met-
ric is obtained from the metric of another Finsler space F, defined over the same man-
ifold, with the help of a contravariant vector v*(27) satisfying the condition LC;x,v" =
phjr, where L, hj; and Cjg, are metric function, angular metric tensor and Cartan
tensor of F},, respectively, and p is a scalar function of positional coordinates z*. Apart
from obtaining expressions for different geometric objects of Fj;, a subspace of F,, is
studied. Apart from other results for the subspace of F,, certain conditions for a
subspace of F,; to be totally geodesic and projectively flat have been obtained.
Keywords: Finsler space; subspace; projective change; totally geodesic subspace; pro-
jectively flat space.

1. Introduction

In 1952, S. Kikuchi [11] studied the theory of a subspace of a Finsler space.
H. Rund [3] in 1959, H. Yasuda [4] in 1987, T. Sakaguchi [12] in 1988 and many
others mathematicians contributed significantly to the theory of Finsler subspaces
and obtained many important and interesting results. In 1980 during the study
of conformally flat Finsler spaces, H. Izumi [2] introduced a vector b; which is v—
covariant constant (b;|; = 0) and satisfies the condition LCJ.b. = phji, where
p is a scalar independent of directional arguments y°. He called such vector b;
as h— vector. In 1990, B. N. Prasad [1] studied a Finsler space with a special
metric ds = (gi; (dz)dadz?) /2 4 b;(z,y)dz?, where b; is an h—vector, and obtained
the Cartan connections. In 2008, M. K. Gupta and P. N. Pandey [6] worked on
subspaces of a Finsler space with a special metric by taking this h— vector.

Let F,, = (M,, L) be a Finsler space and F} = (M,,L*) be another Finsler
space over the same manifold M,,, whose metric L* is obtained from the metric L
of F, by

(1.1) L*($7 y) = L(.’L’, y) + vi(*% y)yiv

Received March 27, 2018; accepted April 10, 2018
2010 Mathematics Subject Classification. 53B40
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where v; = ¢;;v7, gi; is the metric tensor of F,, and v*(2’) is a contravariant vector
satisfying

(12) LCjkrvT = phjk,

where p is a scalar function of positional coordinates z*.

We call such a Finsler space F} = (M, L*) as a special Finsler space. This special
Finsler space F is a generalization of the Finsler spaces considered by the authors
([1], [6]). The aim of the present paper is to obtain the Cartan connections and to
study a subspace of the Finsler space Ff = (M, L*).

2. Preliminaries

Let the Cartan connection of an n—dimensional Finsler space F,, = (M,, L) is
given by the triad CT = (F};, G%, C,), where G = F;kyk and C}; is the associated
Cartan tensor. If X;(z,y) be a covariant vector field then its h— and v— covariant
derivatives with respect to the Cartan connection CT are given by

(2.1) Xijp = 0 X; — (0,X:)G}, — X, F},
and
(2.2) Xilk = X — X,C},

respectively. Here 0 and (9.;C.denote the partial derivatives with respect to z¥ and
y* respectively, and dy and Jy stand for 9/0z* and 9/0y"* respectively.

The components of the metric tensor g;; and the angular metric tensor h;; of
the Finsler space F,, = (M, L) are defined respectively by

1. .
(23) 9ij = 532'3]‘[/2
and
(2.4) hij = Ld;0; L

Differentiating (2.3) partially with respect to y*, we obtain a tensor Cyj; of type
(0,3) defined by

1.
(2.5) Cij = §akgij'

This tensor is called the Cartan tensor and its degree of homogeneity in y'is —1.
The normalized supporting element I; = y;/L satisfies I; = 0;L. From the equations
(2.3) and (2.4), we obtain the relation

(2.6) Gij = hij + lilj
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among the metric tensor g;;, the angular metric tensor h;; and the normalized
supporting element /;. The h—covariant derivatives and v— covariant derivatives of
9ij, hij and ll satisfy [9}

2.7) (@) gij, =0 (b)  hyr=0 (c) L;=0
' d ;=0 (e Llj=ghy () Lli=1L.
Let M,,(1 < m < n) be an m—dimensional subspace of the n— dimensional
manifold M,, represented parametrically by the equations

(2.8) zt = 2t (u®) i=1,2,.n a=12 ..m,

where u® denote the Gaussian cordinates on the subspace M,,.
Let B! = guii be the projection factors [3] and the matrix ||B || of this projec-
tion factors be supposed to be of rank m. If 4%, the supporting element, is assumed

to be tangential to the subspace M,,, then it can be written in terms of the projection
factors as

(2.9) y' = B! (u)w?”, a=1,2,..m.

Here w = (w®) is assumed to be the supporting element at the point (u®) of the
subspace M,,. The metric L(z,y) of the Finsler space F,, = (M,, L) induces the
metric

(2.10) L(u,w) = L(z(u), y(u, w))

on the subspace M,,. Thus, we obtain an m—dimensional Finsler subspace F;,, =
(M, L(u, w)) of the space F,, = (M, L).
Let gop(u, w) defined by

1 6°L?

(2~11) gag(u,w) = 2 0w Ows’

be the metric tensor of the subspace F,,. Successive partial differentiations of (2.10)
with respect to w® and w” give

(2.12) ap(u,w) = gij(z,y) BLBY,.
A covariant vector Y; which satisfies the condition
(2.13) Y; B! (u) =0

is called normal to the subspace F,,. Clearly, these are m equations for determina-
tions of n functions Y;. So, there exist (n — m) linearly independent and mutually
orthogonal unit vectors Y(’;l), (say), satisfying the following conditions

nityI
(2.14) i BLY(,) =0
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and

(2.15) Vi = g, Y1,
where (a) = m + 1,m + 2,...n. Further, (2.14) and (2.15) imply that

(2.16) gin(a) = 0(a)(b)> {(a),(b) =m+1,m+2,....n}
If B¢ (u,w) is the reciprocal of the projection factors B, defined by

(2.17) B (u,w) = go‘ﬁBé 9ij

then, in view of (2.12), we have

(2.18) B! BP =4F.

From (2.14), (2.15), (2.16), (2.17) and (2.18), we have

(2.19) (a) Biy,\ =0 (b) Y}, B =0
: i (b) _ s(a) i Do i (a) _ i
(c) Y(a)Y = 335 (d) BLBS + Y0, Y =i

If the triad ICT = (Fg,,Gj§,Cg,), where G§ = Fg y?, is the induced Cartan

connection of the Finsler subspace F),, then the second fundamental tensor HSB)

and the normal curvature vector H&“) with respect to induced Cartan connection

ICT can be expressed in the direction of the normal vector Y(’a) by

a a i i a b
(2.20) aY) =Y\ (Bls + FiBLBE) + M{y,) HY)
and
(2.21) H(® =Y (B, + Fj;B))

respectively, where

= 0Ly Y) BE,

(2.22) M 2

(

9%zt

The contraction of (2.20) by v® gives us

(224) (a) aH(a)

(a)
Hyg =v"H,5 = Hg".
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3. The Finsler space F: = (M,, L*)

Let v* = v%(27) be a contravariant vector field in a Finsler space F,, = (M,, L)
satisfying the condition (1.2).
Differentiating v; = g(z, y)v" partially with respect to 3/ and using the condition
(1.2), we obtain

(3.1) L(dyv:) = 20h;.

Consider an n— dimensional Finsler space F;} = (M,,, L*) whose metric function
L*(x,y) is obtained from the metric of the space F, by the transformation (1.1).
Throughout the paper, the geometric objects related to F}; will be asterisked .

Differentiating (1.1) partially with respect to y* and using (3.1), we get
(32) L;: = Lk} —+ Vi,

where L} = 9y L*.
The normalized supporting element [} of F;* can be written as

(3.3) Uy =l + v

Differentiating (3.2) partially with respect to 47 and using (3.1), we obtain
(3.4) L}y = Ljk + 2phji/ L,

where Ljj, = 9;0;L and L%, = 0;0,L*.

Using (2.4) in (3.4), we get

(3.5) 5= (14 2p) L.

Partial Differentiation of (3.5) with respect to y* gives

(3.6) ik = (L+2p)Lijk,

where Lij, = 0 Lij and LY, = 0pL};.

In view of (2.4), the angular metric tensor h;; of the Finsler space F}; is given as
(3.7) hi; = T(1+ 2p)hij,

where 7 = LL .

From (3.3), (3.7) and (2.6), the fundamental metric tensor g;; of the Finsler space
F is given by

n

(38) g:} = T(l + 2,0)9” + Vi Vg + lin + ’Uilj + (1 — 7(1 + 2/)))11[]
Keeping ¢g*¥ 9ik = 8% in view, the inverse metric tensor g**/ is given by

3 1 3 1 S
3.9 = Y- l'v? + ') +
(3:9) g 7(1 +2p)g 72(1+2p)( )

73(1 + 2p)
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in the Finsler space Fj;.
Differentiating (3.8) partially with respect to *, we obtain the Cartan tensor Chik
of ) as

(1+2p)

5L (hjkci + hkiCj + hijck).

(3.10) Clik = 7(1+2p)Ciji +
Here ¢; = v; — (7 — 1)l;. Thus, we have

Theorem 3.1. The components of the metric tensor g;;, the inverse metric tensor

¢*¥, the angular metric tensor h;; and the Cartan tensor C;‘jk of the Finsler space
E whose metric L* is obtained from the metric L of the Finsler space F,, by (1.1),
are given by (3.8), (3.9), (3.7) and (5.10) respectively.

4. The Cartan connection of the Finsler space Ff = (M,, L*)

In this section, we find the Cartan connection of the Finsler space F¥ = (M,,, L*).

Since L;; is h—covariant constant with respect to the Cartan connection CT' =
(F]?,C,G;,C;k), ie. Lijjr =0, (2.1) gives

(4.1) Ok Lij = Lijr Foy, + Lirj iy + Lip Fjy,

where Lij, = 0y L;; and Fj, = Fly' = Gj.
Differentiating (3.5) covariantly with respect to x?, we get

(42) 81L;<k = (1 + 2p)aiij + 2piij7

where 9;p = p;.
In view of (4.1), (3.5) and (3.6), (4.2) can be written as

(43) (L4 2p{Ljur (F5) — Fg) + Liee (F} = Ff;) + Ljn () — Fyi)} = 2piLjie.
Let D!, be the difference of the connections i and F,, i.e.

(4.4) Diy, = Fjl — FJ;..

In view of (4.4), (4.3) reduces to

(4.5) (1 +2p)(Ljrr Dg; + Ly D}; 4 Ljr D) = 2pi Ly

Cyclic rotation of the indices 4, j and k gives

(4.6) (14 2p)(Lgir Doj + LiriDjy + L Di;) = 2p; Lii,

and

(4.7) (L +2p)(Lijr Doy, + L Dy + Lir D) = 2pk L.
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Using Ly; = 0 in (2.1), we have
(4.8) (9jL/C = L/CTFOTJ- + L, jrk.

Differentiating (3.2) partially with respect to 27 and then using (4.8) and (2.1), we
obtain

(4.9) e F0; + LYy = (14 2p) Ly Fj; + (L 4 v ) Fij +
In view of (3.2), (3.3), (3.5), and (4.4), (4.9) reduces to
(4.10) (14 2p)Lis Dy + (In + v2) Dy = vy

Here subscript ‘0’denotes the contraction by the supporting element y*.
Now, we propose

Theorem 4.1. If F, = (M,,L) and F} = (M,,,L*) are two Finsler spaces over
the same manifold My, and L*(z,y) is given by (1.1), then the Cartan connection
of EY is completely determined by (4.5) and (4.10).

To prove Theorem 4.1, first we have to prove the following lemma

Lemma 4.1. The system of equations

(4.11) (a) (1+2p)L;pA* = B,
' (b) (lx+vr)A* =B

has a unique solution

(4.12) AR = (14+2p)7'LBY + 771(B — (1 + 2p) LB,)I*,

where 7 = (L*/L), B, = Biv' and B' = ¢g"B; for given B; and B such that
Bl = 0.

Proof. From hj; = LLj;, and (2.6), (4.11(a)) can be written as
(4.13) gir AR = (1 +2p) 7 LB; + 1;(1,,A").
Transvecting (4.13) with v/, we get

(4.14) v AF = (14 2p) LB, + (7 — 1) A*,

where B, = B;v'.
In view of (4.11(b)), (4.14) implies

(4.15) AP =171 (B — (1+2p)"'LB,).
Thus, from (4.13) and (4.15), we have
(4.16) gikA¥ = (1 +2p)'LB; + 77 1(B — (1 4+ 2p) "'LB,)l;.

Contraction of (4.16) by g% gives the solution
(4.17) A= (1+2p) 'LB' +77Y(B — (14 2p) 'LB,)I
L. O

of the given system, where B' = ¢"/ B; and 7 =
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Thus, we are in a position to prove Theorem 4.1. We complete the proof of Theorem
4.1 if we find the value of D, .

We will find the value of D; & in three steps. In the first step, we will find the value
of D{, in the second step we will find Dj‘o and in the last step we will find D;k

In view of (4.10), we have
(4.18) (1+2p)Ljr Dy + (L + v3) D%y = -

Simultaneously adding and subtracting (4.18) and (4.10), we get

(4.19) (1+ 2p)(Ljr Dy + Liw Dy;) + 2(1 + 0,) D%y = vy + vg5
and

(4.20) (1+2p)(Ljr Dy, — Lier Dgj) = vjj1 — Ugyj-

If we take

(4.21) (a)  vjk + vk = 285k (b)  vjjk — vk|; = 2k,

then (4.19) and (4.20) become

(4.22) (1 + 2p)(Ljy Dy + Lie D) + 2(Ly + ) DYy = 2.

(4.23) (14 20)(Ljr Dy, — Lie D) = 2t
Subtracting (4.7) from the addition of (4.5) and (4.6), we have
(4.24) 2Llch§j+(1+2P)(ijrD6i+LlcirD6j_Lierglg) = 2(piij +Piji_pkLij)-

Transvection of (4.22), (4.23) and (4.24) with y* and utilization of Ly = 0 give
us

(425) (1 + QP)LerSO + Q(ZT + 'Ur)DSj = 2sjo,
(426) (1 =+ zp)LJTDSO = 2tj07

Transvecting (4.25) with y?, we find
(428) (lr + ’UT)DSO = S00-
Applying Lemma 4.1 in (4.26) and (4.28), we get

L

{2L*t6 + ZT((l + 2[))800 - 2Ltvo)}.
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Here tf, = ¢t and tyo = tiov'.
Putting k in palace of ¢ in (4.27) and then adding with (4.23), we find

1 1
4. L,.D}, = ———(2t; 200L i — =(14+2p)LiprDpo).
(4.30) jrlok 2(1+2p)( gk T+ 2polijk 2( +2p) jk 00)
If we take
1 1 -

then (4.30) reduces to
(4.32) L;D{;, = Ajg.

From (4.29) and (4.31), we have

1
(4.33) Aj = m{QL*(tjk — LLjkrty) + Ljk((1+2p)soo — 2Ltwo+2L"po) }-
This shows that A;j is known.
If we write
1
(434) Sko — 5(1 + 2P)LkrD60 = Ak,

the equation (4.25) assumes the form

(4.35) Iy + v,) Dy, = Ag.
Putting the value of Dj), from (4.29) in (4.34), we get
(4.36) Ap = sgo — LLjt".

In view of Lemma 4.1, the system of equations (4.32) and (4.35) give

L
E(L*A’,; +1"(Ar — LAwk)),

where A, = Ajkvj and A}, = g Ay
Now we can express (4.22) in the form

(4.37) Dy, =

(4.38) (lr +v) D%y, = Bk,
where

1 T s
(4.39) B = sj, — 5(1 + 2p)(LjTD0,C + LkTDOj).

The equation (4.24) may be written as

(4.40) Lir D}y, = Biji,
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where
1
(4.41) Bijk = (pjLri + prLij — piLjr) — 5(1 +2p)(Lkir Do + Lijr Doy, — Ljkr Dg;)-

Putting the value of Dfj, from (4.37), we see that B;, and B are known quantities.
Applying the Lemma 4.1, for the system of equations (4.38) and (4.40), we obtain

(4.42) T = {L w + 1" (Bji. — LByji)},

where B;-”k = g"BZ-jk and Byji = Bijkvl. The quantities Bj;, and B;j;, are given by
respectively (4.39) and (4.41) together with (4.37).
Thus, the proof is completed.

5. Subspace of the Finsler space F = (M,, L*)

Suppose F,,, and F} are the subspaces of the Finsler spaces F), and F, respec-
tively. _
Contracting (2.14) by w® and using (2.9) and y'g;; = y;, we obtain

(5.1) y;Y?

(@ =0

Again contracting (3.8) with Y(ia)Y(]l;) and using (2.16), (5.1) and 7 = (L*/L), we
have

* V4 j L i k
(5.2) 9 ¥ () Yy = T (1 +20)0() ) + iy on Y-
Fixing the index (a) and taking (a) = (b) in (5.2), we get
L* i
(53) gzj)/ka) (a) = L (1 + 2/0) + (Urif(a))Q'
Hence
i J
5.4 * Y Yl 1
( ’ ) g” L* T \2 L* T \2 ’
\/T(1+2p) + (Y] \/T(1+2p) + (0, Y()
From (5.4), it is clear that Y(“ is a unit vector.
VA (420)+

Contracting (3.8) by B! Y(J and using (2 14 ( 1), we obtain

(55) g”B’L }/(a) - (’UJ}/( ))(vl +l )B

From (5.5), we can say that Y(Ja) is normal to the subspace F} if and only if the
condition

(5.6) (UJY( ))(1}2 +1i)B, =0
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holds. This implies at least one of the conditions ij({l) =0 and (v; + [;)B’, = 0.
Suppose (v; + ;) B!, = 0. Contracting this condition by w® and using B’ w® = v,
we get L +v;4° = L* = 0 which is not possible. Hence, we have the first condition,
ie.

VI —
(5.7) v; Y,y =0.

Thus, the vector Y(]a ) is normal to the subspace F};, if and only if the vector v; is

tangent to the subspace Fy,. From (5.4), (5.5) and (5.7), we find that %)
b P

is a unit normal vector of the subspace F . In view of (2.14), (2.15) and (2.16), we
obtain

7
b Y
(5.8) Y =

(a) . '
Vi1 +2p)
Contracting (3.8) by Y(’;’) and using (2.15), we obtain

*

) _ L (a)
(5.9) Vi =y (1 207

Thus, we have

Theorem 5.1. Let F} = (M, L*) be a Finsler space whose metric function L*
is obtained from the metric function L of the Finsler space F,, = (My,L) by the
transformation (1.1). If F, and F,, are m— dimensional subspaces of F and F,
respectively, then the vector v;(x,y) satisfying the condition (1.2) is tangent to F,,
if and only if any vector Y(Za) normal to F,, s also normal to F,.

Let us assume that the transformation given by (1.1) is projective. Then, we
have

(5.10) G;' =G+ pjy' +pd,

where p is a function of directional argument and of homogeneity one in y® and
8jp =DPj- ) )

Contracting (4.4) by y* and using F}kyk = G, we get

(5.11) Gi' = G} + Dy;.

Thus, from (5.10) and (5.11), we have

(5.12) Déj = pjyi +p6§.

Contracting (5.12) by Bg‘)/}‘”, using (2.15) and (2.19(a)), we obtain

(5.13) Y, Di, B = 0.
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If every geodesic in the subspace F;,, with respect to the induced metric is also
a geodesic in the enveloping space F,,, the subspace F,, is called totally geodesic
subspace and this type of space is characterized by

(5.14) H® =0,

i.e. its normal curvature vector vanishes identically.

In view of (2.21), the normal curvature vector HA®

(a)

of the subspace F), in the

direction Y, is given by
(5.15) H:@ =Y (Bi, + G5 B)).
Using (5.9) and (5.11) in ( , we get

(5.16) ,/ ‘(1420 H, “>+\/ (1420 ) Y\ Di, BI = 0.

In view of (5.13), (5.16) reduces to

*

L
(5.17) H@) = —(1+2p) H®.

L (14 2p) # 0 for
fact that p is a function of 2. Hence, we conclude from (5.17) that H5 vanishes

if and only if H;(a) vanishes as LT(l + 2p) # 0. Therefore, we have

L~ (1+2p) = 0 implies p = —(1/2), a contradiction to the

Theorem 5.2. If a contravariant vector field v' satisfying the condition (1.2) is
tangent to a subspace Fy, of the space F,, then F,, is totally geodesic if and only if
the subspace F, of F) is totally geodesic.

If there exists a projective change between the Finsler spaces F,, = (M,,, L) and
E¥ = (M, L*) over the underlying manifold M,, such that the later space is locally
Minkowskian then the space F), is said to be projectively flat.

In 2005, M. Kitayama [7] showed that a totally geodesic subspace of a projec-
tively flat Finsler space is also projective.

Makato Matsumoto [8] proved that a Finsler space F "(n > 3) is projectively
flat if the Weyl torsion tensor W;k and the Douglas tensor D7, vanish, i.e.

(5.18) (a) Wi =0, (b) Diy =0

and the converse part is also true.

Under a projective change W;‘ki = VV,C and D]k:h = D;km i.e. both tensors are
invariant [10]. Thus, we conclude followmg theorem, from Theorem 5.2 in view of
(5.18)

Theorem 5.3. Let the metric function L* of a Finsler space F = (M,,L*)
be obtained from the metric function L of a projective flat Finsler space F, =
(M,,,L),n > 3, by the transformation (1.1). If a subspace F,, of F, is totally
geodesic and the vector field v satisfying (1.2) is tangential to it, then the corre-
sponding subspace Fyr, of F is projectively flat.
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QUASI STATISTICAL CONVERGENCE IN CONE METRIC
SPACES

Nihan Turan, Emrah Evren Kara and Merve Ilkhan

Abstract. The main purpose of this paper is to define a new type of statistical conver-
gence of sequences in a cone metric space and investigate the relations of these sequences
with some other sequences.

Keywords: Cone metric, statistical convergence, statistical boundedness.
1. Introduction and Preliminaries

The study of statistical convergence apparently goes back to Steinhaus [19] and
Fast [7]. This concept has been studied under different names in spaces such as topo-
logical spaces, cone metric spaces etc. (see, for example [5],[8],[9],[12],[13],[14],[18]).
Long-Guang and Xian [11] suggested the idea of a cone metric space. The main
difference with a metric is that a cone metric is valued in an ordering Banach space.
Later, several authors studied cone metric spaces and applied different names. This
concept takes a vital role in computer science, statistics and some other research
areas as well as general topology (see, for example [2],[2],[7],[11],[16]). The defini-
tion of statistical convergence and statistical boundedness of a sequence in a cone
metric space was studied by Kedian, Shou and Ying [13]. In [10], the authors
defined the concept of a quasi-statistical filter. Also it is known that statistical
convergence is related to Cesaro summability and strong-Cesaro summability (see,
for example [4],[3],[18]). Recently, Sakaoglu and Yurdakadim [15] defined the no-
tions of quasi-statistical convergence and strongly-Cesaro summability by relying
on [4], [3], [10] and [18], and they found some inclusion theorems between these
concepts. In the present paper, we introduce the quasi-statistical convergence and
quasi-statistical boundedness of a sequence on a cone metric space, and obtain some
theorems related to quasi-statistically convergent sequences. Later, we give the def-
inition of strongly-quasi summable sequences in a cone metric space and we also
investigate some theorems related to quasi-statistically convergent sequences and
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strongly—quasi summable sequences. Finally, we present some results related to
these theorems.

Throughout this paper, by N and R we denote the set of all positive integers
and the set of all real numbers, respectively. For a subset S of N, |S| stands for the
cardinality of S.

Definition 1.1. ([7]) Let S C Nand S (m) = {i € S:i <m} for each m € N. If
the following limit exists, then

5(8) = 1im 207

m—r00 m

is called the asymptotic (or natural) density of S. It is clear that §(S) € [0,1]. Also,
if §(S) =1, then S is said to be statistically dense. It can be easily obtained that
O0(N=S)=1-46(S) for each S C N.

Definition 1.2. ([8]) A sequence (z,,) in R is said to be statistically convergent
to a point z € R if for each € > 0,

1
lim —{i<m:|z; —z| >} =0

m—oo M,

or equivalently

1
lim —{i<m:|z; —x|<e}=1.
m—o0 M,

Definition 1.3. ([1]) Let E be a real Banach space. A subset P of E is called a
cone if it satisfies the following conditions:

(1) P# @, P # {0} and P is closed.

(2) ax + by € P for all z,y € P and a,b € R with a,b > 0.

(3)If x € P and —x € P, then z =0 for all z,y € P.

A partial ordering ” =< 7 with respect to P is defined by z <y & y —z € P.
Also,wemeanz <y <z <y, z#yandr <<y < y—x € E', where ET denotes
the interior of P; that is ET = {¢ € F: 0 << c¢}. The cone P is called normal if
there is a number K > 0 such that for all z,y € E, 0 < z < y implies ||z|| < K ||y]|.
The least positive number satisfying this inequality is called the normal constant of
P.

In this study, we always suppose that F is a Banach space, P is a cone in FE
with ET # @ and 7 <7 is a partial ordering with respect to P.

Definition 1.4. ([17]) Let X be a non-empty set. Suppose the mapping d : X x
X — F satisfies

1. 02 d(x,y) for all z,y € X and d(x,y) = 0 if and only if z =y,
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2. d(z,y) =d(y,z) for all 2,y € X,

3. d(z,y) 2d(z,2) +d(y,z) for all z,y,z € X.

Then d is called a cone metric on X, (X, d) is called a cone metric space.

Definition 1.5. ([11]) A sequence (z,,) in a cone metric space (X, d) is said to be
convergent to x € X if for every ¢ € ET there exists a natural number N such that
d(zp,z) << cfor alln > N.

Definition 1.6. ([13]) A sequence (z,) in a cone metric space (X, d) is said to be
statistically convergent to z € X if for every c € ET

1
lim —[{k <n:d(zp2) <<c}| =1

n—oon

It is denoted by st- lim x,, = x.
n— oo

Definition 1.7. ([13]) A sequence (z,) in a cone metric space (X, d) is said to be
statistically bounded if there exist & € X and ¢ € ET such that

1
lim — |{k <n:d(zg,a) <c} =1.

n—oon

Definition 1.8. ([15]) Let s = (sy) be a sequence of positive real numbers such
that

(1.1) lims, = oo and limsups—n < 00.
n n n

The quasi density of a subset K C N with respect to the sequence s = (s,) is
defined by

1
0s(K)= lim —|{k<n:keK}.
n—oo Sy,
A sequence (x,) in R is called quasi-statistical convergent to = provided that for
every ¢ > 0 the set K. = {k € N: |z, — 2| > £} has quasi-density zero. It is denoted
by st,-limy, oo n, = .

Throughout the study, we assume that s = (s,) and ¢t = (¢,) are sequences of
positive real numbers satisfying the conditions in (1.1).

Definition 1.9. ([15]) A sequence (z,,) in R is said to be strongly quasi-summable
tox € Rif

1 n
lim —E |z — x| = 0.
n—»00 Sy,
k=1
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2. Main Results

In this section, we first define the quasi-statistical convergence of a sequence in
a cone metric space. Later, we give some results related to this concept.

Definition 2.1. A sequence (z,) in a cone metric space (X, d) is said to be quasi-
statistical convergent to a point x € X if for every ¢ € E* we have

1
lim — {k <n:d(zg,z) <<c}| =1

n—00 Sy,

or equivalently
1
lim — [{k <n:c=d(zg,x)} =0.

n—o0 S,

We denote it by st — lim z,, = x. If we take (s,) = (n), then we obtain that (z,,)
n—roo

is statistical convergent.

Theorem 2.1. Let (z,) be a sequence in a cone metric space (X,d). If (z,) is
convergent to x € X, then it is quasi-statistical convergent to x.
Proof. Let lim x, = x. Then, for every ¢ € ET there exists ng € N such that
n—oo

d (zn,x) <= c for every n > ng. It follows that

1
— NHk<n:c=x2d(zg,z)} < =
Sn 5

n

which means lim,,,oc = [{k < n: ¢ < d(2x,2)}| = 0. Hence, (2,) is quasi-statistical
convergent to . [.

The converse of the previous theorem does not hold which can be seen from the
following example.

Example 2.1. Let £ = R, P = [0,00) and X = R. Consider X with usual metric
d(x,y) = |z — y|. Let s, = n®*. Define a sequence (z,) as follows:

0, mn#m?forallmeN
Tpn = 2
n, n =m~ for some m € N

It is obvious that (x,) is not convergent. On the other hand, it is quasi-statistical conver-
gent to 0. Indeed, given any ¢ € ET, we obtain the inclusion

{n:c=<d(xn,0)}C{n:n=m>meN}.
Hence we conclude that

lim i|{k§n:cjd(:ck,o)H < lim iHkSn:kzmz,meN}’

n—00 Sy n—00 Sy

= lim L [|val] =o0.

n—00 Sp
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Theorem 2.2. Let (z,) be a sequence in a cone metric space (X,d). If (z,) is
quasi-statistical convergent to x € X, then it is statistical convergent to x.

Proof. Let sty- lim x,, = x and M = sup2~. Then, for every c € ET, we have
n—roo n
lim L {k<n:c=d(z,x)}| = 0. The statistical convergence of the sequence

n—oo °n
(zy,) follows from the following inequality

l|{l<:Sn:cjd(mk,x)ﬂ < %\{kgn:cjd(xk,x)ﬂ.
n s

n

.
The converse of the previous theorem does not hold which can be seen from the
following example.

Example 2.2. Let X =R, E=R* P={(z,y) € E:2,y>0},X =Randd: XxX —
E be the cone metric defined by d (z,y) = (] — y|,a |z — y|), where a > 0 is a constant.
Assume that the sequence (sn) satisfies lim‘s/—f = oo0. We can choose a subsequence (snp)

such that s,, > 1 for each p € N. Consider the sequence (x,) defined by
Sn, N = m2and s, € {snp ip € N}
zn=1¢ 1, n=m?and s, ¢ {sn, :pEN} (meEN)
0, otherwise.
Then, we have
(sn,asn), n= m? and s, € Sn, :pEN
d(zn,0) = (1,a), n=m’and s, ¢ {sn, :pEN} (meN)
(0,0), otherwise.

It is easy to see that (z,) is statistical convergent to zero. Now, we show that (z,) is not
quasi-statistical convergent to zero; that is,

lim —— [{k <n:c=d(z0)} #0.

n—00 Sy,
For ¢ = (1,a) € E* and n € N, we have
{k<n:c=d(z,0)} = ’{kgn:k:m2,m€N}‘

and

(2.1) i|{k§n:cjd(mk,0)}\:i(\/ﬁ—rn),

Sn

where 0 < r, < 1. If we take the limit of (2.1) as n — oo, we conclude that (z,) is not
quasi-statistical convergent to zero.

Consequently, we have the following diagram:

convergent = quasi-statistical convergent = statistical convergent
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Theorem 2.3. Assume that

(2.2) h=inf" > 0.
n n

If a sequence (xy,) in a cone metric space (X,d) is statistical convergent to x € X,
then it is quasi-statistical convergent to x.

Proof. The proof follows from the inequality
1 1
—Hk<n:c2d(xg, L)} >h—|{k<n:c=<d(zg, L)} .
n Sn
I

Corollary 2.1. Assume that the sequence (sy,) satisfies (2.2). Then, (z,,) is sta-
tistical convergent to x if and only if (x,) is quasi-statistical convergent to x.

Theorem 2.4. If (z,) is quasi-statistical convergent to x in a cone metric space
(X,d), then there is a sequence (yn) which is convergent to x and quasi-statistical
null sequence (zp,) such that x, = yn + 2, for all n € N.

Proof.  Let sty — nl;ngo xn, = x. If the terms of the sequence (x,) is constant

after a certain stage, then the proof is trivial. Otherwise given any c € ET, we
can find an increasing sequence of positive integers (NN;) such that Ny = 0 and

L {kz <n:¢= d(xk,z)}’ < % for allm > Nj; (j = 1,2, ...). Let us define (yx) and

Sn

(zr) as follows:

2z, =0 and yr=uwxk; if Ng <k < DNy,
2z, =0 and yr =z ifd(zg,x) << ?, N; <k <Nji1,
2k =xp —x and yp = 1; if%jd(xk,z), N; <k < Njiq.

It is easy to see that x = yr+ 2 for all k € N. Now, we show that (yy) is convergent
to x. Given any ¢ € E™, choose j € N such that s =<=<c

I < < d(zk,z) for k > N;, then d(yg,x) = d(z,z) = 0.
J

If d(zk,x) << % for k > Nj, then d (yk, ) = d (zx, x) << £ << c. Hence, it follows
that klim Yk = T.
— 00

To show that (z;) is quasi-statistical null sequence; it is enough to prove that

1
lim — {k<mn:z, #0} =0.
s

n—oo n
For ¢ € ET, it is clear that the inclusion

{k<n:c=xd(z,0)} C{k<n:z #0}
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holds for all n € N. Thus, we have
Hk<n:c=<d(z,0)} < {k<n:zp#0}.
Given any ¢ > 0 there is a j € N such that % < 0. If Nj <k < Njiq, we have

sjd@m@}«

{kgn:zk#O}—Hkgn:J

Thus, we have

1 1
—HE<n: 0y < —
ik snia A0l <

1 1
{kgn: jd(xk,x)}’<;<3<5

e
v
for N, < k < Ny41 and v > j which concludes the proof. [O.

The following result is an immediate consequence of the previous theorem.

Corollary 2.2. If (z,) is quasi-statistical convergent to x, then it has a subse-
quence (yn) which is convergent to x.

Definition 2.2. A sequence (z,) in a cone metric space (X, d) is said to be quasi-
statistical Cauchy if for every ¢ € ET there exists ng € N such that

1
lim — [{k <n:d(xg,xn,) << c} =1

n—00 Sy,

or equivalently

1

n—00 Sy,

Theorem 2.5. Let (z,) be a sequence in a cone metric space (X, d). If (z,,) is a
Cauchy sequence, then it is a quasi-statistical Cauchy sequence.

Proof. Let (z,,) be a Cauchy sequence. Then, for every ¢ € ET there exists
ng € N such that d (z,,, z,,) << ¢ for every n,m > ng. It follows that

1
—l{k<n:eXd (e} < 2
Sn Sn
which means lim,, 0o 2= [{k < n: ¢ X d(z, 2n,)}| = 0. Hence, (z,,) is quasi-statistical
Cauchy. [

The sequence given in Example 2.1 is also a quasi-statistical Cauchy sequence
which is not a Cauchy sequence.

Theorem 2.6. Let (z,) be a sequence in a cone metric space (X, d). If (z,,) is a
quasi-statistical Cauchy sequence, then it is a statistical Cauchy sequence.
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Proof. Let (x,,) be a quasi-statistical Cauchy sequence. Then, for every c € E™
there exists ng € N such that lim & [{k <n:c¢ = d(zx,Tn,)}| = 0. Thus we have
n—oo °n

Sp 1
—— Hk<n:c=<d n
2 k< e = donmn,))]

1
- {k<n:c=<d(zk, Tn )}
1
< K—H{k<n:c=zd(zk,xn)},
Sn

where K = sup,, >». This implies that (z,) is a statistical Cauchy sequence in
X. O

Consequently, we have the following diagram:

Cauchy = quasi-statistical Cauchy = statistical Cauchy

Definition 2.3. A sequence (x,,) in a cone metric space (X, d) is said to be quasi-
statistical bounded if there exist « € X and ¢ € E™T such that

1
lim — [{k <n:c=d(zpa)} =0

n—00 8,

Theorem 2.7. If (x,) is quasi-statistical bounded sequence in a cone metric space
(X, d), then it is statistical bounded.

Proof. Let (x,,) be a quasi-statistical bounded sequence, o € X and H = sup==.
n

Since the inequality
1 H
—H{k<n:c=d(xp, )} < —Hk<n:c=xd(xg a)}
n Sn

holds, the proof follows immediately. [

Lemma 2.1. Let P be a normal cone with normal constant K. The following
statements hold for sequences (xy,) and (yy) in a cone metric space (X,d).

1. sty — nl;ngoxn =2 & stg— nan;od (Tn,z) =0
2. If stg— lim z,, = x and sty — lim y, =y, then st;— lim d (2, yn) = d(z,y).
n—oo n— oo n—00
Proof. (1) Suppose that st, — lim x,, = . Then, for every ¢ € E*, we have
n—oo
.1
lim — |{k <n:d(zy,z) <<c} =1.

n—00 Sy,

Given any € > 0, choose ¢ € ET such that K ||c|| < e. Suppose that k € N satisfies
d (zy,x) << c. Since P is a normal cone with normal constant K, we can write

ld (zx, 2)|| < K|le] <e.
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Consequently, we obtain
1 1
— H{k <n:d(zk,z) <<c} < —|{k <n:|d(zg2)]| <e}.
Sn Sn

Hence, we conclude that

1
lim — {k <n:|d(zgz)]| <e} =1

n—»00 Sy,
which means st, — lim d (z,,2z) = 0.
n— oo

Conversely, suppose that stg — lim d (2, z) = 0. Then for every € > 0, we have
n—oo

.1
nl;ngog Hk <n:|d(zk,z)|| <e}| =1
Given any ¢ € ET, we can find an € > 0 such that c—a € E* for alla € E
with |la|]| < e. Hence, if we choose k& € N such that ||d(xzg, )| < e, then we
obtain d(zy,z) << ¢ which implies that the inclusion {k : ||d(zx, )| < e} C {k:
d(x,x) << c} holds. Tt follows that

1 1
8—|{k§n: ld (zg,z)|| <e}| < 8—|{k§n:d(zk,x) <=<c}.

Thus, we conclude that lim X [{k < n:d(zx, ) << c}| = 1 and so sty — lim x, =
T n—oo °n n—roo

(2) Suppose st; — lim z, = = and st, — lim y, = y. Given any € > 0, choose
n— oo n—oo

c € ET such that |[¢| < &5 For k € N with d(zg, ) << ¢ and d(y,y) << ¢,

we have ||d(xk, yx) — d(z,y)|| < € from the proof of Lemma 5 in [11]. Hence, the
inclusion

{k: lld(zr, y) — d(z,y)|| > e} C{k:c 2d(zy, 2)} Uk :c X d(yr,y)}

holds. It follows that

1
lim — [{k <n: [[d(zg,yr) —d(z,y)|| = e} =0

n—00 8§,

which means that st — lm d (z,,yn) = d(z,y). O
n— oo

Remark 2.1. Note that P does not need to be a normal cone to prove the sufficiency
condition in 1 of Lemma 2.1. That is; if st — lim d (zn,z) = 0 in a cone metric space
n—oo

(X,d), then we have sty — lim =, = z.
n—oo

Theorem 2.8. Let (x,) and (y,) be two sequences in a cone metric space (X, d).
If sty— lim y, =y and d (xn,y) = d (yn,y) for every n € N, then st,— lim z, = y.
n—oo n—oo
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Proof. Suppose that st, — ILm yn =y and d (25, y) < d(yn,y) for every n € N.
The proof follows from the fact that

1 1
;\{kﬁn:d(%y) <c} < S—I{kénrd(%y) = c}.
0.

Definition 2.4. A sequence (x,) in a cone metric space (X,d) is said to be
strongly quasi-summable to z, if

1
Jim =3 d . )| = 0
k=1
holds.

We will use N and Sy for the set of all strongly quasi-summable sequences and
all quasi-statistical convergent sequences, respectively. That is,

s N IR
Ny = {(zn) : nlgnolo; Z |d (2, )| = 0 for some ;z:}

k=1

and

1
Sy = {(mn) 2 lim — {k <n:c=d(xg,x)} =0 for some z € R and for all ¢ € E+}
n—00 Sy,

If we take t = (t,) instead of s = (s,,), we will write N/ and S} instead of N; and
S;, respectively.

Theorem 2.9. Let s, < t, for everyn € N. If a sequence (z,,) in a cone metric
space (X, d) is quasi-statistical convergent to x with respect to s = (s,,), then (z,)
sequence is quasi-statistical convergent to x with respect to t = (t,).

Proof. Suppose that for every ¢ € ET wehave lim L {k <n:c=d(z,z)} =
n—oo °n
0. Since s, < t,, holds for every n € N, we have the inequality

1 1
— Nk <n:c=2d(zg,z)} > t—\{kgn:cjd(xk,x)ﬂ.
Sn n

Letting n — oo in both sides of the above inequality, we obtain that the sequence
(z,) is quasi-statistical convergent to x with respect to t = (¢,). O.

Now, we consider the sequence (z,) in Example 2.2 and if we take ¢, = n and
s, = n'/4, then we observe that the sequence () is quasi-statistical convergent
to zero with respect to the sequence ¢ = (¢,) but the sequence (z,) is not quasi-
statistical convergent to zero with respect to the sequence s = (s,). Thus, the
following result can given as a consequence of this theorem.
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Corollary 2.3. Let s, <ty for everyn € N. Then, the inclusion S; C Sf] strictly
holds.

Theorem 2.10. Let s, < t, for every n € N. If a sequence (z,,) in a cone metric
space (X, d) is strongly quasi-summable to x with respect to s = (s,), then the
sequence (xy,) is quasi-statistical convergent to x with respect to t = (ty,).

Proof. Let ILm = > |ld (zk, z)|| = 0. By using the fact that
n oo TN k=1

n n n

YDolld@ea)l= Y ld@sa)ll+ Y ld(zea)| = e[{k <n:|d (@) > e}
lld(zx,x)l|>e lld(z,x)|| <e

and s, < t, for every n € N, we obtain

11 <& 1
== ld (zx, )| > . Hk <n:|d(zk, )| > e}
=1 n

€ 8n £
Since the limit of the left side equals to zero, we have st, — lim d (z,,z) = 0 with
n— oo
respect to t = (t,). From Remark 2.1, we conclude that st; — lim x,, = z with
n—oo
respect to t = (t,). O

The converse of this theorem is not always true.

Example 2.3. Let E=R* P={(z,y) € E:z,y>0},X=Randd: X x X = F be
the cone metric defined by d (z,y) = (Jz — y|, |z — y|). Consider the sequence (z,) defined
by

1, n=m?
xn—{07 n¢m2 meN

Let (sn) = (ni) and (tn) = (n). We have

_ 2
d(xn,O)z{ Eétl); Z;% meN

Hence, given any ¢ € ET and n € N, we obtain
1 1 2
t—|{k§n:d(xk,0) <=<c} > t—|{k§n:n7ém H-
n n

Since the limit of the right side equals 1, we conclude that the sequence (z,) is quasi-
statistical convergent to zero with respect to ¢t = ().

Now, we will show that the sequence (xr) is not strongly quasi-summable to zero with
respect to s = (sn). It is clear that

V2, k=m?

ool ={ 3§
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Then, we obtain that

ZHd(mk,O)H = 0|{k§n:k7ém2 for all m € N}|

+

ﬁ’{kgn:k:mQ forsomemEN}’
0. (n— [[Val]) + V2 ([|va]])

and so

nhj;os—zud zr,0)| = hm _n 2([|\/ﬁ|]) =

k=1
Consequently, we find that

1l
Jim = k; [[d (2, 0)]| # 0.

which means the sequence (z,) is not strongly quasi-summable to zero with respect to
s=(sn).

Corollary 2.4. Let s, <t for every n € N. The inclusion Nj C Sé, strictly
holds.

Theorem 2.11. Let s, < t, for every n € N. If a sequence (z,,) in a cone metric
space (X, d) is strongly quasi-summable to x with respect to s = (s,), then the
sequence (x,,) is strongly quasi-summable sequence to x with respect to t = (t,).

Proof. Suppose that the sequence (x,,) is strongly quasi-summable to z with
respect to s = (s,). Then, we have

n

1
Jim = ; Id (zx, )] = 0.

From the fact that s,, < ¢, for every n € N, we have the following inequality
1< 1 &
;;Hd(ﬂ%y t_z (g,

Hence, we conclude that nl;ngoi ki_:l lld (zg, )| =0. OO

But the converse of this theorem is not always true. To observe this, consider
the sequences (), s = (s,) and t = (t,,) defined in Example 2.3. It can be shown
that (z,) € N! and (x,) ¢ N7. Thus, the following corollary can be given as a
result of this theorem.

Corollary 2.5. Let s, < t, for every n € N. The inclusion Nj C N};, strictly
holds.
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