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FIXED POINTS FOR TWO PAIRS OF ABSORBING MAPPINGS
IN WEAK PARTTIAL METRIC SPACES

Valeriu Popa and Alina-Mihaela Patriciu
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Abstract. In this paper, a general fixed point theorem for two pairs of absorbing
mappings in weak partial metric space, using implicit relations, has been proved.
Keywords: weak partial metric space; fixed point; pointwise absorbing mappings;
implicit relation.

1. Introduction

In 1994, Matthews [13] introduced the concept of partial metric space as a part
of the study of denotational semantics of dataflow networks and proved the Banach
contraction principle in such spaces. The notion of partial metric spaces plays an
important role in the constructing models in theory of computation.

Many authors studied the fixed points for mappings satisfying some contractive
conditions in [1], [3], [11] and in other papers. In [11], some fixed point theorems
for particular pairs of mappings are proved, generalizing some results from [1] and
[3].

In 1999, Heckmann [10] introduced the notion of weak partial metric spaces,
which is a generalization of partial metric spaces. Some results for mappings in
weak partial metric spaces have been recently obtained by[2] and [4].

The notion of absorbing mappings have been introduced and studied in [5] - [7]
as well as in other papers. Some fixed point theorems for two pairs of absorbing
mappings in metric spaces have been proved in [12], [14], [15].

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit relation in [16] - [18] and
in other papers. Recently, the method has been used in the studies of fixed points
in metric spaces, symmetric spaces, quasi - metric spaces, b - metric spaces, Hilbert
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284 V. Popa and A.-M. Patriciu

spaces, ultra - metric spaces, convex metric spaces, compact metric spaces, in two
and three metric spaces, for single valued mappings, hybrid pairs of mappings and
set-valued mappings.

Some fixed point theorems for pairs of mappings satisfying implicit relations in
partial metric spaces have been proved in [8], [9], [19] - [21].

Some results for pointwise absorbing mappings satisfying implicit relations have
been obtained in [15].

The purpose of this paper is to prove a general fixed point theorem for two pairs
of pointwise absorbing mappings in weak partial metric spaces using an implicit
relation.

2. Preliminaries

Definition 2.1. ([13]) A partial metric on a nonempty set X is a function p :
X x X — R, such that for all z,y,z € X:

(P1) : @ =y if and only if p(z, ) = p(y,y) = p(z,y),
(P2) : pz,x) < p(x,y),
(Ps) : p(z,y) = p(y, z),
(Py) : pz, 2) < p(2,y) +p(y, 2) = p(y, y)-
The pair (X, p) is called a partial metric space.

If p(z,y) = 0, then x = y, but the converse does not always hold true.

Each partial metric p on X generates a Ty - topology 7, on X which has as base
the family of open p - balls {By(z,¢) : * € X,e > 0}, where By(z,e) = {y € X :
p(z,y) < plx,z)+e} forall z € X and ¢ > 0.

If p is a partial metric on X, then

dw(z,y) = p(z,y) — min{p(z, z), p(y,y)}

is a ordinary metric on X.

A sequence {z,} in a partial metric space (X, p) converges with respect to 7, to
a point z € X, denoted z,, — z, if and only if

p(z,z) = lim p(a,, ).

n—oo

Remark 2.1. Let {z,} be a sequence in a partial metric (X,p) and x € X. Then
limy, 00 duw (zn,z) = 0 if and only if

(2.1) p(z,z) = lim p(xn,x) = Um p(zn,Tm).

n— oo n,m— oo
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Definition 2.2. ([13])

a) A sequence {z,} in a partial metric space (X, p) is called a Cauchy sequence if
limy, m—00 P(@n, Tm,) exists and is finite.

b) A partial metric space (X, p) is said to be complete if every Cauchy sequence
{zn} in X converges with respect to 7, to a point = € X such that

p(r,x) = . Tlrigoop(xmxm)-

Definition 2.3. ([10]) A weak partial metric on a nonempty set X is a function
p: X x X — Ry such that for all z,y,2z € X:

(wPy) : x =y if and only if p(z,z) = p(y,y) = p(z,y),
(wPy) : p(z,y) = ply, ),
(wPs) : p(x,2) < plz,y) +p(y, 2) —p(y, y)-

The pair (X, p) is called a weak partial metric space.

Obviously, every partial metric space is a weak partial metric space, but the
converse is not true.

For example, let X = [0,00) and p (z,y) = xT-f—y’ then (X, p) is a weak partial
metric space and is not a partial metric space.

Theorem 2.1. (/2]) Let (X,p) be a weak partial metric space. Then dy(z,y) :
X x X — Ry is a metric on X.

Remark 2.2. In a weak partial metric space, the convergence of sequences, Cauchy
sequences and completeness are defined as in partial metric space.

Theorem 2.2. ([2]) Let (X,p) be a weak partial metric space.

a) {xn} is a Cauchy sequence in (X,p) if and only if {x,} is a Cauchy sequence
in metric space (X,d,).
b) (X,p) is complete if and only if (X,d,) is complete.

Lemma 2.1. Let (X,p) be a weak partial metric space and {x,} is a sequence in
X. Iflimy 00 @, = and p (z,z) = 0 then

lim p(zn,y) =p(z,y),Yy € X.

n—oo

Proof. By (wPs),
p(@,y) <p(z,zn) +p(Tn,y),
hence
p(x,y) = p(x,2n) < p(Tn,y) <p(en,2) +p(2,9) .
Letting n tend to infinity we obtain

Jim p (2, y) = p(2,9).
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Remark 2.3. Remark 2.1 is still true for weak partial metric spaces.

Definition 2.4. ([6]) Let (X,d) be a metric space and f, g be self mappings on
X.

1) fiscalled g - absorbing if there exists R > 0 such that d (gz, gfz) < Rd (fz, gx)
for all z € X.

Similarly, g is f - absorbing.

2) f is called pointwise g - absorbing if for given # € X there exists R > 0 such
that d (gz,gfz) < Rd(fx,gx).

Similarly, g is pointwise f - absorbing.

Remark 2.4. 1) If (X,p) is a weak partial metric space we have a similar definition to
Definition 2.4 with p instead d.

2) 1If g is the identity mapping on X, then f is trivially absorbing.

3. Implicit relations

Definition 3.1. Let §w be the set of all lower semi - continuous functions F :
Rﬁ_ — R satisfying the following conditions:

(F1) : F is nonincreasing in variable ts,
(Fy) : For all u,v > 0, there exists h € [0, 1) such that
(Foq) : F(u,v,v,u,u+v) <0 and
(Fop) : Fu,v,u,v,u+v) <0,
implies u < hwv.
(F3): F (,,0,0,2t) > 0,¥¢ > 0.

Example 3.1. F(t1,...,t5) = t1 — kmax {t2,t3,t4, £}, where k € [0,1).
(F1) : Obviously.

(F2) : Let u,v > 0 be and F(u,v,v,u,u + v) = max{u,v, “JQF”} < 0. If w > v then

u (1 —k) <0, a contradiction. Hence u < v which implies v < hv, where 0 < h =k < 1.

Similarly, F(u,v,u,v,u+v) < 0 implies u < hv.
(F3) : F(£,£,0,0,2t) =t (1 — k) > 0,¥¢ > 0.

The proofs for the following examples are similar to the proof of Example 3.1.
Example 3.2. F(t1,...,t5) = t1 — kmax{ts, ts, ta,t5}, where k € [0, %) .
Example 3.3. F(t,...,t5) = t; — kmax {28+ 151 where k € [0,1).

Example 3.4. F(t1,..,t5) = t] — kmax {tz, 2252 51 where k € [0,1).
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Example 3.5. F(t1,...,t5) = t? — amax {t%,t%,tﬁ} — bt2, where a,b > 0 and a + 4b < 1.

Example 3.6. F(t1,...,t5) = t7 — atats — btsty — ctz, where a,b,c > 0 and a+b+4c < 1.

Example 3.7. F(t1,...,t5) = 24+ 13-1“ — (at% + bt2 + cti), where a,b,¢ > 0 and a+b+c <
1.

Example 3.8. F(t1,...,t5) = t1 — aty — bt — cmax {2t4,t5}, where a,b,c,d > 0 and
a+b+2c<1.

Example 3.9. F(t1,...,t5) = t1 — ‘;tf:; — bty — ¢ (t3 + ta) — dts, where a,b,c,d > 0 and
a+b+2c+2d<1.

Example 3.10. F(t1,...,t5) = t3 — t1(atz + btz + cts) — dtZ, where a,b,c,d > 0 and
a+b+c+4d < 1.

4. Main results

Theorem 4.1. Let (X,p) be a weak partial metric space and A, B, S and T be self
mappings on X such that

1) T(X)CA(X) and S(X) C B(X),
2) foralz,yeX

p(Sz,Ty),p(Az, By) ,p (Sz, Ax),
(41) F( p(Ty, By).p (S, By) +p (Az, Ty) > =0

If one of A(X),B(X),S(X),T (X) is a closed subset of X, then
3 C(A,8)#0,
1) C(B,T)#0.

Moreover, if S is pointwise A - absorbing and T is pointwise B - absorbing, then
A,B,S and T have a unique common fized point z with p(z,z) = 0.

Proof. Let xo be an arbitrary point of X. Since S (X) C B (X), there exists 1 € X
such that yo = Sxo = Bx;. Since T (X) C A(X), there exists z2 € X such that
y1 = Taxy = Azo. Continuing this process we construct two sequences {z,} and

{yn} in X by

(4.2) Yon = STan = BTont1, Yont1 = TTont1 = ATop42, n €N

First we prove that {y,} is a Cauchy sequence in (X, p).
By (4.1) for = x9,, and y = xa,41 we have

F p(Sx2n7T‘r2n+1)ap(Ax2n7Bx2n+1) 7p(Sx2n7Ax2n)a <0
p(Tw2n41, Booni1),p (STon, Broni1) +p (Avon, Troni1) ) —
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By (4.2) we obtain

(4.3) F< P (Y2n, Y2n+1) P (Y2n—1,Y2n) P (Y2n—1,Y2n) » > <0
D (Y2n, Yon+1) » P (Yon, Yon) + P (Yon—1, Yon+1) ) —

By (wPs3) we have
P (Y2n-1,Y2n+1) <P (Y2n-1,Y2n) + P (Y20, Y2n+1) — P (Y2n, Y2n) -
By (4.3) and (F1) we obtain

P (Y2n, Y2nt1) s P (Y2n—1,Y2n) s P (Y2n—1,Y2n) »
F <0.
P (Y2ns Y2n+1) s 0 (Y2n—1,Y2n) + D (Y2n, Y2n+1)

By (F5,) we obtain
p (y2n+13 y2n) S hp (y2n7 y2n71) .
By (4.1) for = x9,, and y = x2,—1 we obtain

I P (Szon, Tron-1),p (AT2n, Bran_1),p (ST2n, Az2n), <0
p(Txon—1, Bron—1),p (ST, Bron—1) + p (Azon, Txon—1) ’

By (4.1) we obtain

(4 4) F p(yzm yzn—l) Y (y2n—17 yzn—z) , P (yzn, yzn—l) s <0
P (Y2n—1,Y2n-2) ;P (Y20, Y2n—2) + P (Y2n—1,Y20-1) ) ~

By (wp3)>
P (Y2n—2,Y2n) <P (Y2n—2,Y2n-1) + P Y2n—1,Y2n) — P (Y2n—1,Y2n-1) -
By (4.4) and (F;) we obtain

P (Y2n, Y2n—1) P (Y2n—1,Y2n—2) , P (Y2n, Y2n—1) ,
F <0.
D (Yon—1, Y2n—2) s D (Y2n—2, Y2n—1) + P (Y2n—1, Y2n) -

By (Fa),
P (Y2n, Y2n—1) < hp (Y2n—1, Y2n—2) -
Hence,
P (Y Ynt1) < hp (Yn—1,Yn—2) < .. <h"p (Yo, y1)-
For n,m € N, m > n, repeating (wP;) we obtain

P Yns Unt+1) + D WUnt1:Unt2) + oo D (Ym—1,Ym)
h" (1 +h+... + hm_l) P (Yo, Y1)

hn
1-~h

p (yru ym)

IAIA

IN

P (Yo,y1) -
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Then,

n

(4'5) p(yn,ym) < mp (yo,y1) — 0 as n,m — .

This shows that {y,} is a Cauchy sequence in (X, p). By Theorem 2.2 (a), {y,}
is a Cauchy sequence in (X,d,). Since (X,p) is complete, by Theorem 2.2 (b),
(X, dy) is a complete metric space. Since {y,} is Cauchy in (X, d,,), it follows that
{yn} converges to a point z in (X, d,,). Hence,

lim dy (yn,2) =0.
n—oo
By Remark 2.3, (2.1) and (4.5) we obtain

(4.6) p(z,2)= lim p(yn,2) = lim p(yn,Ym) =0
n— 00

n,m—00

Also, by Theorem 2.2, Sz, — 2z, Txon+1 — 2z, Bxopy1 — 2z, Axopys — 2.
Suppose that T'(X) is a closed subset in (X, p). Then

lim T$2n+1 =z c T(X) .

n— o0

Since T (X) C A (X), there exists u € X such that z = Auw.

By (4.1) for = u and y = x2,4+1 we obtain

F p(SuaT‘T2n+1) ap(AuanZnJrl)ap(SuaAu)a <0
p (Txant1, Bront1) . p (Su, Bropt1) + p (Au, Txopt) ) =~ 7

F < p (Su7 y2n+1) 7p(Au7 an—l) , P (Su7 AU) ) > <0.
P (Y2n+1,Y2n) s P (Su, yon) + p (Au, y2n41) ) ~

Letting n tend to infinity, by Lemma 2.1, and (4.6) we have
F(p(Su,2),0,p(Su,2),0,p(Su,2)) <0,

which implies by (Fzp) that p (Su,z) = 0, i.e. z = Su. Hence, z = Au = Su and
C(A,S) #0.

Since z € S (X) C B(X), then, there exists v € X such that z = Bv. We prove
that Bv = Tw.

By (4.1), for £ = v and y = v we obtain

p( PSuTv),p(Au, Bo),p(Su, Au), 1\ _
p(Tv, Bv),p(Su, Bv) + p (Au,Tv) ) =

F(p(z,Tv),0,0,p(z,Tv),0+p(z,Tv)) <0.
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By (Fzq) we have p(z,Tv) = 0, which implies z = Twv = Bv. Hence, z = Au =
Su = Bv="Tv with p(z,z) =0.

Moreover, if S is pointwise A - absorbing, there exists R; > 0 such that

p (Au, ASu) < Ryp (Au, Su) = Rip(z,2) = 0.

Hence, z = Au = ASu = Az and z is a fixed point of A.
By (4.1) we have

p( PSzTv),p(Az Bu),p(Sz,Az), ) _
p(Tv, Bv),p(Sz, Bv) +p(Az,Tv) | =7

F(p(Sz,2),0,p(Sz,2),0,p(Sz,2)+p(Sz,2)) <0,

which implies by (Fa) that p(z,Sz) = 0. Hence, z = Sz and z is a common fixed
point of A and S.

If T is pointwise B - absorbing, then there exists Ry > 0 such that
p (Bv, BT'v) < Rop (Bv,Tv) = Rap(z,2) = 0.

Hence, z = Bv = BTv = Bz and z is a fixed point of B.
By (4.1) we have

I p(Su,Tz),p(Au, Bz),p (Su, Au) , <0
p(Tz,Bz),p(Su,Bz)+p(Au,Tz) ) =7

F(p(2,72),0,0,p(2,T2),04+p(2,T2)) <0,
which implies by (Fs,) that p(z,7z) = 0. Hence, z = Tz and z is a common fixed
point of B and T
Therefore, z is a common fixed point of S, T, A and B with p(z,z) = 0.
Suppose that A, B,S and T have two common fixed points z;, ¢ = 1,2 with

p (2, %) =0.
By (4.1) we obtain

F p(SzlaTZZ) >p(AZIaB22)ap(SzlaAzl)a <0
p(Tz2,Bzy) ,p(Sz1,Bze) +p(Az1,Tz) ) = 7

F (p (Zla 22) ap(zla 22) ) 0703 2p (Zh 22)) S 07

a contradiction of (F3) if p(z1,22) > 0. Hence, p(z1,22) = 0 which implies z; =
zo. O
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Example 4.1. Let X = [0,1] be and p(z,y) = “E¥, which implies dw (z,y) = 1|z — y|.
Hence, (X,p) is a complete weak partial metric space Let the mappings Sx = 0, Az =
45, Bz = 2, Tz = §. Since A(X) = [0, 3],B(X) =[0,1], 5 (X) = {0}, T (X) = [0, 3],

then T'(X) C A(X), S(X) C B(X) and A(X),B(X) and T (X) are closed subsets of
X.

p(Az, ASx)

Il
3
/N
)
+ 8
[N
o
——
Il
8

2(z+2)’

8

p(Az,Sz) = p(x+2’0) - 2(xw+2)'

Hence, p (Az, ASz) < Rip (Sx, Az) with R1 > 1 and S is pointwise A - absorbing.
Similarly,

T 24z 2x T 2x
Bz, BTx) = (,—)_—3 =—, p(Bx,Tx) = (,—)—__.
p (Bx z)=plz 3 5 3 p(Bz,Tz)=p(x 3 3

Hence, p (Bz, BTz) < Rop (Bz,Tx) with Re > 1 and T is pointwise B - absorbing.
On the other hand,

Sz+T 0+%
p(Sw,Ty) = Zo 4 = =3 = & p(Ty,By) = 25— = 3.

Hence,
p(Sz,Ty) < kp (Ty, By),
where k € [%, 1]. Therefore,
p(Sz,Ty) < kmax {p (Az, By) ,p (Sz, Az) ,p (T'y, By) ,p (Sz, By) + p (Az,Ty)}

with k € [§,1].
By Theorem 4.1 and Example 3.1, A, B, S and T have a unique common fixed point
z=0and p(z,2z) =0.

If A= B = Id, by Theorem 4.1 and Remark 2.4 (2), we obtain

Theorem 4.2. Let (X,p) be a weak partial metric space and S and T be self
mappings on X such that for all x,y € X

p(Sz,Ty),p(z,y),p(x,5z),
(47) F( p(y7Ty)7 (.’L‘ By)+p(Tyvx) ) =0

for some F € F.

If S(X) or T(X) is a closed subset of X, then S and T have a unique common
fized point.

Acknowledgement. The authors thank the anonymous reviewer for his/her de-
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n-RICCI SOLITONS ON KENMOTSU MANIFOLD WITH
GENERALIZED SYMMETRIC METRIC CONNECTION
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Abstract. The objective of the present paper is to study the n-Ricci solitons on Ken-
motsu manifold with generalized symmetric metric connection of type (o, 3). Ricci
and 7n-Ricci solitons with generalized symmetric metric connection of type («, 8) have
been discussed, satisfying the conditions R.S =0, S.R =0, W2.S = 0 and S.W> = 0..
Finally, we have constructed an example of Kenmotsu manifold with generalized sym-
metric metric connection of type («, 8) admitting n-Ricci solitons.

Keywords: Kenmotsu manifold; Generalized symmetric metric connection; n-Ricci
soliton; Ricci soliton, Einstein manifold.

1. Introduction

A linear connection V is said to be generalized symmetric connection if its
torsion tensor 7' is of the form

(L) T(XY) = ofu(Y)X —u(X)V} + B{u(Y)eX - u(X)pY),

for any vector fields X, Y on a manifold, where a and 8 are smooth functions. ¢ is
a tensor of type (1,1) and w is a 1—form associated with a non-vanishing smooth
non-null unit vector field £&. Moreover, the connection V is said to be a generalized
symmetric metric connection if there is a Riemannian metric ¢ in M such that
Vg = 0, otherwise it is non-metric.

In the equation (1.1), if « = 0 (8 = 0), then the generalized symmetric connec-
tion is called f— quarter-symmetric connection («— semi-symmetric connection),
respectively. Moreover, if we choose (o, ) = (1,0) and («, 3) = (0,1), then the
generalized symmetric connection is reduced to a semi-symmetric connection and
quarter-symmetric connection, respectively. Therefore, a generalized symmetric

Received September 03, 2018; accepted January 01, 2019
2010 Mathematics Subject Classification. 53C05, 53D15, 53C25.
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connections can be viewed as a generalization of semi-symmetric connection and
quarter-symmetric connection. These two connections are important for both the
geometry study and applications to physics. In [12], H. A. Hayden introduced a
metric connection with non-zero torsion on a Riemannian manifold. The properties
of Riemannian manifolds with semi-symmetric (symmetric) and non-metric con-
nection have been studied by many authors (see [1], [9], [10] , [24], [26]). The idea
of quarter-symmetric linear connections in a differential manifold was introduced
by S.Golab [11]. In [23], Sharfuddin and Hussian defined a semi-symmetric metric
connection in an almost contact manifold, by setting

T(X,Y)=nY)X —n(X)Y.

In [13], [25] and [19] the authors studied the semi-symmetric metric connection and
semi-symmetric non-metric connection in a Kenmotsu manifold, respectively.

In the present paper, we have defined new connection for Kenmotsu manifold,
generalized symmetric metric connection. This connection is the generalized form
of semi-symmetric metric connection and quarter-symmetric metric connection.

On the other hand, a Ricci soliton is a natural generalization of an Einstein
metric. In 1982, R. S. Hamilton [14] said that the Ricci solitons moved under the
Ricci flow simply by diffeomorphisms of the initial metric, that is, they are sationary
points of the Ricci flow:

(1.2) % = —2Ric(g).

Definition 1.1. A Ricci soliton (g, V, \) on a Riemannian manifold is defined by
(1.3) Lyvg+25+2X=0,

where S is the Ricci tensor, Ly is the Lie derivative along the vector field V' on
M and A is a real scalar. Ricci soliton is said to be shrinking, steady or expanding
according as A < 0, A\ =0 and A > 0, respectively.

In 1925, H. Levy [16] in Theorem 4, proved that a second order parallel symmetric
non-singular tensor in real space forms is proportional to the metric tensor. Later,
R. Sharma [22] initiated the study of Ricci solitons in contact Riemannian geometry.
After that, Tripathi [28], Nagaraja et. al. [17] and others like C. S. Bagewadi et.
al. [4] extensively studied Ricci solitons in almost contact metric manifolds. In
2009, J. T. Cho and M. Kimura [6] introduced the notion of n-Ricci solitons and
gave a classification of real hypersurfaces in non-flat complex space forms admitting
n-Ricci solitons. 7- Ricci solitons in almost paracontact metric manifolds have been
studied by A. M. Blaga et. al. [2]. A. M. Blaga and various others authors have also
studied 7-Ricci solitons in manifolds with different structures (see [3], [20]). It is
natural and interesting to study 7-Ricci solitons in almost contact metric manifolds
with this new connection.

Therefore, motivated by the above studies, in this paper we will study the n-Ricci
solitons in a Kenmotsu manifold with respect to a generalized symmetric metric
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connection. We shall consider n-Ricci solitons in the almost contact geometry,
precisely, on an Kenmotsu manifold with generahzed symmetric metric connection
which satisfies certain curvature properties: R.S = 0, S.R = 0, W5.S = 0 and
S. Wy = 0 respectively.

2. Preliminaries
A differentiable M manifold of dimension n = 2m+1 is called almost contact metric
manifold [5], if it admits a (1,1) tensor field ¢, a contravaryant vector field &, a 1—
form n and Riemannian metric g which satisfies

(21) b = 0,
(22) §6X) = 0

(2.3) nE) = 1,

(2.4) P*(X) = —X+n(X)E,

(2.5) 9(¢X,0Y) = g(X,Y)—n(X)n(Y),
(2.6) 9(X,&) = n(X),

for all vector fields X, Y on M. If we write g(X, ¢Y) = ®(X,Y), then the tensor
field ¢ is a anti-symmetric (0, 2) tensor field [5]. If an almost contact metric manifold
satisfies

(2.7) (Vx9)Y = g(¢X,Y){—n(Y)eX,
(2.8) Vx{ = X —n(X)§,
then M is called a Kenmotsu manifold, where V is the Levi-Civita connection of g
[18].
In Kenmotsu manifolds the following relations hold [18]:

(2.9) (Vxn)Y = g(¢X,0Y)
(2.10) g(R(X,Y)Z,6) = n(R(X,Y)Z) = g(X, Z)n(Y) - g(Y, Z)n(X),
(2.11) R(EX)Y = n(Y)X —g(X,Y)E,
(2.12) R(X,Y)¢ = n(X)Y —n(Y)X,
(2.13) R, X)E = X —n(X)g,
(2.14) S(X.8) = —(n—1n(X),
(2.15) S(@X,0Y) = S(X,Y)+(n—1)n(X)n(Y)
for any vector fields X, Y and Z, where R and S are the the curvature and Ricci
the tensors of M, respectively.
A Kenmotsu manifold M is said to be generalized n Einstein if its Ricci tensor
S is of the form

(2.16) S(X,Y) = ag(X,Y) + bn(X)n(Y) + cg(¢X,Y),

for any X, Y € I'(T M), where a, b and ¢ are scalar functions such that b # 0 and
¢ # 0. If ¢ =0 then M is called n Einstein manifold.
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3. Generalized Symmetric Metric Connection in a Kenmotsu Manifold

Let V be a linear connection and V be a Levi-Civita connection of an almost contact
metric manifold M such that

(3.1) VxY =VxY + H(X,Y),

for any vector field X and Y. Where H is a tensor of type (1,2). For V to be a
generalized symmetric metric connection of V, we have

(32) H(X,Y) = S[T(X,¥) + T (X,¥) + T (v, X)],

where T is the torsion tensor of V and
(3.3) 9T (X,Y),2) = g(T(Z,X),Y).
From (1.1) and (3.3) we get
(34) T'(X,Y) = a{n(X)Y = g(X,Y)E} + B{-n(X)$Y — g(6X,Y)é}.
Using (1.1), (3.2) and (3.4) we obtain
(3.5) H(X,Y) = a{n(Y)X — g(X,Y)&} + B{-n(X)oY}.

Corollary 3.1. For a Kenmotsu manifold, generalized symmetric metric connec-
tion V is given by

(3.6) VxY = Vx¥ +afn(Y)X - g(X,Y)¢} - Bn(X)oY.

If we choose (o, 8) = (1,0) and (o, 8) = (0,1), generalized metric connection
is reduced to a semi-symmetric metric connection and quarter-symmetric metric
connection as follows:

(3.7) VxY =VxY +(Y)X — g(X,Y),

(3.8) VxY =VxY —n(X)gpY.
From (3.6) we have the following proposition

Proposition 3.1. Let M be a Kenmotsu manifold with generalized metric connec-
tion. We have the following relations:

(3.9) (Vxo)Y = (a+1){g(¢X,Y)E—n(Y)pX},
(3.10) Vxé = (a+D{X —n(X)E},
(3.11) (Vxn)Y = (a+1){g(X,Y)—n(¥Y)n(X)},

forany XY, Z e T(TM).
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4. Curvature Tensor on Kenmotsu manifold with generalized
symmetric metric connection

Let M be an n— dimensional Eenmotsu manifold. The curvature tensor R of the
generalized metric connection V on M is defined by

(4.1) R(X,Y)Z =VxVyZ—-VyVxZ—Vxy)Z,

Using the proposition 3.1, from (3.6) and (4.1) we have

(42)R(X,Y)Z R(X,Y)Z +{(~a® = 2a)g(Y, Z) + (a® + a)n(Y)n(Z)} X

+ {(@*+2a)9(X, 2) + (—0® — a)n(X)n(2)}Y
+ {(@®+a)lg(Y, Z)n(X) — g(X, Z)n(Y)]
+ (B+apf)g(X,0Z)n(Y) - g(Y,0Z)n(X)]}€
+ (BH+apnY)n(Z)pX — (B + aB)n(X)n(Z)sY
where
(4.3) R(X,Y)Z =VxVyZ ~VyVxZ —VixyZ,

is the curvature tensor with respect to the Levi-Civita connection V.
Using (2.10), (2.11), (2.12), (2.13) and (4.2) we give the following proposition:

Proposition 4.1. Let M be an n— dimensional Kenmotsu manifold with gen-
eralized symmetric metric connection of type (c, 8). Then we have the following
equations:

(44)  R(X,Y)§ = (a+ D{n(X)Y —n(Y)X + Sn(Y)¢X —n(X)¢Y]}
(4.5) R(&X)Y = (a+ D{n(Y)X - g(X,Y)¢ + Bn(Y)oX — (X, ¢Y)¢]},
(4.6) R(§,Y)E = (o + 1{Y —n(Y)§ — BoY },

(4.7) N(R(X,Y)Z = (a+ D{n(Y)g(X, Z) — n(X)g(Y, Z)

+B8M(Y)g9(X, ¢Z) —n(X)g(Y, 9Z)]}

forany XY, Z e T(TM).

We know that Ricci tensor is defined by

n

S(v,2)=> g(R(e:;,Y)Z,e:),

i=1
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where Y, Z € T(TM), {e1,e2,...,en} is viewed as orthonormal frame. We can
calculate the Ricci tensor with respect to generalized symmetric metric connection
as follows:

5(,z) = S(Y,2) +{(2-mn)a” + (3 = 2n)a}g(Y, Z) + (n - 2)(a® + a)n(Y)n(Z)
(4.8) —(B+aB)g(Y,0Z),

where S is Ricci tensor with respect to Levi-Civita connection.

Example 4.1. We consider a 3-dimensional manifold M = {(z,y,z) € R :x # 0},
where (x, vy, 2) are the standard coordinates in R®. Let E1, E2, E3 be a linearly independent
global frame on M given by

0 19}
G Ey=-—z—.
ay, 3 T

0
(4.9) Ei=z—, Era=x B

0z

Let g be the Riemannian metric defined by
9(En, Ez) = g(En, E3) = g(E2, Es) = 0,9(Er, Er) = g(B2, E2) = g(E3, E3) =1,

Let n be the 1-form defined by n(U) = g(U, Es), for any U € TM. Let ¢ be the (1,1)
tensor field defined by ¢F1 = Es,¢E2 = —FE1 and ¢FEs = 0. Then, using the linearity of
¢ and g we have n(F3) = 1, ¢°U = —U +n(U)Es and g(¢U, W) = g(U, W) — n(U)n(W)
for any U,W € TM. Thus for E3 = &, (¢,£,n,9) an almost contact metric manifold is
defined.

Let V be the Levi-Civita connection with respect to the Riemannian metric g. Then
we have

(4.10) [Er, Eo] =0, [Er, Es]=Ey,  [Es, Es] = Es,
Using Koszul formula for the Riemannian metric g, we can easily calculate

Ve, B = —Es, Vg, Ex=0. Vg Es=Ei,
(4.11) Ve, Ei =0, VE,E2 = —Fs3, Ve, E3=0,
Ve, E1 =0, Ve, E2 =0, VEesE3 =0.

From the above relations, it can be easily seen that

(Vxo)Y = g(¢X,Y)§ —n(Y)pX, Vx& =X —n(X)§, for all Es = . Thus the
manifold M is a Kenmotsu manifold with the structure (¢, £,n, g). for £ = E3. Therefore,
the manifold M under consideration is a Kenmotsu manifold of dimension three.

5. Ricci and 7-Ricci solitons on (M, ¢,&,1m,g,)

Let (M, ®,&,1,9g,) be an almost contact metric manifold. Consider the equation

(5.1) Leg+2S+2X+2un@n =0,
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where L¢ is the Lie derivative operator along the vector field &, S is the Ricci
curvature tensor field with respect to the generalized symmetric metric connection of
the metric g, and A and p are real constants. Writing L in terms of the generalized
symmetric metric connection V, we obtain:

(5.2) 25(X,)Y) = —g(Vx&Y) —g(X,Vy€) = 2Xg(X,Y) — 2un(X)n(Y),

for any X, Y € x(M).

The data (g, &, A, 1) which satisfy the equation (4.9) is said to be an - Ricci soliton
on M [10]. In particular, if g = 0 then (g,§, A) is called Ricci soliton [6] and it is
called shrinking, steady or expanding, according as A is negative, zero or positive
respectively [6].

Here is an example of n-Ricci soliton on Kenmotsu manifold with generalized
symmetric metric connection.

Example 5.1. Let M(¢,£,n,g) be the Kenmotsu manifold considered in example 4.3 .

Let V be a generalized symmetric metric connection, we obtain: Using the above
relations, we can calculate the non-vanishing components of the curvature tensor
as follows:

R(Ey,Es)Ey = Eo, R(Ey,Es)Ey = —E4, R(E1, E3)E1 = Ej
(56.3)  R(FE1,Es)Es =—FE, R(Ea,E3)Ey = E3, R(F3,E3)E3 = —FE»

From the equations (5.3) we can easily calculate the non-vanishing components of
the Ricci tensor as follows:

(5.4) S(E1, E1) = =2, S(Eq, Ey) = -2, S(E3,FE5) = —2

Now, we can make similar calculations for generalized metric connection. Using
(3.6) in the above equations, we get

Ve, B =—(1+a)Es, Vg, Ey = 0. Ve, B3 =(1+a)E,
(55) VEQEl =0, szEQ = 7(1 + Oz)Eg, szEg = aks,
Vi, E1 = —BEs, Vi, Er = BEx, Vi,Es3 =0.

From (5.5), we can calculate the non-vanishing components of curvature tensor with
respect to generalized metric connection as follows:

R(Ey, E2)Ey = (1+ a)’E;, R(E\, E3)Ey = —(14 @)?Ey,
E(El, E3)E1 = (1 + a)Eg E(El,Eg)Eg = (1 + a)(ﬁEg - El),

(56) R(EQ, E3>E2 = (1 + a)Eg, R(EQ, E3)E3 = —(1 + Oé)(—ﬁEl + EQ)

R(E3, E3)Ey = —(1 + o) BE3, R(Es, E1)Ey = (14 «)BE3, .
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From (5.6), the non-vanishing components of the Ricci tensor are as follows:

E(ElaEl) :7(1+a)(2+a), g(EQaEQ) = 7(1+a)(2+a)3

(57) S(Eg,Eg) = —2(1 + CY)
From (5.2) and (5.5) we get
(5.8)2(1 + @) g(ei, ) — nle)n(es)] + 2S(ei, eq) + 2Ag(ei, e) + 2un(ei)n(e;) = 0

for all i € {1,2,3}, and we have A = (1 +a)? (i.e. A > 0) and p = 1 — o2, the
data (g,&, A, u) is an n-Ricci soliton on (M, ¢,&,m,g). If @« = —1 which is steady
and if @ # —1 which is expanding.

6. Parallel symmetric second order tensors and n-Ricci solitons in

Kenmotsu manifolds

An important geometrical object in studying Ricci solitons is well known to
be a symmetric (0, 2)-tensor field which is parallel with respect to the generalized
symmetric metric connection.

Now, let fix h a symmetric tensor field of (0,2)-type which we suppose to be
parallel with respect to generalized symmetric metric connectionV that is VA = 0.
By applying Ricci identity [7]

(6.1) V2WX,Y;Z,W) - V?h(X,Y; Z,W) =0,
we obtain the relation

(6.2) h(R(X,Y)Z, W)+ h(Z, R(X,Y)W) = 0.

Replacing Z = W = £ in (6.2) and by using (4.4) and by the symmetry of h it

follows h(R(X,Y ), &) =0 for any X,Y € x(M) and
(6.3) (@ + Dn(X)h(Y,€) — (a+ 1)n(Y)h(X,§)
(6.4) +(a+ Dn(X)h(E,Y) = (a+ Dn(Y)h(E, X)

(6.5)+Bn(Y)h(¢X, ) — Bn(X)h(dY, &) + Bn(Y)h(E, ¢X) — Bn(X)h(E, ¢Y) =0
Putting X = ¢ in (6.3) and by the virtue of (2.4), we obtain

(6.6) 2(a+ DAY, &) = n(Y)h(E, )] — 28h(9Y, ) = 0.
(6.7) 2(a+ DAY, §) = g(Y, (&, )] — 28(Y, €) = 0.

Suppose (a+ 1) #0, 5 =0 it results

(6.8) WY, &) —n(Y)h(£,€) =0,
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for any Y € x(M), equivalent to
(6.9) h(Y,§) —g(Y,§)h(£,. &) =0,

for any Y € x(M). Differentiating the equation (6.9) covariantly with respect to
the vector field X € x (M), we obtain

(6.10) WVxY, &) +h(Y, Vx€) = h(& §)g(VxY. &) + g(Y, VxE)].
Using (4.4) in (6.10), we obtain

(6.11) hX,Y) =h(§,§)g(X,Y),

for any X,Y € x(M). The above equation gives the conclusion:

Theorem 6.1. Let (M,¢,&,1n,9,) be a Kenmotsu manifold with generalized sym-
metric metric connection also with non-vanishing &-sectional curvature and endowed
with a tensor field of type (0,2) which is symmetric and ¢-skew-symmetric. If h is
parallel with respect to V, then it is a constant multiple of the metric tensor g.

On a Kenmotsu manifold with generalized symmetric metric connection using
equation (3.10) and L9 = 2(g — n ® ), the equation (5.2) becomes:

(6.12) SX,Y)=-(A+a+1)g(X,Y) + (@ +1 = wn(X)n(Y).
In particular, X = &, we obtain
(6.13) S(X,€) = —(A+ pn(X).

In this case, the Ricci operator @ defined by g(QX,Y) = S(X,Y) has the
expression

(6.14) RX =-A+a+ )X+ (a+1—pun(X)nX)E.

Remark that on a Kenmostu manifold with generalized symmetric metric con-
nection, the existence of an n-Ricci soliton implies that the characteristic vector
field ¢ is an eigenvector of Ricci operator corresponding to the eigenvalue —(A+ p).

Now we shall apply the previous results on n-Ricci solitons.

Theorem 6.2. Let (M,¢,&,m,9) be a Kenmotsu manifold with generalized sym-
metric metric connection. Assume that the symmetric (0,2)-tensor filed h = Leg +
25 +2un ®n s parallel with respect to the generalized symmetric metric connection
associated to g. Then (g,&, —%h(&,€), p) yields an n-Ricci soliton.

Proof. Now, we can calculate

(6.15) h(€,€) = Leg(&,€) +25(&,€) + 2um(§)n(€) = —2,

so A = —2h(&,€). From (6.11) we conclude that h(X,Y) = —2Ag(X,Y), for any
X,Y € x(M). Therefore Leg+2S+2un®@n = -2 g. O



304 M. D. Siddigi and O. Bahadir

For 11 = 0 follows Leg + 25 — S(&,€)g = 0 and this gives

Corollary 6.1. On a Kenmotsu manifold (M, ¢,£,n, g) with generalized symmet-
ric metric connection with property that the symmetric (0,2)-tensor field h = Leg+
2S5 is parallel with respect to generalized symmetric metric connection associated to
g, the relation (5.1), for u =0, defines a Ricci soliton.

Conversely, we shall study the consequences of the existence of n-Ricci solitons on
a Kenmotsu manifold with generalized symmetric metric connection. From (6.12),
we give the conclusion:

Theorem 6.3. If equation (4.9) defines an n-Ricci soliton on a Kenmotsu man-
ifold (M, $,&,n,9) with generalized symmetric metric connection, then (M,g) is
quasi-Finstein.

Recall that the manifold is called quasi-Einstein [8] if the Ricci curvature tensor
field S is a linear combination (with real scalars A and p respectively, with p # 0)
of g and the tensor product of a non-zero 1-from 7 satisfying n = g(X, &), for £ a
unit vector field and respectively, Einstein [8] if S is collinear with g.

Theorem 6.4. If (¢,&,1,9) is a Kenmotsu structure with generalized symmetric
metric connection on M and (4.9) defines an n-Ricci soliton on M, then

1. Qogp=¢oQ
2. Q and S are parallel along &.

Proof. The first statement follows from a direct computation and for the second
one, note that

(6.16) (VeQ)X = VeQX — Q(VeX)
and
(6.17) (VeS)(X,Y) = &(S(X,Y)) = S(VeX,Y) — S(X,VeY).

Replacing @ and S from (6.14) and (6.13) we get the conclusion. [

A particular case arises when the manifold is ¢-Ricci symmetric, which means that
¢? o VQ = 0, as stated in the next theorem.

Theorem 6.5. Let (M,¢,&,m,9) be a Kenmotsu manifold with generalized sym-
metric metric connection. If M is ¢-Ricci symmetric and (4.9) defines an n-Ricci
soliton on M, then p =1 and (M, g) is Einstein manifold [8].

Proof. Replacing @ from (6.14) in (6.16) and applying ¢*> we obtain
(6.18) (a+1—pn(Y)[X —n(X)¢] =0,

for any X, Y € x(M). Follows p =a+1land S=—-A+a+1)g. O
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Remark 6.1. In particular, the existence of an 7-Ricci soliton on a Kenmotsu manifold
with generalized symmetric metric connection which is Ricci symmetric (ie. VS = 0)
implies that M is Finstein manifold. The class of Ricci symmetric manifold represents
an extension of class of Einstein manifold to which the locally symmetric manifold also
belong (i.e. satis fying VR = 0). The condition VS = 0 implies R.S = 0 and the manifolds
satisfying this condition are called Ricci semi-symmetric [7].

In what follows we shall consider 7-Ricci solitons requiring for the curvature to
satisfy R(¢,X).8 =0, S.R(&,X) =0, Wa(&,X).S =0 and S.Wo(&, X) = 0 respec-
tively, where the Wa-curvature tensor field is the curvature tensor introduced by G.
P. Pokhariyal and R. S. Mishra in [21]:

1

(6.19)  Wo(X,Y)Z = R(X.Y)Z + i |

7. n-Ricci solitions on a Kenmotsu manifold with generalized

symmetric metric connection satisfying R(¢, X).S =0

Now we consider a Kenmotsu manifold with with a generalized symmetric metric
connection V satisfying the condition

(7.1) S(R(&,X)Y,Z)+S(Y,R(¢,X)Z) =0,

for any X, Y € x(M). B B
Replacing the expression of S from (6.12) and from the symmetries of R we get

(7.2) (a4 D(a+1—=p)h(Y)g(X, 2) +n(2)g(X,Y) = 2n(X)n(Y)n(Z)] = 0,

for any X, Y € x(M).
For Z = ¢ we have

for any X, Y € x(M).

Hence we can state the following theorem:

Theorem 7.1. If a Kenmotsu manifold with a generalized symmetric metric con-
nection V, (g,&, A\, i) is an n-Ricci soliton on M and it satisfies R(§,X).S = 0,
then the manifold is an n-FEinstein manifold.

For 1 = 0, we deduce:

Corollary 7.1. On a Kenmotsu manifold with a generalized symmetric metric

connection satisfying R(¢,X).S = 0, there is no n-Ricci soliton with the potential
vector field £.
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8. n-Ricci solitons on Kenmotsu manifold with generalized symmetric
metric connection satisfying S.R(¢, X) =0

In this section, we have considered Kenmotsu manifold with a generalized symmetric
metric connection § satisfying the condition

(8.1) S(X,R(Y,Z)W)E — S(§, R(Y, Z)W)X + S(X,Y)R(&, Z)W —
(8.2) —S(&,Y)R(X,Z)W + S(X, Z)R(Y, &)W — S(&, Z)R(Y, X)W+
(8.3) +S(X,W)R(Y, Z)¢ — S(§, W)R(Y,Z)X =0
for any X, Y, Z, W € x(M).

Taking the inner product with &, the equation (8.1) becomes
84)  S(X,R(Y,Z)W) = S(&R(Y, Z)W)n(X) + S(X,Y)n(R(E 2)W)—

(8.5) =S(&.Y)n(R(X, 2)W) + S(X, Z)n(R(Y, )W) — S(&§, Z)n(R(Y, X)W )+
(8.6) +S(X, W)n(R(Y, 2)€) — S(&, W)n(R(Y, Z)X) =0
for any X, Y, Z, W € x(M).

For W = &, using the equation (4.4), (4.5), (4.7) and (6.12) in (8.4), we get

(a+1)2A+p+a+1)[g(X,Y)n(Z)—g(X, Z)n(Y)+Bg(¢ X, Y)n(Z) — g(¢X, Z)n(Y)]
(8.7)

for any X, Y, Z, W € x(M).

Hence we can state the following theorem:

Theorem 8.1. If (M,$,&,1,9) is a Kenmotsu manifold with a generalized sym-
metric metric connection, (g,&, A\, ) is an n-Ricci soliton on M and it satisfies
S.R(¢,X)=0. Then

(8.8) (a+1)@A+p+a+1)=0.

For = 0 follows A = fO‘TH,(a # —1), therefore, we have the following corollary:
Corollary 8.1. On a Kenmotsu manifold with a generalized symmetric metric

connection, satisfying S.R(¢,X) = 0, the Ricci soliton defined by (5.1), u = 0 is
either shrinking or erpanding.

9. n-Ricci soliton on (¢)-Kenmotsu manifold with a semi-symmetric

metric connection satisfying W5(¢, X).S =0
The condition that must be satisfied by S is

(9.1) S(Wa(&, X)Y, Z) + S(Y, Wa(€,X)Z) = 0,
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for any X,Y, Z € x(M).
For X = &, using (4.4), (4.5), (4.7), (6.12) and (6.19) in (9.1), we get

(a+1—p)(—2u—22+ (da+4)n)

(9.2) y

n(Y)n(Z)
for any X,Y, Z € x(M). Hence, we can state the following:

Theorem 9.1. If (M,$,&,1n,9) is an (2n + 1)-dimensional Kenmotsu manifold
with a generalized symmetric metric connection, (g,&, A\, 1) is an n-Ricci soliton on
M and Wy(€,X).S =0, then

(9.3) (@+1— ) (=20 — 2X + (da + 4)n) = 0.

For p = 0 follows that A = W,(a # —1), therefore, we have the following
corollary:

Corollary 9.1. On a Kenmotsu manifold with a generalized symmetric metric
connection, satisfying Wo(€, X).S = 0, the Ricci soliton defined by (5.1), p =0 is
either shrinking or erpanding.

10. n-Ricci soliton on Kenmotsu manifold with a generalized

symmetric metric connection satisfying S.W(¢, X) =0

In this section, we have considered an (¢)-Kenmotsu manifold with a semi-symmetric
metric connection V satisfying the condition

(10.1)  S(X,Wa(Y,Z)V)¢ — S(&, Wa(Y, Z)V)X + S(X,Y)Wa(, Z)V —
(10.2)  —S(&,Y)Wa (X, 2)V + S(X, Z2)Wo(Y, )V S, 2)Wo(Y, X)V+
(10.3) +5(X, V)Wa(Y, 2)6 — S(E,V)Wa(Y, Z)X =0,
for any X, Y, Z, V € x(M).

Taking the inner product with £, the equation (10.1) becomes
(10.4) S(X,Wa(Y,Z)V) = S(& Wa(Y, Z)V)n(X) + S(X,Y)n(Wa(&, Z)V)~
(10.5)8(&, Y )n(Wa(X, Z)V) + 8(X, Z)n(Wa(Y, )V ) S, Z)n(Wa(Y, X)V)+
(10.6) +S(X, V)n(Wa(Y, 2)€) - S(€, V)n(Wa(Y, 2)X) = 0,

for any X, Y, Z,V € x(M).
For X =V = ¢, using (4.4), (4.5), (4.7), (6.12) and (6.19) in (10.4), we get

bt )+ OBy m(v)—g (X, )

(10.8) +8(a+1)2A+a+ 1+ p)g(eX,Y) =0,
for any X,Y,Z € x(M). Hence, we can state:

(10.7){—(a+1)(2A+a+1+u) +
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Theorem 10.1. If (M, ¢,&,n,9) is a (2n + 1)-dimensional Kenmotsu manifold
with generalized symmetric metric connection, (g,&, A\, 1) is an n-Ricci soliton on
M and S W5(&,X) =0, then

Ata+1)?+A+p)?

(10.9) —(a+ 12X+ a+1+p)+ o 0,
and
(10.10) Bla+1)2 A+ a+1+pu)=0.

For ;1 = 0 we get the following corollary:

Corollary 10.1. On a Kenmotsu manifold with a generalized symmetric metric
connection satisfying S.Wo(§, X) = 0, the Ricci soliton defined by (5.1), for p =0,
we have the following expressions:

. A+a+1)24+0N)2 _
(i) —(a+1)2A+a+ 1)+ 5 —>=0and f(a+1) 2\ +a+1)=0.
(i) If o = —1 or a = =2\ — 1 which is steady.
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Abstract. In this paper, we study f—biharmonic curves as the critical points of the
f—bienergy functional Ex(¢) = [,, f | 7(1)* | ¥4, on a Lorentzian para-Sasakian
manifold M. We give necessary and sufficient conditions for a curve such that has
a timelike principal normal vector on lying a 4-dimensional conformally flat, quasi-
conformally flat and conformally symmetric Lorentzian para-Sasakian manifold to be
an f—biharmonic curve. Moreover, we introduce proper f—biharmonic curves on the
Lorentzian sphere Sf.

Keywords: f—biharmonic curves; f—bienergy functional; para-Sasakian manifold;
Lorentzian sphere.

1. Introduction

Harmonic maps ¢ : (M, g) — (N,h) between Riemannian manifolds are the
critical points of the energy functional defined by

(1) Bw) =g [ a0 P o,

for every compact domain 2 C M. The Euler-Lagrange equation of the energy
functional gives the harmonic equation defined by vanishing of

(1.2) T(¢) = traceVdip,

where 7(1) is called the tension field of the map .

As a generalization of harmonic maps, biharmonic maps between Riemannian
manifolds were introduced by J. Eells and J.H. Sampson [7]. Biharmonic maps
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between Riemannian manifolds ¢ : (M,g) — (N, h) are the critical points of the
bienergy functional

(13) Ba(v) = 5 [ 170) 0,

for any compact domain Q C M.

In [3], G.Y. Jiang derived the first and the second variation formulas for the
bienergy, showing that the Euler-Lagrange equation associated to Es is

n(y) = —JY(1(¥))
= —AT(V) — traceRN (dp, (1)) dep,

where J¥ is the Jacobi operator of 1. The equation 75(1/) = 0 is called biharmonic
equation. Clearly, any harmonic maps is always a biharmonic map. A biharmonic
map that is not harmonic is called a proper biharmonic map.

For some recent geometric study of biharmonic maps see [14, 17, 18, 19, 24] and
the references therein. Also for some recent progress on biharmonic submanifolds
see [1, 2, 16, 20, 21] and for biharmonic conformal immersions and submersions see
[15, 25, 27].

The concept of f—biharmonic maps were initiated by W.J. Lu [23]. A smooth
map ¥ : (M, g) — (N, h) between Riemannian manifolds is called an f—biharmonic
map if it is a critical point of the f—bienergy functional defined by

(14) Basw) =5 [ £1700) F by,

for every compact domain Q C M.
The Euler-Lagrange equation gives the f—biharmonic map equation [23]

Ty = )+ (AHTE) 42V 0 ()
= 0,

where 7(¢)) and 72 (1)) are the tension and bitension fields of ¢, respectively. There-
fore, we have the following relationship among these types of maps [26]:

(1.5) Harmonic maps C Biharmonic maps C f — Biharmonic maps.

From now on we will call an f—biharmonic map, which is neither harmonic nor
biharmonic, a proper f—biharmonic map (see also [28]).

The study of Lorentzian almost paracontact manifold was initiated by K. Mat-
sumoto [9]. He also introduced the notion of Lorentzian para-Sasakian manifold.
In [4], I. Mihai and R. Rosca defined the same notion independently and there after
many authors [5, 11, 22] studied Lorentzian para-Sasakian manifolds.

Moreover, in [17] some geometric result for spacelike and timelike curves in a
4-dimensional conformally flat, quasi-conformally flat and conformally symmetric
Lorentzian para-Sasakian manifold to be proper biharmonic were given. Motivated
by this work, we introduced f—biharmonic curves on Lorentzian para-Sasakian
manifold and Lorentzian sphere S7.
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2. Preliminaries

2.1. f—Biharmonic Maps

f—Biharmonic maps are critical points of the f—bienergy functional for maps
Y : (M, g) = (N, h) between Riemannian manifolds:

(2.1) Bayw) =5 [ £1700) F oy,

where 2 is a compact domain of M.

The following Theorem was proved in [23]:

Theorem 2.1. A map ¢ : (M,g) — (N, h) between Riemannian manifolds is an
f—=biharmonic map if and only if

(2.2) Top = [a(W) + (AF)T() + 2V yeT(1) = 0,

where T(v) and T2(¢) are the tension and bitension fields of 1, respectively. a5 ()
1s called the f—bitension field of map .

A special case of f—biharmonic maps is f—biharmonic curves. We have the
following.

Lemma 2.1. [26] An arclength parametrized curve v : (a,b) — (N™,g) is an
f—biharmonic curve with a function f: (a,b) — (0,00) if and only if

(2.3) FVEVENE Y — RN (VA ) + 2/ VIV + 'V = 0.
2.2. Lorentzian almost paracontact manifolds

Let M be an n-dimensional differentiable manifold with a Lorentzian metric g,
i.e., g is a smooth symmetric tensor field of type (0,2) such that at every point
p € M, the tensor

gp : TpyM x T,M — R,

is a non-degenerate inner product of signature (—,+,+, ..., +), where T,M is the
tangent space of M at the point p. Then (M,g) is called a Lorentzian mani-
fold. A non-zero vector X,, € T, M can be spacelike, null or timelike, if it satisfies
9p(Xp, Xp) >0, gp(Xp, Xp) = 0 or g,(Xp, Xp) <0, respectively.

Let M be an n-dimensional differentiable manifold equipped with a structure
(p,&,1m), where @ is a (1, 1)-tensor field, £ is a vector field, i is a 1-form on M such
that [9]

(2.4) P*X =X +n(X)eE,
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(2.5) n(e) = 1.

The above equations imply that
now=0, ©&=0, rank(p)=n-—1.
Then M admits a Lorentzian metric g, such that

9(eX,0Y) = g(X,Y) + n(X)n(Y),

and M is said to admit a Lorentzian almost paracontact structure (¢, £, 7, ¢g). Then
we get

(2.6) 9(X, &) = n(X).

The manifold M endowed with a Lorentzian almost paracontact structure (¢, &, 7, g)
is called a Lorentzian almost paracontact manifold [9, 10]. In equations (2.4) and
(2.5) if we replace £ by —¢, we obtain an almost paracontact structure on M defined

by I. Sato [6].
A Lorentzian almost paracontact manifold equipped with the structure (¢, £, 7, g)
is called a Lorentzian para-Sasakian manifold [9] if

(2.7) (Vx@)Y = g(X,Y)E+n(Y)X + 2n(X)n(Y)S.

The conformal curvature tensor C' is given by

- 1 S(Y,W)X — S(X,W)Y
CXY)W = RXY)W-—— { +9(Y,W)QX — g(X,W)QY }
+m {g(V, W)X —g(X, W)Y},

where S(X,Y) = g(QX,Y). The Lorentzian para-Sasakian manifold is called con-
formally flat if conformal curvature tensor vanishes i.e., C' = 0.

The quasi-conformal curvature tensor C is defined by

CX, Y)W = aR(X,Y)W_b{ S(Y,W)X — S(X, W)Y }

+9(Y,W)QX — g(X, W)QY

o (L + Qb) {g(Y, W)X — g(X, W)V},

n \(n—1)
where a,b constants such that ab # 0. Similarly the Lorentzian para-Sasakian
manifold is called quasi-conformally flat if C' = 0.

We know that a conformally flat and quasi-conformally flat Lorentzian para-
Sasakian manifold M™ (n > 3) is of constant curvature 1 and also a Lorentzian
para-Sasakian manifold is locally isometric to a Lorentzian unit sphere if the relation
R(X,Y)-C = 0holds on M [12]. For a conformally symmetric Riemannian manifold
[13], we get VC = 0. Thus for a conformally symmetric space the relation R(X,Y)-
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C = 0 satisfies. Hence a conformally symmetric Lorentzian para-Sasakian manifold
is locally isometric to a Lorentzian unit sphere [12].

Therefore, for a conformally flat, quasi-conformally flat and conformally sym-
metric Lorentzian para-Sasakian manifold M, we have [12]

(2.8) R(X,Y)W = g(Y, W)X — g(X, W)Y,
for any vector fields X, Y, W € T'M.

3. f—Biharmonic Curves in Lorentzian Para-Sasakian Manifolds

For a Lorentzian para-Sasakian manifold M, an arbitrary curve v : I — M,
v = 7(s) is called spacelike, timelike or lightlike (null), if all of its velocity vectors
~'(s) are spacelike, timelike or lightlike (null), respectively. In this section, we
give some conditions for a curve having timelike normal vector on a 4-dimensional
conformally flat, quasi-conformally flat and conformally symmetric Lorentzian para-
Sasakian manifold M to be an f—biharmonic curve.

Theorem 3.1. Let~vy: I — M be a curve parametrized by arclength and M be a
4-dimensional conformally flat, quasi-conformally flat and conformally symmetric
Lorentzian para-Sasakian manifold. Asuume that {T, N, By, B2} be an orthonormal
Frenet frame field along v such that principal normal vector N is timelike. Then ~y
s a proper f—biharmonic curve if and only if one of the following cases happens:

i) The first curvature k1 of the v solves the following ordinary differential equa-
tion,

(3.1) 3(kh)? — 2m1K] = 4k — 4K3,

_3
with f =t1k, > and k2 = 0.
i1) The first curvature k1 of the vy solves the following ordinary differential equa-
tion,
(3.2) 3(k))? — 2m1KY = 4kT + 4kTH2 — 4R3,
_3
withf:tllfl 2,/’62 #O, K3 :O, 2_21) :t3.

Proof. Let v be a curve parametrized by arclength on lying a 4-dimensional con-
formally flat, quasi-conformally flat and conformally symmetric Lorentzian para-
Sasakian manifold M and let {T', N, B1, B2} be an orthonormal Frenet frame field
along ~ such that principal normal vector N is timelike.

In this case for this curve, the Frenet frame equations are given by [8]

VTT 0 K1 0 0 T
(3.3) VTN _ K1 0 K2 0 N
V1B 0 ko 0 K3 B

VTBQ 0 0 —K3 0 BQ
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where T, N, By, By are mutually orthogonal vectors and k1, k2 and k3 are respec-
tively the first, the second and the third curvature of the ~.

In view of the Frenet formulas given in (3.3) and equation (2.8), we obtain

VTT = I<£1N,
VrVrT = k2T + &\ N + k12 By,

VrVeVrT = (3ric)T + (K] + &3 + kik2)N
+(2K K2 + k1K) By + (k1K2ks) Ba,

and
R(T, VTT)T = _K‘/IN7

where k1,k2 and k3 are the first, the second and the third curvature of the -,
respectively.

Considering Theorem 2.1 and equation (2.3), we get
(3r1k)T + (K + K3 + K1K3 + K1 N)
+(2K k2 + k1K) B1 + (k1K2ks) B

—|—2f/ [I{%T + /*QIIN + /‘61;‘1231} + f// [HlN]
= 0.

Tof = f

Comparing the coefficients of above equation, we obtain that -y is an f—biharmonic
curve if and only if

(3.4) 3Kk1K] + QH%J% =0,

(3.5) H'1’+/<;i’+/<;1/<;§+/<;1+2/<;’1f7/+/<;1f7”0,
(3.6) 2K Ko + K1k + fomgf?/ =0,

(3-7) Kikoks = 0.

Let 1 be a non zero constant. Then from (3.4) we get f is constant. So 7 is
biharmonic. Let k2 be a non zero constant. From (3.4) and (3.6) one can easily see
that f is constant and + is biharmonic.
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By using (3.4) - (3.7), if k2 = 0, then f—biharmonic curve equation reduces to

!/
(3.8) 3k1K) + 2m%f? =0,
" 3 /f_/ f_” _
(3.9) /<;1+/<;1+/<;1+2/<;1f+/<;1f =0.

_3
Integrating the equation (3.8) we get f = t1x,; > and using this result in (3.9), we
arrive at ().
Otherwise, by use of (3.4) - (3.7), if k1 # constant and ke # constant f—biharmonic
curve the equation is equivalent to

(3.10) 2R} =1,

(3.11) (fw1)" = —fri(s] + K5 + 1),
(3.12) 2R3k = to,

(3.13) K3 = 0.

_s3
In view of (3.10), we find f =t1; * and using this result in (3.11), we get 2 = ;.
Finally substituting these equation in (3.11), we arrive at (i¢). O

Proposition 3.1. Let M be a 4-dimensional conformally flat, quasi-conformally
flat and conformally symmetric Lorentzian para-Sasakian manifold and v : I — M
be an f—biharmonic spacelike curve parametrized by arclength such that principal
normal vector is timelike. If v has constant geodesic curvature then vy is biharmonic.

4. f-Biharmonic Curves on Lorentzian Sphere S}

Suppose that M is a 4-dimensional conformally flat, quasi-conformally flat and
conformally symmetric Lorentzian para-Sasakian manifold. Since M is locally iso-
metric to a Lorentzian unit sphere S}, we give some characterizations for f—biharmonic
curves in S{. The Lorentzian unit sphere of radius 1 can be seen as the hyper-
quadradic

St ={peR} :<pp>=1},
in a Minkowski space R} with the metric

<, >:—da? +doi + das + doi + dad.
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Let v : I — S be a curve parametrized by arclength. For an arbitrary vector field
X along v, we have

(4.1) VrX =X+ <T,X >,
where V is covariant derivative along ~ in S{.
Since S{ is a Lorentzian space form of the scalar curvature 1, we have
RX, Y)W =<Y,W>X-< X W>Y,

for all vector fields X,Y, W in the tangent bundle of S}, where R is the curvature
tensor of St.

Now, we give the following:

Proposition 4.1. Lety: I — S} be a non-geodesic f—biharmonic curve parametrized
by arclength and {T, N, By, B2} be a Frenet frame along 7y such that

g(TaT) :g(BlaBl) :9(32732) =1, g(NaN) -

Then, we have

4) ” Hl f, f” "o l Hl f/ f_” ) _
(4.2) =~ < +2H1f f)fy </<;1+ +2K1f+ 7 +1)~v=0.

Proof. Using (3.5) and taking the covariant derivative of the second equation in
(3.3), we get
V%N = VT(FLlT + I<;2B1)
= mVTT + K/QVTBl
= (K3 4+ k2N + Kak3Bo.

Using (3.5) in (4.3), we have

NS 0 PV WA i
(4.3) VZN = ( +2K1f+f+1>N

On the other hand from (4.1), we arrive at
VAN = Vp(N'+<T,N>7)
= N'+<T,N >~
= N'+<T,VprN— <N, T>~vy>~y
= N'+<T,5T + KkoBy >
= N"+k1y.
From (4.3) and (4.4), we obtain

/o o\
(4.4) (—Jr 5—17+7+1>NN + K17.
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Also in view of (4.1), we have

VT =T+ <T,T>~v=+"+7,

which yields

(4.5) N = Kil(fy" +7).

By use of (4.5) and (4.4), we obtain (4.2). O

1.

10.

11.

12.

13.

14.

15.
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Abstract. Let M™ (c) be a complex m-dimensional space form of holomorphic sectional
curvature ¢ and M™ be a complex n-dimensional Kaehlerian submanifold of M™(c). We
prove that if M™ is pseudo-parallel and Ln— %(n+2)c > 0 then M " is totally geodesic.
Also, we study Kaehlerian submanifolds of complex space form with recurrent second
fundamental form.
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1. Introduction

Among all submanifolds of an almost Hermitian manifold, there are two typical
classes: one is the class of holomorphic submanifolds and the other is the class of
totally real submanifolds. A submanifold M of an almost Hermitian manifold M is
called holomorphic (resp. totally real) if each tangent space of M is mapped into
itself (resp. the normal space) by the almost complex structure of M. There are
many results in the theory of holomorphic submanifolds.

The class of isometric immersions in a Riemannian manifold with parallel second
fundamental form is very wide, as it is shown, for instance, in the classical Ferus
paper [10]. Certain generalizations of these immersions have been studied, obtaining
classification theorems in some cases.

Given an isometric immersion f : M — M, let h be the second fundamental
form and V the van der Waerden-Bortolotti connection of M. Then J. Deprez
defined the immersion to be semi-parallel if

(1.1) R(X.Y)-h=(VxVy - VyVx — Vixy))h =0,

Received February 02, 2019; accepted March 17, 2019
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holds for any vector fields X, Y tangent to M. J. Deprez mainly paid attention to
the case of semi-parallel immersions in real space forms (see [5] and [6]). Later, U.
Lumiste showed that a semi-parallel submanifold is the second order envelope of
the family of parallel submanifolds [13]. In the case of hypersurfaces in the sphere
and the hyperbolic space, F. Dillen showed that they are flat surfaces, hypersurfaces
with parallel Weingarten endomorphism or rotation hypersurfaces of certain helices
[9].

In [8], the authors obtained some results in hypersurfaces in 4-dimensional space
form N%(c) satisfying the curvature condition

(1.2) R-h=LQ(g,h).

The submanifolds satisfying the condition (1.2) are called pseudo-parallel (see [1]
and [2] ).

In [1], Asperti et al. considered the isometric immersions f : M —s M"t%(c)
of n-dimensional Riemannian manifold into (n + d)-dimensional real space form
M"*4(c) satisfying the curvature condition (1.2). They have shown that if f is
pseudo-parallel with H(p) = 0 and Lj(p) — ¢ > 0 then the point p is a geodesic
point of M, i.e. the second fundamental form vanishes identically, where H is the
mean curvature vector of M.

They also showed that a pseudo-parallel hypersurfaces of a space form is either
quasi-umbilical or a cyclic of Dupin [2].

The study of complex hypersurfaces was initiated by Smyth [18]. He classified
the complete Kaehler-Einstein manifolds which occur as hypersurfaces in complex
space forms. The corresponding full local classification was given by Chern [4]. Sim-
ilar classification under the weaker assumption of parallel Ricci tensor was obtained
by Takahashi [19] and Nomizu and Smyth [16]. A classification of the complete
Kaehler hypersurfaces of space forms which satisfy the condition R- R = 0 and a
partial classification (the case ¢ # 0) of such hypersurfaces satisfying the condition
R - S =0 were given by Ryan in [17]. He also classified the complex hypersurfaces
of C"*! having R-S = 0 and constant scalar curvature.

In [7], Deprez et al. presented a new characterization of complex hyperspheres in
complex projective spaces, of complex hypercylinders in complex Euclidean spaces
and of complex hyperplanes in complex space forms in terms of the conditions on
the tensors R, S, C' and B, where B is the Bochner tensor which was introduced
as a complex version of the Weyl conformal curvature tensor C' of a Riemannian
manifold [3]. In [23], Yaprak studied pseudosymmetry type curvature conditions on
Kaehler hypersurfaces. The submanifolds in a complex space form M ™(c) n = 2,0f
constant holomorphic sectional curvature 4c¢, parallel second fundamental form were
classified by H.Naitoh in [15]. S.Maeda [14] studied semi-parallel real hypersurfaces
in a complex space form M™(c) for ¢ > 0 and n > 3. In [12] Lobos and Ortega
classify all connected Pseudo-parallel real hypersurfaces in a non-flat complex space
form. Then, Yildiz et al. [22] studied C-totally real pseudo-parallel submanifolds in
Sasakian space forms.
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In the present study, we have generalized their results for the case of M™, that
is a Kaehlerian submanifold of complex space form M™(c) of holomorphic sectional
curvature c. We will prove the following:

Theorem 1.1. Let Mm(c) be complex m-dimensional space form of constant holo-
morphic sectional curvature ¢ and M™ be a complex n-dimensional Kaehlerian sub-
manifold of M(c). If M™ is pseudo-parallel and Ln — %(n +2)c > 0, then M™ is
totally geodesic.

Also, we study Kaehlerian submanifolds of complex space form with recurrent
second fundamental form.

2. Basic Concepts

Let M (¢) be a non-flat complex space form endowed with the metric g of constant
holomorphic sectional curvature c. We denote by V, R, S and 7 the Levi-Civita
connection, Riemann curvature tensor, the Ricci tensor and scalar curvature of
(M, g), respectively. The Ricci operator S is defined by ¢(SX,Y) = S(X,Y),
where X, Y € x(M), x(M) being Lie algebra of vector fields on M. We next define
endomorphisms R(X,Y) and X ApY of x(M) by

(2.1) R(X,Y)Z =VxVyZ -VyVxZ - Vxy|Z,

(2.2) (XAsY)Z=B(Y,Z)X - B(X, 2)Y,
respectively, where X,Y, Z € x(M) and B is a symmetric (0, 2)-tensor.

The concircular curvature tensor Z in a Riemannian manifold (M", g) is defined
by

(2.3) Z(X,Y) = R(X.Y) ~ (X Ay Y),

n(n —1)
respectively, where 7 is the scalar curvature of M™.

Now, for a (0, k)-tensor field T, k > 1 and a (0, 2)-tensor field B on (M, g) we
define the tensor Q(B,T) by

Q(BaT)(Xb?kaXaY) = 7T((X AB Y)XlaXZa"'an)
(2.4) —e = T(X1, ., X1, (X A Y)Xk),

respectively. Putting into the above formula T' = h and B = g, we obtain the tensor
Qg h).

Let f: M™ — M™(c) be an isometric immersion of an complex n-dimensional
(of real dimension 2n) M into complex m-dimensional (of real dimension 2m) space
form M™ (¢). We denote by V and V the Levi-Civita connections of M™ and M™(c),
respectively. Then for vector fields X,Y which are tangent to M™, the second
fundamental form h is given by the formula h(X,Y) = VxY — Vx Y. Furthermore,
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for ¢ € N(M™), Ae : TM — TM will denote the Weingarten operator in the &

direction, A¢X = V)L(f — Vx¢&, where V+ denotes the normal connection of M.
The second fundamental form h and Ag are related by g(h(X,Y),§) = g(4:X,Y),
where ¢ is the induced metric of g for any vector fields X,Y tangent to M. The
mean curvature vector H of M is defined to be

1

A submanifold M is said to be minimal if H = 0 identically.
The covariant derivative Vh of h is defined by

(2.5) (Vxh)(Y,Z) = V% (h(Y,Z)) = h(VxY,Z) — h(Y,VxZ),

where, Vh is a normal bundle valued tensor of type (0,3) and is called the third
fundamental form of M. The equation of Codazzi implies that VA is symmetric

hence - - -

(2.6) (Vxh)(Y, 2) = (Vyh)(X, Z) = (V2h)(X.Y).

Here, V is called the van der Waerden-Bortolotti connection of M. If Vh = 0, then
f is called parallel, [10].

The second covariant derivative th of h is defined by

T°R(Z,W.X,Y) = (VxVyh)(Z,W)
(2.7) = Vx((Vyh)(Z,W)) = (Vyh)(VxZ,W)
—(Vxh)(Z,VyW) = (Vyvh)(Z,W).

Then we have

(VxVyh)(Z,W) - (VyVxh)(Z,W) = (R(X,Y) h)(Z,W)
(2.8) = RYX,Y)h(Z,W)—h(R(X,Y)Z,W)
~h(Z,R(X,Y)W).

where R is the curvature tensor belonging to the connection V.
3. Kaehlerian Submanifolds

Let M be a Kahlerian manifold of complex dimension m (of real dimension 2m)
with almost complex structure J and with Kahlerian metric g. Let M be a complex
n-dimensional analytic submanifold of M, that is, the immersion f : M —s M
is holomorphic, i.e., J - f, = fi - J, where f, is the differential of the immersion
f and we denote by the same J the induced complex structure on M. Then the
Riemannian metric ¢, which will be denoted by the same letter of M, induced on
M is Hermitian. It is easy to see that the second fundamental form with this
Hermitian metric ¢ is the restriction of the second fundamental form of M and
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hence is closed. This show that every complex analytic submanifold M a Kaehlerian
manifold M is also a Kaehlerian manifold with respect to the induced structure. We
call such a submanifold M of a Kaehlerian manifold M a Kaehlerian submanifold.
In the other words, a Kaehlerian submanifold M of a Kaehlerian manifold M is
an invariant submanifold under the action of the complex structure J of M, i.e.,
JT(M) C Ty(M) for every point x of M [21].

For each plane p in the tangent space T,(M), the sectional curvature K(p)
is defined to be K(p) = R(X,Y,X,Y) = ¢g(R(X,Y)Y, X), where {X,Y} is an
orthonormal basis for p. If p is invariant by J, then K(p) is called holomorphic
sectional curvature by p. If K(p) is a constant for all J-invariant planes p in
T, (M) and for all points x € M is called a space of constant holomorphic sectional
curvature or a complex space form. Sometimes, a complex space form is defined
to be a simply connected complete Kaehlerian manifold of constant holomorphic
sectional curvature defined by [21]

R(X,Y)Z = %c{g(X, 2)Y — gV, 2)X + g(JX, 2)JY — g(JY,Z2)JX +29(JX,Y)JZ},
for any vector fields X, Y and Z on M. If this space is complete and simply con-

nected, it is well known that it is isometric to

e a complex projective space CP™(c), if ¢ > 0;
e the complex Euclidean space C™ , if ¢ = 0;

e a complex hyperbolic space CH™, if ¢ < 0.

The equations of Gauss and Ricci are

GREEY)Z W) = 1elglV 2)g(X, W) = g(X, Z)g(Y W) + gV, Z)g(J X, W)
(3.1) —g(JX, Z)g(JY, W) + 29(X, JY)g(JZ,W)]
+g(h(Y, 2), h(X, W) = g(h(X, 2), h(Y, W),
and .
(32) g(R(Xa Y)Ua V) +L(J([1£1V>14U]*Xva Y) = §Cg(Xa JY)g(JU> V)a

respectively. For an orthonormal frame field {es, eg, ...,e,} of M, the Ricci tensor
S is defined by

n

(3.3) S(X,Y) = g(R(er, X)Y, ).
k=1

Consequently, by the use of (3.1) the equation (3.3) turns into

(3.4) S(X,Y):%(n—&- Yeg(X,Y) — Zg (X, e:), h(Y, e)).
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Lemma 3.1. [21] The second fundamental form h of a Kaehlerian submanifold
M satisfies

h(JX,Y)=h(X,JY)=Jh(X,Y),
or equivalently
JAy X = Ay JX = A;p X.

Proposition 3.1. [21] Any Kaehlerian submanifold M is a minimal submanifold.

Theorem 3.1. [21] Let M be a Kaehlerian hypersurface of a complex space form
M"™1(c). Then the following conditions are equivalent:

(i) The Ricci tensor S of M™ is parallel;
(i) The second fundamental form of M™ is parallel;

(ii) M is an Einstein manifold.
4. Proof of the Theorem 1.1

Let M™ be a complex n-dimensional (of real dimensional 2n) Kaehlerian sub-
manifold with complex structure J of a complex m-dimensional (of real dimensional
2m) space form M™(¢) of constant holomorphic sectional curvature c¢. Take an or-
thonormal basis e, e, ..., ea,, in Tx (M) such that e,y = Je; (t =1,...,n) and an
orthonormal basis v1, ..., va, for T (M)* such that v, s = Jvs (s = 1, ..., p), where
we have put p = m —n. Then for 1 <i,57 <n, 1 < «a < p, the components of the
second fundamental form h are given by

(4.1) his = 9(h(eis e5), ea).

Similarly, the components of the first and the second covariant derivative of h
are given by

(4'2) ?jk :g((vekh)(ei7ej)7ea> :vekh%7
and
?jkl = g((vezvekh)(eiv ej)7 ea)
(4.3) = Vehi
= Ve Ve, hy,
respectively.

If f is pseudo-parallel, then by definition, the condition

(44) R(el, 6k) -h = L[(el Ng ek)]h
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is fulfilled where

(4.5) [(e1 Ag er)h] (ei,e5) = —h((er Ag ex)eis ej) — h(ei, (e1 Ng ex)e;)

for 1 < 4,4, k,1 < n. Substituting (2.2) into (4.5), we get

[(e1 Ag ex)l(eire;) = —glersei)hler er) + gler, ei)h(er, e:)

(4.6) —g(er,ej)h(er, e;) + gler, ej)h(ex, €;).

By (2.8) we have

(4.7) (R(er, ex) - h)(eisej) = (Ve, Ve h)(eire;) — (Ve, Ve h)(ei, €5).

Making use of (4.1), (4.3), (4.6) and (4.7), the pseudo-parallelity condition (4.4)
turns into
(4.8) hii = hije — L{0kihi; — duihi; + dkjhi — dizhi; s
where g(e;,e;) =d;; and 1 < 4,5,k <n, 1 <a<p.
Recall that the Laplacian Ahf; of hf; is defined by

n
(4.9) ARG = > B
i,5,k=1

Then we obtain
n

(4.10) ||h|| Z Zhw ijkJrthHQ’
i,7,k=1 a=1

where n »

(4.11) IRl = > > (hey)?
i,j,k=1 a=1

and

(4.12) = 30 S )
i,j,k=1 a=1

are the square of the length of second and the third fundamental forms of M™,
respectively. In addition, making use of (4.1) and (4.3), we obtain

h%h%kk = g(h(ei, ej)7 ea)g((vekvek h)(ei, ej)7 €a)

(4.13) = 9(
=

Therefore, due to (4.13), the equation (4.10) becomes

n

@10) AU = 3 o(TeTeh)len ), hles ) +[[Th]*.

i,3,k=1



328 A. Yildiz

Further, by the use of (4.4), (4.6) and (4.7), we get

g((vekvekh)(eivejLh(eivej) = ((v v )(ekhej)v (ehej))
= ((_ v ek )(6 ) €k ) (61761))
(4.15) —L{g(ei,e;)g(h(ex, ex), h(ei, €;))

79(6163 e])g(h(eka ei)a h(eza 6]))
+g(6k, el)g(h(ej7 ek‘)7 h(ei7 ej))
—g(ex, ex)g(h(ei, e;), hlei, e;))}.

Substituting (4.15) into (4.14), we have

A(”h”z) = Z [g((veivejh)(ekaek)ah(eiaej))

)9(
(4.16) —g(ek.,ej)g(h(ek.,e') h(ei,ej))
(

Furthermore, by definition

n

(4.17) IRI* =Y g(hleise;). hleise)),

ij=1

n
H* =) by,
k=1

s 1 &
41 = 5 3o

and after some calculations, we get

(4.18) A([R)?) Z Zh& Ve Ve, H*)

i,j=1 a=1

—L{n? [ H|P = n |8} + [ VA

Using Proposition 3.1, the equation (4.18) is reduced to

1 J—
(4.19) SAURI?) = Lo |lnlP + |[FA].
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Yano and Kon have shown in [21], that

(4.20) %A(Ilhll IVn]” - Z{TT a0 Ap)? + [[4a, 46])°
a,f=1

1
+5(n+2)c Al

Hence comparing the equation (4.19) with (4.20), one can get

0 = (Ln—%(rﬂ-?)c) s
+ Y {[Tr (Aq 0 Ap))° + ||[Aa,Aa]Il2}-
a,f=1

If Ln — %(n +2)c > 0 then Tr (Aq 0 Ag) = 0. In particular, ||AO,||2 =Tr(As o
Ay) =0, hence h = 0. This completes the proof of our Theorem.

Corollary 4.1. Let Mm(c) be complex m-dimensional space form of constant holo-
morphic sectional curvature ¢ and M™ be a complem n-dimensional Kaehlerian sub-
manifold of M™(c). If Z(X,Y)-h =0 and 1(n+2)c >0 then M is totally
geodesic.

(n n

We recall the following well-known:

Theorem 4.1. ([{], [16], [19]) Let M™ be a Kaehlerian hypersurface of a complex
space form M™1(c) with parallel Ricci tensor. If ¢ <0, then M™is totally geodesic.

If ¢ > 0, then either M is totally geodesic, or an Finstein manifold |A|2 = nc and

hence T = n2c.

Using Theorem 3.1 and Theorem 4.1, we can easily obtain the following:

Corollary 4.2. Let M™ be a Kaehlerian hypersurface of a complex space form
M"™1(c) with parallel second fundamental form. If ¢ < 0, then M™ is totally
geodesic.

Using Theorem 1.1, we get the following:

Corollary 4.3. Let M™ be a complex n-dimensional Kaehlerian submanifold of
M(c) with semi-parallel. If ¢ <0, then M™ is totally geodesic.

Remark 4.1. (2) The main Theorem is generalization of Corollary 4.2 and Corollary 4.3.
(i2) If second fundamental form of M™ is parallel then it is semi-parallel. But the converse
is not necessary to be parallel.
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5. Kaehlerian submanifolds of comlex space form with recurrent
second fundamental form

In this section, we will consider the condition by which the second fundamental
tensor A is recurrent, i.e., there exists a 1-form « such that VA = a ® A. We may
regard parallel condition as a special case. We know that the recurrent condition
has a close relation to a holonomy group (cf,[11], [20]). Using definition of recurrent
second fundamental form, we get

VxVyA = (XaY)+a(X)a(Y))A,

which implies that

R(X,Y)-A = VxVyA-VyVxA—-VxyA
= Xa¥)+a(X)a(Y)A - (Ya(X)+aY)a(X))A
(5.1) —a([X, YDA
= Xa)-YaX)-a(X,Y)A
2da(X,Y)A.
We now define a function on M™ by f2 = g(A, A), where the metric g is extended

to the inner product between the tensor fields in the standard fashion [11]. Using
the fact that Vg = 0 it follows from f? = g(A, A) that

(5:2) FY () = fPa(Y).
So from (5.2), we have
(5.3) Y= fa(Y) 0.

Therefore we get
(5.4)  {VxVy = VyVx = Vixy}f = {XaY) - Ya(X) - o([X, Y]}].

Since the left hand side of the above equation is identically zero and f # 0 on M
by our assumption, we obtain
(5.5) da(X,Y) =0,

that is, the 1-form « is closed. Hence, from (5.1) and (5.5), we get

(5.6) R(X,Y) - A=0.

It means that M is semi-parallel. So, by the use of Corollary 4.3, we can give the
following:

Theorem 5.1. Let Mm(c) be complex m-dimensional space form of constant holo-
morphic sectional curvature c. If ¢ < 0, there are no Kaehler submanifolds with
non-trivial recurrent second fundamental form of M™(c).
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Abstract. In this paper, we classify conformal surfaces of revolution in hyperbolic
3-space H?(—c?) satisfying an equation in terms of the position vector field and the
Laplace operators with respect to the first, the second and the third fundamental forms
of the surface.
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1. Introduction

Surfaces of revolution is form of the most easily recognized class of surfaces.
The use of surfaces of revolution is essential in many fields such as physics and
engineering. Surfaces of revolution have been well known since ancient times as
well as common objects in geometric modelling which can be found everywhere in
nature, human artefacts, technical practice and also in mathematics. Furthermore,
many objects from everyday life such as cans, table glasses and furniture legs are
surfaces of revolution. The process of lathing wood produces surfaces of revolution
by its very nature [1, 19].

The notion of finite type immersion of submanifolds of a Euclidean space has
been used in classifying and characterizing the well known Riemannian subman-
ifolds. Chen posed the problem of classifying the finite type surfaces in the 3-
dimensional Euclidean space E3. A Euclidean submanifold is said to be of Chen
finite type if its coordinate functions are a finite sum of eigenfunctions of its Lapla-
cian A . Further, the notion of finite type can be extended to any smooth function
on a submanifold of a Euclidean space or a pseudo-Euclidean space. The theory of
submanifolds of finite type has been studied by many geometers [7, 11].

In H3(—c?), surfaces of constant mean curvature H = ¢ are particularly inter-
esting, because they exhibit many geometric properties in common with minimal
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surfaces in E3. This is not a coincidence. There is a one-to-one correspondence, so-
called Lawson correspondence, between surfaces of constant mean curvature Hyp,
in H3(—c?) and surfaces of constant mean curvature H. = /H3 — 2. Those
corresponding constant mean curvature surfaces satisfy the same Gauss-Codazzi
equations, so they share many geometric properties in common. Lee and Zarske
constructed surfaces of revolution with constant mean curvature H = ¢ and mini-
mal surfaces of revolution in hyperbolic 3-space H?(—c?) of constant curvature —c2.
In addition, they have showed that, the limit of the surfaces of revolution with
H = c in H?(—¢?) is a catenoid, the minimal surface of revolution in Euclidean 3-
space as ¢ approaches 0 15. Lee and Martin studied spacelike and timelike surfaces
of constant mean curvature in de sitter 3-space [14, 16]. Kaimakamis, Papanto-
niou and Petoumenos studied Lorentz invariant spacelike surfaces of constant mean
curvature in anti de sitter 3-space [12].

We know that, x is harmonic if Ax = 0 in Euclidean 3—space. However, this
is no longer true in H?(—c?) because the Laplacian equation Ax = 0 is not the
harmonic map equation in H3(—c?) [15].

Let x: M —E™ be an isometric immersion of a connected n-dimensional man-
ifold in the m-dimensional Euclidean space E™. Denote by H and A the mean
curvature and the Laplacian of M with respect to the Riemannian metric on M
induced from that of E™, respectively [6]. Takahashi proved that the submanifolds
in E™ satisfying Az = Az, that is, all coordinate functions are eigenfunctions of the
Laplacian with the same eigenvalue A € R are either the minimal submanifolds of
E™ or the minimal submanifolds of hypersphere S~ in E™ [18].

As an extension of Takahashi theorem, Garay studied hypersurfaces in E™ whose
coordinate functions are eigenfunctions of the Laplacian, but not necessarily asso-
ciated to the same eigenvalue. He considered hypersurfaces in E™ satisfying the
condition
(1.1) Az = Az,

where Ae Mat (m,R) is an m x m- diagonal matrix, and proved that such hyper-
surfaces are minimal (H = 0) in E™ and open pieces of either round hyperspheres
or generalized right spherical cylinders [10].

Related to this, Dillan, Pas and Vertraelen investigated surfaces in E3 whose
immersions satisfy the condition

(1.2) Ax = Ax + B,

where A€ Mat (3,R) is a 3 x 3-real matrix and B € R? [8]. In other words, each
coordinate function is of 1-type in the sense of Chen [7]. For the Lorentzian version
of surfaces satisfying (1.2), Alias, Ferrandez and Lucas proved that the only such
surfaces are minimal surfaces and open pieces of Lorentz circular cylinders, hyper-
bolic cylinders, Lorentz hyperbolic cylinders, hyperbolic spaces or pseudo-spheres
[2].

The notion of an isometric immersion x is naturally extended to smooth func-
tions on submanifolds of Euclidean space or pseudo-Euclidean space. The most
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natural one of them is the Gauss map of the submanifold. In particular, if the
submanifold is a hypersurface, then the Gauss map can be identified with the unit
normal vector field to it. Dillen and Vertraelen studied surfaces of revolution in
the three dimensional Euclidean space E? such that its Gauss map G satisfies the
condition

(1.3) AG = AG,

where A€ Mat (3,R) [9]. Baikoussis and Vertraelen studied the helicoidal surfaces in
[E? [3]. Choi completely classified the surfaces of revolution satisfying the condition
(1.3) in the three dimensional Minkowski space E$ [5]. Bekkar, Zoubir and Senoussi
classified surfaces of revolution satisfying (1.1) in the three dimensional Minkowski
space [4, 17]. Kaimakamis, Papantpniou and Peteoumenos classified surfaces of
revolution satisfying

AMTe = Ar,

in the three dimensional Lorentz-Minkowski space [12]. Choi, Kim and Yoon in-
vestigated the surfaces of revolution satisfying an equation in terms of the position
vector field and the 2nd-Laplacian in Minkowski 3-space [6].

The main purpose of this paper is complete the classification of conformal sur-
faces of revolution in H?(—c?) in terms of the position vector field and the Laplacian
operators.

2. Preliminaries

Let R3+! denote the Minkowski spacetime with rectangular coordinates xq, 21, T2, 3
and the Lorentzian metric

ds? = — (dx)® + (dzy)? + (dwy)? + (ds)? .

Hyperbolic 3-space is the hyperquadric:
1
H3(—c?) = {(.’L‘o,.’L‘l,.’L'Q,LIIg) eR3 | a2 423 4 22 422 = = }

which has the constant sectional curvature -¢2. This is a hyperboloid of two sheets
in spacetime so it is called the hyperboloid model of hyperbolic 3-space. Consider
the chart

U = {(zo,21,22,23) € H*(—®)| zo+21 >0}

and define
1
t= - loge(zo + 1),

)
c(zo+x1)’
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vy= c(zo+z1)

Then
ds? = (dt)? + e~ 2 {(dm)2 v (dy)Q} .

R3 with coordinates ¢, z,y and the metric
ge = (@) + 7 {(d2)” + (dy)*}

is called the flat model of hyperbolic 3-space . We will still denote it by H?(—c?).The
flat chart model is a local chart of hyperbolic 3-space, so it is not regarded as a
standard model of hyperbolic 3-space. As ¢ — 0, H?(—c?) flattens out to Euclidean
3-space E? [15].

Let R3 be equipped with the metric

(2.1) ds? = (dt)? + e~ 2t {(dx)2 + (dy)z}.

The space (R?,g) has constant curvature —c?. It is denoted by H?(—c?) and is
called the pseudospherical model of hyperbolic 3-space. From the metric (2.1), one
can easily see that H?(—c?) flattens out to E* Euclidean 3-space as ¢ — 0 [15].

Let M be a domain and x : M — H?(—c?) a parametric surface. The metric (2.1)
induces an inner product on each tangent space T}, H3(—c?). This inner product
can be used to define conformal surfaces in H3(—c?) . x : M — H3(—¢c?) is said to
be conformal if /

(2.2) (Xuy X)) =0 [xy| = |x0| = €2,
where (u,v) is a local coordinate system in M and w : M — R is a real-valued
function in M. The induced metric on the conformal parametric surface is given by

ds2 = e ((du)2 + (dv)z) .

In order to calculate the mean curvature of x, we need to find a unit normal vector
field G of x. For that, we need something like cross product. H3(—c?) is not a
vector space but we can define an analogue of cross product locally on each tangent
space T, H?(—c?). Let

c (@), @), (3)
== 1\ 5, 2|\ 5 3\ 5 )
8tp axp 8yp

v = (G), e (5), o (5)
== 1\ 5 2\ 53— 3\ 5 )
8tp axp 8yp

z,y € T, H3(—c?), where {(%)p, (%)Iﬂ (f’%)p
H3(—c?). The cross product is defined by

} denote the canonical basis for T},
VW = (Ug’ll)g — ’03’(1)2) <
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0
+e2et (vswy — viws) (8_>
T/ p

0
+e% (vywa — vowy) | = |
oy »

where p = (t;z;y) € H?(—c?). Then by a direct calculation we obtain
(2'3) g1 = <Xu7Xu>7 go22 = <XU7XU>7 gi2 = <XU7XU>'

Let x : M — H3(—c?) be a parametric surface. Then on each tangent plane T,
x(M), we have

(2.4) % % %01 = €4 (91122 — g)
where p = (t(u;v), z(u;v), y(u;v)) € H3(—c?) . If ¢ — 0, (2.3) becomes the familiar
formula
2
10 % %" = 911922 — g7

from the Euclidean case. In this case, the Gaussian curvature and the mean curva-
ture of a parametric surface x(u,v) may be calculated by

K= R + €h11h22—h§2

gi1922 *9%2 ’

(2.5)

H= g22h11+g11h22—2g12h12
2(911!}22—9%2) ’

where K is the sectional curvature and G is unit normal vector field of M, respec-

tively. So the coefficient of second fundamental forms are given by

hi1 = <qu7G>7 hoo = <X1waG>7 his = <XU’U7 G> .

Let x : M — H3(—c?) be a conformal surface satisfying (2.2). The mean curvature
H of x is given by

(2.6) H :%e*w (Ax, G).

One can easily see that the the formulas (2.4) and (2.5) coincide for conformal
surfaces in H?(—c?) [15].

Rotations about the t—axis are the only type of Euclidean rotations that can be
considered in H3(—c?). Consider a profile curve a(u) = (u, f(u),0) in the tz—plane.
Denote x(u, v) as the rotation of a(u) about the t—axis through an angle v. Then,

(2.7) x(u,v) = (u, f(u) cosv, f(u)sinv).

[15]. It is well known in terms of local coordinates {u,v} of M the Laplacian
operators AT, A A of the first, the second and the third fundamental forms
on M are defined by [4, 12, 17]

1 0 | g2oxu — g12X%0
ou

o —
(28) Alx=- - _912Xu — g11Xv
Y |911922 —g%2|

|g11922 — 93,] |g11922 — 93,]
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0 [ hooxu —hizxe | 0 [ hi2xu —h1uiXy
Ou\ J[hiihoe — 3| | OV \ \/|Ruihas — h3, |

. < Zxy—Y Xy >
5 p ~
(2.10) AL, _ _ 1 “ (huhzthfz)\/gugzz*gﬁ

(h11haz — h3%,) \/ 911922 — 93y | _ Yxy —Xxy
(h11h22—h%2)\/911922—9%2

1

29 AUx=——~
|h11h22 - h%2|

and

o

where

X = guhiy —2g12h11hia + gazhiy,
Y = giihizhas — gizhi1hos + gashi1hia — gi2his,
Z = gaohly —2g12hashia + gi1h3s.

3. Conformal Surfaces of Revolution Satisfying Alx = Ax

In this section, we will classify conformal surfaces of revolution H?(—c?) satisfying
the equation
(3.1) Alx = Ax,

where A = (a;;) € Mat(3, R) and
AIX,‘: (AIXh AIX27 AIX?,) 5

where
(3.2) X1 =u, X2 = f(u)cosv, x3 = f(u)sinv.

The coefficients of the first fundamental form are given by

T (U)) )
(3.3) goo = e 2 f2(u),
g2 = 0.

If we require x(u, v) to be conformal, then
(3.4) 2 4 £ (u) = f2(u).

The coefficients of the second fundamental form are given by

By = JWw
P (e w)
(3.5) oy — £2 (u)
2P W)

hlg = 0.
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So the Gaussian curvature K and the mean curvature H are calculated by

() (et £ () — et pu)

K= . 5
f(U) (€2cu + f/ (U))

and

—f(u)f"(u) + e2cu 4 f/2 (u)
2e—2cu <620u + f/2 (u)) \/fQ(u) (62cu + f/2 (u))
respectively. With the conformality condition (3.4), H is reduced to

_ —f"(w) + f(u)
(3.6) H= i

H-=

Let H = ¢. Then (3.6) can be written as
(3.7) F7() — £ () + 2672 3 () = 0.

The differential equation (3.7) cannot be solved analytically [15]. If ¢ = 0, then
(3.7) becomes

f(u) = f(u) = 0.

Hence we can see that if H = 0 then ¢ = 0 .Thus we have:

Proposition 3.1. Let M be surfaces of revolution given by (2.6) in H3(—c?). If
¢ # 0, then there are no minimal conformal surfaces of revolution in H>(—c?). If
c =0, then there are minimal conformal surfaces of revolution in E3 if and only if
" — f = 0 which has the general solution f(u) = cre” + cae™™ for some constant

C1,C2 /15]
With the conformality condition (3.4), K is reduced to

702]05(“) _ e4cufl/(u) '

(3.8) K = 0

Let K = ¢. Then (3.8) can be written as
(3.9) cf?(u) + A f5(u) + e* f” (u) = 0.

The differential equation (3.9) cannot be solved analytically. Hence we see that if
K =0 then ¢ =0 and f"”(u) =0 . Thus we have:

Proposition 3.2. Let M be surfaces of revolution given by (2.6) in H3(—c?). If
¢ # 0, then there are no flat conformal surfaces of revolution in H3(—c?). Ifc =0
then there are flat conformal surfaces of revolution in E3 if and only if "' = 0 which
has the general solution f(u) = ciu + ca for some constant c1,cq [15].
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Assume that K = Kg € R\{0}. By (3.8), we get
(3.10) P () Ko + 2 f5(u) +e* ' (u) = 0,

where f(u) # 0. The differential equation (3.10) cannot be solved analytically for
¢ # 0. If ¢ = 0, then the solution of (3.10) given by

éJ o3 (71+JacobiCN {zsﬁ \eF (utea)?(—Ko) 3 ,%(2+\/§)} )
3

flu) =+ ;

V1+ \/ﬁ\/2 + /3 — JacobiCN [2.3112 \/c§ (u+ ) (—Ko)F, L (2+ \/5)]

(3.11)
where cq,c5 € R.

Theorem 3.1. There is no conformal surface of revolution which has constant the
Gaussian curvature in H> (—cg). The Gaussian curvature of conformal surface of
revolution is constant, K = Ko, in E3 if and only if the function f(u) is (3.11).

Similar calculations are also used for the mean curvature, what we get there is not
conformal on the surfaces of revolution which has the real mean curvature in E3. By
straightforward computation, the Laplacian operator on M with the help of (3.1),
(3.2), (3.3) and (2.7) turns out to be

e?er (—f/ (ezc’“+f’2)—&-f(cez““—&-f'f”))
P e ) :
eten cosU(eh“+f'2+f(cf'—f”))
Flezeutfr?)? ’
eteu sinU<62”"+f,2+f(0f'—f”))
i 77)

(3.12) Alx; =

With the conformality condition (3.4), the equation (3.12) is reduced to

EQCu(*f/f2+f(ce2cu+f/f“))

5 bl

Alx, — eten cosv(f2+f(cf’—f"))
g 5 )
e Sin’v(f2+f(cf/7f”))
75

Suppose that M satisfies (3.1). Then from (3.1) , we have

ezuu(_f/f2+f(C€2cu+f/f//)>

a11u + araf(u) cosv + ars f(u) sinv = 75 ,
dcu 2 1 g1t
(3.13) a1t + aga f (1) cosv + ags f(u)sinv = = Cosv(fftf(cf f )),

deu 2 gt
as1u + asz f(u) cosv + aza f(u)sinv = <t sinv(f ;f(cf f ))
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Since the functions cosv,sinv and the constant function are linearly independent,

by (313) we get 12 = A13 = Q21 = A23 = A31 = Q32 = O , 11 = )\ , 22 = A33 = W.
Consequently the matrix A satisfies

A0
A={0 p
0 0

T oo

The equation (3.13) is rewritten as the following:

e2cu(7f/f+ce2cu+f/f”)

Au = I8 ’
(314) e4cu(f+cf/_f//)
pf(u) = ——F——.

This means that M is at most of 2-type. From (3.14), we have

640“' _ M B SQCuf/(fuff)

3.15 e oft
( ) et uf
7T Tl
Combining the first and the second equation of (3.15), we obtain
X f(f7— f) ul
(3.16) — - n = -
c cf fref —f

The equation (3.16) is reduced to
(BT (f = ) (1 + ) f = f) + (-1 + ) du+cp) f = duf”) = 0.

In the cases {¢ #0,A#0,u=0},{c#£0,A\=0,u#0},{c #0,X#0,u # 0}, the
second order nonlinear differential equation (3.17) cannot be solved analytically.
For the case {¢ # 0,A\ =0, =0}, (3.17) can be written as

(3.18) EUf(f=f) (=) f = f)=0
The general solutions of (3.18) are given by

flu)=a
(3.19) f(u) = cre + coe™,
flu) = 016“\/67 + coe “m

where ¢1,¢0 € R and ¢ —1 > 0. Substituting the solutions (3.19) into (3.14),
respectively. They don’ t satisfy these equations. Thus, we can give the following
theorem:

Theorem 3.2. Let M be conformal surfaces of revolution given by (2.6) and ¢ # 0
in H3(—c?). Then there are no harmonic and non- harmonic conformal surfaces
of revolution satisfying the conditions Alx = 0 and Alx = Ax,respectively, where
AeMat (3,R).
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In the cases {c =0,\#0,u #0},{c =0, # 0,u =0}, we cannot obtain any
conformal surfaces of revolution in E3. In the cases {c = 0, A =0,u # 0}, {c=0,A=0,u =0},
the general solutions of (3.18) are given by

f(u) =c1, f(u) = c1cosu + casinu,

and
(3.20) fu) = cre” + cae™™,

respectively. The solution f(u) = ¢; satisfies (3.14) for p = ;14 Then, the

1
parametrization of M is given by

(3.21) x(u,v) = (u, c1 cosv, ¢y sinv) .

Fia. 3.1:

The solution f(u) = ¢; cosu + co sinu does not satisfies (3.14). But the solution
(3.20) satisfies (3.14). Then, the parametrization of M is given by

(3.22) x(u,v) = (u, (c1e" + coe™") cosv, (cre® + ce™ ") sinv) .
Thus we can give the following theorem:

Theorem 3.3. Let M be conformal surfaces of revolution given by (2.6) and ¢ =0
in E3. If M is harmonic or non-harmonic conformal surfaces of revolution, then it
is an open part of the surfaces (3.21) or (3.22), respectively.



4.
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Fia. 3.2:

Conformal Surfaces of Revolution Satisfying Allx = Ax

In this section, we classify conformal surfaces of revolution with non-degenerate
second fundamental form in H3(—c?) satisfying the equation

(4.1)

Allx = Ax,

where A = (a;;) € Mat(3, R) and

(4.2)

Allx, = (Anxl, AIIXQ, AIIX3) .

By straightforward computation, the Laplacian operator on M with the help of
(3.2), (3.5), (4.2) and (2.8) turns out to be

f2(€2c"‘+f/2)(ff,”—f,f”)

2f2f”2 ’
AIIX4 _ oSV f2(620u+f’2)(ff/fmff,zf”72ff”2)
g 2f2f//2 , ) ’
sinoy/f2(e2u 1) (£7" =17 1 =241 )
2f2f//2

With the conformality condition (3.4), the equation (4.3) is reduced to

ff///_f/f//
2f//2 )

cosv (11" =17 1" -241"")
2172 ’

sino(f7" =1 1" =21 1")
2172

AIIXi _
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Suppose that M satisfies (4.1). Then from (4.1) and (4.2), we have

a11u + a1z f(u) cosv + aiz f(u) sinv = ffzf_];f ’
2 2
. cosv( ff f/"—f" f"'=2ff"
(4.4) a1 + agz f(u) cosv + asz f(u)sinv = ( Y ) :
sino (17817 1" =218")

az1u + asz f(u) cosv + aza f(u) sinv = 7

Since the functions cosv,sinv and the constant function are linearly independent,
by (4.4) we get a12 = a13 = az1 = az3 = azg1 = azz = 0, a11 = A, a2 = azz = pu.
Consequently the matrix A satisfies

A0
A=1|0 p
0 0

= © O

and the equation (4.4) is rewritten as follows:

_ ff///if/f//
Au = BT ) )
ff/f///_f/ f//_2ff//
(4.5) pf (u) cosv = cos T ),
2 2
i Sin’[} ff/f///if/ f//isz//
wf(u)sinv = ( Y )

From (4.5), we obtain

Au _ ff///;‘é/f//
9 I ?
(4.6) _ (ff/flllff/2f//72ff//2)
/u’f(u) - 2f//2 .

This means that M is at most of 2-type. From (4.6), we have

{ ff”/ff/f“ _ )\u7

o112

(47) ff”/*f/f“ N f(u—l) .

2f173 I’

Combining the first and the second equation of (4.7), we obtain
(4.8) Xuf (u) + F(u) (1= ) = 0.

If we solve the ordinary differential equation, we get

(4.9) flu) = cru~,

where X\ # 0, 4 # 0, ¢; € R. If we apply the solution (4.9) into the first and the
second line of the equation (4.6), we can easily see that it does not satisfies these
equations. If we choose

2
pw—1
/\%M?Al,lﬁ#?,
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then the equation (4.8) is reduced to

(4.10) (“L‘—{j) wf!(u) + fu) (1= 1) = 0.

Its general solution is given by
(4.11) Fu) = cruh=i,

The solution (4.11) provides the system (4.6). Thus the matrix A satisfies

(p=1)?*
’L —— 0 0
A= 0 u O
0 0 u
Then, the parametrization of M is given by

(4.12) x(u,v) = (u,cluﬁ_:? cos’u,cluﬁ_:f sinv) .

Fiac. 4.1:

Let 4 =0, then from (4.10), we obtain

_uf'(u)
2

fu) =0.

Its general solution is
(4.13) fu) = cru?

The solution (4.13) does not satisfies (4.7). Thus we can give the following theorems:

Definition 4.1. A surface in H3(—c?) is said to be II-harmonic if it satisfies the
condition AM'x = 0.
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Theorem 4.1. Let M be conformal surfaces of revolution given by (2.6) and ¢ # 0
in H3(—c?). Then there are no II-harmonic conformal surfaces of revolution satis-
fying the condition AMx = 0.

Theorem 4.2. Let M be conformal surfaces of revolution given by (2.6) and ¢ # 0
in H3(—c?). If the surface M satisfies the condition AMx = Ax where A€Mat
(3,R), then it is an open part of the surface (4.12).

5. Conformal Surfaces of Revolution Satisfying A''x = Ax

In this section, we will classify conformal surfaces of revolution with non-degenerate
second fundamental form in H3(—c?) satisfying the equation

(5.1) Allly — Ax,
where A = (a;;) € Mat(3, R) and
(5.2) Ay, — (AT, ATy ATy )

By straightforward computation, the Laplacian operator on M with the help of
(3.2), (3.3), (3.5), (5.2) and (2.9) turns out to be

e4f_'u (f///_cf//>+€2cuf/ <f///f/_f//2)

2]0//3 )
(53) AIIIXZ. _ e2¢t g U(_ezuu <f//2 +f/(cf//_f///)) +f/2 (f///f/—Qf//2))
2y ’
e sinw (e (17 (cf = ")) +17 (171 =24"))
21

Suppose that M satisfies (5.1). Then from (5.1) and (5.2), we have
(5.4) a11u + a1 f(u) cosv + arzf(u) sinv = A(u)ezcu

ap1U + aga f (1) cos v + ass f(u) sinv = B(u)e*** cosv

az1u 4 aza f(u) cosv + azz f(u) sinv = B(u)e**sinw,
where

e2cu (f/// _ Cf”) + f (f///f/ _ f//z)
f2f//3
(_eQCu (f//2 + £ (Cf” _ f///)) + f/2 (f///f/ . 2f//2))
f2fu3 :

Since the functions cosv,sinv and the constant function are linearly independent,
by (54) we get 12 = 13 = A21 = A23 = A3]1 = A32 = O , a11 = )\,CLQQ = aszz = W.

2
£
I
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Consequently the matrix A satisfies

A=

o O >
o' O©
= © o

and (5.4) is rewritten as the following:

eheu (f/// _ Cf”) + ezcuf/ (f///f/ _ f//2)
(5.5) Au = i ,

e2en (—e2en (f7 s fref = ) + 17 (1 =20
I |

Combining the first and the second equation of (5.5), we obtain

pf(u) =

(5.6) U T P = u = 0

In the cases {c Z0,A# 0, u=0},{c#£0,A=0,u#0},{c#0,A#0,u # 0} and
{c=0,A#0,p=0},{c=0,A=0,u#0},{c=0,A#0, # 0}, we can not ob-
tain any conformal surfaces of revolution in H?(—c?) and E3, respectively. Because
the second order nonlinear differential equation (5.6) cannot be solved analytically.
We will discuss two cases according to constant c.

Case 1: Let ¢ #0,A =0, =0, from (5.6), we obtain

(57) €4cu + €2cu]¢-12 =0.
Its general solution is

cu
(5.8) flw) = e £i—,

Case 2: Let c=0,A=0,1 =0, from (5.6), we obtain
(5.9) 1+ 17 =o0.

The general solution of the equation (5.9) is given by
(5.10) f(u) =c1 tiu.

Since the solutions (5.8) and (5.10) are complex, it is a contradiction. Thus we can
give the following theorem:

Definition 5.1. A surface in H3(—c?) is said to be III-harmonic if it satisfies the
condition A™Mx = 0.
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Theorem 5.1. Let M be conformal surfaces of revolution given by (2.6) and ¢ #
0 in H?(—c?).Then there are no III-harmonic and non III-harmonic conformal
surfaces of revolution satisfying the conditions A™x = 0 and AMx = Ax, where
AeMat (3,R), respectively.

Theorem 5.2. Let M be conformal surfaces of revolution given by (2.6) and ¢ =0
in E3. Then there are no III-harmonic and non III-harmonic conformal surfaces
of revolution satisfying the conditions A"'x = 0 and A"'x = Ax, where AcMat
(3,R), respectively.
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Abstract. This short note concerns with two inequalities in the geometry of gradient
Einstein solitons (g, f,\) on a smooth manifold M. These inequalities provide some
relationships between the curvature of the Riemannian metric g and the behavior of
the scalar field f through two quadratic equations satisfied by the scalar A. The simi-
larity with gradient Ricci solitons and a slight generalization involving a g-symmetric
endomorphism A are provided.

Keywords: gradient Einstein solitons; smooth manifold; Riemannian metric; g-symmetric
endomorphism.

1. Introduction

Let (M™,g) be an n-dimensional Riemannian manifold endowed with a smooth
function f € C°°(M); an excellent textbook in Riemannian geometry is [6]. The
scalar field f yields the Hessian endomorphism: hy : X(M) — X(M), hy(X) =
VxVf, where V is the Levi-Civita connection of g. Then we know the symmetry
of the Hessian tensor field of f: Hy(X,Y) := g(hs(X),Y), namely H;(X,Y) =
H¢(Y,X). What follows is the existence of a g-orthonormal frame field E =
{Ei}i=1,..n C X(M) and the existence of the eigenvalues A = {N}i=1,...n C
C>(M):

(1.1) hy(E:i) = AiE;.
Hence we express all the geometric objects related to f in terms of the pair (E, \)

which we call the spectral data of f:

n n

(12) Vf= ZEi(f)Ei IVAIE =D BN, hp(X) =) (AX")E;,

i=1 =1
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for X =" | X"E;. Also the Hessian and the Laplacian of f are:

(1.3) Hp(X,Y)=> N(XY), Af:=TrgHp=Y ).
i=1 1=1

Let us remark that if V f does not have zeros and FE; is exactly its unit vector field

ie. B1 = %, then Vf is a geodesic vector field: VvV f = AV f which means

that the flow of V f consists in geodesics of g.

2. Results

Assume now that the triple (g, f, A € R) is a gradient Einstein soliton on M, [2,
p. 67]:
. R
(2.1) HerchJr()\E)gO,
where Ric is the Ricci tensor field of ¢ and R is the scalar curvature. Einstein
solitons generate self-similar solutions of the Einstein flow (1.1) of [2] and are more

rigid than the well-known Ricci solitons. By considering the Ricci endomorphism
Q € T1(M) provided by:

(2:2) Rie(X,Y) = g(QX,Y),
we can express (2.1) as:
(2.3) hf+Q+(/\§>IO

with I the Kronecker endomorphism. From (2.3) we get that @ is also of diagonal
form with respect to the frame E:

n R ] n R 2
20 Q) =-Y (vra-1)xE, a3 (va-1)
i=1 =1
By developing the second formula above we derive:

n n R2
=112 2 2 _
||ch||gf;A,. +(2>\R)Z/\i+n</\ AR+T> .

i=1

RQ
(2.5) = ||Hf||§+(2A—R)Af+n(AQ—AR+ T)‘

Hence the scalar X is a solution of the quadratic equation:
nR ) nR?
(2.6)  nA*+2 (Af — 7) A+ <||Hf||§ — ||Ric|l? + - - RAf) =0

which means the non-negativity:

/ nR ? 2 .2 nR2
(27)  0< A= (Af - ) —n(llH ]}~ |Ricll} + =~ RAS ).
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It follows a lower boundary of the geometry of g in terms of f:
. 1
(2.8) 1 Ricllg > [ Hyllg = —(Af)%

An 7exotic” consequence is provided by the case of strict inequality in (2.7), more
precisely, it follows that the data (g, f, A) is doubled by (g, f,22L R = fbe — )\).

n

Example 1 i) (Gaussian soliton) We have (M = R"™, g.q,) and f(z) = —5||z[|*.
It results hy = —AI,, and Af = —nA. Since |[Hf||? = nA?, the left hand side of
(2.6) is:

R Rr?
nA\*+2 (Af — ”7) A+ (||Hf||§ — ||Ric|? + ”T - RAf> = nA?+2(—nA)A+n\?

which is exactly zero. Also: A’ = (n\)?2—n(nA?>—0) = 0 which means the uniqueness
2
of X\ and the equality case in (2.8): 0 = n\? — %

ii) A generalization of the previous example is provided on a Ricci-flat manifold by

a smooth function f satisfying a generalization of Hessian structures:

(2.9) Hy = —)g.

Then Af = —nA and ||Hf||> = nA\? exactly as for the Gaussian soliton. Using
Lemma 4.1. of [3, p. 1540] it results form (2.9) that V f is a particular concircular
vector field: hy = —\I; hence \y = ... = A\, = —\ is the spectral part of the

spectral data of f. If Vf is without zeros it follows from Theorem 3.1. of [3, p.
1539] that (M, g) is locally a warped product manifold with a 1-dimensional basis:
(M, g) = (I CR,gean) X (F" 1 gr). In fact, Vf = gp(s)% with ¢’(s) = —\ which
means an affine warping function, ¢(s) = —As+C. O

A new quadratic equation, similar to (2.6), follows from:
(2.10) Af+(1—g)R+n/\:0

obtained by tracing (2.1). Hence the companion equation of (2.6) is:

2 n .12 o  n—4
(2.11) n\ +2(1§)R>\+(||ch||g||Hf||g+ 1 R>O.

The new inequality is then:

2 -4
(2.12) OSszﬁ—gyz#—anM@—wnﬁ+"4 W)

and it results a lower boundary of the behavior of f in terms of the geometry of g:

) R? 1
(2.13) 1HlI5 = 1 Riely = == =~ > (= 1)
i#]
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We remark that (2.8) and (2.13) can be unified in the double inequality:

1 ‘ R?
(2.14) 2 = (AF)? < |1Ricl2 < | Hyll2 + =

and the simultaneous equalities for n > 3 hold if and only if R = Af = 0= X and
H¢ = —Ric; hence f is a harmonic map on a steady gradient Einstein soliton. The
vanishing of the right-hand side of (2.13) means that g is an Einstein metric; other
interesting aspects concerning the functional Fy := % on the space of non-flat

metrics appear in [5]. This raises the first future problem to study the similar

functional Fg = ﬁﬁf =z on the space of smooth functions which are not linear on

M after the name from [6, p. 283]. Remark that for the Hessian structures (2.9)
we have a constant and maximal F ;’ =n.

Example 1 revisited i) (Gaussian soliton) The inequality (2.13) becomes
nA? > 0.
ii) Again, (2.13) means nA% > 0.
iii) (relationship with gradient Ricci solitons) If R = 0, then the gradient Einstein
soliton becomes a gradient Ricci soliton and we remark that (2.14) is exactly the
double inequality (20) of [4, p. 3339]. The explication of this fact is provided by
the following remark. O

Remark An unified proof of the double inequality (2.14) is provided by the
following relation satisfied by an Einstein soliton, which is a direct consequence of
the equations (2.5) and (2.10):

(2.15) n (1Hll; = | Ricll3) = (Af)? —

and it is important to point out that this equation does not involves the scalar A.
In other words, (2.15) is a universal formula of the gradient Einstein solitons. With
A= A+ % we get that (2.15) holds also for gradient Ricci solitons and hence we
obtain the similarity between gradient Ricci and Einstein solitons with respect to
(2.14). O

Returning to (2.3) we remark that the Ricci endomorphism @ commutes with
hy for an Einstein or Ricci gradient soliton. It results the commuting property also
for the Einstein endomorphism:

(2.16) Einsty :=Q — EI
n

which is the trace-free part of Q. We will assume now that the data (g, f, \, u € R)
satisfies:
(2.17) hy+ Q@+ M + pFEinsty = 0.

The corresponding relation in terms of Ricci endomorphism is:

(2.18) hf+(].+,uz)Q+(/\%R>IO
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or, for p # —1:
(2.19) h

A uR _
+Q+(1+u_n(1+u)>1_0'

This last equation is an example of p-Einstein soliton as is introduced in Definition

1.1 of [2, p. 67] with p = n—(llj_—u) and (f, A) of [2] replaced by ﬁ(f, A).

£
1+p

Hence we naturally arrive to the following slight generalization of all the above
considerations. Fix a g-symmetric endomorphism A € 7;(M) which is also diagonal
with respect to the frame E:

(2.20) A(E;) = piE;,  pi € C*(M).
Hence A and hy commutes: Ao hy = hy o A. We introduce:
Definition The data (g, f, A\, p € R) is an A-Ricci gradient soliton if:

(2.21) hy+Q+ M +pA=0.

We get that A commutes also with @) and the corresponding generalization of
(2.15) is:
(22200 [ Hy |l = | Ricll + @2 | Al + 20T rg(hy 0 A)] = (Af + pTryA)* — R?

yielding the double inequality:
1 .
1l = —(Af + pTrgA)* + p* | Allg + 2uTrg(hy 0 A) < || Ricg <
, I 2 2
(2.23) < | Hpl2 4+ + 2| AJ12 + 24Ty (g o A).
There is another problem: to find remarkable endomorphisms commuting with

a given hy. We will finish this note with an example.

Example 2 Suppose that (M, g) is a hypersurface in (N"*! g) and let A = S
be the shape endomorphism of M commuting with h; for the fixed scalar field
f e C®(M). If (g, f,\,u € R) is a shape-Ricci gradient soliton on M ie. (2.21)
holds for S, then denoting by H the mean curvature of M, we get:

1 ,
1 fllg = —(Af + pH)? + i Slg + 2uTrg(hy 0 §) < || Ricllg <

R2
(2.24) < HfI2+ = + p2|SI2 + 26Ty ks o ).

We point out that immersions of (almost) Ricci solitons into another Riemannian
manifold are studied in [1]. O
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Abstract. In the present paper, biharmonic Legendre curves with respect to Schouten-
Van Kampen connection have been studied on three-dimensional f-Kenmotsu manifolds.
Locally ¢-symmetric Legendre curves on three-dimensional f-Kenmotsu manifolds with
respect to Schouten-Van Kampen Connection have been introduced. Also, slant curves
have been studied on three-dimensional f-Kenmotsu manifolds with respect to Schouten-
Van Kampen connection. Finally, we have constructed an example of a Legendre curve
in a 3-dimensional f-Kenmotsu manifold.

Keywords: Legendre curves; f-Kenmotsu manifold; Locally ¢-symmetric Legendre
curves; Schouten-Van Kampen connection; Slant curve.

1. Introduction

In the study of contact manifolds, Legendre curves play an important role, e.g., a
diffeomorphism of a contact manifold is a contact transformation if and only if it
maps Legendre curves to Legendre curves. Legendre curves on contact manifolds
have been studied by C. Baikoussis and D. E. Blair in the paper [2]. Originally, the
notion of Legendre curve was defined for curves in a contact three-manifolds with
the help of a contact form. This notion of Legendre curves can be also extended to
almost contact manifolds [22]. Curves satisfying the properties of Legendre curves
in almost contact metric manifolds are known as almost contact curves [5]. In
[16], A. Sarkar, S. K. Hui and M. Sen have studied Legendre curves on three di-
mensional trans-Saskian manifold. J. Welyzcko [22], studied Legendre curves on a
three-dimensional trans-Sasakian manifolds with respect to Levi-Civita connections.
In [5], the authors have introduced a 1-parameter family of linear connections on
three-dimensional almost contact metric manifolds to study biharmonic curves on
almost contact manifolds. The author has studied some curves on three-dimensional
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trans-Sasakian manifolds with semi-symmetric metric connection [14]. The author
of the present paper has also studied some curves on a-Sasakian manifolds with
indefinite metric [15]. The Schouten-Van Kampen connection is one of the most
natural connections adapted to a pair of complementary distributions on a differen-
tiable manifold endowed with an affine connection [3],[6], [17]. Solov’es investigated
hyperdistributions in Riemannian manifolds using Schouten-Van Kampen connec-
tion [18]. Then Olszak studied the Schouten-Van Kampen connection to an almost
contact metric structure [13]. He characterized some classes of almost contact met-
ric manifolds with Schouten-Van Kampen connection and found certain curvature
properties of this connection of these manifolds. In the present paper, we are inter-
ested to study biharmonic Legendre curves with respect to Schouten-Van Kampen
connection on a three-dimensional f-Kenmotsu manifold. We also introduce locally
¢-symmetric almost contact curves with respect to Schouten-Van Kampen connec-
tions on a three-dimensional f-Kenmotsu manifold.

The present paper is organized as follows: After the introduction, we have given
some required preliminaries in Section 2. In Section 3, we have studied biharmonic
Legendre curves with respect to Schoute-Van Kampen connection. In Section 4,
we have considered locally ¢-symmetric Legendre curves on three-dimensional f-
Kenmotsu manifolds with respect to Schouten-Van Kampen connection. In Section
5, we have studied slant curves with respect to Schouten-Van Kampen connection.
In the last section, we have constructed an example of Legendre curve in a three-
dimensional f-Kenmotsu manifold.

2. Preliminaries

Let M be a connected almost contact metric manifold with an almost contact metric
structure (¢,&,n,g), that is, ¢ is an (1,1) tensor field, £ is a vector field, n is an
1-form and g is compatible Riemannian metric such that

(2.1) P’X =X +n(X)E, n) =1, ¢£=0, np=0,
(2.2) 9(0X, dY) = g(X,Y) = n(X)n(Y),

for all X, Y € T(M) [1]. The fundamental 2-form ® of the manifold is defined by
(2.4) O(X,Y) = g(X, oY),

for X, Y € T(M). An almost contact metric manifold is normal if [¢, ¢](X,Y) +
2dn(X,Y)¢ =0.

An almost contact metric structure (¢,£,7,¢g) on a manifold M is called f-
Kenmotsu manifold if this may be expressed by the condition [11]

(2.5) (Vxo)Y = f{g(¢X,Y)§ —n(Y)o X},
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where f € C°°(M) such that df Anp = 0 and V is Levi-Civita connection on M.
If f = a=constant# 0, then the manifold is an a—Kenmotsu manifold [7]. 1-
Kenmotsu manifold is a Kenmotsu [8]. If {=0, then the manifold is cosymplectic
[7]. An f-Kenmotsu manifold is said to be to be regular if f2 + f’ # 0, where
;=€)

For an f-Kenmotsu manifold it follows that

(2.6) Vx§ = X —n(X)E},
Then using (2.6), we have
(2.7) (Vxn)Y = f(g(X,Y) = n(X)n(Y)).

The condition df A1 = 0 holds if dim M> 5. This does not hold in general if dim
M=3 [12]. In a 3-dimensional f-Kenmotsu manifold M, we have [12]

RX,Y)Z = (§+2f2+2f){g(V.2)X - g(X, 2)Y}

— (54324 3){9(Y, 2)n(X0)E — g(X, Z)n(Y)¢
(2.8) + n(Y)(2)X —n(X)n(2)Y},

(29)  S(XY) =G+ 2+ f)g(XY) = (5 +3F2+ 37 m(X)n(Y),

(2.10) QX = (5 + 7+ )X = (5 43+ 37 m(Xe.

where R denotes the curvature tensor, S is the Ricci tensor of type (0,2), Q is the
Ricci operator and r is the scalar curvature of the manifold M.

The Schouten-Van Kampen connections [9], [13] V and the Levi-Civita connec-
tion V are related by

(2.11) VxY = VxY —n(Y)Vxé+ (Vxn)(Y)E,

for all vector fields X, Y on M. With the help of (2.6) and (2.7), the above equation
takes the form

(2.12) VxY = VxY + f{g(X,Y)¢ —n(Y)X},

for an f-Kenmotsu manifold. So, we obtain the following Proposition by using
(2.1)-(2.6) and (2.10):
Proposition 2.1. The Schouten-Van Kampen connections V on f-Kenmotsu man-
ifold, we have the following properties Vg = 0, @77 = 0 and V& = 0. Also from
(2.10), the tensor T of the Schouten-Van Kampen connection is [21]

(2.13) T(X,Y) =n(X)Vy€& —n(Y)VxE+2dn(X,Y)E,
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for all fields X, Y on M.

Let ?A-Y denote the covariant differentiation along v with respect to Schouten-
Van Kampen connection on M. We shall say that v is a Frenet curve with respect
to Schouten-Van Kampen connection if one of the following three cases holds:

(a) 7 is of osculating order 1, i.e., Vit = 0 (geodesic).
(b) v is of osculating order 2, i.e., there exist two orthonormal vector fields

t(= %), n_and a non-negative function k (curvature) along v such that V¢t = kn,
th = —kt.

(c) v is of osculating order 3, i.e., there exist three orthonormal vectors t(= %),
n, b and two non-negative functions k(curvature) and 7(torsion) along v such that

(2.14) Vit = kn,
(2.15) Vin = —kt 4 7b,
(2.16) Vib = —7n.

The vector fields ¢t and n along 7y in the above equations are related by n = ¢t
and hence b = £ along «. With respect to Schouten-Van Kampen connection, a
Frenet curve of osculating order 3 for which k is a positive constant and 7 = 0 is
called a circle in M; a Frenet curve of osculating order 3 is called a helix in M if k
and 7 both are positive constants and the curve is called a generalized helix with

respect to Schouten-Van Kampen connection if § is a constant.

A Frenet curve < in an almost contact metric manifold is said to be almost
contact curve if it is an integral curve of the distribution D = kern. Formally, it is
also said that a Frenet curve  in an almost contact metric manifold is an almost
contact curve if and only if n(¥) = 0 and g(4,%) = 1. For more details we refer
(2], [4], [10], [22]. It is to be mentioned that in the paper [5], curves satisfying the
above properties on almost contact manifolds have been termed as almost contact
curve while Welyczko [22] has termed such curves on almost contact manifolds as
Legendre curves. Henceforth, by Legendre curves on almost contact manifolds we
shall mean almost contact curves.

A Frenet curve is called a slant curve if it makes a constant angle with Reeb
vector field . If a curve v on an almost contact metric manifold is a slant curve
then n(¥) = cos@ and g(¥,7) = 1 where 0 is a constant and is called slant angle. In

s

particular if the angle is 7, the curve becomes a Legendre curve.

3. Biharmonic almost contact curves with respect to Schouten-Van
Kampen connection

In this section we study biharmonic almost contact curves on a three-dimensional
f-Kenmotsu manifold with respect to Schouten-Van Kampen connection.

Definition 3.1. A Legendre curve vy on a three-dimensional f-Kenmotsu man-
ifold is called biharmonic with respect to Schouten-Van Kampen connection if it
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satisfies the equation [5]
(3.1) Vit 4+ Vi T(Vit,t) + R(Vyt, t)t = 0,

where T is torsion of the Schouten-Van Kampen connection and 4 =t is tangent
vector field of the curve.

Let us consider a Legendre curve v with respect to Schouten-Van Kampen con-
nection on a three-dimensional f-Kenmotsu manifold. We take {¢, ¢t,£} as right
handed system when ¢t = —n, ¢n =t.

Let R and R be the Riemannian curvature tensor with respect to Schouten-Van
Kampen connection and Levi-civita connection respectively. Then the relation be-
tween R and R is given by [9]

R(X.Y)Z = R(X,Y)Z+ fHg(Y.2)X —g(X,Z)Y}
(3.2) + 9V, 2)n(X)€ = g(X, Z)n(YV)E +n(Y)n(2)X = n(X)n(2)Y'}.
For a Legendre curve 7(t) = 0,17(n) = 0 because we have considered Frenet frame

as {t,¢t, &} as a right handed system when ¢t = —n, ¢n = t. Using this facts in
(3.2) and considering (2.8), we get

(3.3) R(n,t)t = (g +3£2 4+ 2f )n.
By Frenet formula (2.15), (2.16), (2.17) and (2.18) we get

(3.4) Vit = —3kk't + (K" — k3 — &73)n + (27F" 4 &7')b,
where n = —¢t, b = £. In view of (2.13)

(3.5) ViT(Vit, t) = 0.
By virtue of (3.3), (3.4) and (3.5) we get

Vit+ kR(n,t)t = —3kk't+ {k" -k — &7+ l%(% +3f%+2f)}n
(3.6) + (27F + &7)b.

By virtue of (3.1) and observing the components of the right hand side of (3.6),
we get & and 7 are constant such that #2472 = 5+ 3f2+2f'. Hence we can state
the following theorem
Theorem 3.1. Let v be a non-geodesic Legendre curve with respect to Schouten-
Van Kampen connection on three-dimensional f-Kenmotsu manifold. Then the
Legendre curve is a helix with respect to the Schouten-Van Kampen connection
such that &2 4 72 = 5+ 3f2 +2f'. The converse statement is true if the torsion
tensor is constant along ~.
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4. Locally ¢-symmetric Legendre curves with respect to Schouten-Van
Kampen connection

The notion of locally ¢-symmetric manifolds was introduced by T. Takahashi [19]
in the context of Sasakian geometry. Since every smooth curve is a one-dimensional
differentiable manifold, we may apply the concept of local ¢-symmetry on a smooth
curve. In [14], locally ¢-symmetric Legendre curves have been studied.

Definition 4.1. With respect to Schouten-Van Kampen connection a three-
dimensional f-Kenmotsu manifold will be called locally ¢-symmetric if it satisfies

(4.1) ¢*(VwR)(X,Y)Z =0,

for all vector fields X,Y, Z, W orthogonal to &.

Definition 4.2. With respect to Schoutn-Van Kampen connection a Legen-
dre curve v on a three-dimensional f-Kenmotsu manifold will be called locally ¢-
symmetric if it satisfies o
(4.2) #*(ViR)(Vit, t)t =0,

where t = 7. Here we shall establish the following:

Theorem 4.1. A necessary and sufficient condition for a non-geodesic Legendre
curve on a three-dimensional f-Kenmotsu manifold with constant structure function
to be locally ¢—symmetric with respect to the Schouten-Van Kampen connection is
r = —6f2, where r is the scalar curvature of the manifold with respect to Levi-Civita
connection.

By definition of covariant differentiation of the Riemannian curvature tensor R
of type (1, 3) we obtain
(ViR)(Vit, t)t = ViR(Vyt, t)t — R(V?t,t)t — R(Vyt, Vit)t — R(Vt, t)Vit.
Using Serret-Frenet formula, from the above equation we get

(ViR)(Vit,t)t = ViR(Vit,t)t + E*R(t, t)t — k7 R(b, t)t
(4.3) — E'R(n,t)t — E*R(n,n)t — k*R(n, t)n.

After some straightforward calculation, the above equation together with (3.3)
and (2.18) we have

(4.4) (VeR)(Vt, )t = zé(g +3F2 4 2f )n + 15%(; 4324+ 2f)¢.
Applying ¢? in both sides of the above equation, we have

(45)  GA(VR)(Vat, t)t = fz;(g L3241 2fYn— 12%(% F3f2 4 2.

By virtue of (4.2) and the above relation, the theorem follows.
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5. Slant curves in a three-dimensional f-Kenmotsu manifold with
respect to Schouten-Van Kampen connection

Definition 5.1. A unit speed curve 7 in an almost contact metric manifold
M(p,&,m,g) is said to be slant if its tangent vector field makes constant angle
0 with £ ie., n(¥) = cosf is constant along . By definition, slant curves with
constant angle 7 are called Legendre curves or almost contact curves. Slant curves
in 3-dimensional Kenmotsu manifolds with respect to semi-symmetric metric con-
nection have been studied by W. Tang, P. Majhi, P. Zhao and U.C. De [20]. In
this section, we are interested to study slant curves on 3-dimensional f-Kenmotsu
manifolds with respect to Schouten-Van Kampen connection. Let us consider a unit
speed curve 7 on a f-Kenmotsu manifold, by virtue of (2.12) we get

(5.1) Vit = Vit + f(§ = n(t)t),

where V is Levi-Civita connection. Now if v is a Legendre curve in M and
{t,n,b} the Frenet frame along =, then the tangent vector field t can be defined by
t=4. Then from (5.1) we get

(5.2) Vit = Vit + f€.

Then from above equation we have: B
Proposition 5.1. The curvature vector field Vt coincides with the V,t if and only
if the manifold is cosymplectic.

Let « be a non-geodesic Frenet curve in three-dimensional f~-Kenmotsu manifold
with Schouten-Van Kampen connection.

Differentiating the equation g(t, &) = cosf with respect to t along v we get
(5.3) Vig(t,&) — g(Vit, §) — g(t, V&) = 0.
Using (2.12) in the above equation we get,

(5.4) gn(n) = —sind.¢’,

where {t,n, b} is Frenet frame with t = 4. If 7 is slant curve, then above equation
reduces to

(5.5) En(n) = 0.

Therefore, from the above equation we can state the following proposition:
Proposition 5.2. A non-geodesic curve 7 in a three-dimensional f-Kenmotsu
manifold with Schouten-Van Kampen connection is slant if and only if it satis-
fies n(n) = 0.

Hence the reeb vector field £ can be written as follows & = cos 8t Fsin #b. This means
that the reeb vector field is in the plane spanned by ¢ and b, namely g(§,n) = 0. On
the other hand, with respect to an adapted local orthonormal frame fields X, ¢X,
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& of M such that n(X) = 0 we have the following equalities of the Frenet vector
fields ¢, n, b for some function A(s),

t = sinf{cos AX + sin \¢X } + cos 6¢,

n = —sin AX + cos \p X,
b= Fcosfcos A\ X F cosfsin \pX =+ cosecHE.
Differentiating the equation g(&,n) = 0 along the slant curve v of M, it follows that

g(?t"% 5) + g(n7 @té-) = 07
using (2.6) and (2.12) we get
kcosf £ 7sinf = 0.

Hence we can state the following theorem:
Theorem 5.1. If a non-geodesic curve of a three-dimensional f-Kenmotsu manifold
with respect to Schouten-Van Kampen connection is a slant curve, then £ =constant.

6. An example of a three-dimensional f-Kenmotsu manifold with
respect to Schouten-Van Kampen connection

In this section, we would like to construct an example of a three-dimensional f-
Kenmotsu manifold with respect to Schouten-Van Kampen connection.

We considered a three-dimensional manifold M = {(xz,y, z) € R3, 2 # 0}, where
(2,9, ) are the standard coordinates in R®. The vector fields

9 -9 L _9
ox’ 2T oy 27 0z

are linearly independent at each point of M. Let g be the Riemannian metric defined
by

61:Z2

g(617e3) = g(627e3) = 9(61762) = 07 g(€1,€1) = 9(62762) = 9(63783) =1

Let n be the 1-form defined by n(Z) = g(Z,e3) for any Z € x(M). Let ¢ be the
(1,1) tensor field defined by ¢(e1) = —eq, ¢(e2) = e1, ¢p(es) = 0. Then using the
linearity of ¢ and g we have

n(es) =1,  P*Z=-Z+n(Z)es,  g(¢Z,¢W) = g(Z,W) = n(Z)n(W),
for any Z, W € x(M). Thus for e5 = &, (¢,&,7,g) defines an almost contact metric
structure on M. Now, by direct computations we obtain

2
Les] =0, Les] = —Zes, es] = —Zey.
[e1, ea) [e2, €3] zeg [e1, es) zel
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By Koszul formula

2
Ve, €3 = *561,
v6263 = 72627
V6363 = O,

2
v6162 = Oa VEIel = —3¢€3,
2
v€262 = —3€s, vegel = Oa
Vesea =0, Ve,e1 = 0.

From above we see that the manifold satisfies Vx& = f(X—n(X)E) for £ = ez, where
f= —%. Hence the manifold is a f-Kenmotsu manifold. Now the Schouten-Van
Kampen connection on the manifold we have

?6163 - (7% - 7")61,
Y62e3 = (_% - f)er
V6383 = _f(e3 - 5)7

Yeleg =0, ?6161 = %(63 —&),
Ve,ea = 2(e3 — &), Ve,e1 =0,
Ve3 €y = O, ve381 =0.

From above we see that V,e; = 0,(0 <i,j < 3) for £ = ez and f = —2_ Hence the
manifold is f-Kenmotsu manifold with respect to Schouten-Van Kampen connection.

Example 6.1. Consider a curve v : I — M defined by ~(s) = (\/gs, \/gs, 1).

Hence 41 = %, where 9 = \/g and 43 =0, v(s) = (71(s),72(s),v3(s)). Now

n(y) = g(¥,e3) = g(i1e1 + Yae2 + jzes, e3) = 0.

9,9 =

g(y1e1 + Jeea + gzes, y1e1 + Jae2 + jzes)
¥ +93 + 43

gNC

313

1.

Hence the curve is Legendre curve.
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Abstract. In this article, we generalize and improve the results of Fadail et al.[Z. M.
Fadail and S. M. Abusalim, Int. Jour. of Math. Anal., Vol. 11, No. 8(2017), pp. 397-
405.] and Dubey et al.[AnilKumar Dubey and Urmila Mishra, Non. Func. Anal. Appl.,
Vol. 22, No. 2(2017), pp 275-286.] under the concept of a c-distance in cone metric
spaces. We prove the existence and uniqueness of the fixed point for T-contractive type
mapping under the concept of c-distance in cone metric spaces.

Keywords: Fixed point; T-contractive mapping; Cone metric space; c-distance.

1. Introduction

In 2007, Huang and Zhang[12] first introduced the concept of cone metric spaces
and they established and proved the existence of fixed point theorems which is an
extension of the Banach contraction mapping principle in to the cone metric spaces.
Recently, Cho et al.[3] introduced the concept of c-distance in a cone metric spaces
and proved some fixed point results in ordered cone metric spaces. Afterward,
many authors have generalized and studied fixed point theorems under c-distance
in cone metric spaces (see [1, 7, 8, 9, 10, 11, 14, 15, 16]). In 2009, Beiranvand et
al.[2] introduced new classes of contractive functions and established the Banach
principle. Since then, fixed point theorems for T-contraction mapping on cone
metric spaces have been appeared, see for instance [4, 5, 6] and [11].

The purpose of this paper is to extend and generalize some results on c-distance
in cone metric spaces. Throughout this paper, we do not impose the normality
condition for the cones, but the only assumption is that the cone P is solid, that is
ntP # ¢. Also, in this paper we assume R as a set of real numbers and N as a set
of natural numbers.
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2. Preliminaries

Definition 2.1. ([12]) Let E be a real Banach space and 6 denote to the zero
element in E. A cone P is a subset of E such that:

(1) P is a non-empty, closed and P # {6};
(2) If a,b are non-negative real numbers and z,y € P then ax + by € P;

3) xrePand —x € P=z=40.

Given a cone P C E, we define a partial ordering < with respect to P by =z < y
if and only if y — z € P. We write z < y to indicate that z < y but = # y, while
x < y will stand for y — x € intP, intP denotes the interior of P.

Definition 2.2. ([12]) A cone P is called normal if there is a number K > 0 such
that for all z,y € E,0 < « < y implies ||z|| < K]||y||. The least positive number
satisfying above is called the normal constant of P.

In the following we always suppose E is a Banach space, P is a cone in F with
intP # ¢ and = is partial ordering with respect to P.

Definition 2.3. ([12]) Let X be a non empty set and E be a real Banach space
equipped with the partial ordering < with respect to the cone P. Suppose that the
mapping d : X x X — F satisfies the following conditions:

(1) If 0 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if z = y;
(#4) d(z,y) = d(y,z) for all z,y € X;
(#i3) d(z,y) 2 d(z,2) +d(y, z) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Example 2.1. Let E=R? and P = {(z,y) € E: 2,y > 0} C R*, X = R? and suppose
that d : X x X — E is defined by d(z,y) = d((z1,22), (y1,y2)) = (Jz1 — y1| + |22 —
y2|, amax{|z1 — y1|, |z2 — y2|}) where o > 0 is a constant. Then (X,d) is a cone metric
space. It is easy to see that d is a cone metric, and hence (X, d) becomes a cone metric
space over (E, P). Also, we have P is a solid and normal cone where the normal constant
K=1.

Definition 2.4. ([12]) Let (X, d) be a cone metric space, let {z,} be a sequence
in X and x € X:

(1) for all ¢ € F with 6 < ¢, if there exists a positive integer N such that
d(xyn,z) < ¢ for all n > N, then {z,} is said to be convergent and {z,}
converges to x.
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(2) for all ¢ € E with 0 < ¢, if there exists a positive integer N such that for all
n,m > N, d(zy, m) < ¢, then {z,} is called a Cauchy sequence in X.
(3) if every Cauchy sequence in X is convergent in X then (X,d) is called a
complete cone metric space.

The following Lemma is useful to prove our results.

Lemma 2.1. (/13])

(1) If E be a real Banach space with a cone P and a = Aa where a € P and
0< A<, thena=20.

(2) If c € intP, 0 = a, and a, — 0, then there exists a positive integer N such
that a, < ¢ for alln > N.

Next, we give the notion of c-distance on a cone metric space (X, d) of Cho et
al. in [3].

Definition 2.5. ([3]) Let (X, d) be a cone metric space. A functionq: X xX — E
is called a c-distance on X if the following conditions hold:

(q1) 0 = gq(z,y) for all z,y € X;

(q2) q(z,2) 2 q(z,y) +q(y, 2) for all z,y, 2z € X;

(g3) foreachz € X andn > 1if ¢(x, y,) = u for some u = u, € P, then q(z,y) < u
whenever {y,} is a sequence in X converging to a point y € X;

(qa) for all ¢ € F with 6 < ¢, there exists e € F with § < e such that ¢(z,2) < e
and ¢(z,y) < e imply d(z,y) < c.

Example 2.2. ([3]) Let E = Rand P = {z € E: x > 0}, X = [0,00) and define a
mapping d : X x X — E is defined by d(z,y) = |x — y|, for all z,y € X. Then (X,d) is a
cone metric space. Define a mapping ¢ : X x X — F by ¢q(z,y) =y for all z,y € X. Then
q is a c-distance on X.

The following Lemma is very important to prove our results.

Lemma 2.2. ([3]) Let (X,d) be a cone metric space and q is a c-distance on X.
Let {z,} and {y.} be sequences in X and xz,y,z € X. Suppose that {u,} is a
sequence in P converging to 0. Then the following hold:

(1) If q(xn,y) X un and q(xn, 2) < Uy, then y = z.

(2) If ¢(n,yYn) = un and q(zn, z) < un, then {yn} converges to z.

(8) If q(xn, Tm) =< uy, for m > n, then {x,} is a Cauchy sequence in X.
(4) If a(

Yy Tn) = Un, then {x,} is a Cauchy sequence in X.



370 A. K. Dubey, U. Mishra, N. K. Singh, M. D. Pandey

Remark 2.1. ([3])

(1) q(z,y) = q(y,z) does not necessarily for all z,y € X.
(2) g(z,y) = 0 is not necessarily equivalent to x =y for all z,y € X.

Next definition taken from [2]:

Definition 2.6. Let (X, d) be a cone metric space, P a solid coneand T': X — X.
Then

(a) T is said to be continuous if lim,,_,~ @, = * implies that lim,, oo Tx, = Tz*,
for all {z,} in X;

(b) T is said to be sequentially convergent if we have, for every sequence {x,,}, if
{Tx,} is convergent, then {z,} is also convergent;

(c) T is said to be subsequentially convergent if we have, for every sequence {z,, }
that {T'z,} is convergent, implies {x,,} has a convergent subsequence.
Now, we give our main results in this paper.

3. Main Results

Theorem 3.1. Let (X,d) be a complete cone metric space, P a solid cone and q
be a c-distance on X. Let T : X — X be an one to one, continuous function and
subsequentially convergent and f : X — X be a mapping. In addition, suppose that
there exists mapping k,l : X — [0,1) such that the following conditions hold:

(a) k(fz) < k(z),l(fz) <l(z), for all z € X
(b) (k+20)(z) <1 foralz e X;
(¢) (T fx, Tfy) 2 k(x)q(Tx, Ty) + 1(x)[g(T fz,Ty) + o(T fy, T)]

for all z,y € X. Then the map f has a unique fized point x* € X and for any
x € X, iterative sequence {fx,} converges to the fized point. If w = fu, then
q(Tu, Tu) = 0.

Proof. Choose 29 € X. Set x1 = fxg, 22 = fr1 = f220,...0pi1 = fT, = [P a0.
Then we have

Ty, Trny1) = q(Tfrn1,Tfr,)

= k(@n-1)q(Ten—1,Txy) + Wzn—1)[q(T frn-1,Tzy)
(T fn, T 1))

= k(fen—2)q(TTn-1,Txn) + (frn_2)¢(Txn, Txy)
+q(Tnt1, TTn-1)]

= k(xn—2)¢(Ten—1,Tx,) + lzn_2)[q(Txn-1,TTy)

+Q(Txna Txn+1)]7
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continuing in this manner, we can get
Q(Txnv Txn+1) = k(xO)Q(Txn—lv Txn) + Z(Z‘O)Q(Tl‘n—h Txn)
+l(20)q(Txp, TTpt1)

and hence

k(xo) + 1(x0)

qTzp, Tapyr) = T—1z0) q(Txp_1,Txy)
= hq(Txp-1,Tx,)
< Rq(Tzp o, T2, 1)
=< h"q(Txo,Txy),

where h = %w < 1. Note that,

(31) Q(fonflanxn) = Q(TxnaTxn+1) ﬁ hQ(TxnflaTxn)'

Let m > n > 1. Then it follows that

(T2, Tom) = q(Tn, Tnin) + q(Tans1, T )
Foreen +q¢(Txm—1,Txy)
(R™ + W™ 4 L+ Y g(Tag, T2y)

n

PN

=< q(Tzo,Tx1) = 0 as n— oco.

1—-h

Thus, Lemma 2.2(3) shows that {Tz,} is a Cauchy sequence in X. Since
X is complete, there exists v € X such that Tz, — v as n — oo. Since T
is subsequentially convergent, {x, } has a convergent subsequence. So, there are
z* € X and {z,,} such that z,,, — 2* as i — co. Since T is continuous, we obtain
lim T'x,,, — Tx*. The uniqueness of the limit implies that T2* = v. Then by (g3),
we have

n

(32) T, Ta) < 1

kq(Txo, Txq).

Now by using (3.1), we have

q(Txn, Tfr*) = q(Tfrp_1,Tfx")
=< hq(Txp—1,Tz")
n—1
j h Q(Tx07Txl)

1-k
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n

h
(3.3) =7 hq(T;vo,T:vl).

By Lemma 2.2(1), (3.2) and (3.3), we have Tz* =T fz*. Since T is one to one,
then x* = fx*. Thus, z* is fixed point of f. Suppose that u = fu, then we have

q(Tu, Tu) = q(Tfu,Tfu)

kE(uw)q(Tu, Tu) + U(u)[q(T fu, Tu) + ¢(T fu, Tu)]
k(uw)q(Tu, Tu) + l(u)[q(Tu, Tu) + q(Tu, Tu)]

(k 4+ 21)(x0)q(Tu, Tu).

IIA

PN

Since (k+21)(z¢) < 1, Lemma 2.1(1) shows that ¢(T'u, Tu) = 6. Finally, suppose
there is another fixed point y* of f, then we have

q(Tx*,Ty") = q(Tfz",Tfy")

k(z*)q(Tx™, Ty") + 1(a")[g(T f2*, Ty") + (T fy*, Tx")]
k(z*)q(Tx", Ty") + (") [g(Tx", Ty") + ¢(Ty", Tx")]

= (k+20)(a")q(Tz*, Ty").

PN

Since (k+20)(z*) < 1, Lemma 2.1(1) shows that ¢(Ta*, Ty*) = 6. Also we have
q(Tz*,Tx*) = 0. Thus Lemma 2.2(1), Tz* = Ty*. Since T is one to one, then
x* = fa*. Therefore, the fixed point is unique O

Corollary 3.1. Let (X,d) be a complete cone metric space, P a solid cone and
q be a c-distance on X. Let T : X — X be one to one, continuous function and
subsequentially convergent and f : X — X be a mapping. In addition, suppose that
there exists mapping k,l : X — [0,1) such that the following conditions hold:

(a) k(fz) < k(z),l(fz) <l(z), for all z € X
(b) (k+20)(z) <1 for allx € X;
(¢) (T fx, Tfy) 2 k(x)q(Tx, Ty) + 1(z)[q(T fz,Tx) + q(Tfy, Ty)]

for all z,y € X. Then the map f has a unique fized point x* € X and for any
x € X, iterative sequence {fx,} converges to the fized point. If w = fu, then
q(Tu, Tu) = 0.

Theorem 3.2. Let (X,d) be a complete cone metric space, P a solid cone and q
be a c-distance on X. Let T : X — X be an one to one, continuous function and
subsequentially convergent and f : X — X be a mapping. In addition suppose that
there exists mapping k,l,r: X — [0,1) such that the following conditions hold:

(a) k(fz) < k(z),l(fz) <lz),r(fz) <r(x) for all z € X;
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(b) (k+2142r)(z) <1 for all x € X;

(c) a(Tfx,Tfy) = k(z)q(Tx,Ty) + l(z)[q(Tfy, Tx) + q(T fz, Ty)]
+r(@)a(T fz, Tx) + (T fy,Ty)]
for all z,y € X. Then the map f has a unique fized point x* € X and for any

x € X, iterative sequence {fx,} converges to the fized point. If u = fu, then
q(Tu,Tu) = 0.

Proof. Choose 29 € X. Set x1 = fxg,x2 = fr1 = f220,...0n11 = fz, = [P a0.
Then we have

q(Txn, Terpy1) = @(Tfrp-1,Tf )

k(xn-1)q(Tzn—1,Tzn) + Uzn—1)[a(T frsn, TTH—1)

+q(T frn—1,Tzn)] + r(@n—1)[q(T frn—1,TTn_1)

+q(T fy, Txy)]

k(frn—2)q(Trp—1,Txn) + U(frn—2)[q(TTn1, TTn-1)
+q(Twy, Tan)| + 17(frn—2)[q(TTn, TTn-1) + ¢(TTpt1, TTy)]
k(xn—2)q(Txp_1,Txy) + Uxn—2)[q(TTn—1,Txy)

+q(Txp, Trni1)] + r(zn—2)[q(Ten—1,Txn) + (T, TTnt1)],

PN

PN

continuing in this manner, we can get

q(Txp, Tzne1) = (k(xo) + o) + r(w0))q(TTn-1,Twn) + (I(z0)
+7(20))q(TTn, TTp41)

and hence
kE(xo) + U(zo) + 7(x0)

1—1U(zo) — r(x0)
hq(Txp-1,Tx,)
R2q(Tay—o, Txn_1)
h"q(Txo, Txy),

Q(Txn7Txn+1) = q(Tmn_l,Txn)

A TA

_ E(zo)+l(zo)+r(x0)
where h = W < 1. Note that,

(34) Q(fonfla fon) = Q(Txna Txn+1) ﬁ hQ(Txnfla Txn)

Let m > n > 1. Then it follows that

Q(Tx'm Txm) Q(Txm T$n+1) + Q(Txn—&-ly T-'L'n+2)-~-~ + Q(Txm—la Txm)
(R"™ + BT 4 L+ A g(Tao, Tay)

X0
1—-h

A TA

PN

q(Txg,Tx1) =0 as n— .
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Thus, Lemma 2.2(3) shows that {Tx,} is a Cauchy sequence in X. Since X
is complete, there exists v € X such that Tz, — v as n — co. Since T is subse-
quentially convergent, {x, } has a convergent subsequence. So there are z* € X
and {x,,} such that z,, — x* as ¢ — oo. Since T is continuous, we obtain
limTx,, = Tz*. The uniqueness of the limit implies that T2* = v. Then by
(g3), we have

n

1—-k

(3.5) q(Txp, Tx*) < q(Txo, Txy).

Now by using (3.4), we have
q(Txn, T fx)

4(T frn_1,Tfa")
< hq(Tfz,-1,Ta")

n—1

1-k

PN

h q(T‘TOaT‘Tl)

1-nh

By Lemma 2.2(1), (3.5) and (3.6), we have Tz* =T fz*. Since T is one to one,
then * = fa*. Thus, 2* is a fixed point of f. Suppose that u = fu, then we have

((Tu,Tu) = q(Tfu,Tfu)
=< k(uw)q(Tu, Tu) + U(uw)[q(T fu, Tu) + q(T fu, Tu))

r(@g(T fu, Tu) + g(T fu, Tu)
k(uw)q(Tu, Tu) + l(u)[q(Tu, Tu) + q(Tu, Tu)]
tr(w)la(Tu, Tu) + (T, Tu)]
=< (k+2042r)(zo)g(Tu, Tu).

Since (k + 21 + 2r)(xo) < 1, Lemma 2.1(1) shows that ¢(T'u,Tu) = 6. Finally,
suppose there is another fixed point y* of f, then we have

(3.6) q(Txo, Txy).

q(Tz*, Ty*)

o(T fz*, T fy")
k(a")q(Ta™, Tx®) + U(z)g(T fy*, Ta") + q(Tfa", Ty")]
+r(@)g(Tfe*, Ta™) + o(Tfy", Ty")]
= k(@")g(Ta", Ty") + Uz")|g(Ty", Tx") + ¢(Ta", Ty")]
+r(@)[q(Ta™, Ta") + q(Ty", Ty")]
= (k+20)(a")qg(Tx*, Ty")
=< (k+2042r)(x")g(Tz", Ty").
Since (k 4 20 + 2r)(2*) < 1, Lemma 2.1(1) shows that ¢(Tz*, Ty*) = 6. Also we

have, ¢(Tz*,Tz*) = 6. Thus, by Lemma 2.2(1), Ta* = Ty*. Since T is one to one,
then 2* = fx*. Therefore, the fixed point is unique. O

PN
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Theorem 3.3. Let (X,d) be a complete cone metric space, P a solid cone and g
be a c-distance on X. Let T : X — X be an one to one, continuous function and
subsequentially convergent and f : X — X be a mapping. In addition suppose that
there exists mapping k,r,l,t : X — [0,1) such that the following conditions hold:

(a) k(fz) < k(x),r(fz) <r(z),l(fz) <lz),t(fr) <t(zx) for all z € X;
() (k+r—+1+2t)(z) <1 foralxeX;

(¢) o(Tfx,Tfy) = k(z)g(Tx, Ty) +r(x)q(T fr, Tx) + 1(x)q(T fy, Ty)
+t(z)[q(T fx,Ty) + q(T fy, Tr)]

for all x,y € X. Then map f has a unique fized point x* € X and for any x € X,
iterative sequence { fx,,} converges to the fized point. If u = fu, then q(Tu,Tu) = 0.

Proof. The proof of this theorem is same as Theorem 3.1. O

Now we give an example which illustrates our Theorems 3.1.

Example 3.1. Let E=Rand P={z € E,z > 0}, let X = [0, 1] and define a mapping
d: X x X — E by d(z,y) = |z — y|e* where ¢’ € E. Then (X, d) is complete cone metric
space. Define a mapping ¢ : X x X — FE by q(x,y) = ye' for all z,y € X. Then q is
a c-distance on X. Define the mapping T, f : X — X by fz = % and T(z) = «* for
all z € X. Take mapping k,1 : X — [0,1) by k(z) = & and I(z) = £, for all z € X.
Observe that

(iii) (k+20)(z) =L +2 =102z +1) <1, forall v € X.

Now, we have

q(T fz, T fy) T fye'
318 t

256

y+1\ 4 ¢
()
= k(z)q(Tz,Ty)
= k(2)q(Tz,Ty) + U(2)[¢(T fz,Ty) + (T fy, Tz)].

PN

Therefore, all conditions of Theorem 3.1 are satisfied. Hence f has a unique fixed point
xz = 0 with ¢(0,0) = 6.
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Abstract. The aim of this paper is to prove common fixed point theorems for multi-
valued contraction of Wordowski type, by using the concept of subsequential continuity
in the setting of set valued context contractions with compatibility. We have also given
an example and an application to integral inclusions of Fredholm type to support our
results.

keywords: Subsequentially continuous; d-compatible; F-contraction; Hardy Rogers
contraction; integral inclusion.

1. Introduction

The multi-valued fixed point theory has many different applications, for example
in integral or differential inclusions, economics, optimization, etc. The contraction
principle due to Banach has been generalized in different directions and one of such
generalizations is connected to Nadler [12], where he used the Hausdorff metric
to prove the existence of a fixed point of multi valued mapping in metric space.
Later, many authors have obtained some results in non linear analysis concerning
the multivalued fixed point theory and its applications using two types of distances.
One is the Hausdorff distance and another is the d-distance which was defined by
Fisher [8]. Although d-distance is not a metric like the Hausdorff distance, it shares
most of the properties of a metric and some results on J-distance can be found
in [1, 2, 3]. In this paper, we have used a Ciri¢ type F-contraction and Hardy-
Rogers type F-contraction inequality introduced by Minak et al.[11](independently
by Wardowski and Dung [17] as F-weak contraction and Cosentino and Vetro [7]
respectively, using d-distance to establish the existence of a strict coincidence and
a common strict fixed point of a weakly compatible hybrid pair of maps which are
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strongly tangential. However, it is worth mentioning that the idea of F-contraction
was initiated by Wardowski [16], and later, it became generalized by several authors
in different directions. The examples are Minak et al. [11], Wardowski and Dung
[17], Cosentino and Vetro [7].

2. Preliminaries

Let (X, d) be a metric space, B(X) is the set of all non-empty bounded subsets
of X. For all A, B € B(X), we define the two functions:D,¢ : B(X) x B(X) — Ry
such that

D(A, B) = inf{d(a,b);a € A,b € B},

d(A, B) = sup{d(a,b);a € A,b € B}.
If A consists of a single point a, we write 6(A, B) = §(a, B) and D(A, B) = D(a, B),
also if B = {b} is a singleton we write
d(A,B) = D(A, B) = d(a,b).
It is clear that § satisfies the following properties:
0(A,B)=46(B,A) >0,
0(A,B) < (A, C)+6(C, B),
§(A, A) = diamA,
0(A,B) =0 implies A =B = {a},

for all A, B,C € B(X).
Notice that for all a € A and b € B we have

D(A, B) < d(a,b) < §(A, B),

where A, B € B(X).

Definition 2.1. [14] Two mappings S : X — B(X) and f : X — X are to be
weakly commuting on X if fSz € B(X) and for all z € X:

§(Sfx, fSx) <max{d(fx,Sx),diam(fSx)}.

Definition 2.2. [10] A hybrid pair of mappings (f,S) of a metric space (X,d) is
d-compatible if

lim 0(Sfx,, fSz,) =0,

n— oo

whenever {z,} is a sequence in X such that fSx, € B(X), lim Sz, = {z}, and
n—oo

lim fz, = z, for some z € X.
n— oo
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Definition 2.3. [13] The pair of self mappings (f, g) on a metric space(X,d) is
said to be reciprocally continuous if

lim fgx, = ft
n—oo

and
lim gfxn = gt7
n—oo

where lim fz, = lim gx, =t, for some ¢ in X.
n— oo n—oo

Later, Singh and Mishra [15] generalized the concept of reciprocal continuity to the
setting of single and set-valued maps as follows.

Definition 2.4. [15] Two maps f: X — X and S : X — B(X) are reciprocally
continuous on X (resp. at t € X) if and only if fSz € B(X) for each x € X (resp.
fSt € B(X)) and

lim fSz, = fM, lim S fz, = St,

n—oo n—

whenever {z,} is a sequence in X such that lim Sz, = M € B(X), lim fz, =
n— oo n— oo
te M

In 2009, Bouhadjera and Godet Thobie [5] introduced the concept of subcompati-
bility and subsequential continuity as follows:

Two self-mappings f and g on a metric space (X, d) are said to be subcompatible
if there exists a sequence {x, } such that:

lim fz, = lim gz, =t and lim d(fgzn,gfx,) =0,
n—oo n—oo n—oo

for some t € X.

The pair (f,g) of self mappings is said to be subsequentially continuous if there

exists a sequence {z,} in X such that lim fz,, = lim gz, = z, for some z € X
— 00 n—oo

n
and lim fgz, = fz, lim gfz, = gz.
n—oo n— oo

Definition 2.5. [4]Let f: X — X and S : X — CB(X) two single and set-valued
mappings respectively, the hybrid pair (f,S) is to be subsequentially continuous if
there exists a sequence {z,} such that

lim Sz, =M € CB(X) and lim fz,=2z¢€ M,
n—oo

n—oo

for some z € X and lim fSz, = fM, lim Sfz, = Sz.
n—oo n—oo

Notice that continuity or reciprocal continuity implies subsequential continuity, but
the converse may be not.
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Example 2.1. Let X = [0,1] and d the euclidian metric, we define f, S by

o= 1—2z, 0<zxz<1 S — [0, z], 0<z<1
B i<z<l Tl z-3.2, s<z<1

We consider a sequence {x,} such that for each n > 1 we have: x, = % — %, clearly that

lim fx, = 1 e [o, l] and lim Sz, = [0, l] € B(X), also we have:
. . 1 1 1 1

Jim fSze = lim [5 4 —,1] =[5, 1] = ([0, 5]),
and 11,1 1 1

then (f,S) is subsequentially continuous.
On the other hand, consider a sequence {y,} which defined for all n > 1 by: y, =1+ %,
we have 1
nl;ngo fan = 5 € [0,1], and nl;n;o Szn =10,1] € B(X),

however 1 1

lim fSz, = lim f([—,1+ —]) # f([0,1]),

n— 00 n— 00 n n
then f and S are never reciprocally continuous.

Let F be the set of all functions F : (0, +00) — R satisfying the following conditions:

(F1) : F is strictly increasing,

(Fy) : for each sequence {a,} in X, lim «a, =0 if and only if lim F(«a,) = —oo,
n—oo n—oo

(F3) : there exists k € (0,1) satisfying lim o F(a) = 0.
a—07t

Example 2.2. Let F; : (0,400) = R, i € {1, 2,3}, defined by

1. F1(t):1nt,
2. Fo(t) =t+Int,
3. F3(t) = — ;.

Then F; € F, for each i € {1,2,3}.

Definition 2.6. [16] Let (X, d) be a metric space and T': X — X be a mapping.
For F € F, we say T is F-contraction, if there exists 7 > 0 such that for z,y € X,
d(Tz,Ty) > 0 implies 7 + F(d(Tz,Ty)) < F(d(z,y)).

Definition 2.7. [7] A self mapping T on a metric space (X, d) is a Hardy- Rogers
type F-contraction if there exists F' € F and 7 € R such that d(Tz,Ty) > 0
implies that

F(d(Tz,Ty)) < F(ad(z,y) + Bd(z, Tx) + vd(y, Ty) + Ad(z, Ty) + pd(y, Tx)),

for all x,y € X, where, a + 8 +~v+2\ =1, v# 1, u > 0.
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Definition 2.8. [11] A self mapping 7" on a metric space (X,d) is a Ciri¢ type
F-contraction if there exists F' € F and 7 > 0 such that d(Txz,Ty) > 0 implies that

T+ F(d(Tz, Ty)) < F(M(z,y)),
Vz,y € X. where M(z,y) = max{d(z,y),d(z, Tx),d(y, Ty), 3 (d(x, Ty)+d(y, Tx))}

Notice that every F-contraction is a Ciri¢ type F-contraction or Hardy-Rogers type
F-contraction but the reverse implication does not hold.

Definition 2.9. [7] A self mapping T on a metric space (X, d) is a Hardy- Rogers
type F-contraction if there exists F' € F and 7 € R such that d(Tz,Ty) > 0
implies that

F(d(T'w, Ty)) < F(ad(z,y) + Bd(z, Tx) + 1d(y, Ty) + Ad(z, Ty) + Ld(y, Tx)),
for all z,y € X, where, o+ +~v+2\A=1,yv# 1land L > 0.

Definition 2.10. [11] A self mapping T on a metric space (X, d) is a Ciri¢ type
F-contraction if there exists F' € F and 7 > 0 such that d(Tx,Ty) > 0 implies that

T+ F(d(Tz, Ty)) < F(M(z,y)),
Va,y € X, where M (z,y) = max{d(z,y),d(x,Tx),d(y, Ty), 3(d(z, Ty)+d(y, Tx))}.

Notice that every F-contraction is a Ciri¢ type F-contraction or Hardy-Rogers type
F-contraction but the reverse implication does not hold.

Definition 2.11. [1] Let (X,d) be a metric space and T' : X — B(X). we say
that T is a generalized multivalued F'-contraction, if there exists 7 such that

T+ F(§(Tx,Ty)) < F(M(z,y),
)

for all z,y € X with min{d(x,y),d(Tz,Ty)} > 0, where F' € F and M(z,y) =
max{d(z,y),d(z, Tx),d(y, Ty), 5 (d(x, Ty) + d(y, Tx))}.

3. Main results

Theorem 3.1. Let f,g: X — X be single valued mappings and S, T : X — B(X)
be multi-valued mappings of metric space (X,d). If the two pairs (f,S) and (g,T)
are subsequentially continuous and d-compatible. Then pairs (f,S) and (g,T) have
a strict coincidence point. Moreover, f,g,S and T have a common strict fized point
provided there exists T > 0 such that for all z,y in X we have:

(3.1) §(Sz,Ty) >0 implies 7+ F(6(Sz,Ty)) < F(R(z,y)),
where F' € F and

[D(fz,Ty) + D(gy, Sz)]}

R(r,y) = wax{d(fz, gy), D(f, S2), Doy, Ty), 5
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Proof. Since (f,S) is subsequentially continuous, there exists a sequence {z, } in X
such that
lim Sz, =M € B(X), lim fz,=z¢€ M.
n—oo

n— oo

lim fSz, = fM, lim Sfx, =Sz,
n—oo n—oo

Also, the pair (f,S) is §-compatible implies that

li_>m 8(fSxn,Sfrn) =086(fM,Sz) =0,

which gives that fM = Sz = {fz}, and so z is a coincidence point of f and S.
Similarly, for the pair (g,T) there exists a sequence {y,} in X such that

lim Ty, =N € B(X) and lim gy, =t€ N
n—oo

n—oo

and
lim gTy, =gN, lim Tgy, =1Tt.
n—oo n—oo

The pair (g,T') is é-compatible, implies that

lim 0(gTyn, Tgyn) = 6(gN,Tt) = 0.
n—oo

Then gN = Tt and Tt is a singleton, i.e, Tt = {gt} and ¢ is strict coincidence point
of gand T
Now, we claim fz = gt, if not by using (3.1), 6(Sz,Tt) > 0, if not d(fz,gt) <
0(S%,Tt) = 0, which a contradiction. So we have:
T+ F(0(Sz,Tt)) < F(R(2,1)).
Since Sz = {fz} and Tt = {gt}, then
D(fz,5z) = D(gt,Tt) = 0,

D(fz,Tt) = d(fz,gt)

and D(gt,Sz) = d(fz,gt). Hence
1
R(z,t) = max{d(fz,gt), D(fz, 52), D(gt, Tt), 5 (D(fz,Tt) + D(gt, Sz)) }
= d(fz,gt).
Subsisting in (3.1) we get
r 4 F(8(S2,T) < F(d(f gt)).

This yields

F(6(Sz,Tt)) <1+ F(6(S%,Tt)) < F(d(fz,gt)) = F(6(Sz,Tt)),
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F is a strictly increasing function, implies that
§(Sz,Tt)) < §(Sz,Tt),
which is a contradiction. Then fz = gt and so Sz = T't,
Now we claim z = fz, if not by taking x = x,, and y = ¢ in (3.1), §(Sz,,Tt) > 0,
otherwise letting n — oo, we get
d(z, fz) =d(z,gt) < 6(M,Tt) =0,

which contradicts that z # fz, and so we have

7+ F(6(Szn, Tt)) < F(max{d(fzn, gt), D(frn, Stn),

1

D(gt, Tt), §(D(fxn7 Tt) + D(gt, Szn))}).

Letting n — oo, we get:
F(d(z, fz) <7+ F(6(M,Tt) < F(d(z, fz)),
which is a contradiction. Hence z is a fixed point for f and S.
We will show z = ¢, if not by taking x = z,, and y = y,, in (3.1), 6(Sxy, Ty,) > 0,
if not letting n — oo, we obtain
d(zat) < 5(M>N) =0,

which is a contradiction, so we have:

T+ F(6(Szn, Tyn)) < F(max{d(fxm gyn)v D(fxm an)7

D9 Tya). 5 (D2 Tya) + Dlgun, S2.))}).

Letting n — oo, we get

F(d(z,t) < T+ F(6(M,N) < F(d(z,1)),
which is a contradiction. Hence z = ¢ and consequently z is a common fixed point
for f, 9,5 and T.
For the uniqueness, suppose there is another fixed point w and using (3.1), 6(Sz, Tw) >
0, if not d(z,t) < 6(Sz,Tt) = 0, which is a contradiction, then we have:

d(z,w) < 74+ F(0(Sz,Tw)) < F(d(z,w)),

which is a contradiction. Then z is unique. O

If f =g and S =T we obtain the following corollary:
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Corollary 3.1. Let f : X — X be a single valued mapping and S : X — B(X)
be a multi-valued mapping of metric space (X,d). Suppose that the pair (f,S) is
subsequentially continuous, as well is 6-compatible and there exists F € F and ™ > 0
such that for all z,y in X we have:

§(Sz,Sy) > 0 implies 7+ F(§(Sx,Sy)) < F(M(z,y)),

where F' € F and

1
R(w,y) = max{d(fz, fy), D(fz, Sz), D(fy, Sy), 5 [D(fz, Sy) + D(fy, Sz)]}-
Therefore, f and T have a strict common fixed point.
If S and T are single valued maps, we get the following corollary:

Corollary 3.2. Let (X,d) be a metric space and let f,g,5,T : X — X be self
mappings if the hybrid pair (f,S) is subsequentially continuous as well as compatible.
Then f and S have a coincidence point. Moreover, f and S have a common fixed
point provided there exists T > 0 such that for all z,y in X we have:

d(Sz,Ty) >0 implies 7+ F(d(Tx,Ty)) < F(R(z,y)),

where F € F and
R(r,y) = max{d(f, ), (. 52),d(gy, Ty), 3 d(f, Ty) + dlgy, 52}

Now we shall state and prove our second main result using Hardy-Rogers type F-
contractions [7] to establish strict coincidence and common strict fixed point of two
hybrid pairs of self maps.

Theorem 3.2. Let f,g: X — X be single valued mappings and S, T : X — B(X)
be multi-valued mappings of metric space (X, d) such that the pairs (f,S) and (g,T)
are subsequentially continuous as well as §-compatible. Then, the pairs (f,S) and
(g,T) have a strict coincidence point. Moreover, f,g,S and T have a common
strict fized point provided there exists T > 0 such that for oll x,y in X we have:
0(Sxz, Ty) > 0 implies

7+ F(8(S2, Ty)) < F{ad(fz,gy) + fd(fz, Sz)

(3.2) +vd(gy, Ty) + Md(fz, Ty) + Ld(gy, Sx)},

for all z,y € X with 6(Sz,Ty) > 0, where F € F, a+8+~v+A+L <1 and
L>0.

Proof. As in proof of Theorem 3.1, (f,.S) is subsequentially continuous, there exists
a sequence {x,} in X such that

lim Sz, =M € B(X), lim fz,=z2z€M

n—oo n—oo
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and
lim fSxz, = fM, lim Sfx, =Sz,
n—oo n—oo

again, the pair (f,S) is §-compatible we get

li_>m 5(fSxy,Sfr,) =0(fM,Sz) =0,

which implies that fM = Sz = {fz}, and so z is a coincidence point of f and S.
Similarly, for g and T there is a sequence {y,} in X such that

lim Ty, =N € B(X) and lim gy,=t€ N
n—oo

n— oo

and
lim gTy, =gN, lim Tgy,=1Tt.
n—oo n—oo

The pair (g,T') is é-compatible, implies that

lim 0(gTyn, Tgyn) = 6(gN,Tt) = 0.
n—oo

then gN = Tt and T't is a singleton,i.e, Tt = {gt} and ¢ is a strict coincidence point
of Band T.
We show fz = gt, if not so §(Sz,Tt) > 0, by using (3.2) we get

F(6(Sz,Tt)) <7+ F(6(Sz,Tt))
< F((a+ A+ L)d(fz,gt))
< F(d(fz,gt)) = F(6(Sz,Tt)).
Since F' is increasing, we get
0(Sz,Tt) < §(Sz,Tt),

which is a contradiction. Hence fz = gt.
Now we claim z = fz, if not by taking = x,, and y = ¢ in (3.2), §(Sz,,Tt) > 0,
otherwise letting n — oo, we get

d(z, fz) =d(z,gt) < 6(M,Tt) =0,
which is a contradiction. Then using (3.2) we get
T+ F(0(Szn, Tt)) < F{(ad(fzn, gt) + Bd(fzn, Szp)
+vD(gt, Tt) + Md(fxn, Tt) + LDd(gt, Sxy,)}.
Taking n — oo, we get
T+ F(O(M,Tt)) < F((a+ A+ L)d(z, f2))

then
F(d(z, fz)) <74+ F(6(M,Tt)) < F(d(z, f=2)),
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which is a contradiction. Hence z = fz.
We will show z = ¢, if not by taking x = z,, and y = y,, in (3.2), 6(Sxy, Tyn) > 0,
if not letting n — oo, we get:

d(z,t) < 6(M,N) =0,
which is a contradiction, using (3.2 we get:
T+ F(é(sxm Tyn)) < F(ad(fxm gyn) + 6D(fxm an)

+YD(gyn: Tyn) + AD(f2p, Tyn) + L(gyn, Szn))).
Letting n — oo, we get
F(d(z,t) <7+ F(6(M,N) < F((a + A+ L)d(2,1))

< F(d(z,1)),

which is a contradiction. Hence z = ¢ and consequently z is a common fixed point
for f,g,5 and T
For the uniqueness, suppose there is another fixed point w and using (3.2) we get:

d(z,w) < 7+ F(5(Sz, Tw)) < F(ad(z,w) + Bd(z, Sz)
+rd(w, Tw) + Ad(z, Tw) + Ld(w, Sz))
< F((a+ A+ L)d(z,w))
< F(d(z,w)),

which is a contradiction. Then z is unique. O

Example 3.1. Let X =[0,4], d(z,y) = |z —y| and f, g, S and T defined by

2 0<z<2 {2}, 0<=z<2
— — 2 — — — — k) — —
fm_gm_{L 2<x<4 T"’“"_S"”_{[g,z], 2<x<4

Consider a sequence {z,} for all n > 1 such that z, = 2 — L, it is clear that
nl;ngo fzn=2€ {2}

and
lim Sz, = {2},

n— oo

which implies that the pair (f,S) is subsequentially continuous. On other hand, we have
limn — cod(fSzn, Sfzn) = 0({2},{2}) =0,

so (f,S) is d-compatible.
For the inequality (3.1), we discuss the following cases:

1. For z,y € [0,1], we have: 6(Sz,Sy) =0, so (3.1) is satisfied for all z, y.
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2. For z € [0,1] and y € (1, 5], we have:

0(Sz, Sy) =
3. For z,y € (1,5] we have

6(Sz, Ty) =
4. For z € (1,5] and y € [0, 1] we have

1 1 1
0(Sz, Sy) = 5 <e 2 =€ 2D(fz,Sx).

Then f and S satisfy(3.1), therefore 2 is the unique common strict fixed point of f and S.

4. Application to integral inclusions

In this subsection, we shall apply the obtained results to assert the existence of
solution for a system of integral inclusions.
Let us consider the following integral inclusion systems.

(4.1) x;(t) € f(t) +/O K;(t,s,xi(s))ds,i =1,2

where f is a continuous function on [0, 1], i,e., f € C([0,1]) and K : [0, 1] x [0, 1] X
R — CB(R) is a set valued function.

Clearly X = C([0,1]) with convergence uniform metrics doo(x,y) = sup,ex |(t) —
y(t)| is a complete metric space. Assume that

1. the function K, : (¢,s) — K(t,s,z1(s)) is continuous on [0,1] x (0, 1] for all
z € C((0,1]).

2. Forall z; € X and k; € K; (i = 1,2), there exists a function ¢ : [0,1] x[0,1] —
[0, 4+00) such that

|k1(t, s, 21(8)) — ka(t, 8, 22(5)) < @(t, 8)|x1 — x2].

3. There exists 7 > 0 such that

1
sup / p(t,s)ds < e .
te[0,1] JO

4. There exist two sequences {x,}, {yn} and two elements =,y in X such that
lim Sz, = M € B(X),

n— oo

lim x, =2 M

n—oo
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and
lim Ty, = N € B(X),
n—oo

lim y, =y € N.
n—oo

Theorem 4.1. Under the assumptions (1) — (4) the system of integral inclusions
(4.1) has a solution in C((0,1]) x C([0,1]).

Proof. Define two set valued mapping:

Sar(t) = {= € X, 2(t) / Ki(t, 5,21(s))ds}),

Taa(t) = {2 € X, (1) / Ko(t, 5, 25(s))ds}.

The system (4.1) has a solution if and only if S and T have a common fixed point.
Denote Ix the identity operator on X.

From condition (4), the two pairs (Ix, S) and (Ix, ) are subsequentially continuous
as well as J-compatible.

For the contractive condition (3.1), let 1,22 € C([0,1]) and z; € Sz, then
there exists k1 € K; such that
1
P = / (s, )ds
0

for zo € f(t) + fo Ks(t,s,22(t))ds, i.e., z2(t) = f(t) + fol ka(t, s)ds, we have

|21 — 22| < /|k1(t, 8) — ka(t, s)|ds
0

1
S/ |71 — 22|p(t, 5)ds.
0

Since K;,i = 1,2 are bounded, so we have

1
sup |z1 — z2 < ||z — $2||<>o/ o(t, s)ds,
z;€X 0

which implies that
0(Sxy, Tas) < e 7d(x1,x2)

1
< e Tmax{d(z1,x2),d(x1,Sx1),d(x2, Txa), §(d(:v1, Txo) + d(z2,S21))}-
taking logarithm of two sides we get
1
In(6(Sa1, Tws)) < —7+In (max{d(ml, 72), (@1, Sa1), d(wz, T2), 5 (d(wy, Tws)+d(a2, le))}).

Hence all hypotheses of Theorem 3.1 satisfied with F(t) = Int and f = g = Ix,
therefore the system (4.1) has a solution. O
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Conclusion. We have established common fixed point theorems for two hybrid
pairs contraction of Wordowski type using d-distance without exploiting the no-
tion of continuity or reciprocal continuity, weak reciprocal continuity. Since F-
contraction is a proper generalization of ordinary contraction, our results generalize,
extend and improve the results of Wordowski [16] and others existing in literature,
for instance Acar et al. [1], Ciri¢ [6], Cosentino et al. [7], Hardy Rogers [9] and
Minak et al.[11] without using the completeness of space or subspace, and the con-
tainment requirement of range space.
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Abstract. Inthis paper, we have introduced and examined the concepts of A" —pointwise
and A" —uniform statistical convergence of order & for double sequences of real val-
ued functions. Also, we have given the concept of A™ —statistically Cauchy sequence for
double sequences of real valued functions and proven that it is equivalent to A™ —pointwise
statistical convergence of order & for double sequences of real valued functions. Some re-
lations between S2 (A™, f)-statistical convergence and strong [wj ] 5 (A™, f) —summability
have also been given.
Keywords. Statistical convergence; Cauchy sequence; summability.

1. Introduction

The idea of statistical convergence was given by Zygmund [27] ] in the first
edition of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Steinhaus [25] and Fast [11] and later reintroduced
by Schoenberg [23] independently. Many mathematicians have studied various prop-
erties of statistical convergence and applications of this concept in different areas
such as Fourier analysis, Ergodic theory, number theory, measure theory, Trigono-
metric series, Turnpike theory and Banach spaces Cimar et al. [1], Colak [2], Colak
and Altmn [3], Connor [4], Et et al. ([7],[8],[9],[10]), Fridy [12], Isik [16], Mohiuddine
et al. [18], Mdricz [19], Mursaleen [21], Et and Sengiil [24], Tripathy and Sarma [26]
and many authors have examined the relationship between statistical convergence
with sequences spaces and summability theory.

Pointwise and uniform statistical convergence of sequences of real valued func-
tions were defined by Gokhan et al. ([13],[14],[15]) and independently by Duman
and Orhan [5]. The aim of the present paper is to introduce and examine the con-
cepts of A™—pointwise and A" —uniform statistical convergence of order & for
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double sequences of real valued functions. In Section 2 we give a brief overview
of statistical convergence of order & and strong p—Cesaro summability of double
sequences of functions. In Section 3 we give the concepts of A™—pointwise and
A™—uniform statistical convergence of order & and the concept of A™ —statistically
Cauchy sequence for sequences of real valued functions.

2. Definition and Preliminaries

A double sequence x = (x;1) is said to be convergent in the Pringsheim [22] sense
if for every € > 0 there exists N € N such that |z, — L| < ¢ whenever j,k > N. In
this case, we write P — limz = L.

A double sequence x = (xjk.);ok:o is bounded if there exists a positive real num-
ber M such that |x;;| < M for all j and k, that is, ||z|| = sup |zjx| < co. Although
j,k>0

7

every convergent single sequence is bounded, a convergent_double sequence need
not be bounded.

Let K € Nx N and K (m,n) = {(j,k) : § <m,k <n}. The double natural
density of K is defined by

1
62 (K) =P —lim — |K (m,n)|, if the limit exists.
m,n mn
A double sequence x = (z;1) is said to be statistically convergent to a number L
if for every € > 0 the set {(j, k) : j <m,k <n:|zj; — L| > e} has double natural
density zero [21].

A convergent double sequence is statistically convergent but the converse is
not true in general. Also, a statistically convergent double sequence need not be
bounded.

Throughout the paper, we have taken s,t,u,v € (0,1] and written & instead of
(s,t) and S instead of (u,v). We have defined

a = 3<ﬁ>s§uandt§v

a < 3<ﬁ>s<uandt<v

a ¥ Beos=vandt=v

a € (0,1] & s,te(0,1]

3 e (0,1]<uwve(0,1]

a = lincases=t=1

B 2 lincaseu=v=1

@ > lincases>1landt>1

Let @ € (0,1] be given. The a&—double density of a subset K of N x N was
defined by Colak and Altin as follows [3]
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62(K) =P — lim

|K (n,m)|, if the limit exists.
n,m nSm

¢
62 (K¢) = 1—42 (K) holds, but 6% (K¢) = 1—62 (K ) does not hold for 0 < & < 1
in general.

A double sequence x = (1) is said to be statistically convergent order & to the
number L if for each € > 0, the set

{(jak) ]Sn,kﬁm |"Ejka| 25}
has double natural density zero, i.e.

|zjx — Ll <e a.a.(j,k)(@).

A double sequence x = (1) is said to be strongly Cesaro summable to a number
L if

The idea of difference sequences defined by Kizmaz [17] and the notion was
generalized by Et and Colak [6] such as

A™(X) ={z = (zg) : (A™zy) € X}

for X = lw, ¢ or ¢y, where m € N, A%z = (x;,), A™z = (Am_lxk — Am_lxk+1)

and so Az, = > (71)’(7?) Zi+i. Recently difference sequence spaces have been
i=0

studied in ([7], [8], [20]).

For a double sequence z = (x;;) we have generalized difference sequences as

follows: mm
A= 32 30 0 () ()i

v1=0v2=0

where Az = Tjk — Tjk+1 — Tj+1k + Tjr1e41 for all j,k € N.
3. Main Result

In this section, we have given the relations between A™ —pointwise statistical
convergence of order & and A™—pointwise statistical convergence of order § and
the relations between strong A7'—pointwise Cesaro summability of order & and
strong A —pointwise Cesaro summability of order B and the relations between
strong A7 —pointwise Cesaro summability of order & and A™—pointwise statistical

convergence of order B for double sequences of functions, where & < B
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Definition 3.1. Let & € (0,1] be given. A double sequence of functions { fjx} is
said to be A™—pointwise statistically convergent of order & (or S2 (A™, f) —summable
) to the function f on a set A if for every € > 0 and for every z € A

lim
n,mnsSm

G k) G <nk <m: A" f (2) — f(2) 2 € } =0
i.e. for every x € A,

A" fik(z) = f (@) <e  aa.(Gk) (@)

In this case, we write S2 — lim A™ fj (z) = f (z) on A. The function f is said
to be double A™—statistical limit of order & of the sequence {f;r} (or Pringsheim
A™—gtatistical limit of order &). The set of all A™—pointwise statistically conver-
gent sequences of functions order & will be denoted by S2 (A™, f).

For & € (0, 1], A™—pointwise statistical convergence of order & is well defined,
but is not well defined for & > 1. For this, a sequence of functions have been defined

{fir} by
1 j+k=2n 1
fjk(x){ijrk it ko n=1,23.,z€[0,1].
Then we calculate A fj; (z) as follows;

Afik (2)

o jtktl ; -
{ 2 -2 jt+k=2n n=123..,ze[0,1].

pIth pgitht2 9 4 k£ 2

Then for every x € A, both

{U:k) 5 <nk <me: |Af (x) = (2 - 227 | > e}

n, m—>oon mt

_o (e

- n,m—oo nsmt

=0

and

nm—>oon mt |{ j7 JSn,k‘Sm |Afjk (x)_ ($J+k—|—$‘7+k+2_2)| ZE}|

n m
< lim wzo

- n,m—oo nsmt

for & = 1, hence S2 —limAf;, (z) = 2 and S2 — lim Afj;, (z) = —2 which is
impossible.
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Theorem 3.1. Let & € (0,1], {
valued functions defined on a set A.

t
(i) If S2 —lim A™ f;), (x) = f (z) and ¢ € R, then S2 —lim cA™ fjj, (z) = cf (2) ,
(i) If S2 — im A™ fj (x) = f (z) and S2 — lim A™g;i, (z) = g (z), then S2 —
B (A™ f1, (2) + A" g, (2)) = f () + g(2) .

Proof. Omitted. O

fix} and {g;x} be two double sequences of real

!

It is easy to see that every A" —pointwise convergent sequences of function is
A™—pointwise statistically convergent of order &, but the converse does not hold.
To see this, a sequence {f;x} is defined by

1 j k=n?
h '
sz Sk #n?

fir (@) = {

Then we calculate A fj;, (x) as follows:

1 _dlthe bk o (G+)(kle
242 (k+1)%22  24+(+1)2k%2% | 2+(j+1)2 (k+1)%a? g k=n?
_ gkae  __ jk+tDx _ (+Dkz
Afjk (1’) = 2+j52k222 2452 (k+1)%z2 24 (j4+1)%2k222 1 Js k=n2-1
Jka Jk+1)x (j+1) k= (G+1)(k+1)x ; 2
PR T S RG0TE  arGrPkEE T argriaantE | S EFD

The sequence {fjr} is A—pointwise statistically convergent of order & with
52 —limAfj (x) =0 for & = %, but it is not A—pointwise convergent.

Theorem 3.2. Let &, € (0,1] be given such that & < B, then S2 (A™, f) C
SE (A™, f) and the inclusion is strict.

Proof. The inclusion part of the proof is easy. To show that the inclusion is strict,
a double sequence {f;i} is defined by

1 gk =n?
fjk (l‘) = { j2k2:1:
1

113k3a2 ji.k # n?

So we have
1o P04z DR (D2 (k+1)%
1453 (k+1)%22  14+(G+D%k322 T 14+(+1)%(k+1)%22 Jk=n®
27,2 -2 2 - 272
] o Jokfe  §(k+D)x G+
Afjk (z)= 14+73k32% — 143 (k+1)%22  1+(j+1)°k3z2 jk=n%—1"
PRz Pt D% G+ D?Re (41 (k+ D’ i,k # n?
T2/ 22  1+5%(kt1)1°22 1+(]+1) k5 2 T 14+ (k+1)% 22 I
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Then sg —limAf () = 0 for B € (L,1], but f ¢ = € S2(A,f) for & €
03] ©

Corollary 3.1. If a double sequence of functions {fji} is A™—pointwise statisti-
cally convergent of order & to the function f, then it is A™—pointwise statistically
convergent to the function f.

Definition 3.2. Let & € (0,1]. The sequence {fjr} is a A™—pointwise statis-
tically Cauchy sequence of order &, provided that for every ¢ > 0 there are two
numbers N (= N (g)), M (= M (¢)) such that

A" fir(z) — A™fym ()| <e  a.a.(j,k) (&) and for each z € A
ie.

lim
n,m—oonS mt

{0 k) 1 < nk <m o |A™ f (2) — A" fym (2)] > e} =
for each z € A.

Using the same technique in proof of [1][Thorem3.4], we obtain the proof of the
following theorem.

Theorem 3.3. Let {f;x} be a double sequence of functions defined on a set A.
The following statements are equivalent:

(9) {fjx} is A™—pointwise statistically convergent of order & to f (x) on A;

(4) {fjr} is A™—pointwise statistically Cauchy sequence of order & on A;

(41) {fjx} is a double sequence of functions for which there is a A™—pointwise
convergent sequence of functions {g;i} such that A™ fi (x) = A™ g (x) a.a. (j, k)
(&) for every x € A.

Definition 3.3. Let & € (0,1] and p be a positive real number. A double sequence
of functions {f;x} is said to be strongly A7'—pointwise Cesaro summable of order

a (or [wg] (A™, f) —summable) if there is a function f such that

lim

n,m—oon’s mtzz A f]k f(x)|p =0.

=1 k=1

In this case, we write [w?] 5 —HmA™ f (x) = f (z) on A. The set of all strongly
AJ'—Cesaro summable double sequences of functions of order & will be denoted by

[wpls (A™ ).

Theorem 3.4. Let p be a positive real number and &, 3 € (0,1] such that & < S.
Then [wf)]d (A™ ) C [wg]g (A™, f) and the inclusion is strict for some & = (s, 1)

and B = (u,v) such that & < B.
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Proof. The inclusion part of the proof is easy. To show that the inclusion is strict
define a double sequence {f;x} by

Jkx k= n2
()= Trjks  HRE=T c[1,2].
@ ={ TE IR acpy

Then we calculate Afj (z) as follows

Jjkx
1+jka g, k=n?

o= Gy
Af@) =\ TEmEM =21

0 j k #n?

Therefore we get

1 K& 2/ny/m 1
nsmtzz |Afjk(x)7f(x)|p§ nsmt = nsfémtfé *)()CLS n,m%oo
j=1k=1
and so the sequence { fjx} is strongly A,—pointwise Cesaro summable of order

a, for &, 8 € (%, 1} , but since

i:f:lAfjk(x) —f@|" > 2V/nym — 00 asmn,m — 0.

nsmt 4 2nsmt
j=1k=1

the sequence {fjx} is not strongly A,—pointwise Cesaro summable of order &,
for a,p € (O,%} . O

Corollary 3.2. Let a,f € (0, 1] and p be a positive real number. Then
(i) if & =2 B3, then [wﬂd (A™ f) = [wﬂg (A™ f),
) [wf)]d (A™, f) C [w2] (A™, f) for each & € (0,1] and 0 < p < .

Definition 3.4. A double sequence of functions { f;x} is said to be Al 1,1)—pointwise
statistically summable of order & (or (C,1,1)g, —summable) to the function f if

for every e > 0 and = € A, the set K. (0.,,) has double natural density zero. In this
case we write (C,1,1)g2 — im A™ f;, = f, where

Ke(o—mn):{(]yk) j§n>k§m|amn(Amaf)7f(x)| ZE}

and

PNy pp——— o, <N

(n+ 1) (m+1) & &
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Theorem 3.5. If a double sequence of functions { fjx} is bounded and S% (A™, f) —
summable to f then it is statistically (C,1,1)g. —summable to f, but the converse

does not hold.

Proof. Let {f;} be bounded and S2 (A™, f) —summable to f, we can write sup [A™ fix — f| =

7,k
M and K. has double natural density zero, where
Ke={(jk):j<nk<m:|A"fj () - f(2)] = e}.
Then
1 9 3 S xr) — x 71 S s xr) — x
m,&éﬁ Fin (@) = f (@)| < (n+1)(m+1)§k§|A Fin (@) = £ (2)]

1 “ s m 1 = s m
= GIDmTD >0 1A fjk(x)—f(x)Hm ST AT ik (2) — £ (2)]

J=0 k=0 7=0 k=0
(4,k)EK (e) (4, k)¢ K ()

1 n m m 1 n m m v _ .
WExDmT1) ;kg |a fjk(ﬂ*f(ﬂPrm ;}; |A™ fik (z) — f (2)]
(4,k)EK (e) (4,k)EK (e)

1
(n+1)(m+1)

which implies that P — lim 0., (A™, f) = f.

M|K (e)|+e—0asn,m— oo

For the converse if we define fj; () = (=12, 2 € (0,1) then we get

Afj () =4 (=1)"™* 2. The sequence of functions {fjr} is statistically (C,1,1)g> —
summable of order & to 0 but neither bounded nor statistically convergent. O

Definition 3.5. Let & be any real number such that & € (0,1]. A double sequence
of functions {f;x} is said to be A™—uniformly statistically convergent of order &
to the function f on a set A if, for every ¢ > 0

1
P— lim

n,m—oonSmt

HG, k) 17 <nk<m:|A"fip(x) — f(z)] > e forall z € A}| = 0.
ie, forall x € A,
|A™ fii (x) = f (2)] <& a.a.(j, k) (a)
In this case we write
SZ —lim A™ fj; (x) = f (z) uniformly on A or Séu —UmA™ f, () = f () on A.

The set of all A™—uniformly statistically convergent sequences of order & will be
denoted by So%’u (A™, ).

We can give this definition as follows:

fik, A™—uniformly statistically of order & converges to f <= for all € > 0,
JKC NxN, 62 (K) = 1 and exists (ng, mg) € K, ng = ng (€),mo = mq (€)> ,¥j > no,
k>mp and(j,k)e Kand V € A, |A™ fir, (z) — f (2)] <e.
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Theorem 3.6. Let f and fj ( for all j,k € N ) be continuous functions on
A =la,b] CR and a € (0,1]. Then S2 —lim A™ f;), (x) = f (z) uniformly on A if
and only if S2 —limc;, = 0, where ¢j ), = max |A™ fir () — f (z)].

T

Proof. Omitted. O

It follows from (3.2) that, if lim A™ f;), (z) = f (z) uniformly on A, then S2 —
lim A™ fj1, (x) = f («) uniformly on A. But the converse is not true, for this consider
a sequence defined by

3 j=m2k=n% |
fjk (l‘) = { 1+_7?'2x2 otherwise 7 k=1,23..,x € [07 1] :
So we have
3 —1
1+j%a2 j=m?k=n?
_ (G+1)
ST TG jom2— 1 k=n?
Af. — o (+D
Fin (@) 1+(j+1)%a? +3 j=m?—-1k=n%>-1
3
1452 j=m2k=n%-1
0 otherwise

Then {f;r} is A—uniformly statistically convergent sequences of order & to
f(z)=0o0n[0,1] for & € [,1] since S2 — limc;,; = 0, where

e = max |Af () —0|={ 3T m7 d=mik=n’
k= xE[Oﬁ] 7k N 0 otherwise

but {fjx} is not A—uniformly convergent on [0, 1] sinceklim ¢j.i does not exist.
— 00
It can be shown that if a sequence {f;r} is A™—uniformly statistically conver-
gent of order &, then it is A™—pointwise statistically convergent of order &, but
the converse does not hold. For this consider a sequence defined by

‘1. = -2 - e .
ik (x) 1 jngQ otherwise I B ’ €Nre [ ’ ]

then we have
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1— L5 . 2 2
14j5°x 17=m 7k; =n
_ (G+1)%x
L+ 14+(j+1)322 j:mz—l,k:nz
T T j=m2—1k=n%—1
G+ .9 g 2
otherwise

The sequence { f;,} is A—pointwise statistically convergent of order & to f (z) =
n [0,1] but {f;x} is not A—uniformly statistically convergent of order & to

f(x) =0 on [0,1] by Theorem 3.13, because

_g j=m?k=n?
1+\/j2+1 j=m?—1,k=n2
¢ = maxz € [0,1]|Af, (x) — 0] = ,\§+1 j=m2—1,k=n2-1
| j=m2k=n?-1
0 otherwise
and SC% —lim¢; ;; does not exist.
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Abstract. Let p(n) and g(n) be nondecreasing sequences of positive integers such that
p(n) < g(n) and limp—oo g(n) = oo hold. Firstly, in this paper DZ(A™")-statistical
convergence of 2 = () where A™" is r-th difference of the sequence z = (z,,) for any
r € ZT has been defined whereas the results are given under some restrictions on the
sequence p(n) and g(n). Secondly, it has been determined that the sets of sequences
A and B of the form [DZ]9, satisfy A C [D%]o(A™") C B and the sets C and D of the
form [Df]a satisfy C' < [D¥o(AT") < D.

Keywords: DZ(A+T)—statistical convergence; summability methods; Deferred Cesaro
mean; sequence space.

1. Introduction and main definitions

One of the main problems of the analysis is to determine the set of convergent
sequences of the space with considered method. Over the years, this problem has
been examined by taking into consideration different summability methods. In
recent years, this kind of works have been gained further momentum especially by
using the concept of natural density in positive integers.

The concept of statistical convergence was introduced by [16] and [9] indepen-
dently in the same year. The notion was associated with summability theory by [2]
,[10], [12, 13] and many others.

In this study, the results from [3] were extended and some new results were
obtained using Deferred Cesaro mean defined by [1] in as follows:

1 q(n)
(1.1) (Dfe)n = —mrs D

a) =2

Received December 26, 2018; accepted June 25, 2019
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406 N. Boztag and M. Kiigiikaslan

where (p(n)) and (g(n)) are sequences of nondecreasing integers satisfying

(1.2) p(n) < q(n) and lim, oo q(n) =00 .
The set of all real valued sequences will be denoted by s and U™ is denoted by

Ut :={(uy) €s: u, >0, for all n € N}.

For any a = (a,,) € UT a new set of sequences can be defined as follows:

1 q(n) "
a® F = rEeSs: W Z —k S E
AR =PIy O
where E is any sequence space. So, we get
[Dg]g Zf E = cp,
[DYs if FE=c,
a® F = b
[Dg]a Zf E= ZEXH
[Dg]g if E=l,
where
(DI :=qz€s: lim ———— — =0,
n—00 q(n) — p( ) kmp(m)+1 (692
[Di]o := { = € 5 sUp ——~—— — <00},
W g —pn) 2= o
s a(n) '
(D]t = xGS'Z; Z Tl coop 1<t <oo
Blo = : — ,
n=1 a(n) = p(n) k=p(n)+1 A
and
[DIle == q = € s: 3L € R such that lim ———— — =1L
n=>2e q(n) = p(n) k=p(n)+1 A

The idea of difference sequence space was defined by [11] and it was generalized
by [6]. Later on, [7] improved this idea by considering any sequence space X as
follows

AHT(X) = {2 = (z0) : (AT"2p) € X}
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where 7 € N, A%z := (z1), ATy, := 2 — 211 and ATz, = Z;ZO(—l)j (;)xkﬂ.

If x € AT"(X) then there exists one and only one sequence y = (y) € X such
that y, = AT"x, and

k—r . k .
AEk—7—1 Afk+r—75—1
= (M = e (T T e

where y1_, = ya—, = ... = yo = 0 for sufficiently large k, for instance k > 2m (see
more info in [4], [8]).
We can define following sets of sequences for any r > 1 as:

(n)
1 q
[DZo(AT"):=qz €s: lim ——— AT 2| =0 5,
; T,
1 q(n)
[Di]oo(ATT) :=S z € 5: sUp ——— Z AT 2| < 00 p
n q(n) —p(n) k=p(n)+1
oo 1 q(n) !
(DI (AT) = xEs:Z _— Z AT 21| <o0p,l1<t< o0
2 a2
and
q(n)
DY (AT"):= : AL €R such that lim ———— ATTx,—L|=03p.
[DI](AT"):=(w€Es €R such that lim 2 —p(n) ]FZ |AT "z, — L
=p(n)}l
In the case when ¢, = n and p, = 0, we will denote the previous sets by

[Slo(ATT), [S]ec(ATT) , [S]:(AT") and [S].(AT"), respectively.

Now, let us define [DZ],(A™") -statistical convergence of sequence for any r > 1:
Definition 1.1. A sequence x = (2,) is said [Dg]o(AT")- statistical convergent
to zero if, for every € > 0,

s
holds. It is denoted by zj, — 0([DZS]o(A*")).
The set of [D4](AT")-statistical convergent sequence is also denoted by [D2S], (A*7).
Remark 1. Tt is clear that for any positive integer r, if

AJFT‘Z]C

1.3 i
(1.3) im o

=0 q(n) — p(n)

{p(n) <k<gq(n): ’

i n) =n and p(n) = 0, then (1.3) coincides with convergence of A1 z.
(i) q(n) p(n) =0, (1.3) g
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(i) g(n) =n and p(n) =n — 1, then (1.3) coincides with s, (A*"), where

ATy
b | < o0}
k

Sa(AT") :={z € 5:sup|
k (07

(iii) ¢(n) = Ay and p(n) = 0 where A, is a strictly increasing sequence of natural
numbers such that lim,, ., A, = 00, then (1.3) coincides with A-statistical
convergence of sequences which is given by [15].

(iv) ¢(n) =mn and p(n) = n— A, where (\,) is a nondecrasing sequence of natural
numbers such that A\; = 1 and A,4+1 < A, + 1 holds then (1.3) coincides with
the A" (u)-statistical convergence defined by [3] and with the definition of
AM-statistcal convergence defined by [5].

(v) q(n) = ky, and p(n) = ky—1, where (k,) is a lacunary sequence of nonneg-
ative integers with k, — k,—1 — 00 as n — 0o then [Dg],(A™")- statistical
convergence coincides with A"- lacunary statistical convergence defined by
[17].

2. Main results
2.1 Comparasion of [D4]%,(A*") and [D4S],(AT") when r > 1.
Theorem 2.1. Letr > 1 be an integer. Then,
(a) [DIO(AT") C [DLS]o(A") holds and this inclusion is proper,

(b) if x € 1% (AY") then [DIS]o(AT") C [DIS(ATT), where 1L (AT) :={z €

+r
Aa,fkl < 00}

s :supy |

Proof. (a) Let us assume that = € [D4]%(AT7). So, for any € > 0, the following
inequality
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1 an) A+r$k
a(n) = p(n) k1| OF
(n) q(n)
1 E Atry
= e | =t ‘ o
k=p(n)+1  k=p(n)+1
AJ;;% >e A':imk <e
1 2ln) A+r$k
— =) S5 T
‘MT” >e
1 q(n)
SEPSR R S
am) =2V 0
'M >e
1 Aty
> ee——— |4pln <k‘§qn:‘ >e}’20
T | < k< ) |

holds. Since = € [DS](AT"), then desired result is obtained.
The following example shows that this inclusion is proper. To see this, let a sequence
x = (z,,) as follows:

Aty { k, o q(n) = [[Vam)[] +1 <k < qg(n),

g 0, otherwise.
If we consider the method [D4]%,(A*") for the sequence p(n) satisfying
0 <p(n) <q(n) = [IVam)+1,
then, for an arbitrary ¢ > 0 we have

A+T:L‘k-

873

{«mn««mn+1<k§qmr]

q(n) —p(n)

when n — co. This calculation shows that = € [DS]4(AT").
But, it is clear that the sequence

q(n) A+Tl‘k-

&95

q(n) —p(n)

k=p(n)+1
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is not convergent to zero. That is, z ¢ [DZ]%(AT"). (b) Let = € I3 (A*"). Then,

there exists M > 0 such that ‘%

following inequality

IA

IN

+

<

( A+T:L‘k- o
k=p(n)+1 Ck
1 q(n) q(n) A+ra,
a(n) — p(n) _p> ar
k=p(m)+1  k=p(n)+1
[l |25
1 q(n) q(n)
B0 M. > l4e Y1
an) = pin k=p(n)+1 k=p(n)+1
‘utflf >e uty:f <e
M AJFT‘Z]C
p(n) <k <qn): > e}
T | < < | 2
€ AJFT‘Z]C
———|sp(n) <k <gqn): < e}
T | < < | 2
M A+T:L‘k- }
p(n) <k<qn): > €
T L) << |2

< M holds for all k. Then, for any € > 0, the

+€

holds. By taking limit when n — oo in above inequality we obtain = € [D2S],(A*")
because of 2 € [Dg]%(AT"). So, proof is complated. [

2.2. Comparasion of S,(A*") and [DZS],(A*") when r > 1.
Let us denote the set of sequences = = (,) by So(AT") for any fixed a € U™

AT
< el ) €s.
o,
In this section, the set of sequences S, (A*") and [DgS],(A*") will be compared
under some restriction on p(n) and g(n).

such that

Theorem 2.2. S,(A1") C [DiS],(A") if and only if

(2.1)

n—oo

(n) = p(n)

liminf <

() > 0.
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Proof. Let x € So(A™") be an arbitrary sequence such that

1 ATz
{kgn:’ Lk 26}‘:0,

lim —
ay
holds for every € > 0. Since the sequence g(n) satisfies lim,,_,~, ¢(n) = oo, then

n—oo N
{7 =}
— >e
Q(n) neN
is also convergent to zero because of (see in [12], Theorem 2.2.1). Hence, by a simple
calculation we have the following inequality

AJFT‘Z]C

g

{kéq(n) 1‘

%n) {k < q(n): ‘Az;x’“ > e}’ > %n) {p(n) <k<qn): ’A;:f’“ > e}‘
> (I(nl(—nj)v(n).q(n) ip(n) {p(n) <k<gqn): ’%:xk > eH .

Taking in to consider (2.1), if we take limit when n — oo in the above inequality
then,
x € [DgS]a(AJ““).

Conversely, assume that

lim inf M =0
holds. Now, let us choose a subsequence (n(j));>1 such that %f)()nw < jl
- J

holds for all i € N. Let a sequence z = (x,) such that

AT gy _ ] L plng)+1<k<qlng),
ap 0 otherwise,

holds. Then, x € [S]o(A™") and hence by Theorem 1 (a), we have z € S, (AT"). But
x ¢ [D3]%,(A*"), and therefore by Theorem 1 (b), we have = ¢ ([DgS].(A*7)). O

Corollary 2.1. Let {q(n)}nen be an arbitrary sequence with g(n) < n for alln € N
and {m}n@] be a bounded sequence. Then, So(A*") C [DIS]o(AY") for all
r>1.

Theorem 2.3. Let g(n) =n for alln € N. Then, [D})S]o (A1) C So (A7) holds
for allr > 1.

Proof. Let us assume that « € [D}S]o(A*"). We shall apply the technique which
was suggested by [1] and was also used in [10].
Let

p(n) =nW > pnM) =n® > p®) =n® >
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}as
“+r
ze}u{n(1)<k§n:’A Tk
ag

+
n® <k <nW: ATz
ag

and we may write the set {k <n: ‘%
k

+r
=<{k<nM. AT
> o

=
)
)

If we continue this operation consecutively, after the final step we have

“+r
{k Sn(hfl) . ‘M 26}

ak

+ +
z{kgn(h):‘A K Ze}u{n(h)<k§n(h—1):lm
&7 g

andtheset{1<k§n():‘

+
{kgn(Q):’A Tk

and the set {k‘ <n®@ . ‘%;“

e [AT
< -

26} as

+r
>etUdn® < k<n® . ATz
> < o

-4

for a certain positive integer & > 0 depending on n such that n(") > 1 and n(**1 =
0.
By combining all the equalities obtained above we have

+r
{kgn: ’M ZEH
+r

a,
{n(7n+1) <k <nm . ‘A T
Qg

1
n

n(m) _ n<m+1> 1
= Z O D

o

As a result of this equality it can be said that statistical convergence of the sequence

T . o .
(A#‘T) is a linear combination of the following sequence

meN
Now, let us consider a matrix A = (@) as

(m) _p(m+1)

n —n j—
a {7, m=0,1,2,...,h,
n,m

+
{n(7n+1) <k< n(m) , ‘A "Ik
Qg

1
n(m) — p(m+1)

n
0, otherwise,

It is clear that, where n(9) = n.
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The matrix A = (an,m) satisfied the Silverman Toeplitz Theorem (see in [14]).
So, we have

+r
liml{kgn:’A Lk 26}‘20
n—oo n Qg
because of
1 Atry
- - (m+1) (m) . |2 Tk
n(m) — p(m+1) {n <kzn ’ ‘ g ZE}’%O’

when n — oo. This completes the proof. O

2.3. Comparasion of [DZS],(A*") and [D;S],(A*") for all > 1.

In this section, the sequence spaces [DgS]o(A™") and [D;S]o (A™") will be com-
pared under which for all n € N in addition to (1.2),

(2.2) p(n) <r(n) < s(n) <q(n)
holds.

Theorem 2.4. Let r(n) and s(n) be sequences of positive natural numbers satis-
fying (2.2) in addition to (1.2) such that the sets

{k:pn) <k<r(n)} and {k:s(n)<k<gqn)}
are finite for all n € N. Then, [D;S]a(A*") C [DIS]o(A*") holds.

Proof. Let us consider a sequence x = () such that x € [D:S],(AT"). For an
arbitrary € > 0 the equality

(ot << gt [F24] = e} = fot) < vty 5| 2225 )
o{rtm <k <) \A;k > chu st < < g \A;k >}
holds. So, the following inequality
g | < <o : |20 2 ]
S el CORLERORC s B
b <k <o |2 5
* S o < kst |20 o)
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holds. By taking limit of each side in the above inequality when n — co, we obtain
ATz,
: ‘ T > e}’ =0.

au,
This implies that « € [DgS]o(A*"). So, the proof is completed. [

nh—>ngo q(n) —p(n)

{p(n) < k <q(n)

Theorem 2.5. Let p = p(n), ¢ = g(n) and r = r(n), s = s(n) be sequences of
positive natural numbers satisfying (1.2) and (2.2) such that

s(n) —r(n)

liminf ——% >0
n—oo q(n) —p(n)

holds. Then, [D3S]o(A™") C [D;S]a(AT") holds.

Proof. Tt is easy to see from (2.2) and (1.2) that the following inclusion

Aty
{r(n) <k <s(n): ’—xk > e}
Ak
AT
C {p(n) <k <gq(n): ’—xk > e}
&7
and the following inequality
Aty
Hr(n) <k <s(n): ’—xk > e}’
Ak
ATT
< Hp(n) <k<q(n): ’a—xk > GH
k

hold. So, the last inequality gives that

TR T | < st ‘% . H
<t << g |22 .

Therefore, by taking the limit of each side in above inequality when n — oo, a
desired result is obtained. O

~

2.4. Some properties of the set D . Now, define the set D},

a € Ut satisfying the condition

of sequence

1 q(n)

SUPy ap | < oo.

) p(m)+1

Let A be the well known operator defined by Ax, = x, — x,_1 for all n, with
o — 0.
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Lemma 2.1. Let o € UT. The following statements are equivalent:
(i) a € Dy, and (pm)—1/0pn)) € loo,
(i) the operator A is bijective from [Di]a to itself,

(iii) the operator A is bijective from [D3]%, to itself.

Proof. Firstly, let us show that (i) implies (ii). Let z = (z,) and y = (y») € [Df]a
be arbitrary sequences and assume that Ax = Ay. It means that

(‘Tla T2 — 1,y Tpn — Tp—1, ) = (y17y2 — Y,y Yn — Yn—1, )

holds. From this assumption we have, x,, — -1 = Yn — Yn—1 for all n > 1. This
calculation gives that x,, = y, holds for all n € N . Hence, A is an injective function
from [Df], to itself.

Now, let y € [Df], be an arbitrary sequence. We must find a sequence = € [Df],,
such that Ax, = y, holds. That is,

(Y1, Y25 oo Yy o) = (T1, T2 — Ty ooy Ty — Tp—1, -

holds. Therefore, the sequence z = (x,,) must be as z,, :== Y ;_, y, for alln € N
Now, let us check that x € [Df],. By using the method in [1], we have

1 q(n)

T n 1 T
s 2 o= ) Lo o e+
k=p(n)+1
o [t N[ (|22 2]
La(n) —p(n) ] La(n) \|ea| [a2 Qq(n)
[ p(n) ] [ 1 < Y1 Y1+ Yo Y1+ Y2+ o+ Ypn) ﬂ
= |- - +..+
L a(n) —p(n)] [p(n) \|aa o2 Qp(n)
N [ q(n) ] [ 1 <ﬂ I O Tt - Btk 100 ﬂ
La(n) —p(n) ] La(n) | o Qq(n)
1 Yp(n)+1 Yp(n)+1 T Yp(n)+2 Yp(n)+1 -+ Yg(n)
— + + .+
a(n) —p(n) \|apn)+1 Qp(n)+2 Qq(n)
Also, with a simple calculation, the following inequality
yp(n)+1+yp(n)+2 < Yp(n)+1 | Op(n)+1 + Yp(n)+2
Qp(n)+2 1 Apm)+1 ] Opn)+2 [ Xp(n)+2
and
Yp(m)+1 + - T Yq(n) < [Ypmt1)  (Ypetz) | Yaln)
Qq(n) Qq(n) Qq(n) Qq(n)

Lp(n)

Qp(n)

)
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Qp(n)+2

Qq(n)

Yp(n)+2
®p(n)+2

Yp(n)+1
Op(n)+1

Qp(n)+1 n

Qqg(n)

I Yq(n)
Qq(n)

Qq(n)

Qq(n)

<

<K <%<n>+1 t w2t aq<n>>
- Og(n)

holds for a positive K. Consequently, we conclude that = € [Df], for a € D,
and (@p(n)—1/0p(n)) € loo- Similarly, it can be proved that A : [D2]9, — [DZ]9 is a
bijective function. [

It can easily be deduced that if « € Dy, then for any given integer r > 1 the
operator A" is a bijective function from [D{], to itself. So, [Df]o(A") = [Di]a.
It is the same for the operator A considered as an operator from [Df], to itself.

Lemma 2.2. Let 7 > 1 be an integer and (opny—1/0p(n)) € loo. The following
statements are equivalent:

(i) aeDy,

(1) [Dg]a(A) = [Dg]a ,

(i) [Dgla(A") = [Df]a -

Proof. First show that (i) implies (ii). Let z € [Dg], be an arbitrary sequence.
Then, the following inequality

1 q(n) Th — Tk 1 q(n) o o
T Y < > (2] 12=2))
q(n) —p(n) 4= | q(n) —p(n) 2= \lax aj,

1 q(n) " 1 q(n) " o
st S [l S |maf e
q(n) —p(n), 4= loxl  a(n)—pn), o= Joe] | o
holds. It gives that
1 q(n) T — Thos
_ = T < oo
a) —p) o= |

So, x € [D{]a(A). Conversely, let x € [Df],(A). This implies that b := (Ax) €
[Df]« for every n. So, we have
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for u € C (see in [3] Lemma 2.2). Then, b = (by,) € [Df]a-
So, if we take u = 0, then we obtain

1 %) | _ [_ p(n) } [ 1 (ﬂ ) Tp(n)
q(n) —p(n)  _ p(n) Lk q(n) —p(n)] [p(n) \|a1| |a2 p(n)
N q(n) ] < T 0] ﬂ
La(n) — p(n) Q(n s Qq(n)
_ -~ p( ) < by b1 + by T b1 +ba+ ...+ bp(n) )]
L q(n) —p(n)] [p(n a2 Qp(n)
[ 1 b by +b by +ba + ... +by(n
+ q(n) ] < 01 1+ 02 I L sk a(n) )]
La(n) —p(n) ] La(n) \|aa s ()
_ 1 < bpmyir | | Optmtr Fboeiz| | bemn F e By )
a(n) —p(n) \|apm)+1 Up(n)+2 Qq(n)

So, from Lemma 1, we have [Di](A) = [Df]a.
Now, let us show that (ii) implies (iii). Hence, A is bijective function and so
does the composition A", In that case [Df](A") = [Df],. We obtain that
[Dfla = [Dfla(A) = ... = [Df]a(A7) = [Df]a(A™).
On the contrary, let [Df]o(A") = [Df],. Therefore, (iii) must imply (i) to achieve
this equality. O

Lemma 2.3. Let a,3 € U*. Then, [D4

a1 [Dq] if and only if there exists
My, Ms > 0 such that for alln € N,

(2.3) M, < dn < M,
B
holds.
Proof. Tt is easy to see from (2.3) that
MR < ZE <, T
ar ~ P v

holds. Also, this inequality implies that

1 W 1 g 1 S
M } o= 3 o 3y X
a(n) —p(n) o= on ~ aln) —p(n), &= B~ a(n) —p(n) o= o

holds. Then, if we take limit in the above inequality when n — oo, a desired
implication will be obtained. O

Theorem 2.6. Let o € UV and r > 1 be arbitrary integer. Then, the following
statements are true:

)
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(1) (Cp(n)—1/p(n)) € loo if and only if [Dg]?an_l) - [Dg]g(A*).
(i) the following statements are equivalent:

(a) a € Dy, and (apny—1/0pmn)) € loo »

(b) [DF]o(AY) = [D

(iii) (a) (Cpn)/p(n)—1) € loo if and only if, for any given integer r > 1,
(D410 C [DI(AT) C ... C [DIS(ATT);

(b) If « € Dy, and () /Qp(ny—1) € loo, then [DE]5 = [DI]2 (AT).

q

Proof. (i) Assume that (a,(m)—1/0pm)) € loo and let z € [Dg]?a"il) be an arbitrary
sequence. Then,

1 (g:) Tk — Tht1
YR~ T
1 q(n)
Z ( L Tht1 )
~ q(n) —p(n) hep(mya1 MOk k=1 Qg
1 q(n) Th p1
< - . —
~ q(n) —p(n) Z Q-1 g
k=p(n)+1
1 q(n) Thr1
+ o TR
=, 2| o

under assumptions, the above inequality implies that z € [DZ]% (A1) when n — oo,
This gives [Dg]?, ) C [DEa(AT).

Conversely, assume that [Dg](()anﬂ) C [D42(A%). Therefore, it is clear that
a € Dy, and (apn)—1/pm)) € loo-
(ii) Let us show that (a) implies (b). Now o € Dy, implies that (cp(n)—1/0pm)) €
lo and by (i), [DZ]?Q,L,I) C (D2 (AY).

Conversely, z € [DZ]%(AT) implies that b = Atz € [Dg]9,. So, for every n, we
have x, = — 22;11 by, for 1 =0 (see in [3], Lemma 2.2).

Then, b = (b,) € [DZ]J. Since b = Atu, then (b1, ba, ..., bn...) = (21 — 22,22 —
X3y ey Tl — T, ...), for all n € N. Therefore,

: {‘qu(n?o(n)] Lo(ln) <

q(n)

1
q(n) —p(n) 2

e
k=p(n)+1

L3

Qa2

T2 Tp(n)

Qp(n)—1

a1
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" W (—niom)} [q<1n> ( ﬂ

T2l |28 Pan)

Qg(n)-1

+ ...+

aq Q2

|- ] e (T P2 e | )
* [g(n)q m;(n)] Lz(ln) < a *’w i *’_(bﬁbg@: e )]

bp(n)+1 bp(n)+1 + bp(n)+2 bpn)+1 + - + bgn)—1

1
= ( + DRy + )
q(n) - p(n) Ap(n)+1 Ap(n)+2 Ag(n)—1
holds. From here, the following inequalities
bomy+1 + Opmyt2 | | oty | Qp(mtr | oy 2
Qp(n)+2 lapmyr] Apmytz | Qp(n)+2
and
bpmy 1t bpomyg2 & bgm 1| | Do | [ Bpemra || B
Qq(n)-1 Qq(n)-1 Qq(n)-1 Qq(n)-1
bpmy+1 | Qo1 | Opey+2 | pey+2 | a1 | Qg(m)-1
1] Qgny—1 [ ()42 ] Qg(n)—1 Qq(n)=1 | Cg(n)-1
<K <%(n)+1 t Oy o aq(n)—1>
B Qq(n)-1
hold for any K > 0. Then, z € [D§]p, ) and we conclude that [D{]g(AT) C
[Dg]?omfl)'
So, [DZI5(AT) = [Dg]?mkl) and we have shown that (a) implies (b). Consequantly,

conclude that (b) implies (c).
(i) (a) Let (apn)/apmy—1) € loo. Since [DE]9, C [DF]%(AT), then for all

z € [DI]5 we have

1 (gz) Tk — Tht1
R T~ T
1 a(n)
L (% 1| %)
~ q(n)—p(n) kep(r)+1 Ok Qg Qg1
q(n) q(n)
< 1 Z Tk 1 Trk+1 Q+1
= q(n) —p(n) fep(r)+1 Ok q(n) = p(n) kep(r)+1 Q+1 o

under assumption, this inequality implies that [D2]9 C [DZ]9 (A1) when n — oo.

Now, from the mathematical induction method for any given integer r > 1 and
z € [DYY(ATT); then AT"z € [DE]%, and with [DZ]9 C [D2]% (A1) holds because of
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ATz € [DIO(AT) and € [DI]S (AT,
So, we have [DI]%(A*T) C [D4]9(AFr+D),
(b) Now, a € Dy, implies that (cpn)/apm)—1) € lw and by (iii) (a), we have
[Dg]a. € [DEIa(AT).

Conversely, let z € [D2]%(A") implies that b = Atz € [Dg]% and for every n,
we have x, = — 2;11 by, for 21 = 0 Theorem 6 (ii). Then b € [DZ]9.

z € [DY]Y (AT) for z € [DZ]?, when shown similarly with (ii). Therefore, the con-
ditions v € Dy, and () /Qp(n)—1) € loo are equivalent to [D4]9, = [DE]%,(AT). DO

Corollary 2.2. Let r > 1 be an integer and assume that (0p(n)/0pn)—1) € loo-
Then, [D2]%(A*") C [D4]9, implies that [DZ]2(A*") = [D1]9,.

[e%
Proof. By Theorem 3 (iii) (a), the condition (a(n)/0pmn)—1) € loo implies that
[Dg]g C [Dg]g(A""“). Since [Dg]g(A+’") - [Dg]g then,
[DRe(A*T) = [DF]]
holds. O

Remark 2. In Theorem 3, the conditions a € Dy, and (ap(n)/apn)—1)n € leo are
equivalent to [DI]2 (A*) = [Dg]? = [Da]9.

pl(an—1)
Proof. If a € Dy, and (ap(n)/ap(n)—1) € loo, then there are Ky, Ko > 0 such that
K, < Tolm) < Ko
Qp(n)—1
holds for all n € N. Then by Lemma 3, we have [Dg]?mkl) = [D4]%,. By Theorem 6
(ii), we conclude that the condition a € Df;, implies that [DF]2 (A™) = [Dg]), ) =
[Dgo. O
Corollary 2.3. Leta € UT andr > 1 be an integer. Then, the condition o € Dy,
implies [Dg]g(A“) = [Dg]o

(D‘nfr).

Proof. The condition o € Dy, implies by Theorem 6 (ii) [DZ]2 (A1) = [Dg]?anil).
Now let r > 1 be an integer and assume that

[DEJa(A*T) = [Dg]}

(D‘nfr).
Then, z € [Dg]g(A+(’"+1)) if and only if (AT 1)z € [Dg]%,, which in turn is
Atz e [DiJo(A™) = [Df]fa._)-

So, [D4]S,(A+(r+D) = [Da]? (A™T) since o € D7

(n—r) P,q’

[Df]fa,_)(AT) = [Dglo(A* ) = [Dg]?

(n—r) (n—(rg1))"

then (a,—,) € Dy, and

This shows (i). O
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Theorem 2.7. Let a € Dy, and r > 1 be an integer. Then, (apmn)) € loo implies
that

[Dila C [Dglo(A*") and  [Df]a C [Dfoc(A™")
holds.

Proof. Let (ap(n)) € loo and z € [Dg],. Then, the following inequality

1 a(n) 1 a(n)
N Z |2k — Te41] £ ———— Z ]
q(n) - p(n) k=p(n)+1 q(n) B p(n) k=p(n)+1
1 q(n)
+ o > |kl
q(n) N p(n) k=p(n)+1
< - — . + Ak+1
q(n) = p(n) k=p(n)+1 Ok k=p(n)+1 ' T

holds. Hence, = € [D%]o (A1), because of [Di]o C [D¥o(AT"). Similarly [DZ]5 C
[Ddlo(ATT) is satisfied. O

Theorem 2.8. Let oo € Ut and r > 1 be an integer. Assume that (1/opm)) € loo
Then, we have

[DElo(A*") C [Df]a and  [Df]oo(A*") C [Dfa.

Proof. Assume that a € Dy, and let (1/ap(m)) € loo- Let @ € [Di]o(AT) 1mphes
that b = Atz € [D]o and for every m, we have from Theorem 6 that z, =
— 2k L i
st ol (o2
q(n) —p(n) 2= low a(n) =p(n) ] [p(n) \[ar| |oz Qp(n)
i 11 o
() [ (ﬂ+@+...+—q())]
Lg(n) —p(n)] [g(n) \|en] [z q(n)
:[_ p(n) }[ 1 <£+‘(b1+bz) . +‘_(b1+b2+...+bp(n))’>:|
q(n) —=p(n) | Lp(n) \| a2 as p(n)
" qn) ] |: 1 (i +‘(b1+b2) n +‘(b1+b2+m+bq(n))‘)]
q(n) —p(n)] Lq(n) \| az as Ug(n)
1 ( bomy+1 | | Botmer Fbomaa| | Bey 1 e F By )
q(n) —p(n) Qp(n)+2 Qp(n)+3 Qq(n)
M
= ) —pn) oy 1]+ [Bpmy 41+ boimy42] + o+ [bpey 1 + e + bgmy1 ]

the inequality is provided. So, z € [D4]%. O
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Abstract. The present paper deals with the introduction of Backlund transformations
with split quaternions in Minkowski space. Firstly, we have briefly summarized the basic
concepts of split quaternion theory and Bishop frames of non-null curves in Minkowski
space. Then, for Backlund transformations defined with each case of non-null curves, we
have given the relationships between Bécklund transformations and split quaternions.
Some special propositions for transformations constructed with split quaternions have
also been presented . At the end, the results obtained with the mathematical model
have been evaluated.

Keywords: Minkowski space; quaternions; Béacklund transformations; Bishop frames.

1. Introduction

Béacklund transformations give a correlation between PDE and their solution.
In other words, one can estimate Backlund transformations generating a PDEs’s
solution if we know a solution of PDE. There exists a class of Backlund transforma-
tions which are called auto-Béacklund transformations, when the connected PDEs
are the same. To generate new solutions on the integrable theories the Backlund
transformations have been widely used. These transformations help to connect dif-
fucult PDE to simpler one that has easier solution. In the case of solutions, these
transformations are highly effective in generating multi-solutions from the familiar
solutions. By applying Béacklund transformations to trivial solution one can gener-
ate a non-trivial case [16]. Due to the aforementioned features, numerous studies
have been carried out on Bécklund transformations from past to present. For exam-
ple, Weiss studied the Bdcklund transformations on focal surfaces in [14], Sen gave
darboux Bicklund transformation of nonlinear optical waves in [12], Béck obtained
Bécklund transformations for minimal surfaces in [3].
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Hamilton introduced a new algebra of the real quaternions. Additionally, he
wanted to replicate what Gauss did with complex numbers and the Euclidean plane
over the real numbers. So, Hamilton obtained the 4-dimensional real division alge-
bra

(1.1) Hr = {p1 + p261 + psds + pads | 67 =03 = 63 = 610263 = —1},

where 1, ps2, 3, g € R. The key of Hamilton’s work is the interpretation of the
multiplication of the imaginary units as the wedge product of the canonical basis

{f, 7 E} of the 3-dimensional Euclidean space, [4].

In next years, Cokle found new examples in [5]: coquaternions, tessarines and
cotessarines. The first ones are precisely the split quaternions. Then, a split quater-
nion p is a linear combination of the form

(1.2) Pr = {pt = 1 + p261 + 362 + p1ad3 | =67 = 65 = 65 = 610203 = 1},

where 1, o, p3, pa € R, [4]. In recent papers, split quaternions have been widely
used . For example, Aslan and Kocakusakl studied canal surfaces with split quater-
nions in [1],]9]. Aslan gave quaternionic shape operator in [2], and Tunger studied
circular surfaces with split quaternions.

There are many studies on surfaces with quaternions and split quaternions con-
sidering the aforementioned articles, but construction of the Bécklund transfor-
mation with split quaternions has not been studied until now. Because classical
Bécklund transformations mainly focus on the transformation of surfaces, the re-
lationship between the results obtained with this study and the theory of surfaces
can be investigated. Therefore, we will explain the relationship between Backlund
Transformations of non-null curves and a timelike split quaternion having a time-
like vector part, a timelike split quaternion having a spacelike vector part and a
spacelike split quaternion.

2. Preliminaries

Let us recall some known concepts of split quaternion theory and Bishop frame
given by [11] and [8].

Assume that r = (r1,r2,73) and s = (s1, S2, $3) are two vectors in Minkowski
3-space. Then, Lorentzian inner product and vector product of these curves are
defined by

(r,s);, = —Tr151 + 7252 + 7353
and
rAps = (r3sy — roS3, 1183 — 351,182 — T'281) -
For a vector r € Ef,r is called
i) a spacelike vector if (r,7), >0 or r =0,

i1) a timelike vector if (r,r); <0,
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it1) a null vector if (r,r), =0 for » # 0, [10].
Let Pgr denote a four dimensional vector space over a field R whose characteristics
is greater than 2, [6]:

Split quaternion algebra is an associative, non-commutative non-division ring
with four basic elements {1, w;,ws, w3} satisfying the equalities —w? = w3 = w? =1
and

W1 * W2 = W3,W * W3 = —W1, W3 *xW1 = wWa.

Furthermore, S,, = w; and \_/;U = waow1 + wsws + wyws are scalar and vector parts
of a real split quaternion w = wi + wowy + wsws + waws, respectively. Let w =
(w1, we, w3, wys) and ¢ = (q1,q2,¢3,q4) be two split quaternions. Then, the split
quaternion product of the split quaternions w and ¢ is defined as

w*q=wiq + <‘7wa ‘7q>L + w1‘7q + q1‘7u) + VwALV:qa

where (,); and Ay are Lorentzian inner product and vector product respectively.
Also, a split quaternion w = (w1, we, w3, wy) is expressed as

i) w is a spacelike if —I, = —w? — w3 + w3 + w? < 0,
ii) w is a timelike if —1,, = —w? — w? + w3 + w3 > 0,
iii) w is a lightlike(null) quaternion if —I,, = —w} — w? + w? + w} = 0. The

norm of w = (w1, wa, w3, wy) is defined as

Now = \/lw? +wf — w3 —wi]

If N =1 then w is called unit split quaternion and wg = w/N,, is a unit split
quaternion for N,, # 0.

Also, each spacelike unit split quaternion w = (w1, wa, w3, wy) is expressed as
(2.1) w = Ny, (sinh ¢ + £ cosh ) ,

where

Y 2 )
sinhgp:ﬂ7 coshp = wy Fws g

Ny, Ny

and

Wow1 + Wawa + Waws
2 2 2
\/ —w; +wi + wy

Each timelike split quaternion having a spacelike vector part w = (w1, wa, w3, wy)
is expressed as

(2.2) w = Ny, (cosh ¢ + esinh ) ,

where

\/ﬁ
coshtp:ﬂ, sinh p = wh +ws g

Ny Ny
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and
wWow1 + Wawz + wWyws

V—wi + w3 +w?

Finally, each timelike split quaternion having a timelike vector part w = (wy, we, w3, wy)
is expressed, as

(2.3) w = Ny, (cosp +esingp),

where
w . w% - w§ - wi
cosp=—, sinp=-+r—=—+>—=

Ny Ny

and
wow1 + Wawz + Wyws

2 2 2
wy — W5 — Wy

On the other hand, assume that « : s — «(s), which is parameterized by arc-
length parameter s, is a spatial curve in Minkowski 3-space. The relation between
Bishop frame and Frenet frame of a curve « according to the arc-length parameter
is governed by the relations:

T,
cos ON7 — sin ON,
= sinON7 + cos ON.

(2.4)

= 23
I

Also, k1 (s) = k(s) cosf (s) and k2 (s) = 7 (s)sinf (s) are called Bishop curvatures.

The Bishop equations can be given as below, if the curve « is a timelike curve:

T = KN + /*62./\/2,
(2.5) N k1T,
Ny = kT,

where

df
(2.6) Kk = \/K? + K2, 0 = arctan <Z—j),7£,

(T, T), =—1, NN =1, (NgJNg), = 1.

The Bishop equations can be given as below, if the curve « is a spacelike curve
with a timelike principal normal:

T, = /*61./\/’1 — /*62./\/2,
(27) Nll - K/1T7
Ny = kT,



On Bécklund Transformations with Split Quaternions 427

= 1k — k2 9 = K2 _do
(2.8) K =1/ |k3 ;-@1|,19—a1rgtanh<m>,7-_ds7

<T7T>L == 17 <N17N1>L - _17 <N27N2>L =1.

The Bishop equations can be given as below, if the curve « is a spacelike curve
with a timelike principal normal:

T/ = /*61./\/’1 — /*62./\/2,
(2.9) N
NQI = —K/QT,

where

K2 do
(2.10) k = y/|k? — k3|, @ = argtanh </<;_1>’T:_E’

<T7T>L =1, <N1,N1>L =1, <N27N2>L =—1.
3. Results And Discussion

Let us start by assuming g : I — R C Pr is a unit split quaternion with arc-
length parameter s, [7]. Then, a split quaternion ¢ can be written as

q:I% Pr

4
(3.1) s = q(8) =Y q(w;; 1<i<4, w =1

3.1. The Construction of Backlund Transformations of Timelike Curve

Let us recall Backlund transformations of a timelike curve introduced by Kara-
can in [8] assume that « is a timelike curve and {7, N1, N2} and {k1, K2} are its
Bishop frame and Bishop curvatures, respectively. Then, the Bécklund transforma-
tion of the curve « is expressed as

(3.2) B=a+ % (coshyT + sinhyA7),
where

(3.3) K = Kz tan %

and

d
(3.4) d_z = /<;§ coshfytang — K1.
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Theorem 3.1. Let 3 be Backlund transformations of a timelike curve given by
equation (3.3) in B3 and q be a spacelike split quaternion defined as

(3.5) q = sinhy + coshyN.

The Bdacklund transformations of a timelike curve with a spacelike split quaternion
can be stated by

2K tanh ~y

1
o 5@ N = Nawg) + Niwg— cosh].
2

(3.6) B=a+

Proof. Let us assume that ¢ is a spacelike split quaternion given in the form g =
sinhy 4 coshyNi. As a direct result of equation (3.3), the equality

(3.7) N1 % ¢ = sinhy * N7 + cosh vy

holds, which directs us to the equality

(3.8) sinhy * N1 = N7 x ¢ — cosh~.

By multiplying both sides of the equation (3.5) with N5 from the left side, we reach
(3.9 Ns x g = sinhy * N — coshyT.

In a similar way, the equation

(3.10) q* Ny = sinh~y x Na + coshT

can be obtained analoguously, hence both the equations of (3.9) and (3.10) allow
us to write

1

(3.11) coshfﬂ':§(q*./\/27./\/2*q).

As a consequence of the equations (3.8), (3.11), we immediately have the equation
1

(3.12) cosh~y7T + sinhyN; = E(q * No — Na * q) + N1 % g — coshry,

which states the fact that Béacklund transformations 3 can be calculated as

2K tanh [1

(3.13) ﬂ:a+m2((]*/\/2*Nz*q)+N1*q7COSh’y].
2
O

The above equalities direct us to the following theorem.
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Theorem 3.2. Let B be Backlund transformations of a timelike curve given by
equation (3.2) in B3 and q be a spacelike split quaternion defined as

(3.14) q = sinhy 4 cosh yNa.

The Bdacklund transformations of a timelike curve with a spacelike split quaternion
can be stated by

2K tanh

(3.15) f=at o Wiedl

Proof. Assume that q is a spacelike split quaternion defined as ¢ = sinh y+cosh yN5.
If we multiply both sides of the equation (3.14) with A from the left side, then

(3.16) N1 % ¢ = cosh~yT + sinhyN;.

In this case, the Backlund transformations 8 can be calculated as

2K tanh

(3.17) B:O‘+W[NI*Q]~

O
The proof of the next theorem is similar to Theorem 1.

Theorem 3.3. Let B be Backlund transformations of a timelike curve given by
equation (3.2) in B} and q be a timelike split quaternion having a spacelike vector
part defined as

(3.18) q = cosh v + sinh yNa.

The Bdcklund transformations of a timelike curve with a timelike split quaternion
having a spacelike vector part can be stated by

2K tanh

(3.19) B=a W[T*(ﬂ

Proposition 3.1. Let g be a timelike split quaternion having a spacelike vector
part defined as

(3.20) q = cosh vy + sinh Y3

and u, v be any two vectors, where the angle between them is 7y, and B be Bdcklund
transformations given by equation (3.19) in 3. Then, the Bicklund transformations
of a timelike curve with a timelike split quaternion having a spacelike vector part
can be stated by

2/ tanh ~ _
(321) BZQ+W[T*U*U 1],
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where they satisfy the following conditions:
i) if u and v are timelike vectors, then v and v are perpendicular to N3,
i1) if u and v are spacelike vectors, then |(u,v)| > 1 and u and v are perpendicular

tONQ.

Theorem 3.4. Let 8 be Bicklund transformations of a timelike curve given by the
equation (3.2) in B} and q be a timelike split quaternion having a spacelike vector
part defined as

(3.22) q = coshy + sinh y V.

The Bdcklund transformations of a timelike split quaternion having a spacelike vec-
tor part can be stated by

2K tanh~ 1

(3.23) 6 =+ W[§

(T*q+q*T)+ q— cosh~l.

Proof. Let us assume that ¢ is a timelike split quaternion having a spacelike vector
part given in the form coshv + sinhyA;. As a direct result of the equation (3.22),
the equality

(3.24) sinhyN7 = ¢ — coshy

holds, which directs us to the equality. By multiplying both sides of the equation
(3.22) with 7 from the left side, we reach

(3.25) T % q = cosh T — sinhyN5.
In a similar way, the equation
(3.26) g+ T = coshT + sinhyN,

can be obtained analoguously, hence both the equations of (3.25) and (3.26) allow
us to write

1

(3.27) cosh’yTzE(T*q—i—q*T).

As a consequence of the equations (3.24), (3.27), we immediately have the equation
1

(3.28) coshyT + sinhy N7 = §(T*q+q*7') + ¢ — coshn.

In this case, the Backlund transformations with a timelike split quaternion having
a spacelike vector part can be calculated as

2K tanh~ 1

(329) 5 = o+ W[§

(T *q+q*T)+q— cosh].

O
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Proposition 3.2. Let q be a timelike split quaternion having a spacelike vector
part defined as

(3.30) q = coshy + sinh YA

and u, v be any two vectors, where the angle between them is vy, and B be Bdcklund
transformations given by the equation (3.23) in E3. Then, the Béicklund transforma-
tions of a timelike curve with a timelike split quaternion having a spacelike vector
part can be stated by

2K tanh v 1
(3.31) B=a+ ﬁ[iﬂ'* viu Tt FoxuTtxT) dvsxu"! — coshrl,
where they satisfy the following conditions;
i) if u and v are timelike vectors, then u and v are perpendicular to N7,

i1) if u and v are spacelike vectors, then |(u,v)| > 1 and u and v are perpendicular

to N7.

In the light of the above theorems, the following theorems will be given without
proof.

3.2. The Construction of Biacklund Transformations of Spacelike
Curve with Spacelike Principal Normal

Let us recall Backlund transformations of a spacelike curve with spacelike princi-
pal normal introduced by Karacan in [8]. Therefore, we assume that « is a spacelike
curve with a spacelike principal normal and {7, N1, M2} and {1, ko } are its Bishop
frame and Bishop curvatures, respectively. Then, the Backlund transformation of
the curve « is expressed as

(3.32) B=a+ %(COS’YT—F sinyA7),
where

(3.33) K = ko tan g

and

(3.34) Z—Z = —Ko cosytanh% — Kb

Theorem 3.5. Let 8 be Backlund transformations of a spacelike curve with space-
like principal normal given by the equation (5.32) in E3 and q be a timelike split
quaternion having a timelike vector part defined as

(3.35) q = cosy + sin yNa.
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The Backlund transformations of a spacelike curve having spacelike principal normal
with a timelike split quaternion having a timelike vector part can be stated by

2K tanh
(3.36) BzcwM[T*q]-

2 _ 2
Ky — K

Proposition 3.3. Let q be a timelike split quaternion having a timelike vector part
defined as

(3.37) q = cosy + sinyN;

and u, v be any two spacelike vectors,when the angle between them is v, and B be
Biicklund transformations given by equation (3.36) in E3. Then, Bdicklund trans-
formations of a spacelike curve having a spacelike principal normal with a timelike
split quaternion having a timelike vector part can be stated by

(3.38) 62&+M[T*u*v],

2 _ f2
Ky — K

where u and v are perpendicular to N3.

3.3. The Construction of Backlund Transformations of Spacelike
Curve with Spacelike Binormal

Let us recall Béacklund transformations of a spacelike curve with spacelike bi-
normal introduced by Karacan in [8]. Hence, we assume that « is a spacelike curve
with spacelike binormal and {7, N1, Mo} and {k1, K2} are its Bishop frame and
Bishop curvatures, respectively. Then, the Bécklund transformation of the curve «
is expressed as

2/C sinh .
(3.39) B=a+ FK; (cosh~yT + sinhyN7),
where
(3.40) K = kg tanh %
and
dy ¢
(3.41) s = e cosh ytanh 5~ ﬁf.

Theorem 3.6. Let 8 be Backlund transformations of a spacelike curve with space-
like binormal given by equation (3.41) in B} and q be a spacelike split quaternion
defined as

(3.42) q = sinhy + cosh yNa.
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The Bdcklund transformations of a spacelike curve with spacelike binormal with a
spacelike split quaternion can be stated by

2K sinhy
K3 — K2

(3.43) 8=a [q * M1].

Theorem 3.7. Let 8 be Bdicklund transformations of a spacelike curve with a
spacelike binormal given by the equation (3.89) in E3 and q be a spacelike split
quaternion defined as

(3.44) g = sinhy + cosh~T.

The Bdcklund transformations of a spacelike curve having a spacelike binormal with
a spacelike split quaternion can be stated by

2K sinhy

(345) ﬂ =+ W

[¢ — sinhy + %(/\/1 % q 4 qxN1)J.

Theorem 3.8. Let 8 be Backlund transformations of a spacelike curve with space-
like binormal given by equation (3.39) in B3 and q be a timelike split quaternion
having a spacelike vector part defined as

(3.46) g = coshy +sinh~ 7.

The Bdcklund transformations of a spacelike curve having a spacelike binormal with
a timelike split quaternion having a spacelike vector part can be stated by

2/C sinh 1
(3.47) B=a+ %n’@’y[q*T—sinh'y—&- 5(/\/’2 *q — q*Na)l.
2=

Proposition 3.4. Let g be a timelike split quaternion having a spacelike vector
part defined as

(3.48) q = coshy + sinhyT

and u, v be any two vectors, when the angle between them is v, and 8 be Bdcklund
transformations given by the equation (3.47) in E$. Then, Bdicklund transformations
of a spacelike curve having a spacelike binormal with a timelike split quaternion
having a spacelike vector part can be stated by

2/ sinh 1
(3.49) ﬂ:aJr’gLnK;[v*u*l * T — sinh~y + §(N2*U*u71 —vxu s NL),
K3 —

where they satisfy the following conditions:
i) if u and v are timelike vectors, then u and v are perpendicular to T,

i1) if u and v are spacelike vectors, then |(u,v)| > 1 and u and v are perpendicular

to T.
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Theorem 3.9. Let 8 be Bdicklund transformations of a spacelike curve with a
spacelike binormal given by the equation (3.39) in E3 and q be a timelike split
quaternion having a spacelike vector part defined as

(3.50) q = cosh v + sinh yNa.

The Bdcklund transformations of a spacelike curve having a spacelike binormal with
a timelike split quaternion having a spacelike vector part can be stated by

2K sinhy

(3.51) ﬁ =+ W

[T *q].

Proposition 3.5. Let g be a timelike split quaternion having a spacelike vector
part defined as

(3.52) q = coshy + sinh yNa.

and u, v be any two vectors, when the angle between them is v, and 8 be Bdcklund
transformations given by the equation (3.51) in E$. Then, Bdicklund transformations
of a spacelike curve having a spacelike binormal with a timelike split quaternion
having a spacelike vector part can be stated by

2K sinh ~y

[T v * ufl],

where they satisfy the following conditions;

i) if u and v are timelike vectors, then uw and v are perpendicular to Na,

i1) if u and v are spacelike vectors, then |(u,v)| > 1 and u and v are perpendicular

to Ns.
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Abstract. In this paper, we have explained how to define the basic concepts of differ-
ential geometry on Dual space. To support this, dual tangent vectors that have p as
dual point of application have been defined. Then, the dual analytic functions defined
by Dimentberg have been examined in detail, and by using the derivative of the these
functions, dual directional derivatives and dual tangent maps have been introduced.
Keywords: Dual space; dual tangent vectors; dual analytic functions; tangent maps.

1. Introduction and Basic Concepts

Sir Isaac Newton invented calculus in about 1665. The solution to the problem
which he was interested in was too difficult for mathematics used in that time. For
this reason, he found a new approach to mathematics. Also, he tried to compute
the velocity of n object at any instant. Nowadays, many scientists tend to calculate
the rate at which satellite’s position changes according to time. A comparison of the
change in one quantity to the simultaneous change in a second quantity is known as
a rate of change. If both changes emerge in the course of an infinitely short period
of time, the rate is called instantaneous. Then, the derivatives are important to the
solution of the problems in calculus. Calculus has application fields in physics and
engineering [1].

Dual numbers were defined by W. K. Clifford [3] (1845-1879) as a tool of his
geometrical studies. Their first applications were given by Kotelnikov [9] and Study
[13]. Dual variable functions were introduced by Dimentberg [4]. He investigated the
analytic conditions of these functions, and by means of conditions, he described the
derivative concept of these functions. In 1999, by using these dual analytic functions,
Brodsky et al. [2] showed that the derivatives of products of two dual analytic
functions with respect to dual variables are equal to moment-product derivative.
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In recent years, dual numbers have been widely used in kinematics, dynamics,
mechanism design, and field and group theories ([5], [6], [7], [8] and [12]). For
example in kinematics, constraint manifolds of spatial mechanisms are explained
using dual numbers system [10]. The aim of this study is to calculate the derivative
of dual analytic functions with respect to dual vectors, by expanding the definition
of the derivative in dual analytic function. After then, by using this derivative
concept and dual analytic functions, the authors showed how to define vector fields
and tangent maps on Dual space. These concepts will give us a new perspective in
Dual space.

This paper is organized in the following way: In section II, the dual analytic
functions defined by Dimentberg are introduced, and by using these functions, the
partial derivatives of the functions f : D™ — D are calculated.

In section III, dual tangent vectors are introduced, and the derivative of f with
respect to dual tangent vectors is computed. For 1 <4 < n, it is shown that partial
derivatives calculated in the second part is the derivative of f with respect to vectors
ei, where e; = (0;1, ..., 0in ). Here, d;; is the Kronecker delta (0 if ¢ # j, 1 if i = j).

In section IV, dual vector fields are introduced, and in the last section, the dual
tangent map that sends the dual tangent vectors at dual point p to the dual tangent
vectors at dual point f (p) is defined.

Now, we recall a brief summary of the theory of dual numbers and the funda-
mental concepts of Differential Geometry.

Let the set R x R be shown as D. On the set D = {7 = (x,2*) | z,2* € R}, two
operators and equality are defined as follows.

(x+y,z"+y"),
(zy,z"y +xy™),
= P<=z=y, ¥ =9y".

8|
© &

sl
8l < <
Il

The set D is called the dual numbers system and (x,2*) € D is called a dual
number. The dual numbers (1,0) = 1 and (0,1) = ¢ are called the unit element
of multiplication operation in D, and dual unit which satisfies the condition that
€2 = 0, respectively. Also, the dual number T = (x, z*) can be written as T = z+ez*,
and the set of all dual numbers is shown by

D={T=xz+ex"|z,a" €R, e =0}.
The set of
D? = {v = (v1,02,73) | T € D, 1 <i <3}

gives all triples of dual numbers. The element of D? is called as dual vectors and a
dual vector can be written in the following form

V=T +eT0%,
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where ¥ and T* are the vectors of R3. The addition and multiplication operations
on D3 are as below:

VW = T+W+e(V+uY),
N = AT +e(AT +X'7),

where 7= T 4+ e W =W +cw* € D> and X = A +eA* € D. The set D is a
module over the ring D, and is called D-module or dual space.

The set of dual vectors on D™ is represented by
D" ={v=(v1,....,0,) | Ui €D, 1 <i<mn}.
These vectors can be given in the form
V=T +ev¥,

where @ and 7" are the vectors of R™. On this set, the addition and multiplication
are given as follows

T+w = T+W+e(V+WY),
N = AT +e(AT"+ X' 7).

The set D™ is a module over the ring D. On the other hand, since @ and 7" are
the vectors of R™, we can write the equalities below

v = vi€] + ... + Up€y,
and

T =vier + ... +vien,
where e; = (0;1, ..., 0in) for 1 < i < n. Thus, we have

T = T4ev*
vier + ... + vpen, + e (vier + ...+ vnen)
(v +evi)er+ ...+ (vn +ev))en

= vier+...+v,e,.

For 1 < i < n, let x; : R — R be the function that sends each point
p = (p1,...,pn) to its ith coordinate p;. Then x,...,x, are the natural coordinate
functions of R™. On the set

LR" ={p} xR" ={(p, V) | T €R"},

addition and scalar product operators are defined as follows, respectively.
+ : T,R" x T,R™ — T,R", for (p, V), (p, w) defined as

(»,T)+ (p, @) = (p, 7 + ).
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R x T,R™ — T,R", for A € R and (p, V') defined as
Ap, ) = (p, A7)

In this case, the set (T,R",+, (R, +,-),-) is a vector space otherwise known as a
tangent space. The element 7,) = (p, 7) is called a tangent vector to R™ at p.

A real-valued function of f on R”™ is differentiable proved all mixed partial
derivatives of f exist and are continuous.

For 1 < j < n, if the functions f; : R” — R are differentiable, then the function
f+R™ — R™ is differentiable.

Let f be a differentiable real-valued function on R™. Gradient of the function f
is defined as
of of
Vi={=—",...,—— .
/ (8361 T 8xn>

Definition 1.1. Let f be a differentiable real-valued function on R" and ¥, be
a tangent vector to R™. Then, the number

d
Ty lfl = 2 f (0 +17) li=o
is called the derivative of f with respect to 77 ,,.

A vector field is a function that assigns to each point p of R™ a tangent vector
T, to R™ at p.

Definition 1.2. Let f: R™ — R™ be a differentiable function. For every p € R",
the function f., : T,R™ — T,y R™ is defined as follows:

oo (Tp) = (Tp [fi] s Tp () |r ) -

This function is called tangent map of f.

For the vectors ¥ = (vy,...,v,) and W = (wy, ..., wy), the inner product on R™
is given by

v W = V1W1 + .. + VW,

For more details, we refer the readers to [11].
2. Derivative of Dual Analytic Functions

Let T = 2 4 ez* be a dual number. A dual variable function f : D — D is
defined as follows:

f(@) = f(z,2") +ef (x,27),
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where f and f° are real functions with two real variables z and z*. Dimentberg
comprehensively investigated the properties of dual functions. He showed that the
analytic conditions of dual functions are
0 afe 0
(2.1) / =0 and L —f
ox* Oz* Oz
From the above first condition, the function f is a function which has only variable
x, i.e.,

f(z,2") = f(x)
and the second implies that the function f° is as below expression

Of =

I (@t =o' G+ T @),

where f(;v) is a certain function of z. General notation of dual analytic function is
given by following equality

(2.2) ﬂ@=7m+mﬂ=fmwaf%+me.

For z* = 0, the function must be written in the form

F@=TF@+er)=f(2)+ef (@),
The derivative of the dual analytic function f is defined by

d d d af  ~
(2.3) ?ﬁ = £+s% (x*éﬂf(x))
i LA2f o df
= %+6<$ @+%>

It is seen that the derivative of the function f with respect to dual variable T is
equal to the derivative with respect to real variable z [4]. Now, we shall study dual
analytic functions f: D™ — D, i.e.,

f@) = flz+ex®) = f(xe, @, @, o, @) +ef (21, 00y T, x5, ey )

where © = (21, ...,2,) and z* = (a7, ...,2%). Using the above equalities (2.1), the

EERRY Oy

analytic conditions of this function can be given

of _ of° _ of
oxr 0 and dxr Oz’ -

In that case, general expression of the dual analytic functions is defined as follows:

@) = f(x1,...,2,) +¢ <Z xfa—g + f (21, ,xn)> .
i=1 '
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If the equality (2.2) is used, then the partial derivatives of these dual analytic
functions are given by

of _ of L OFof
3@- o 3xj te <Z$Z 8x28xj + 8xj ’

i=1

where 1 < j < n. Similarly, the partial derivatives of the function f according to
dual variables 7; are reduced to the partial derivatives according to real variables
x;j. For the general dual functions f : D™ — D™, if the functions

fe:D" =D, (1<k<m)

are dual analytic functions, then the dual function f is a dual analytic function,
and the set of the dual analytic functions is shown by

C(D",D™)={f|f:D"— D™ is a dual analytic function} .

For the dual-valued analytic functions on D", the following equalities can be defined

(f+9)@ = J@+3@)
(2.4 - f<x>+g<x>+e<zx: (§i+§ji)+f<x>+§<x>>,

()@ = @

A () +¢ <>\ <fo%> + N f (2) + Af(x))

i=1

—~
o
(S}

~—

I

and
F9@ = 7@ 3
(2.6) = F(@)g(@) e (Zx: (m) @@ e F <x>> ,

ox
i=1 v

where T =z +ex* = (1, ..., n) +€ (27, ...,
are the dual analytic functions.

Let p = p + ep* be a dual point of D", and T = ¥ + 7" be a dual vector to
D™. The equation of dual straight line is given by

). It is clear that the above equations

at) = p+tv +e(t*V +p" +177)
(2.7) = a)+e(t™a t)+al(t)).

It is seen that the equality (2.7) is a dual analytic function.



New Approaches on Dual Space 443

Definition 2.1. Let z1,...,2n, 2], ..., 2, be coordinate functions of R?". For 1 <
i < n, these functions from R2™ to R are given as follows:

zi (P) = pi, 27 (p) =i

where p = (p1,..., Pn, P}, .-, p5) is a point of R?™. In this case, dual coordinate
functions T; : D™ — D are defined by

Ti(p) = =i (p)+ex; (p)
= pitep;
= 2_97,'7

where p = (p1 + €p3, ..., pn T €p5) = (D1, -, Pn) + € (PF, ..., p5) = p + ep™ is a point
of D™.

The above definition shows how to implement the dual point in the dual analytic
functions. For example, for the dual-valued analytic functions on D™, the following
equalities can be written

o) = f(ﬁ’)+e<2p:%(if)+f(ﬁ)>
= FG) e 5,
and
i} U
) m+e<zxzax§%+§—i>@
n 2 ra
- 2L me(Zplaa ﬁ)+§—£(@>

Definition 2.2. Let fand g be dual-valued analytic functions on D. Composition
of the dual analytic functions f and g is determined by

(2.8) (fog) (@ = f(H@),

where

(297 (7(@) = (fog) (@) +2 (2" (fog) (@) + 5 (@) (0 g) (@) + (Tog) (@)
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If (fog)(z)=h(x)and g(z) (f' og) (z) + (fog) (x) = h(z) are taken,
(Fog) @ =h(@)+e ("W (@) + 7 ()

can be written. This formula demonstrates that the dual function fo3g is a dual an-
alytic function. The explanation on how to calculate the derivative of this function
is given in the following theorem.

Theorem 2.1. Let f and§ be dual-valued analytic functions on D. The derivative
of the dual analytic composite function is given by

L(Fon@m=2@La@.

Proof. Since f and g are the dual analytic functions,

F@ = f (@) +e(af @)+ @)
and
§(@) =9 (@) +2 (@' (2) + G (2))

can be written. We know that the derivative of the dual analytic functions are
attained by the following equalities:

% =f'(x)+e¢ (x*f” (z) + f (x))
and

dg / * I ~/

G — g @) +elad @) +7 @),

Moreover, since the dual function fog is the dual analytic function, by using defined
derivative of the dual analytic functions, the below equality is obtained

LFon@ = =(o9®

et (% (Fog) @) 43 (@) (f00) @) + (Fog) @)
— (@) +eg @) +7 (@)
(g @) +2 (@' @+ @) (g @)+ F (9 )
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3. Directional Derivatives on Dual Space

Let = p + ep* be a dual point of D™ and & = ¥ + @™ be dual vector to
D™. A dual tangent vector that has p as point of application is given as following
equality

6177 = 75 -+ 67%,
where p is the point of R?”. The set of all the dual tangent vectors is shown by
TpD" = {V5 | V5 = V5 +cT5, pER™; Uy, U5 e TR}

Since the tangent vectors of T3R™ are written in the form 75 = (p, ), the dual
tangent vectors can be determined by

U= @) =07)+e(@ V).
On the set T3D™, we can define the following operations:
+ : I5D™ x TD"™ — 13D, for (p,v), (P, w) defined as
0,0+ (@.w)=@v+w) =P, TV+W)+e@ vV +T).
-2 D x TzD™ — TD™, for X, (p,) defined as
X-(B,0) = (B, AD) = (B, AT) +e (P, AT +AT").
Taken into account the above operations, the set {I5D",+,(D,®,®),-} is a D-

module and is called a dual tangent space. Besides, since @ and T * are the vectors
of R", U = (P, V) can be written in the form

@v) = BV)+e@,7)

(p,vie1 + ... + vnen) + (P, vier + ... + vnen)

vr(pse1) + o+ vn (Dren) +e (0] (Pren) + - + 0y, (P en))
= (vi+ev)) e+ ...+ (vn +ev)) enp

(3.1) = Uiep+ ... + Unenp,

where e;p = e;5 + €05 = e;5, for 1 < i < n. On the other hand, let us assume that
n p—

(32) S e = O,
i=1

where \; = \; + €A} is a dual number, for 1 < i < n. Expanding the equality (3.2),
we obtain the following equalities:

A1€1ﬁ+ e+ Anenj)'+ S ()‘T615+ ..+ )\:Leni;) = Oﬁ+ goj)-



446 O. Durmaz, B. Aktag, and H. Giindogan

and
Py A1+ .. + Anen) +e (P, ATer + ... + Alen) = (p,0) + € (p,0) .
If the equality property of dual numbers is used, the second formula implies that
Aer+ ...+ e, =0
and
Ater+ ...+ Aen, =0.
Since the set {e1, ..., e, } is linear independent, we have
AM=..=X, =0

and

If we consider the equations (3.1) and (3.2), it is seen that
TT)Dn = Sp {615, ceey 6n§} .

Consequently, each element of T5D"™ can be written as a linear combination of
element of the set {e1p, ..., enp}, and this set is known as a standard base of T5D™.

Definition 3.1. Let f be a dual-valued analytic function on D" and 75 be a dual
tangent vector to D™. The dual number

d—,_
(3.3) =T (P+1) =0

is called a derivative of f with respect to vy and is denoted by
o A o
U [f] = 2/ P+ ) lizo -

For example, we calculate v [ﬂ for the dual analytic function f = 22 + zox3 +
€ (2m12} + 23w3 + 24w2) with p = (1,0,—1) + e(=1,2,1) and 0 = ¥ + ev* =
(1,5,3) +e(—1,0 —1). Then

PHTo= (1445t —1+3t)+e(—t+t"—1,5"+2 —t+3t"+1)
is computed. Because of
f=a? + xoxs + e (2m2] + xhas + xhas),
we have

f(@+W) =16t> -3t +1+¢e((32t —3)t* — 7> + Tt — 4).
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Now, the derivative of the function f according to  is calculated as below:
d— -
7 (P+0) =32t =342 (32" — 14t + 7).

Then, we obtain Uy [f] = =3+ 7e at £ =t + &t* = 0 + 0.

This definition appears to be the same as the directional derivatives defined in
Euclidean space. However, both definition are different. The following theorem
shows how to calculate v5 [ﬂ, by using the partial derivatives of the dual analytic
function f at point  on dual space D™.

Theorem 3.1. Let f = f + cf° be a dual-valued analytic function on D™ and
Vp = ﬁ,;%s?% be a dual tangent vector to D™. Then, the dual directional derivatives
are

5 [7] = (Vg T +e (V)5 T+ (g 7).

where

(VF) = ((f—f ), L (13’))

and

)y = (Go @ 5 )

1,92 of u 02 of
(Zpﬁ P+ gy P b g P+ g @) .

Proof. As it is has already been known, the directional derivatives are defined by

I

U [f] = =F (P +10) =0 -

dt
Since 1, ..., T, are the dual coordinate functions of D", we can write
p+tv = (p,+1tvr,....D, +10n)
= (T1(p+®),..7, (P+ 1)),
where the expressions T; (1_9 + ﬁ) can be written in the form
T (P+10) = pi + tv; + ¢ (tFv; + pf + tv])

for 1 <4 < n. Since these functions are the dual analytic functions, the derivative

of these functions is as in the following equality

dz; (p + tv) d d
7 g i tvi) e (0 +pi + 1))

(3.4) v; + ev}.
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Due to

~—

fp+w)=f(z1(p+t),...T, (D+ 1)),
the derivative of dual analytic composite functions is

d—,_ . -
= (p+10) = ——

oz, Ipiv ﬁ g+ + oo 4w 5 I

In this case, for £ = 0, we find

— N | 8f d(IJl B 8f djn _
(3.5) Ef(p—&-tv) lz=0= T, 5 —= pr lz=o +--- +8x [ vy lz=o -

Since f is the dual-valued analytic function on D", the partial derivatives of this
function are

af _ af L of .
— = — <j5<n).
oz, Oz, e <Z i 0x;0x; - 0z, (l=jsn)

i=1

For p € D™, we can express

_ U
) - m+e<zxzax§%+§—i>@
- L mw(szaa @+%<@)

(3.6) - g—f( Eaxj ®).

By substituting (3.6) and

3.4) into (3.5), we have

(]3’)1)1+...+88—f(ﬁvn

d—
dtf(PJFt T) | 0=

(3.7) +e <

0 0
3o+ i<mvr+...+a—i<~>v;).

(

Thus, the dual directional derivatives are obtained from (3.7) as
5 [F] = (V) 7+s((Vf Vo T+ (V) T )
O
Using this theorem, we recalculate v [ﬂ for the example above. Due to

f=f+ef°= x% + xox3 + £ (2m12] + 523 + T3T2)
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we get
f=a? + 2ox3 and f° = 2xy0] + xhas + rhws.
At the point p, since
21 (p) =1, 22 (p) =0, 23 (p) = -1, =1 (p) = =1, 23 (p) = 2, 23 (p) = 1,
the following equalities are obtained
(Vf)(m-7: , (Vf° )(ﬁ) =9, and (Vf)(@oﬁ*:fl
By the theorem
U5 [f] =-34+e(9-2)=-3+7¢

as before.

Throughout this paper, we will use the following notations:
(Vf)(@ T = 717[]0]’ (Vfo)@“) T = Wg[f"], (Vf)(@ T = 7%[f]~
In this case, dual directional derivatives are shown by
o5 [f] = P51+ (Tl + T5If]) -
Thus, the following theorem can be given.

Theorem 3.2. Let f = f+cf° and g = g+ g° be dual-valued analytic functions
on D™ and V5 = Ty + eV be dual tangent vector to D™. Then

D) % [f +9] = [f] + 9]
2) o [f9] =5 [/]9 () + ] () 5 (3] -
Proof. (1) From the above theorem, we know that
o [f] = Tl +e (Vs + T511)

In that case, we have

T [f+7] = Tslf+al+e(Tlfo+9°1+ V51 +9))
= Tl +e(Vslf1+75(f) + Uplal + e (T5le°] + 75[9))
= U5 [f] +75[9].

(2) From (2.6), the function

(fr9@ = f@ 3@
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is a dual analytic function. If this dual analytic function is shown as below

(fg) @ = F@7@)
= fg+e(fg”+9f°),
the following equality is obtained
U [fg] = Tslfel+e(Trlfe° +9f+T51f9))
= Tj []9(23')+f(5)7 9]

<7 9° () + f () T5l9°] + 5[f"]9(17)>

+
[f19

+
o

"175)7 9]+ 9 (@) V5 1+ () T5lg]

= T5(flg®@) +e(T5(flg° B + 7519 @)+ T5fl9 (D))
F@) Vslgl+e (@) Tl + f (D) Trle°) + f () T5lg])
Tplfl+e (T [f°]+7*[ ) (9 () +e9° (D))

(F @) +ef* @) (Trlo) + e (Vlo’) + T59])

p [F19(@) + f )y [‘]

nd

(2) show that the dual directional derivatives satisfy linear

+

+A

@l

The equalities (1) a
and Leibniz rules. [J

Definition 3.2. Let f = f + £f° be dual-valued analytic function on D" and
Up = U5 + U5 be dual tangent vector to D™. The expression

T, : C (D", D) = D

5 (F) = [f] = U5+ (T51£) + 75 1))
can be defined as an operator.

In section II, we showed that each element of TFD™ can be written as a linear
combination of element of the set {eip,...,enp}. In this case, for 1 < i < n, the
below equality

€ip [f] = €Eip [f] + Eezp [fo]
_ 8f
= ( 8

Erton 2

_of - of
= a— 5)4‘5( jal'jaéﬂz a_l) (ﬁ)
8

(3.8) -

836,
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can be written. For every p € D™, since the above equality is correct, we get the
following equality:

ﬁ+ afe  of

(39) i [7] = eslf) + o) = g+ e = =

The equality (3.9) is shown that the partial derivatives of the dual | analytic function
f according to dual variables T; are equal to the derivative of f with respect to
vectors e;.

Definition 3.3. Let f = f 4+ f° be dual-valued analytic function on D™. Differ-
ential of f is shown as df and is defined as the following equality

df (p) =5 [f] = Vs[fl +e (T5 )+ T5[f]) -

If the above definition is considered, since the dual identity function is defined
as

I@T)=ZT=z+ex*=w+e(@2"+0(2)),
1 (7) is the dual analytic function and, for 1 <i < n,

dz; (vp) = Up[T] = Vplw] + e (Tplaf] + Ty li])

= v; +ev]
is calculated. In this case, it is seen that
dz; (vp) = 7;.

On the other hand, assuming that 7, ..., ] are not dependent on z,...,x,, the
following equality can be written

A7, = dw; +edal

dx¥
= dx; (1 L
x ( +6dxi)

In this case, dT; (U5) can be rewritten as follows
= v +ev).

Thus, dz; is the ith coordinate functions of the dual vector v 4+ ev* while T; is the
tth coordinate functions of the dual point p = p + ep*.

Let us consider that g;; = e; - e;, where 1 < ¢, j <n. In this case, the dual inner
product on D™ is shown by

G = gwdfldf]
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For the dual vectors 1 = ¥ + 0", W= o + ew" € D>, the dual inner product is
G (@,w) = gidz; (v)dz; (W)
= dz, () dZ, (W) + dT2 (V) dZ (W) + dZ3 (T) dT3 (W)
(dzy (T) + edzy (V) (doy (W) + edry (WF))
+ (dag (V) + edwa (T)) (dve (W) + edxs (W™))
+ (dos (V) + edws (T)) (dos (W) + edxs (™))
= U - WHe(V -wW+T-W).

This inner product shows how to define inner product studied on D3 in many
articles.

4. Vector Fields on Dual Space

A dual vector field is a dual function that assigns to each dual point p = p+ep* €
— *
D™ a dual tangent vector X5 = ?54— 5?5 to D™, i.e., for every p = p+ ep* € D™,
the dual vector field is defined as below expression

X . D'"—>TD"
X(p) = Xp=Xp+eXs,
where X = X +eX*. For 1 <i<mn,leta; = a; + ea? be dual analytic function. In

this case, o
(4.1) X = (a1, ...,an) + (a3, ...,a?)

is a dual vector field on D™. For each point p of D™, the equality (4.1) is given in
the form

X () =(a1(P) - an (B)) + 2 (af (B) . a7, (D)) -

Here, since @; = a; + €af is the dual-valued analytic function on D", it can be
written as follows

n

e da; -

a; (T) = ai(z1,.2n) +e Zx’;a—qural(xl, o Ty)
=1 ’

= a;+eaj
and, for every p = p + ep* € D™, we have
a; (p) = a: (p) +eaf (p) -
The set of dual vector fields is given as follows:

X (D") = {7|7:D"—>TD”, X (p) =75=?5+5?;}~
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On this set, we are able to define the following operators which make x (D™) a
module called D-module. Axioms are as follows:

X+)P)=X®)+Y®) =X5+ 75 +5(Y +?)
and

(A-X) (7) =35 = AKX +2 (VX5 +A%;),

where X = Y + sY* and Y = ? + s?* are the dual vector fields and X = A\ 4+ e\*
is the dual number.

Let f = f 4+ f° be a dual-valued analytic function on D™. The function
(4.2) X[f]=X[fl+eX[fT+X"[f])

is called the derivative of f with respect to the dual vector field X.
Expanding the equality (4.2), we have

n E :” *« [ Of Oa; 9% f
- 8f - x-(,—., ‘—‘ra,‘, — )
(43) X f} = E 3 - te j=1"J aixidac, S}dxjdx,,
=1 | O 5L+ aigh

T

It is clear that the equality (4.3) is a dual analytic function on D". In this case, the
dual vector field X : C' (D", D) — C (D™, D) is able to be defined as follows:

(4.4) X (f)=X1f].

For every p € D", if the equalities (4.2) and (4.3) are used, the following expressions
are obtained, respectively,

(X[F) (7 =Xz [F] = Xplfl +< (X5 171+ X5141)

and

e[ S (M () 32 (7) + a ® 5 ()
= 2L 35 ()+ a (7) 2L (7

Corollary 4.1. IfX = X +€Y* is a dual vector field on D™and f = f+ef° and
g =g+ ¢eg° are dual-valued analytic functions on D", then

(1) X [f+3] =X [f] + X[g]
(2) X [/\_f} =X [ﬂ for all dual numbers X = X 4 e\*.
() X [fg] =X [flg+[X[g.
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Proof. For p = p + ep* € D™, in the section III, the equalities (1) and (3) were
calculated in detail. Now, we know that

(X [AT]) @) = X5 [AT].
In this case, we have
X)) B = Xp[W7] = X501+ (X507 + A7+ X5 10)
= X5l += (MR AT5 (1] + 2K 1))
(4.5) = (+ex) (Xplfl +¢ (X5l + X500))
= 3% [7]
= (X)) @)
For every b = p + ep* € D™, since the equality (4.5) is correct,
X (3] = XX [7]

is obtained. O
5. Tangent Maps on Dual Space

Let f € C (D™, D™) be a dual analytic function. For every p = p + ep* € D",
the dual function

fop: TpD" — T+

D"

is called as dual tangent map of f at dual point B, and is defined by

T*ﬁ(ﬁf)) = ((Uﬁ[fl]aavﬁ[fm])+5(vﬁ[ff]+vg [fl]»»”ﬁ[f%]*”%[fm])) |q+£q*
(51) = fpvp) +e(f (vp) + fup (v5))
= wg+ewg,

where ¢ +eq* = f(p) +¢ef°(p) is the dual point of D™. It is seen from the above
formula that f,; sends dual tangent vectors at p = p + ep* to dual tangent vectors

at f (p) = f (p) +<f°(p) . On the other hand, the function f, : x (D™) — x (D™)
is named as dual tangent map of f and is given as

fX) = (X[A] X [Fn])
- (@) (2 (@) e ().

Theorem 5.1. If the function f:D" — D™ is a dual analytic function, then the
dual tangent map f,5 : TzD™ — T?(@Dm is a linear transformation.
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Proof. Let Ty and Wy be dual tangent vectors and A = A+&e\* be dual number. We
must show that

(1) 7*5 (ﬁﬁ + wﬁ) = 7*5 (gﬁ) + 7*5 (wﬁ)

(2) f*ﬁ ()‘65) = Af*ﬁ (gﬁ) .

Since the dual tangent vectors are shown as U5 = Up+e 75 and Wy = Wp+e W5,
the addition of these vectors is

Considering the equality (5.1), we get
fa@+@p) = fop(T5+Tp) +e (f5(Tp+ Tp) + fup (T5 + TF))
Fo5 (Tp) + e (f (T5) + fo5 (TF))
+ o5 (W5) + e (f (Tp) + fup (TF))
= 7*5 (65) + 7*5 (Eﬁ) .

On the other hand, the multiplication of dual tangent vector with dual number
is
Xﬁp = )\75 +e (Xk 75 + )\7;-) .

In this case, we have

s O55) = (AT (Al AT5) [fm])
+e (V75) [AD) ATF) (Al +, o (N TH) [fn]) (ATF) [fm]) -

When the above mentioned equality is taken into consideration, it is easily seen
that

T Q05) = (A+eX) (fuip (Tp) +e (f%5(T5) + fu5 (7))
= A_f*p (@7) :

The equalities (1) and (2) show that the map f,5 is a linear transformation. []

According to given bases, each linear transformation corresponds to a matrix.
Now, let’s find the matrix which is called dual Jacobian corresponding to this linear
transformation. Let us consider that the bases of T5D™ and TzD"™ are defined as
follows:

{e1p, -, enp} and {eig, ...,emz},

respectively, where § = f (p)+ef° (p). Thus, for 1 < j < n, the following expression
can be written:

Falep) = ((eplhls o epfm]) +elep [fT]s e [fm]) latea



456 O. Durmaz, B. Aktag, and H. Giindogan

<af (B) exg+ - +§é3@ﬁaw+e(gg(@emﬁ.“+éfo(@ema>

- (Lo L2 o) e (L. 2o )

O0x;
) afe
351 (m 8:1:11 (ﬁ)
+e€ ;
0fu or,
dxj (]A)') Bgcj (23')
where ¢ = ql, o Gnsqys -y @) is the point of R?". Thus, the dual Jacobian matrix

is shown by J ( ) ) and is defined as follow equality

o o ofr ofe

a—ﬁ(ﬁ)---wfﬁ(ﬁ) a—;ﬁ(ﬁ)---%(@
T = S te

Un ) . . . Un(f) o) . . H=@)

J(f) () +eT () (),

where

g~ N~ O ofx

for 1 <k <mand 1 < j < n. In this case, the dual analytic tangent map
fup : TeD™ — T )D can be rewritten as follows

Fs @) = (f5(Tp) +e(£%(Tp) + f5 (T3)))

(5.2) T() ) Tp+e () D) T+ () B) T5).

Example 5.1. Let

f : D*= D?

f@) = (coszi,sinzi,x2)+e(—a]sinzy +coszy,z} coszy +sinxy, x3)
be a dual analytic function with = (5,0) +¢(1,%) and 75 = (2, —3)5 +€(1,2);. The
dual tangent map of f is obtained from (5.1) as

SN (v [f1],vp [f2] s vp [f3])
fy @) = (+8(U5[f1°]+U$[f1],vﬁ[fé’]+Ui[f2],vﬁ[f§’]+v§[f3]))

- (7\/57\/—’73)(;%(7@’@ 2);

lgteq*

2 2
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where ¢ +eq” = f (p) +<f° (D)

457

—

V2 N2 O) +e (0, V2, %) is a dual point of D®. On the

297 27

other hand, if we use the dual Jacobian matrix of f at dual point B, we have

J(f) (@

Considering the equality (5.2),

f*ﬁ (E:T))

J(

(,

6.

= J(f)(®) +eJ(f°) (P)
-2 0 -Vv2 0
= 2o |+el 0 0
0 1 0 0

we get the following equality

NETs+e(J() @) T+ () (B) T5)

V2
V2
-3

va.va,-8) +e (-2,

5y

2
tel| £
2

Q2>

2 I
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Abstract. In this paper, we have introduced Z-localized and Z*-localized sequences
in metric spaces and investigated some basics properties of the Z-localized sequences
related with Z-Cauchy sequences. Also, we have obtained some necessary and sufficient
conditions for the Z-localized sequences to be an Z-Cauchy sequences. We have also
defined uniformly Z-localized sequences on metric spaces and its relation with Z-Cauchy
sequences have been obtained.

Keywords: Z-Cauchy sequences; Z-localized sequences; Z*-localized sequences.

1. Introduction and preliminaries

The localized sequences defined in [7] can be understood as a typical general-
ization of a Cauchy sequence in metric spaces. Using the properties of localized
sequences and the locator of a sequence, some interesting results related to closure
operators in metric spaces have been obtained in [7]. If X is a metric space with a
metric d(-,-) and (x,) is a sequence of points in X, we call the sequence (z,,) to be
localized in some subset M C X if the number sequence «,, = d (z,,x) converges
for all z € M. The maximal subset on which (z,,) is a localized sequence is called
the locator of (z,). In addition, if (z,) is localized on X, then it becomes localized
everywhere. If the locator of a sequence (x,,) contains all elements of this sequence,
except of a finite number of elements, then (z,,) is called localized in itself. For the
above notations and further properties of the localized sequences we refer to [7]. It
is important to remark that, every Cauchy sequence in X is localized everywhere.
It is also an interesting fact that if A : X — X is a mapping with the condition
d(Az, Ay) < d(z,y) for all z,y € X, then for every z € X the sequence (A™z) is
localized at every fixed point of the mapping A. This means that fixed points of
the mapping A is contained in the locator of the sequence (A"x). Motivating the
above-mentioned facts the authors of the present study have recently introduced
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the notations of a statistically localized sequence and the statistically locator of
a sequence [9] where important properties of statistically localized sequences have
been investigated.

In the present paper, the main purpose is to generalize the concept of statis-
tically localized sequence using the notation of ideal Z of subset of the set N of
positive integers. Note that the Z-convergence of sequences of real numbers and
Z-convergence of sequences in metric spaces were also defined and investigated (see
4, 5)).

Recall that for a non-empty set X, the family Z C 2% is an ideal if and only if
for each A, B € 7 we have AUB € T and for each A € Z and B C A we have B € Z
(see [6]). Additionally, a non-empty family of set F C 2% is a filter on X if and only
if @ ¢ F, for each A, B € F we have ANB € F and for each A € F andeach BD A
we have B € F. In addition, an ideal Z is called non-trivial if Z # @ and X ¢ Z.
Then, Z C 2% is a non-trivial ideal if and only if F = F(Z) = {X\A: A€}
is a filter on X. A non-trivial ideal Z C 2% is called admissible if and only if
IDo{{z}:z e X} (see [4, 5]).

Let (X, d) be a fixed metric space and Z denotes a non-trivial ideal of subsets
of N.

Definition 1.1. ([4]) A sequence (z,,),,cy of elements of X is said to be Z-convergent
to £ € X and it will be denoted as Z- lim z,, = ¢ if and only if
n—oo

Ale)={neN:d(x,,§) >t el

for any € > 0.

Definition 1.2. ([8]) A sequence (z,),, oy of element of X is said to be Z-Cauchy
sequence if and only if there is ng € N such that

A(e)={neN:d(xy,zn,) > e} €T for each e > 0.

Note that the notations of Z*-convergent and Z*-Cauchy sequences are also
related to Z-convergence.

Definition 1.3. ([4]) A sequence (z,), .y of elements of X is said to be T*-
convergent to { € X if and only if there exists aset M € F (Z) such that klim d(zm,,&) =
—00

Oand M ={m; <ma < ..<myg <..}CN

Definition 1.4. ([8]) A sequence (x,) of elements of X is said to be Z*-Cauchy
sequence if and only if there is a set M = {m1 < ma < ... < my} such that

k})iglood (xmk,xmp) =0.
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Note that Z*-convergent and Z*-Cauchy sequences imply Z-convergent and Z-
Cauchy sequences, respectively. Moreover, if Z is an ideal with property (AP)
(see [4]), then Z and Z*-convergence coincide. Also, in this case Z and Z*-Cauchy
sequences are the same (see [8]). More property and fact about ideal convergence
and statistical convergence are contained, for instance, in Giirdal et al. [2], Nuray
et al. [10], Savag and Giirdal [11, 12], Sahiner et al. [13] and Yegiil and Diindar
[14].

In this paper, we have defined Z-localized and Z*-localized sequences in metric
spaces and investigated some basics properties of Z-localized sequences related with
Z-Cauchy sequences.

2. 7 and I*-localized sequences

Let (X,d) is a metric space and Z is a non-trivial ideal of subsets of N.

Definition 2.1. (a) A sequence (z,,),,cy of elements of X is said to be Z-localized
in the subset M C X if and only if for each € M, Z-lim,,_, o d (z,,, x) exists, i.e.
the real number sequence «,, = d (x,,x) is Z-convergent.

(b) the maximal set on which a sequence (z,,) is Z-localized we call the Z-locator
of (z,) and we denote this set as locz (z,,).

(¢) A sequence (zy,) is called Z-localized everywhere if Z-locator of (x,,) coincides
with X, i.e. locz (z,,) = X.

(d) A sequence (x,,) is called Z-localized in itself if
{neN:z, ¢locg (z,)} CT.

From this definition, we immediately have that if (x,,) is an Z-Cauchy sequence
then, it is Z-localized everywhere. Indeed, since

|d($n,$) - d($n0,$)| < d(xnaxno)
we have
{neN:|d(z,,z) —d(zn,,z)| 2t C{neN:d(x,,z,) >}

which indicates that the sequence is Z-localized if it is Z-Cauchy sequence.

We also have that, every Z-convergent sequence is Z-localized. Note that, if 7
is an admissible ideal then

(i) every localized sequence in X is Z-localized sequence in X.

(ii) if additionally X is a vector space, then the sum of two Z-localized sequences
is Z-localized and also multiplication of Z-localized sequence to a constant is also
Z-localized.

Remark 2.1. If (z,) and (yn) are two Z-localized number sequences, then (znyn),

(%) ,Yn 7 0, are also Z-localized sequences.
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T*-localized sequences could also be defined in metric spaces. Then we call the
sequence (x,) to be Z*-localized in a metric space X if and only if the number
sequence d (x,,x) is Z*-convergent for each x € X. Therefore, every Z*-convergent
or Z*-Cauchy sequence in a metric space X is Z*-localized in X.

It is known that for admissible ideal Z*-Cauchy criteria and Z*-convergence,
implies that Z-Cauchy criteria and Z-convergence, respectively. Moreover, for the
admissible ideal with the property (AP) the notions of Z and Z*-Cauchy sequences;
Z-convergent and Z*-convergent sequences coincide.

Lemma 2.1. Let T is an admissible ideal on N and X is a metric space. If a
sequence (xy) C X is I*-localized on the set M C X, then (x,,) is Z-localized on the
set M and locz, (x,) C locg () .

Proof. If (xy,) is Z*-localized on M, then there exist a set H € T such that for
HC =N\H = {k1 < ka2 < ... < k;j} we have

lim d(z;, )

J—0o0
for each © € M. Then, the sequence d (x,,, ) is an Z*-Cauchy sequence which implies

the d (zn,x) is an Z-Cauchy sequences (see [8]). Therefore; the number sequence
d (xy,x) is Z-convergent, i.e. (x,) is Z-localized on the set M. O

Lemma 2.2. Suppose (X,d) is a metric space, then

(i) if X has no limit point, then T and Z*-localized sequences are the same in X
and Lioe (2n) = I}, (xn) for any (z,) € X.

(i) if X has a limit point &, then there is an admissible ideal I for which there
exists an L-localized sequence (yn) C X such that (y,) is not T*-localized.

Proof. (i) If X has no any limit point, then the notions Z and Z*-convergence
coincide in X (see [4]). Therefore, if (x,) is Z-localized then it is Z*-localized also
and by the Lemma 2.1, we have Zj,. (z,,) = I} (n) -

(ii) Let &£ is a limit point of X. Then there exists a sequence (z,) such that

limy, o0 d (2n,€) = 0. Let D = | JD;, D; = {ad™1 (25— 1):s €N} (j =1,2,...)
=1

is a decomposition of integers aéd € is an ideal of sets A C N such that each A
intersects only a finite member of D, (see [4]). Let us define the sequence y, = x;
for n € D;. Then, from Theorem 3.1 in [4], we have that the sequence (y,) is Z-
localized in X. This means that for each z € X we have Z-lim,,_,oc d (ypn, ) = a () .
Let us define d (z,,, ) = ay, (z) . It is easy to show that Z-lim,, o oy () = a () . If
for some z € X we have Z*-lim,,_,oc @y, (x) = (), then there is H € £ such that
for M = {m1 <ma < ..<my <..} = N\H we have limy_,00 tm, () = a(z).
According to the definition of £, the integer ¢ € N such that H C Ay U...UAy could
be found yet, then Aypy1 C N\H = M. Therefore; for many infinite k’s, we have
Qm,, (€) = aggq (x) . This contradicts that ay,, () — «a (). Hence, the sequence
(yn) is Z-localized but not Z*-localized. This proves Lemma 2.2. O
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We recall that a necessary and sufficient condition of equivalency of Z and Z*-
convergent, also Z and Z*-Cauchy condition, is so called (AP) properties of an
admissible ideal Z C 2V (see [4]) which means that for every family {A;}; .y with
AiNA; =0 (i #7), Ai € Z (i € N), there is a family {B;}, . such that (A;\B;)U

(Bj\A;) for all j € N and a limit set B = UBj € 7. From the Theorem 3.2 in [4],
j=1

if 7 is an admissible ideal with the property (AP) and (z,,) is Z-localized sequence,
then Z*-lim,, o0 d (xm, ) exists for each x. This means that, for any admissible
ideal with the property (AP) Z-localized sequence is also Z*-localized. In contrast,
if every Z-localized sequence is also Z*-localized and the metric space (X, d) has at
least one limit point, then Z has the property (AP) . Indeed, if £ is a limit point of
X then there exists a sequence (x,,) such that d (z,,£) = 0. Then, putting y,, = z;
for n € Aj, where {A,}, o is a disjoint family of non-empty sets from Z, we have
Z-limy, o0 Yy = €. Hence, (y,) is Z-localized sequence. By the assumption of (y,,)
is Z*-localized, Z*-lim,,— o0 d (yn, x) exists for each x. So, there is a set B(x) € Z
such that if M (x) = N\B (z) = {m1 (z) < mg (x) < ...}, then the limit

lim d(ym,,z) = a(x)

k—o00
exist. In addition, for each fixed z it could be proved that Z has the property (AP)
as in [4].

The investigation of other properties of the Z-localized sequences have been
given in the following section.

3. Basic properties of ideal localized sequences

Proposition 3.1. FEvery Z-localized sequence is Z-bounded.

Proof. Let (x,,) is Z-localized. Then, the number sequence d (z,,, z) is Z-convergent
for some x € X. This means that {n € N:d(z,,z) > K} € T for some K > 0.
Consequently, the sequence (z,,) is Z-bounded. [

Proposition 3.2. Let T is an admissible ideal with the property (AP) and L =
locg (xy,) . Also, a point z € X be such that for any € > 0 there exists x € L
satisfying

(1) {neN:|d(z,x,) —d(z,zp)| 2 e} €T.
Then z € L.

Proof. Tt is enough to show that the number sequence «,, = d (x,, z) is an Z-Cauchy
sequence. Let ¢ > 0 and # € L = locz (x,,) is a point with the property (1). By
adopting the (AP) property of Z, we have

|d(x7xkn) - d(za xkn)

— 0 asn — o0,
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and
|d (zk,,x) — d(zk,,, )] = 0 as m,n — oo

where K = {k; < ko < .. <k, <..} € F(Z). Hence for any € > 0 there is ng € N
such that

(2) d(@,ap,) = d(z,20,)| <
and
(3) d(@,ax,) - d(@,an,)| <

for all n > ng, m > mg.

Now, combining (2) and (3) together with the following estimation
|d (2, 2x,) = d(z, 25,

<|d(z,2,) = d(z x| +|d (2,2, ) — d(@2p,)| +|d(2,25,) = d(z,28,)]

we obtain
|d(z,2k,) —d(z,zp,,)| < &

for all n > ng, m > ng, which gives
|d(z,2,) — d(z,zk,, )| = 0 as m,n — oo

for K = (k,) C N and K € F (Z). This result implies that d (z,, z) is an Z-Cauchy
sequence which finalizes the proof. O

Proposition 3.3. The Z-locator of any sequence is a closed subset of the metric
space X.

Proof. Let z € locz (z,,). Then, for any & > 0 the ball B (z,¢) will contain a point
x € locg (xy,). Therefore;

{neN:|d(z,x,) —d(z,zn)| 2} €T
for any € > 0, since for each n € N
|d(z,z,) — d(2z,20)] < d(z,2) <e.

Consequently, the hypothesis of Proposition 3.2 is satisfied. Then z € locz (x,,), i.e.
locz (xy,) is closed. O

Recall that the point z is an Z-limit point of the sequence (x,) € X if there is
a set

K={k<kes<..<ky}CN
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such that K ¢ 7 and limg_y00 Zm, = 2. A point ¢ is said to be an Z-cluster point of
the sequence (z,,) if for each € > 0

{neN:d(z,,§) <ec} ¢TI

(see [4, 5]). In addition, if K = {k; < kg < ...} € Z, then the subsequence (x, )
of the sequence (z,) is called Z-thin subsequence of the sequence (z,). If M =
{m1 < mgz < ..} ¢ Z, then the sequence x s = (z,,) is called Z-nonthin subsequence
of (z,).

Since |d (n,y) — d(2,y)| < d(xn, 2), the following propositions could be given.

Proposition 3.4. If z € X is an Z-limit point (an I-cluster point) of a sequence
(xn) € X, then for each y € X the number d(z,y) is an Z-limit point (an Z-cluster
point) of the sequence {d (xn,y)}.

Proposition 3.5. All Z-limit points (Z-cluster points) of the I-localized sequence
(zn,) have the same distance from each point x of the locator locz (x,).

Proof. If z; and z9 are two Z-limit points of the sequence (z,), then the num-
bers d (z1,x) and d (22, z) are Z-limit points of the Z-convergent sequence d (z, x,, ).
Consequently, d (z1,z) = d(z2,2). O

Proposition 3.6. locz (x,) does not contain more than one Z-limit (Z-cluster)
point of the sequence (xy,). Particularly, everywhere the localized sequence has not
more than one Z-limit (I-cluster) point.

Proof. If ,y € locz (x,) are two Z-limit points of the sequence (z,), then by the
Proposition 3.5, d (z,z) = d (z,y). But d (z,z) = 0. This implies that, d (z,y) =0
for x # y which is a well-known contradiction. [

Proposition 3.7. If the sequence (xz,) has an Z-limit point z € loct (xy,), then
Z-lim, oo Ty, = %.

Proof. The sequence {d(x,,2)} is Z-convergent and some Z-nonthin subsequence
of this sequence converges to zero. Then, (z,,) is Z-convergent to z. O

Definition 3.1. For the given Z-localized sequence (z,,), with the Z-locator L =
locz (xy,) , the number

o = inf (I- lim d(x,xn))

z€L n—00

is called the Z-barrier of ().

Theorem 3.1. Let T C 2N is an ideal with (AP) property. Then, an I-localized
sequence is T-Cauchy sequence if and only if o = 0.
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Proof. Let (z,,) is an Z-Cauchy sequence in a metric space X. Then, there is a set
K ={ki < kg <..<kp} CNsuchthat K € F(Z) and lim, ;00 d (g, , Tk,,) = 0.
Consequently, for each € > 0 there exists ng € N such that

d (xkn , xkno) < ¢ for all n > nyg.

Since (x,,) is an Z-localized sequence, Z-lim,, o d (xk.n, xk.ng) exist and we get Z-
lim,, o0 d (xk.n, xk.no) < e. Hence, 0 < ¢. Because € > 0, we also get ¢ = 0.

Let now assume the converse by taking o = 0. Then, for each € > 0 there is an
x € locg (x,) such that d (z) = Z-lim, o0 d (2, 2,) < §. In this case

{neN: Id (z) — d (2, )] zg—d(x)} T

which implies {n € N:d (z,z,) > 5} € Z. Therefore, Z-lim, o0 d (z,2,) = 0, i.e.
() is an Z-Cauchy sequence. [

Remark 3.1. We have previously acquired from the proof of Theorem 3.1 that, if o = 0
then an ideal Z will not have (AP) properties. In other words, if an Z-barrier of a localized
sequence is equal to zero, then it is an Z-Cauchy sequence.

Theorem 3.2. If the sequence (x,,) is Z-localized in itself and (x,) contains an
Z-nonthin Cauchy subsequence, then (x,,) will be an Z-Cauchy sequence itself.

Proof. Let (yy) is an Z-nonthin Cauchy subsequence. It could be assumed that
all members of (y,) belong to the locz (x,,). Since (y,) is a Cauchy sequence, by
Theorem 3.1, inf,, lim,,—yo0 d (Ym,yn) = 0. On the other hand, since (z,) is Z-
localized in itself then,
Z- lim d(xm,yn) =Z- lim d(Ym,yn) =0.
m—r o0 m—r o0

This implies that, the Z-barrier of (z,,) is equal to zero: o = 0. Then, by using the
Remark 3.1, we figure out that (z,) is an Z-Cauchy sequence. [

Let a € X, r > 0 and T C 2V is an admissible ideal. Recall that the se-
quence (x,) in a metric space (X,d) is called Z-bounded if there is a subset K =
{k1 <ky <..<knC..} CNsuch that K € F(Z) and (z,, ) C B(a,r), where
B (a,r) is the ball with center at the point a and radius r. Clearly, (;vkn) is a
bounded sequence in X sequence and it has a localized in itself subsequence (see
[7]). As a result, the following assertion also becomes true.

Proposition 3.8. Fvery Z-bounded sequence in a metric space has an Z-localized
in itself subsequence.

Theorem 3.3. If every Z-localized in itself sequence of X is an Z-Cauchy se-
quence, then every bounded set in X is totally bounded.
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Proof. Let (x,,) is an Z-localized in itself sequence of metric space (X, d), but the
assertion is not true. Then, there is a bounded subset M C X such that d (2, ) >
€ (n # m) for some € > 0 and for some sequence (z,,) C M. Since (x,,) is bounded by
Proposition 3.8, (x,,) has an Z-localized in itself sequence (z!,). Since d (z),,2],) > ¢
for any n # m, the subsequence is not an Cauchy sequence. This contradicts our
assumption. []

Definition 3.2. We indicate an infinite subset M C X is thick relatively to a
nonempty subset Y C X if for each € > 0 there is the a point y € Y such that the
ball B (y,¢) has infinitely many points of M. In particular, if the set M is thick
relatively to its subset Y C M then M is called thick in itself.

Proposition 3.9. If every bounded infinite set of X is thick in itself, then every
T-localized in itself sequence of X is an Z-Cauchy sequence.

Proof. Let the assumption is satisfied and (x,,) is an Z-localized in itself sequence
of X. Then, (x,) is an Z-bounded sequence in X. This implies that there is an
infinite set M of points of (x,) such that M is a bounded subset of X. By this
assumption, M is thick in itself. Then, for every € > 0 we can choose xy € M such
that the ball B (xy,e) contains infinitely many points of af, ..., 2}, ... of X. For the
sequence (z,) the sequence d (2, zx),-; is Z-convergent and

- limd(x),,zx) <e

n—mng -

Hence, the Z-barrier of (z,,) is equal to zero so (x,) is an Z-Cauchy sequence. [

Since every bounded subset of X is totally bounded if and only if every bounded
infinite subset of X is thick in itself (see [7]), the equality of Theorem 3.3 and
Proposition 3.9 have been figure out. Moreover, from Theorem 3.2 and Theorem
3.1 it has been figured out that in Theorem 3.3 the assumption could be replaced
equivalently with the assumption regarding every Z-bounded sequence to have an
Z-Cauchy subsequence.

Proposition 3.10. If every Z-bounded sequence has an I-Cauchy subsequence,
then every bounded subset in X is totally bounded.

Note that in separable metric spaces, Proposition 3.10 can be weakened.

Proposition 3.11. If every Z-bounded sequence of separable metric space X has
an T-localized subsequence in everywhere, then every bounded subset of X could be
said that totally bounded.

Definition 3.3. A sequence (z,) in metric space (X,d) is called uniformly Z-
localized on a subset M C X if the sequence {d (z,zy)} is uniformly Z-convergent
for all x € M.
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The following proposition is proved analogously to Proposition 3.2.

Proposition 3.12. Let sequence (xy,) be uniformly Z-localized on the set M C X
and z € 'Y 1is such that for every € > 0 there is y € M for which

{neN:|d(z,z,) —d(y,z,)| >t €T

is satisfied. Then, z € loct (xy,) and (x,,) is uniformly T-localized on the set of such
points z.

Remark 3.2. The function da (z,2) = sup |d(z,y) —d(y,2)|, z,z € Y is called a
yeM
pseudo metric on the set Y.

It is easy to prove by standard techniques (see [1, 3]) that a sequence (z,) is
uniformly Z-localized on the set M C X if and only if (z,,) is an Z-Cauchy sequence
with respect to the metric das (z, 2) .

Theorem 3.4. FEvery uniformly T-localized in itself sequence is Z-Cauchy sequence.
Proof. Let {n € N:xz,, € M} € F(Z) the uniformly Z-localized in itself sequence
(25,). From the definition of dj; we get that if at most one of the points z,z
belongs to M, then dy (z,2) = d(x,2). In particular, there is ny € N such that

{n e N:dy (Tn,Tn,) = d(Tn,Zn,)} € F(I). Now the assertion is obtained from
Proposition 3.2. O

4. Acknowledgment

We would like to thank the referees for careful reading and fruitful suggestions.

REFERENCES

1. H. BUSEMANN: The geometry of geodesics, Dover Publications, New York, USA, 2005.

[\]

. M. GURDAL, A. SAHINER AND I. AqQiK: Approzimation theory in 2-Banach spaces,
Nonlinear Anal., 71(5-6) (2009), 1654-1661.

. J. L. KELLEY: General Topology, Springer-Verlag New York, 1955.

AW

. P. KosTyrko, M. MAcAJ AND T. SALAT: Z-Convergence, Real Anal. Exchang, 26
(2000), 669-686.

5. P. KOSTYRKO, M. MAcCAJ, T. SALAT AND M. SLEZIAK: Z-Convergence and Extremal
I-Limit Points, Math. Slovaca, 55 (2005), 443-464.

. C. KurATOWSKI: Topologie I, PWN Warszawa, 1958.

~N O

. L. N. KrRIVONOSOV: Localized sequences in metric spaces, 1zv. Vyssh. Uchebn. Zaved
Mat., 4 (1974), 45-54.



8.

10.

11.

12.

13.

14.

Z-localized Sequences 469

A. NABIEV, S. PEHLIVAN AND M. GURDAL: On Z-Cauchy sequences, Taiwanese J.
Math., 11 (2007), 569-566.

A. A. NaBIEV, E. SAVAS AND M. GURDAL: Statistically localized sequences in metric
spaces, J. Appl. Anal. Comp., 9(2) (2019), 739-746.

F. Nuray, U. ULusu AND E. DUNDAR: Lacunary statistical convergence of double
sequences of sets, Soft Computing, 20(7) (2016), 2883—-2888.

E. Savas AND M. GURDAL: Certain summability methods in intuitionistic fuzzy
normed spaces, J. Intell. Fuzzy. Syst., 27(4) (2014), 1621-1629.

E. Savas AND M. GURDAL: Ideal Convergent Function Sequences in Random 2-
Normed Spaces, Filomat, 30(3) (2016), 557-567.

A. SAHINER, M. GURDAL AND T. YIGIT: Ideal convergence characterization of the
completion of linear n-normed spaces, Comput. Math. Appl., 61(3) (2011), 683-689.

S. Yegiil and E. Diindar: Statistical convergence of double sequences of functions and
some properties in 2-normed spaces, Facta Univ. Ser. Math. Inform. 33(5) (2018),
705-719.

Anar Adiloglu Nabiev

Stileyman Demirel University
Department of Computer Engineering
32260 Isparta, Turkey

anaradiloglu@sdu.edu.tr

Ekrem Savag

Usak University
Department of Mathematics
64000 Usak, Turkey

ekremsavas@yahoo.com

Mehmet Giirdal
Stileyman Demirel University
Department of Mathematics

32260 Isparta, Turkey
gurdalmehmet@sdu.edu.tr






FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 35, No 2 (2020), 471-483
https://doi.org/10.22190/FUMI2002471S

TAUBERIAN CONDITIONS FOR ¢-CESARO INTEGRABILITY

Sefa A. Sezer and ibrahim Canak

© 2020 by University of Ni§, Serbia | Creative Commons Licence: CC BY-NC-ND

Abstract. Given a g-integrable function f on [0, 00), we define s(z) = [ f(t)dqt and
o(s(x)) = L [V s(t)dgt for £ > 0. It is known that if lim, o s(z) exists and is equal to
A, then limg o o(s(z)) = A. But the converse of this implication is not true in gen-
eral. Our goal is to obtain Tauberian conditions imposed on the general control modulo
of s(z) under which the converse implication holds. These conditions generalize some
previously obtained Tauberian conditions.

Keywords: g¢-integrable function; Tauberian conditions; g-derivative; g-integrals; quan-
tum calculus.

1. Introduction

The first formulae of what we now call quantum calculus or g-calculus were in-
troduced by Euler in the 18th century. Many notable results were obtained in the
19th century. In the early 20th century, Jackson defined the notions of g-derivative
[9] and definite g-integral [10]. Also, he was the first to develop g¢-calculus in a
systematic way. Following Jackson’s papers, g-calculus has received an increas-
ing attention of many researchers due to its vast applications in mathematics and
physics.

We wiill now give some concepts of the g-calculus necessary for the understand-
ing of this work. We follow the terminology and notations from the book of Kac
and Cheung [11]. In what follows, ¢ is a real number satisfying 0 < ¢ < 1.

The ¢-derivative D, f(x) of an arbitrary function f(x) is defined by

f(x) — flgx)

T —qr

D, f(x) = i 2 £0,
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where D, f(0) = f'(0) provided f'(0) exists. If f(x) is differentiable, then D, f(z)

tends to f’(z) as ¢ tends to 1.
Notice that the g-derivative satisfies the following g-analogue of Leibniz rule

Dy(f(2)g(x)) = fqr)Dgg(x) + g(x) Dy f ().

The g-integrals from 0 to a and from 0 to co are given by

/ " f@)dgr = (- gy Flag")"
and

/ff(x) —ga S Sl

n—=—oo

provided the sums converge absolutely. On a general interval [a, b], the ¢g-integral is

defined by
b b a
| @i = [ @i = [ f@a

The ¢-integral and the g-derivative are related by the fundamental theorem of
quantum calculus as follows:

If F(x) is an anti g-derivative of f(z) and F(z) is continuous at z = 0, then

/bf(x)dquF(b)—F(aL 0<a<b< oo

/ f)dgt | = ().
0

A function f(x) is said to be g-integrable on Ry := [0, 00) if the series ), ¢" f(q")
converges absolutely. We denote the set of all functions that are g-integrable on R
by L}(Rg,4), where

In addition, we have

R+ ={¢" :n € Z}.

One may consult the recent books [2, 1] for further results and several applica-
tions of ¢-calculus.

Throughout this paper we assume that f(z) is g-integrable on R and s(z) =
Jy f(t)dgt. The symbol s(z) = o(1) means that lim, o s(z) = 0. The g-Cesaro
mean of s( ) are defined by
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The integral [° f(t)d,t is said to be g- Cesaro integrable (or (Cy,1) integrable) to
a finite A, in symbols s( ) = A(Cq, 1), 1
(1.1) IILII;O o(x) = A.

If the g-integral

(1.2) /OOo F(O)dgt =

exists, then the limit (1.1) also exists [6]. That is, g-Cesaro integrability method is
regular. The converse is not necessarily true (see [15], Example 1). Adding some
suitable condition to (1.1), which is called a Tauberian condition, may imply (1.2).
Any theorem which states that the convergence of the g-integral follows from its
g-Cesaro integrability and some Tauberian condition is called a Tauberian theorem.

The difference between s(z) and its g-Cesaro mean is given by the identity [6]

(13) s(@) — o(2) = qula),

where v(z) = L [“¢f(t)d4t. The identity (1.3) will be used in the various steps of
proofs.

For each integer, m > 0, oy, (2) and vy, (x) are defined by

1 x
—/ O’mfl(t)dqt ,m Z 1
0

O—m(x) = T
s(x) ,m=0

and 1
{; Um—1(t)dgt ,m>1

,m=20
The relationship between ., (x) and vy, (z) can be easily obtained by (1.3) as follows:
(1.4) O () = Om+1(2) = qum ().

The classical control modulo of s(x fo t)d4t is denoted by

wo(z) = 2Dy (s(x)) = xf (),

and the general control modulo of integer order m > 1 of s(z) is defined by

Wim—1(x) — 0(wm-1(x)) = qum ().

Note that the concepts of classical and general control modulo were first introduced
by Canak and Totur [3] for the integrals in standard calculus.
A function f(x) is said to satisfy the property (P) (see [7]), if for all € > 0 there
exists K > 0 such that
|f(x) = flgz)| <€
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for all x > K.

Recently, Fitouhi and Brahim [7], Canak et al. [6] and Totur et al. [15] have
determined Tauberian conditions using this property. Moreover, Canak et al. [6]
showed that if s(z) satisfies the property (P), its g-Cesaro mean o(z) then also
satisfies the property (P).

Slowly oscillating real-valued functions were introduced by Schmidt [14]. A
function f(x) is said to be slowly oscillating, if for every € > 0 there exists K > 0
such that |f(z) — f(y)| < € whenever x > y > K and z/y — 1. Slow oscillation
condition were used in a number of Tauberian theorems for the Cesaro integrability
[4, 5], logarithmic integrability [12, 16] and weighted mean integrability [13, 17] in
standard calculus. Counsider that, as g tends to 1, the property (P) corresponds to
slow oscillation of a function.

The following theorems are the g-analogues of classical Tauberian theorems due
to the Hardy [8] and Schmidt [14], respectively.

Theorem 1.1. ([7]) If s(x) is q-Cesaro integrable to A and
(1.5) wo(z) = o(1),
then [° f(t)dgt = A.

Theorem 1.2. ([6],[7]) If s(x) is g-Cesaro integrable to A and satisfies the prop-
erty (P), then [J° f(t)dgt = A.

The purpose of this study is to generalize the above theorems by imposing
Tauberian conditions on the general control modulo of integer order m > 1.

2. Main Results

In this paper, we shall prove the following Tauberian theorems.
Theorem 2.1. If s(x) is g-Cesaro integrable to A and
(2.1) wm(z) = o(1)
for some integer m > 0, then [~ f(t)dgt = A.

Remark 2.1. It follows from the definition of the general control modulo that condition
(1.5) implies the condition (2.1).

Theorem 2.2. If s(z) is g-Cesaro integrable to A and o(wp,()) satisfies the prop-
erty (P) for some integer m > 0, then fooo f(t)dqt = A.

Remark 2.2. Let the function s(z) satisfy the property (P), then so does the function
o(wm(z)) for any non-negative integer m.

Remark 2.3. For the case m = 0 in Theorem 2.2, we observe that v(z) satisfies the
property (P) which means that it is a Tauberian condition for the ¢-Cesaro integrability
[6].
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3. Auxiliary Results
In this section we state and prove some lemmas which are needed for the brevity
of proofs of our main results.
Lemma 3.1. For every integer m > 1,
(3.1) xDg(om () = Vm—1(x).

Proof. Taking the g-derivative of o, () gives

1
Dyom@) = Du [omsidt
0

1 1 r

— —ona@) - o / Ot (£)dyt
0

1

= q_x (Om-1(z) — om(z)).
. . Um—1(z) .
Hence, applying the identity (1.3) to opm—1(x), we get Dy(om(x)) = — which

completes the proof. O

Lemma 3.2. For every integer m > 1,

(i) zf(x) —v(z) = qzDqg(v())

(i) vm—1(x) — v (x) = gDy (vm(x)).
Proof. (i) Taking the g-derivative and then multiplying both sides of identity (1.3)
by z, we get

2Dy (s(x)) — 2Dq(0(z)) = qrDy(v(x)).
It follows from Lemma 3.1 that
zf(x) —v(z) = qzDq(v(z)).
(ii) Taking the g—derivative of both sides of (1.4), we have
(3.2) Dy(om(2)) — Dg(om+1(2)) = ¢Dg(vm(2)).
Then, multiplying (3.2) by = yields
tDq(0m(2)) — 2Dg(0m+1(x)) = qrDg(vim(2)).

Using Lemma 3.1, we prove that

Um—1(2) = vm(2) = qzDg(vm ().
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Lemma 3.3. For every integer m > 1,
(3.3) 0(2Dy (1u-1(2))) = 2Dy (v (x))-

Proof. Taking Cesaro means of both sides of the identity in Lemma 3.2 (ii), we find

o(@Dy(vm-1(2))) = ¢ ' o(m—2(2)) = o(vm-1(z))]
= ¢ (vm-1(2) = vm(2))
= xDg(vm(2)).

O

For a function f(x), we define
(@Dg)m (f(2)) = (€Dg)m-1(xDy(f(x))) = £Dg((xDg)m-1(f(x))),
where (2Dg)o(f(x)) = f(x) and (xDg)1(f () = 2Dy(f (x)).
Lemma 3.4. For every integer m > 1,

(3.4) W (T) = (xDq)m(vm—l(x))~

Proof. We prove the assertion by using mathematical induction. From the definition
of the general control modulo for m = 1 and Lemma 3.2 (i), we get

wi(2) = ¢~ wo(@) — o (wol®))) = ¢ (2 (@) — v(x)) = 2Dy (v(x)).
Assume the assertion holds for some positive integer m = k. That is, assume that
(3-5) wi(2) = (#Dg) 1 (vk-1(2)).

We show that the assertion is true for m = k + 1. That is,
wi+1(®) = (Dg) k41 (v (@)).
By definition of the general control modulo for m = k + 1, we have
wir1(z) = ¢ (wi(z) — o(wi(2))).

Considering Lemma 3.2 (ii) and Lemma 3.3 together with (3.5), we obtain

w1 (@) = g (@Dg)k(vr—1(x)) = (Dg) (vr(x))]
= ¢ '(@Dg)k(vk—1(x) — vi(x))
= (2Dg)k+1(vk(2)).

Therefore, we conclude that Lemma 3.4 is true for each integer m > 1. O

Lemma 3.5. If s(x) is g-Cesdro integrable to some finite number A, then for each
non-negative integer m, o(wm(z)) is q¢-Cesaro integrable to 0.
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Proof. If s(z) — A(Cy,1), then it is known that o(z) — A(Cy, 1). Thus, it follows
from the identity (1.3) that v(z) = o(wo(x)) — 0(Cy,1). Replacing s(z) with v(x)
in (1.3), we write
(3.6) () = vi(x) = qeDy(v1(2)) = go(wi(x)).
Then, (3.6) implies o(wi(z)) — 0(Cy,1). Now, applying (1.3) to zD,(v1(z)), we
get
BT 2D () ~ 2Dy(ea(a)) = alaD)ava(w) = a0 (wn(a).
Hence from (3.7), o(wa(x)) — 0(Cy, 1). Continuing in the same manner, we obtain
o(wm(x)) — 0(Cy, 1) for each non-negative integer m.

o

Lemma 3.6. For every non-negative integer m and k,
(3.8) ok (wm(x)) = wm(ok()).

Proof. Using Lemma 3.4 and Lemma 3.3 respectively, it follows

or(wm(z)) = ox((xDg)mvm-1(z))

(3.9) = (@Dg)m+10m+k().

On the other hand, taking Lemma 3.4 and Lemma 3.1 into account we find
wm(ok(z)) = (2Dg)mVm-1(ok(z))

(3.10) — (@Dy)mr (i ().

Therefore, the proof is completed from the equality of (3.9) and (3.10). O

The following lemma shows a different representation of the difference s(x) —
o(x).

Lemma 3.7. For any function s(x) defined on (0,00), we have the identity

(3.11) (@) = o) = T (o(2) = ola2))

1 ar
whereaqx:—/ s(t)dgt.
(@)= [ s,

Proof. By the definition of the g-integral, we may write

/qu s()dgt = (1—q)qz»_ s(zq")g"
n=0

= (1-qx ) s(zq")q"

n=

= (1—q)z (Z s(xq™)g" — s(x))

n=0

_ /O s(t)dyt — (1 — g)ws(a).
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Dividing the both sides of the last equality by gz, we get

b (o(x) - 0(q)) = s(x) — o (x).

1—gq

O

It is clear from Lemma 3.7 that, even if o(x) is convergent, o(x) and o(gx) do not
tend to same value when s(z) is not convergent.

4. Proofs

In this section, we give proofs of our main results.

4.1. Proof of Theorem 2.1
From the hypothesis we have
(4.1) wm(2) = xDgo(wm-1(x)) = o(1),

for some integer m > 1. On the other hand, from Lemma 3.5, o(wpm—1(z)) —
0(Cy, 1). Hence, applying Theorem 1.1 to o(wm—1(z)) we obtain

(4.2) o (wm_1(2)) = o(1).

Considering (4.1) and (4.2) together with the identity
win-1(2) — o(Wm-1(x)) = qwm (),

we get

(4.3) W1 (2) = 2Dgo (Wm—2(x)) = o(1).

By Lemma 3.5, we also have o(wy,—2(x)) — 0(Cy,1). Now, applying Theorem 1.1
to o(wm—2(x)) we obtain

(4.4) 0 (wWm—2(x)) = o(1).
From (4.3), (4.4) and the identity
w2 (2) — 0 (wm_2(2)) = @m1(2),
we find
(4.5) Wm—2(z) = D40 (wm—3(x)) = o(1).

Taking (4.1), (4.3) and (4.5) into account and proceeding likewise, we observe that
wo(x) = o(1). Therefore, the proof follows from Theorem 1.1. O
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4.2. Proof of Theorem 2.2
Considering Lemma 3.7 we may construct the identity

o (wWm(2)) = o2(wm(2)) o2 (W (2)) = o2(wm(gz))]-

:l—q

Since o(wm () satisfies the property (P), its g—Cesaro mean oa(wn,(x)) also sat-
isfies the property (P). Let € > 0 be given. Then, there exists K > 0 such that

(4.6) —€ < 02 (W (x)) — o(wn(x)) <€

for every x > K. By (4.6), we write

(4.7) o(wm () — € < o2(wm () < o(wn () + €.

Since s(z) — A(Cy,1), we have by using Lemma 3.5 that mlirrgo o2(wm(z)) = 0.
Thus, it follows from (4.7)

—e < liminf o(wp, () < limsup o(wmy(z)) <,
r—roo T—00

which is equivalent to

(4.8) lim o(wm(z)) = 0.

Tr—00
It yields from the equality
o(wm(@)) = o((@Dg)mvm-1(x))
2Dq(xDg)m—1vm ()

xDgo2(Wm—1(x)),

that £Dy02(wm—1(x)) = o(1). Also, by Lemma 3.5, o(wm—1(x)) = 0(Cy,1). Fur-
ther, regularity of ¢-Cesaro integrability implies o2 (wym—1(z)) — 0(Cy,1). Then, if
we apply Theorem 1.1 to o2 (ws,—1(z)) we obtain

(4.9) lim og(wm—1(z)) = 0.

T—>00

From the definition of the general control modulo, it is easy to see
(4.10) o (wm-1(x)) = o2(Wm-1(2)) = go(wm(z)).

Combining (4.8), (4.9) and (4.10), we reach

(4.11) ach—>Holo o(wm—1(z)) =0.
Now, since
o(wm-1(x)) = o((xDg)m-1vm—2(x))

= @Dq(xDg)m—20m-1(x)

2Dy (Wm—2(x)),
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we find £Dgy02(wm—2(z)) = o(1). Besides, we have o2(wm—2(x)) — 0(Cy, 1) from
Lemma 3.5 and the regularity of ¢-Cesaro integrability. Now, applying Theorem
1.1 to o2 (wm—2(x)) we get

(4.12) lim o9(wm—2(z)) = 0.

T—00

Considering (4.11), (4.12) and the identity

(4.13) o (wm-(2)) = 02 (wm-2(2)) = g7 (wn-1(2)),
we have
(4.14) IILII;O o(wm—2(z)) =0.

In the light of (4.8), (4.11) and (4.14), continuing in the same fashion we conclude

xILH;O o(wo(z)) = xILH;O v(xz) =0.

Therefore, since s(x) — A(Cy, 1), we obtain via (1.3) that lim s(z) =A. O

T—0o0

5. Extensions

In this section, we will present the g-Holder or (Hyg, k) integrability method
which is an obvious generalization of the g-Cesaro integrability. Later, we extend
our main results to this method.

If

lim oy (z) = A,

T—>r00
then fooo f(t)d,t is said to be integrable by the ¢-Holder method of order k£ € Ny
(shortly, (Hy, k) integrable) to A, and this fact is denoted by s(z) — A(Hy, k). In
particular, the method (H,,0) indicates the convergence in the ordinary sense and
the method (Hy, 1) is equivalent to (Cy,1). The (H,, k) methods are regular for any
k and are compatible for all k. The power of the method increases with increasing
k: The (Hg, k) integrability implies (Hy, k') integrability for any k' > k.

Theorem 5.1. Let s(x) - A(Hg, k+1). If
(5.1) wm (z) = o(1)
for some integer m > 0, then [~ f(t)dst = A.

Proof. By (5.1) and the regularity of the (Cy,1) method, we obtain oy (wpn,(z)) =
o(1) for each integer k > 0. Then, from Lemma 3.6 it is clear that

(5.2) wWm (o (x)) = o(1) for each k € Ny.
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Besides, from the assumption since oy (x) — A(Cy, 1), Theorem 2.1 implies

lim og(x) = A

r—00

which is also equivalent to o1 (z) — A(Cy,1). From (5.2), we know that wy, (ox—1(x)) =
o(1). Now, applying Theorem 2.1 to oj_1(z) yields

lim o,_1(x) = A
Tr—r00

which is also equivalent to o;_o(z) — A(Cy,1). Repeating the same steps k-times
we conclude

lim og(z) = /OOo f(t)dgt = A.

T—00

O

Theorem 5.2. Let s(v) — A(Hy k +1). If o(wm(x)) satisfies the property (P)
for some integer m > 0, then [~ f(t)dst = A.

Proof. If o(wp,(z)) satisfies the property (P), then so does op(wm(x)) for every
non-negative integer k. From Lemma 3.6, since

Tk (wm (2)) = wm(ok(2))

we find that o(wm (0k(z))) also satisfies (P) for all k € Ny. Considering the hypoth-
esis o () = A(Cy, 1) and Theorem 2.2 we obtain

s(z) = A(Hy, k)

which requires oj_1(x) — A(Cy,1). Moreover, since o(wpm (0r—1(x))) satisfies (P),
we get

s(x) = A(Hg, k—1)
which requires o_2(z) — A(Cy,1). Applying the same reasoning k-times we reach
that
s(x) — A(Hg,0)

which means lim s(z) = A. O
Tr—ro0
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Abstract. Using the notions of forward and backward arithmetic convergence in asym-
metric metric spaces, we have defined arithmetic ff-continuity and arithmetic fb-
continuity and prove some interesting results. Moreover, we have introduced the con-
cepts of forward and backward arithmetic compactness and obtained the related results
in the setting of asymmetric metric space.
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1. Introduction and Preliminaries

In 1931, Wilson [18] first introduced asymmetric metric spaces as quasi-metric
spaces, and afterwards they were studied by many other authors (see [1, 14, 15, 16]).
An asymmetric metric space is a generalization of a metric space but the symmetry
axiom is eliminated in the definition of metric spaces. We can come up with some
troubles in several classical statements of symmetric analysis without the symmetry
property in the definition of such spaces. In asymmetric metric spaces, some notions
such as convergence, completeness and compactness are different from the metric
case. There are two notions for each of them, namely forward and backward ones,
since we have two topologies which are the forward topology and the backward
topology in the same space (see [13]). Collins and Zimmer [10] studied these notions
in the asymmetric context.

An example that asymmetric metrics are common in real life is taxicab geom-
etry topology including one-way streets, where a path from point A to point B
contains a different set of streets than a path from B to A. Also, the examples of
the latest applications of asymmetric metric spaces in the field of pure and applied
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mathematics and material science are as in [8]. In [9], Cobzas gave the basic results
on asymmetric normed spaces.

Ruckle [17] introduced the notion ofarithmetic convergence as a sequence x =
(xr) defined on N, and it is said to be arithmetic convergent if for each ¢ > 0
there is an integer n such that for every integer m we have |z, — T<mn>| < €.
Here and henceforth, < m,n > denotes the greatest common divisor of m and n.
Cakalli [4] gave another definition of arithmetic convergence of a sequence () as
a sequence x = (xy) is said to be arithmetically convergent if for each £ > 0 there
is an integer ng such that |z, — Z<mn>| < € for every integers m,n satisfying
< m,n >> ng. Throughout the article, we follow the definition given by Cakalli
in his corrigendum to the paper [4]. For more details on arithmetic convergence
and arithmetic continuity, we refer to [4, 19, 20, 21, 22, 23|. For different types of
continuity and b- metric spaces, we refer to [2, 3, 5, 6, 7, 11, 12].

In this article, we will first introduce the concepts of forward and backward
arithmetic convergence and using these notions we will define forward and backward
arithmetic continuity in asymmetric metric spaces and establish some interesting
results. In the last section, we will introduce forward and backward arithmetic
compactness and obtain related results.

2. Asymmetric Metric Spaces

Let us recall some definitions and results on asymmetric metric spaces which
were given in [10].

Definition 2.1. A function d : X x X — R is an asymmetric metric and (X, d)
is an asymmetric metric space if

(i) d(x,y) > 0 and d(x,y) = 0 holds if and only if z = y for every z,y € X.

(i) d(z,z) < d(z,y) + d(y, 2); for every z,y,z € X.
Definition 2.2. The forward topology T4+ induced by d is the topology generated
by the forward open balls Bt (z,¢) = {y € X : d(z,y) < e} for z € X;e > 0.

Likewise, the backward topology 7— induced by d is the topology generated by
the backward open balls B~ (z,¢) = {y € X : d(y,z) < e} for z € X;¢ > 0.

Definition 2.3. A set S C X is forward bounded (resp. backward bounded), if
there exists € X and € > 0 such that S C BT (z,¢) (resp. S C B (z,¢)).

Definition 2.4. A sequence (x,,) is said to be forward convergent to x € X (back-
ward convergent to x € X) if and only if

lim d(x,2,) =0 ( lim d(x,,z) =0)

n— o0 n— oo

and is denoted by x, ENgS (zn LA x).



Some New Types of Continuity in Asymmetric Metric Spaces 487

Definition 2.5. A sequence (z,,) in an asymmetric metric space (X, d) is forward
Cauchy (backward Cauchy) if for each € > 0 there exists a N € N such that for
k>n>N;dx,,xr) < e (dxg,z,) < €) holds.

Definition 2.6. [Sequential definition of continuity] Let (X,dx) and (Y, dy) be
asymmetric metric spaces. A function f : X — Y is ff — continuous at x € X if

and only if whenever x,, Iy 2 in (X,dx) we have f(x,) EN f(z) in (Y, dy).

The statement holds analogously for the other types. Note that the forward
uniform continuity is same as the backward uniform continuity.

Definition 2.7. A set S C X is

(i) forward compact if every open cover of S in the forward topology has a finite
subcover.

(ii) forward relatively compact if S is forward compact, where S denotes the clo-
sure of S in the forward topology.

(iil) forward sequentially compact if every sequence in X contains a forward con-
vergent subsequence.

(iv) forward complete if every forward Cauchy sequence is forward convergent.

Definition 2.8. Let (f,) be a function sequence and f be a function from X to Y.
We say that the sequence (f,,) is forward convergent uniformly (backward convergent
uniformly) to limit f if for every € > 0 there exists a positive number N such that
for all z € X and all n > N we have d(f(z), fn(z)) < e (d(fn(x), f(x)) < &).

3. Arithmetic Continuity in Asymmetric Metric Spaces

In this section, we introduce the concepts of forward and backward arithmetic con-
vergence and forward and backward arithmetic continuity in asymmetric metric
spaces and prove some results using these notions.

Definition 3.1. A sequence z = (zi) is called forward arithmetic conver-
gent (resp. backward arithmetic convergent) in an asymmetric metric space
(X,d) if for each € > 0 there is an integer N such that d(z<mn>,2m) <
e (resp. d(Tm,Tcmn>) < €), for every integers m,n satisfying < m,n >> N.

We shall denote it by writing z,, 2 Temm> (TESp. T at Temm>)-

Definition 3.2. Let (X,dx) and (Y,dy) be two asymmetric metric spaces. A
function f : X — Y is arithmetic ff — continuous (respectively arithmetic
fb—continuous), iff it transforms forward arithmetic convergent sequence in (X, dx)
to forward arithmetic convergent sequence (respectively backward arithmetic con-
vergent sequence) in (Y, dy).
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Theorem 3.1. Let (X,dx) and (Y,dy) be asymmetric metric spaces. If f : X —
Y is uniformly continuous then it is arithmetic f f-continuous.

Proof. Let f : X — Y be uniformly continuous and (x,,) be any forward arithmetic
convergence sequence in X. Since f is uniformly continuous, for a given ¢ > 0 there
exists & > 0 such that for every =,y € X with dx (z,y) <4, dy (f(x), f(y)) < e.
Again, the sequence (z,,) is forward arithmetic convergent in X, hence for the same
& > 0 there exists a positive integer mg such that for all integers m,n satisfying
<m,n>>0,

dx(T<nm>,xn) <dforeachn = dy(f(T<nm>), f(zn)) < € for each n
= the sequence (f(x,)) is forward arithmetic
convergent

= the function f is arithmetic ff-continuous.

This completes the proof. [

Definition 3.3. A sequence of functions (f,) from an asymmetric metric space
(X,dx) to an asymmetric metric space (Y, dy) is said to be forward arithmetic
convergent (resp. backward arithmetic convergent) if for any ¢ > 0 and V 2 € X
there exists a positive integer mg such that for all integers m, n satisfying < m,n >>
0,

dY(f<n,m> (x)7 fn(x)) < ¢ (resp. dY(fn(x)y f<nm> (-'L')) < 5)~

Theorem 3.2. If (f,) be a sequence of forward arithmetic convergent functions
from an asymmetric metric space (X,dx) to an asymmetric metric space (Y, dy)
and x, is a point in X such that

lim fo(x) =yn, n=1,2,3...

TTo

then (yn) is also forward arithmetic convergent.

Proof. Since the sequence (f,) is forward arithmetic convergent, therefore, for e > 0
and a positive integer mg such that for all integers m,n satisfying < m,n >>0

dy (fen,m>(x), fo(z)) <e Vz e X.

Keeping n, m fixed and letting x — x,,

dY(y<n,m>7 yn) <e.

Hence, the sequence (y,,) is forward arithmetic convergent. [

Remark 3.1. The same result can be written for backward arithmetic convergence.
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Theorem 3.3. If (f,) is a sequence of arithmetic f f — continuous functions from
asymmetric metric space (X,dx) to asymmetric metric space (Y,dy) with forward
convergence equivalent to backward convergence in'Y and (f,) forward converges
uniformly to a function f, then f is arithmetic f f-continuous.

Proof. Let € > 0 and (z,,) be any forward arithmetic convergent sequence in X.
Since f, EN f uniformly, we can choose Ni € N so that dy(f(z), fu(z)) < §
>

for all n Ni and ¢ € X. Now, in particular, fn(T<nm>) EN f(@<nm>)

and so fn(T<n,m>) LN f(x<nm>). Thus, we can find N € N so that
dy (fn(T<nm>), f(T<nm>)) < 5 for all n > Ny. Let N = max {Ny, Na}. Further,
(fn) is given to be a sequence of arithmetic f f-continuous functions. In particu-
lar, fn is arithmetic f f-continuous function, and thus arithmetic fb-continuous by
equivalence of forward and backward convergence in Y. So there exists an integer
ng, greater than N and § > 0 such that

S
dY(fN(xn)7fN(x<n,m>)) < g for dX(x<n,m>7xn) < 67

for all integers m,n satisfying < m,n >> mng. Consequently, whenever
dx (T<n,m>,Tn) < 6 and < m,n >> ng, we have

dy (f(xn), [(T<nm>)) < dy(f(zn), fn(2n)) + dy (fn(2n), [N (T<nms>))
+dY(fN(x<n,m>)7 f(x<n,m>))

< §+£+§*5
3 3 3 7

Therefore f is arithmetic fb-continuous and by equivalence of convergence it is also
arithmetic f f-continuous. O

Theorem 3.4. Let (X,dx) and (Y,dy) be two asymmetric metric spaces. Then
the set of all arithmetic f f-continuous functions from X toY, with forward conver-
gence equivalent to backward convergence in'Y, is a closed subset of all continuous
functions from X toY ie. A (X,Y)= AFF(X,Y) where A/ (X,Y) is the set of
all arithmetic f f-continuous functions from X toY and ASf(X)Y) denotes the
closure of A/ (X,Y).

Proof. Let f € m Then there exists a sequence of points in A/ (XY)
such that f, EN fasn — oco. Let ¢ > 0 and (z,) be any forward arithmetic
convergent sequence in X. Since f, EN f uniformly, we can choose N; € N so
that dy (f(z), fu(z)) < § for all n > Ny and 2 € X. In particular, f,(<nm>) EN

f(@<n,m>)and so fn(T<n,m>) LN f(<n,m>). Therefore, we can find N2 € N so that
dy (fn(<nm>), f(T<nm>)) < 5 for all n > Na. Assume that N = max { Ny, Na}.
Moreover, (f,) is given to be a sequence of arithmetic f f-continuous functions.
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In particular, fy is arithmetic ff-continuous function, and thus arithmetic fb-
continuous by equivalence of forward and backward convergence in Y. So there
exists an integer ng greater than N and § > 0 such that

S
dY(fN(xn)va(x<n,m>)) < g for dX(x<n,m>7xn) <40

for all integers m, n satisfying < m,n >> ng. Thus, whenever dx (<pm>,Zn) < &
and < m,n >> ng,, we have

dy (f(wn), f(T<nm>)) < dy(f(@n), fN(2n)) +dy (fn(2n), IN(T<nm>))
+dy (fN(T<nm>), [(T<nm>))
< = + = + Z= €.
3 3 3
Therefore f is arithmetic fb-continuous and by equivalence of convergence it is

also arithmetic ff-continuous. So f € Aff(X,Y). This completes the prove of the
theorem. O

In [4], Cakalli introduced the notion of (cAC)-continuity as follows: a function f
is said to be (cAC)-continuous (or f € (cAC)) if f transforms convergent sequences
to arithmetic convergent sequences. We define this notion in the sense of arithmetic
forward (or backward) convergence as follows:

A function f from asymmetric metric space X to asymmetric metric space Y is
said to be forward (cAC)-continuous if it transforms forward convergent sequences
in X to forward arithmetic convergent sequences in Y, i.e. (z,,) is forward convergent
in X implies f(x,) is forward arithmetic convergent in Y.

Theorem 3.5. Let (X,dx) and (Y,dy) be two asymmetric metric spaces, with
forward convergence equivalent to backward convergence in Y. If (f,) is a sequence
of forward (cAC)-continuous functions from X to'Y and (fy) forward converges
uniformly to a function f, then f is forward (cAC)-continuous.

Proof. Let € > 0 be given and (zy) be any forward convergent sequence in X. Since
fn forward converges uniformly to f, there exists a positive integer N7 such that

dy (f(z), fn(z)) < 5 for all z € X and n > Ni. In particular, f,(z,) EN flzn)

and so fp(zn) LA f(zn). Thus we can find Ny € N so that dy (f,(zn), f(2n)) < §
for all n > Ns. Assume that N = max {N7, No}. By hypothesis, f, is forward
(cAC)-continuous. In particular fy is forward (cAC)-continuous, so there exists an
integer ng, greater than N such that dy (fn(T<mn>), [n(2n)) < § forall z € X
and for all integers m,n satisfying < m,n >> ng. Thus, it follows that

dy (f(@<mm>), f(@n)) < dy(f(@<mn>), fN(@<mn>))
+dy (fN(T<mn>)s N (20)) + dy (fn (), f(20))

< T4ty
3 3 3 7

This establishes the result. O
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Theorem 3.6. Let (X,dx) and (Y,dy) be two asymmetric metric spaces. Then
the set of all forward (cAC)-continuous functions from X to 'Y, with forward con-
vergence equivalent to backward convergence in'Y, is a closed subset of the set of all
continuous functions from X to Y.

Proof. The result immediately follows from the previous theorem. O

4. Compactness in Asymmetric Metric Spaces

We will first introduce forward arithmetic compactness and backward arithmetic
compactness in the setting of asymmetric metric space as follows:

Definition 4.1. A subset A of an asymmetric metric space (X, dx) is said to be

(i) forward arithmetic compact if every sequence in A has forward arithmetic
convergent subsequence.

(ii) backward arithmetic compact if every sequence in A has backward arithmetic
convergent subsequence.

Theorem 4.1. An arithmetic f f-continuous image of an forward arithmetic com-
pact subset of an asymmetric metric space (X, d) is forward arithmetic compact.

Proof. Let (X,dx) and (Y, dy) be asymmetric metric spaces. Let f : X — Y be an
arithmetic f f-continuous function and A C X be forward arithmetic compact. Let
(yn) be a sequence in f(A). Then we can write y, = f(x,) where z,, € X for each
n € N. Since A is forward arithmetic compact, there exists an forward arithmetic
convergent subsequence (x,, ) of (z,). Again, it is given that f is arithmetic ff-
continuous, this implies that f(z,,) is forward arithmetic convergent subsequence
of f(x,). Hence, f(A) is forward arithmetic compact. O

Theorem 4.2. An arithmetic fb-continuous image of a backward arithmetic com-
pact subset of an asymmetric metric space (X,d) is backward arithmetic compact.

Proof. The proof is the same as in the previous theorem. O

Theorem 4.3. Any closed subset of a forward arithmetic compact subset of an
asymmetric metric space (X,d) is forward arithmetic compact.

Proof. Let A be any forward arithmetic compact subset of X and B be a closed
subset of A. Let x = (z,,) be any sequence of points in B. Then z = (x,) is a
sequence of points in A. Since A is forward arithmetic compact, there exists an
forward arithmetic convergent subsequence (z,,) of the sequence x. Since B is
closed, so any sequence & = (z,,) of points in B has forward arithmetic convergent
subsequence in B. Hence the result. O
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Theorem 4.4. Any closed subset of a backward arithmetic compact subset of an
asymmetric metric space (X, d) is backward arithmetic compact.

Proof. The proof is the same as in the previous theorem. [

1.
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Abstract. The main objective of this article is to introduce the concepts of f—lacunary
statistical convergence of order a and strong f—lacunary summability of order « of dou-
ble sequences and give some inclusion relations between these concepts.

Keywords: f—lacunary statistical convergence; strong f—lacunary summability; se-
quence spaces.

1. Introduction

In 1951, Steinhaus [41] and Fast [19] introduced the concept of statistical conver-
gence while later in 1959, Schoenberg [40] reintroduced it independently. Bhardwaj
and Dhawan [4], Caserta et al. [5], Connor [6], Cakalli [11], Cinar et al. [12], Colak
[13], Et et al. ([15],[17]), Fridy [21], Isik [27], Salat [39], Di Maio and Koécinac
[14], Mursaleen et al. ([31],[30],[32]), Belen and Mohiuddine [3] and many authors
investigated the arguments related to this notion.

A modulus f is a function from [0, c0) to [0, 00) such that

i) f(z) = 0if and only if z = 0,

i) fz+y) < fz) + fly) for z,y >0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, 00). A modulus may be
unbounded or bounded.

Aizpuru et al. [1] defined f—density of a subset E C N for any unbounded
modulus f by

s Sk ke BY)
d (E)_nl—><>o f(n)
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Jif the limit exists
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and defined f—statistical convergence for any unbounded modulus f by
A ({keN: |z, - >e})=0
ie.

1
lim ——
0o f (1)
and we write it as Sf —limzy = ¢ or 2, — ¢ (Sf) . Every f—statistically convergent

sequence is statistically convergent, but a statistically convergent sequence does not
need to be f—statistically convergent for every unbounded modulus f.

FTE<n: oy — £ > e}) =0,

By a lacunary sequence we mean an increasing integer sequence 6 = (k,) of
non-negative integers such that kg = 0 and h, = (k, — k,—1) — 00 as r — co. The

intervals determined by 6 will be denoted by I, = (k,_1, k] and the ratio kfil will

be abbreviated by ¢,, and g1 = k1 for convenience.

In [22], Fridy and Orhan introduced the concept of lacunary statistically conver-
gence in the sense that a sequence (x) of real numbers is called lacunary statistically
convergent to a real number ¢, if

lim — |{k eI, : [zp— €] >} =0
T—>00 r
for every positive real number ¢.
Lacunary sequence spaces were studied in ([7],[8],[9],[10],[18],[20],[22],[23],[25],[26],(28],[36],[43])-
A double sequence r = (Z‘j,k)szo has Pringsheim limit ¢ provided that given
for every € > 0 there exists N € N such that |z;, — £| < ¢ whenever j,k > N. In
this case, we write P —limx = ¢ (see Pringsheim [38]).

Let K C Nx N and K (m,n) = {(j,k) : 5§ <m,k <n}. The double natural
density of K is defined by

1
do (K) =P — lim — |K (m,n)|, if the limit exists.

m,n mn

A double sequence x = (xjk)j pen 1s said to be statistically convergent to a
number ¢ if for every € > 0 the set {(j,k) : j <m,k <n:|zj, — ¢ > e} has double
natural density zero (see Mursaleen and Edely [31]).

In [35], Patterson and Savas introduced the concept of double lacunary sequence
in the sense that double sequence 8" = {(k..,ls)} is called double lacunary sequence,
if there exists two increasing sequences of integers such that

ko=0,h, =k, —ky,_1 > 00 asr — o0
and

lO:O,ES:lelS,lﬁooass%oo.
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where k, s = kplg, hy s = h,hs and the following intervals are determined by 6", I, =
{(k) i kr—1 <k <k}, Ls={() : lsm1 <1<}, L s ={(k,1) : kpo1 <k <k, and ls_1 <1 <Is},
qr = %7 g, = lf_il and Gr,s = Gr Q.
The double number sequence z is S, —convergent to ¢ provided that for every
e >0,

1
P —lim — [{(k,0) € L5 : |xiy — €] > €}]) = 0.

T8 h'r‘,s

In this case, we write Sy» —limaxy; = £ or xx,; — £(Sy~) (see [35]).

The notion of a modulus was given by Nakano [33]. Maddox [29] used a modulus
function to construct some sequence spaces. Afterwards, different sequence spaces
defined by modulus have been studied by Altin and Et [2], Et et al. [16], Isik [27],
Gaur and Mursaleen [24], Nuray and Savas [34], Pehlivan and Fisher [37], Sengiil
[42] and many others.

2. Main Results

In this section, we will introduce the concepts of f—lacunary statistical conver-
gence of order « and strong f—lacunary summability of order a of double sequences,
where f is an unbounded modulus and also give some results related to these con-
cepts.

Definition 2.1. Let f be an unbounded modulus, 8" = {(k,,ls)} be a double
lacunary sequence and « be a real number such that 0 < o« < 1. We say that the
double sequence = = (z,) is f—lacunary statistically convergent of order «, if there
is a real number ¢ such that

1
lim ———5

Jim e (D) € Lo ows — 0 2 <)) =0

This space will be denoted by Sg,’,a. In this case, we write Sg;,a —limzy, = ¢ or

T — 4 (Sg,’,a) . In the special case 8" = {(2",2°)}, we shall write S"/® instead of
fra

st

Definition 2.2. Let f be a modulus function, 8” = {(k,,ls)} be a double lacunary
sequence, p = (pr) be a sequence of strictly positive real numbers and « be a
positive real number. We say that the double sequence z = (xp;) is strongly

w [9”, 1, p} —summable to ¢ (a real number), if there is a real number ¢ such that

li L
1m
T,8—00 [h'r',s]

> [f (lzeg — )P =0

(k,D)EIs
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In this case we write w® [9”, 1 p} —lim x,; = £. The set of all strongly w® [9”, 1 p} —
summable sequences will be denoted by w® [9” s p} .If we take pp, = 1 forall k € N,
we write w® [9“, f] instead of w® [9“, 1 p] .

Definition 2.3. Let f be an unbounded modulus, 6 = {(k,,l5)} be a double
lacunary sequence, p = (px) be a sequence of strictly positive real numbers and «

be a positive real number. We say that the double sequence = = (zy,) is strongly

[

wQ”

(p) —summable to ¢ (a real number), if there is a real number ¢ such that

1
lim L [f (i — D) = 0.
7,5—00 [f (hr,s)] (k’l)ze:lr,s

In the present case, we write w(];},a (p)—limzy; = £. The set of all strongly w(];}/a (p) —
summable sequences will be denoted by wg,’,a (p). In case of p = p for all k € N we
write wg,’,a [p] instead of w(];},a (p).

Definition 2.4. Let f be an unbounded modulus, 6" = {(k,,ls)} be a double
lacunary sequence, p = (px) be a sequence of strictly positive real numbers and «
be a positive real number. We say that the double sequence = = (xy,;) is strongly
Wy 4 (p) —summable to ¢ (a real number), if there is a real number ¢ such that

FOF o =t =0

(kD)ET s
«
6// ’f

weir (p) —summable sequences will be denoted by wg), f (p). In case of pp = p

In the present case, we write w (p) — limzg,; = ¢. The set of all strongly

for all k € N we write Wy [p] instead of Weir (p) .

The proof of each of the following results is fairly straightforward, so we choose to
state these results without proof, where we shall assume that the sequence p = (p)
is bounded and 0 < h = infy pr, < pr <sup,pr = H < 0.

Theorem 2.1. The space w(’;,’,a (p) is paranormed by
. e
g(x) =8up g 77 @ T
(x) P T o)l > 1f (lzwal)]

(k,D)€elr s

where, M = max (1, H).

Proposition 2.1. ([37) Let f be a modulus and 0 < 6 < 1. Then for each
[ull > 6, we have f ([lull) < 2f (1)~ [Ju] -
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Theorem 2.2. Let f be an unbounded modulus, o be a real number such that
O0<a<landp>1. Iflim, o inf% > 0, then wg,’,a [Pl = wg . [p]-

Proof. Let p > 1 be a positive real number and z € whi® [p] . If limy o0 inf @ >0
then there exists a number ¢ > 0 such that f (u) > cu for u > 0. Clearly

1 3 1
If (hro)]™ )P > s E =P
F (o) (kD)€ s Il =) [f (hr,s)] (k,1)E s clowe =t
P
= 7 e E — 0P,
[f (hrs)] (k,D)EL s et =
e

and therefore Wy [p] C wg,,’ ¥ [p] .

Now let z € wgy [p] . Then we have

_
[f (has)]®

Let 0 < 6 < 1. We can write

E |2k — €] — 0 as 1,5 — 0.
(k,)€elr, s

Y

1 1
T Z |2y — O T (h % Z ks —
[ (o)™ (B2 LF (o)l B2
|k, 1 —£]28

1 {f(lxk-,z —£|)r
Tl 2= L 2rme
|zg,1—2]>0
1 oP

>
= ()] 20 f (1)

v

S U (ewa — €D

(k,)€lr,s

by Proposition 2.1. Therefore = € wg,’,a [p].

If lim,,— o inf % = 0, the equality wg,’,a [p] = w§y ; [p] cannot be hold as shown
in the following example:

Let f (x) = 2y/z and define a double sequence x = (xy,;) by

3 ) — —
xk,l:{ hes, if k=k.andl =1 s —1.9

0, otherwise ’ T

ForE:(),a:%andp:%,wehave

! Z [f (zka)]P (2 VLM]%) —0asr,s— oo
_ k,l = 3 3 ’
Lf (hr,S)] (k1) E] s (2 hr,s) * (2 hrh_s) !
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hence z € w(’;},a [p], but

6
1 S/ hys)®
_ E |$k,l|p = 7( T’S) — 00 as T,8 —» 00

[f (h’“as)]a (kD)€L s (2\/ hr,s)%

and sox¢w§‘,,,f [p]. O

Maddox [29] showed that the existence of an unbounded modulus f for which
there is a positive constant ¢ such that f (xy) > c¢f (z) f (y), for all z > 0, y > 0.

Theorem 2.3. Let f be an unbounded modulus and o be a positive real number.
I Timy o0 L8 > 0, then w [0, 1] < SJ

we

Proof. Let x € w* [0”, f] and lim,,_, f(uﬂ > 0. For € > 0, we have

1 1 1
= >, flaw—t) > —= Soofma | = —=f| D w1
el it (s (k1) ELrs [ors] (kD)Er s
|zp,1—L|>e
1
> Wfﬂ{(kvl) € Ins : |lweg — 4| 2 }|e)
C
> ol ({(k 1) € I« [arg — €] = e}]) f ()

[For.s]

— c f(|{(k7l) € Ir,s : Il‘k-J —£| > 5}|) o
B [hr,s]a [f (hr,s)]a [f (h'r',s)] f(€)

Therefore, w® [Gll,f} —limxy; = ¢ implies Sef,’,a —limag; =¢ O

Theorem 2.4. Let oy, as be two real numbers such that 0 < ay < ag <1, f be an
unbounded modulus function and let 0" = {(k,,l5)} be a double lacunary sequence,
then we have w(];},m (p) C Sgi,a"’.

Proof. Let z € wg,’,o” (p) and € > 0 be given and ), , >, denote the sums over
(k1) € Ins, lxgg—¥¢ > € and (k1) € I,s, |xp; —¥¢| < € respectively. Since
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[ (hes)™ < f (hes)™ for each r and s, we may write

W SO 1f (s — )

(k,DET s

— W{Z If (lzky — €)) PH—Z (Jzgs — €))7 }

- W{Z L (ia = D + > [f (g = €] ]

> o [ ]

> e ()]

§ m # (32, minle)" (1™

> e (KD € T slow = 0 o) fmin(e)" (7))

> mfﬂ{(k,l) € el — 01> £}) £ ([min((e)" (7))

Hence z € Sf’az. O

Theorem 2.5. Let 8" = {(k.,l5)} be a double lacunary sequence and « be a
fized real number such that 0 < « < 1. If liminf,.q, > 1, liminfyqs > 1 and
limy o0 LY 5 0, then §"FHo c S5

Proof. Suppose first that liminf,. ¢, > 1 and liminf, g5 > 1; then there exists a,b >
0 such that ¢, > 1+ a and ¢; > 1+ b for sufficiently large r and s, which implies
that

and

=
@

>L:> Ea> La
— 140 ls “\1+b)

If $"/% — lim xk, = ¢, then for every ¢ > 0 and for sufficiently large r and s, we

o~
@
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have
1
Wf(l{k Sk L <ok — £ > €})
1
> ! WD € b laa =02 <))
V() I
= FEF o, D € Lo fow =t 2 €})
o f e )] kY [hes]” f R € Ty t ey — 4] > €})
[hrs] [f (kpls)]™ ke [f (hrs)]”
e ke ReRT (kD) € L ang — €] > €}))
[hes]™ 1f (krls)]™ k2L [f (B )]
[f (hes)]™ (krls)” ( a >a( b )“f(H(k,l)eL«,s:ka,z—élze}w
= (el kel \1+a) \1+b [f (hrs)]® '

This proves the sufficiency. O
Theorem 2.6. Let f be an unbounded modulus, 0 = (k) and § = (I5) be two
lacunary sequences, 0" = {(kr,ls)} be a double lacunary sequence and 0 < o < 1.

If S?,e —limz, = ¢ and S?,af —limax; = ¢, then SJ?"H,, —limay,; = 2.

Proof. Suppose S}l’a —limx, = ¢ and S}l,af —limx; = £. Then for € > 0 we can write

1
lim———z{k €l :|zx— ¢ >} =0

r [f (hr)]
and
1
hmﬁ l IS; T 76 > —0.
s S e o=tz el =0
So we have
1
T {(k, 1) € Iyt lay — ] > e}
1
— (kD)€L s: |ap, — €] >
- lef (hy) f (hs)] H(k, D) €I : |zgg — £ > €}
1
— (kD) €l o |xp, — L] >
S ST T D) € sl =l 2 €}
< merL«:lxkﬂZE}@ [WHZGIS:MQZsH.

Hence 5?79,, —limaxy; =4 O
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Theorem 2.7. Let f be an unbounded modulus. If limpy > 0, then w(’;},a (p) —
lim 23 = £ uniquely.

Proof. Let limpy = s > 0. Assume that w(];},a (p) — limazg; = ¢; and w(];},a (p) —
lim g ; = £2. Then

1

lim —————% [f (|2 = )] =0,
rs [f (hes)] (k.ge:h,s
and
1
lim —————% [f (s = 2] = 0.
v [f (hes)] (k-J)ze:Ir,s

By definition of f, we have

! Pk
TAOWE (MZG)I [ (2 = £a)
D
S Tl [F (kg = I + HETEAS
[f (hT,S)] (kal)zelr,s o (k‘,;elr,s o ’
D Pk L Tr1 — lo Pr
- W(M% [ ek = 6D + (k’l)zejm [f (Jzrs — L2])]

where sup, pr = H and D = max (17 2H_1) . Hence

1
lim ———— Lf (16x = L) = 0.
rs [f (hes)] (MZ;I L

Since limy_, o, pr = s we have £1 — f5 = 0. Thus the limit is unique. [

Theorem 2.8. Let 0] = {(k.,ls)} and 6 = {(s;,ts)} be two double lacunary
sequences such that I, o C Jy s for all r,s € N and aq, an two real numbers such
that 0 < oy < ap < 1. If

(2.1) lim inf L

ristroe [ (6]

then w!** (p) C whi™ (p) , where Ino = {(k, 1) : kp1 <k < ky and 1oy <1 <15},

kr.s = krls, hys = hyhs and Jrs ={(8,t) 1 $pm1 <5 <sp and ts—1 <1 <ts}, Sps =
Sptsy brs = Lrls.
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Proof. Let = € w!;™* (p). We can write

0,
1 pkf; T, — P
T o5, T g, M
1
PR S [F (jww — €]
T, 2 M
1
> [F (s — O))""
7] W)Z o
> Sl L S 1 (- D

f (€r)I** [f (B s)]™

(k,D)€lr s

Thus if z € wg,’,az (p), then = € wg,’,o” (p). O
2 1

From Theorem 2.8. we have the following results.

Corollary 2.1. Let 6{ = {(kr,ls)} and 05 = {(sr,ts)} be two double lacunary
sequences such that I, s C Jy. g for all r,s € N and ay, a2 two real numbers such
that 0 < aq < agy < 1. If (2.1) holds then
(1) wg,’,a (p) C wg,’,a (p), if a1 = ag = «,
2 1
(i) wg; (p) C wi;“ Y(p), ifas =1,

(#id) wg,, (p) C wg,, (p), tfou = =1.
2 1
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ON STAR COLORING OF DEGREE SPLITTING OF COMB
PRODUCT GRAPHS
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Abstract. A star coloring of a graph G is a proper vertex coloring in which every
path on four vertices in G is not bi-colored. The star chromatic number x, (G) of G
is the least number of colors needed to star color G. Let G = (V, E) be a graph with
V=5US2US3U...US UT where each S; is a set of all vertices of the same degree
with at least two elements and T =V (G) — U:Zl Si. The degree splitting graph DS (G)
is obtained by adding vertices wi,ws,...w; and joining w; to each vertex of S; for
1 < i <t. The comb product between two graphs G and H, denoted by G > H, is a
graph obtained by taking one copy of G and |V (G)| copies of H and grafting the **
copy of H at the vertex o to the it" vertex of G. In this paper, we give the exact value
of star chromatic number of degree splitting of comb product of complete graph with
complete graph, complete graph with path, complete graph with cycle, complete graph
with star graph, cycle with complete graph, path with complete graph and cycle with
path graph.

Keywords: Star coloring; degree splitting graph; comb product
1. Introduction

All graphs in this paper are finite, simple, connected and undirected graph
in [4, 5, 10]. The concept of star chromatic number was introduced by Branko
Grunbaum in 1973. A star coloring [1, 8, 9] of a graph G is a proper vertex coloring
in which every path on four vertices uses at least three distinct colors. Equivalently,
in a star coloring, the induced subgraph formed by the vertices of any two colors
has connected components that are star graph. The star chromatic number x; (G)
of G is the least number of colors needed to star color G.

Guillaume Fertin et al. [8] determined the star chromatic number of trees, cycles,
complete bipartite graphs, outer planar graphs and 2-dimensional grids. They also
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508 U. Subramanian and V.V. Joseph

investigated and gave bounds for the star chromatic number of other families of
graphs, such as planar graphs, hypercubes, graphs with bounded treewidth and
cubic graphs and planar graphs with high - girth.

Albertson et al. [1] showed that it is NP-complete to determine whether x5 (G) <
3, even when G is a graph that is both planar and bipartite. Coleman et al. [6]
proved that star coloring remains NP-hard problem even on bipartite graphs.

For a given graph G = (V (G),E (G)) with V(G) = S1US2US3U... S UT
where each S; is a set of all vertices of the same degree with at least two elements
and T = V(G) — Ule S;. The degree splitting graph [11, 12] of G, denoted by
DS(G), is obtained by adding vertices wi, ws, ... w; and joining w; to each vertex
of S; for 1 <i <t.

Comb product is also same as the hierarchical product graphs was first intro-
duced by Barriére et al. [3] in 2009. Also, the exact value of metric dimension of
hierarchical product graphs was obtained by Tavakoli et al. in [14]. Let G and H be
two connected graphs. Let o be a vertex of H. The comb product between G and H,
denoted by G> H, is a graph obtained by taking one copy of G and |V (G)| copies of
H and grafting the i*" copy of H at the vertex o to the i!" vertex of G. By the defi-
nition of comb product, we can say that V(G>H) = {(a,u)|a € V (G),u € V (H)}
and (a,u)(b,v) € E(G> H) whenever ¢ = b and uv € E(H), or ab € E(G) and
u = v = o. Ridho Alfarisi et al. [2] determined the partition dimension of comb
product of path and complete graph and in [7] they also determined the star parti-
tion dimension of comb product of cycle and complete graph. Saputro et al. showed
the metric dimension of comb product of the connected graphs G and H in [13].
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w2

Figure 1: DS(K3> K5)

In this paper, we have given the exact value of star chromatic number of degree
splitting graph of comb product of complete graph with complete graph, complete
graph with path, complete graph with cycle, complete graph with star graph, cycle
with complete graph, path with complete graph and cycle with path graph denoted
by DS(K,, > K,,), DS(K, > P,), DS(K,, > Cy), DS(Ky, > K1,n), DS(Cy, > Ky),
DS(P,, > K,,) and DS(Cy, > P,,) respectively.

In order to prove our results, we shall make use of the following theorem by
Guillaume et al. [8].

Theorem 1.1. [8] If C,, is a cycle with n > 3 wvertices, then

4, when n=25

3, otherwise.

Xs (Cn) = {

Proof.  The proof of the theorem can be found in [8]. O
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2. Main Results

In the following subsections, we will find the star chromatic number of degree
splitting graph of comb product of complete with complete graph, complete with
path, complete with cycle, complete with star graph, comb product of cycle with
complete, path with complete and cycle with path graph denoted by DS (K, > K,,),
DS (K., > Cyp), DS (K> K1), DS (K., > Py), DS (Cp, > Ky,), DS (P, > K,,) and
DS (C,, > P,,) respectively. Figure 1 shows an example of degree splitting of comb
product (K3 K5).

2.1. Star Coloring of Degree Splitting of (K,, > K,,)

The comb product between K, and K, , denoted by K,, > K,, has vertex set
V(Enb> Ky)={vi; :1<i<m,1<j<n}
and edge set
E(Kn>rKy,) = {vitvigp1:1<i<m,1<k<m-—i}
U{vijvigen i 1<i<m,1<j<n1<k<n—j}.

Thus
|V (K, > Ky)| = mn
and
mn(n — 1) +m(m — 1)
5 .

|E (K> Ky)| =

Theorem 2.1. Let K, and K,, be two complete graphs of order m,n > 3 and
m < n, then
Xs (DS (K> Ky)) =m+n.

Proof. 'We have,
V(KnpvKy)={v,; :1<i<m,1<j<n}=5US,
where
Slz{vi’l:lgigm}
and
ng{vl,jlgzgmﬂg]gn}

To obtain DS (K, > K,,) from K,,>K,,, we add two vertices w; and wy correspond-
ing to S; and S respectively. Thus, we get V (DS (K, > K,)) =V (K> Ky,) U
{w1,ws}. First we find the upper bound for x, (DS (K, > K5,)).

Clearly, m + n colors are needed at least to star color DS (K, > K,,). We now
distinguish n as three cases: For every 1 <1i < m,
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Case(i): When n = 3(mod 3).

o Wigk—2)=1+j—1,for 1<k<

w|3

o (vigk—1) =1+7—1, for 1§k§%

oWigk)=i+j—1,for 1<k<

w|3

and
o(w) =o(wz) =m+n

Case(ii): When n = 1(mod 3).
0 (Vigk—2)=1+j—1,for 1<k< {g-‘
o(Wigk—1)=1+j—1,for 1<k< LgJ

oWigk)=i+j—1,for 1<k< {gJ

and
o(wi) = o(ws) =m+n

Case(iii): When n = 2(mod 3).

o (Vigk—2)=1+j—1,for 1<k< [gw
0(Vigk—1)=1+j—1,for 1<k< {%-‘

o(vigk)=i+j—1,for 1<k< {%J

and
o(wr) =o(we) =m+n.
Thus, the upper bound for the star coloring of (DS (K, > K,)) < m +n.

Now, we prove the lower bound for xs (DS (K, > Ky)).

Suppose xs (DS (Km> Ky)) < m +n. Let xs (DS (Kp> Ky)) = m+n—1,
then there exists a bicolored path Py. Since {v;} induce a clique of order n (say
K,). If we assign the same n colors to the second copy of K, then we get a path
on four vertices between these clique which is bicolored, a contradiction for proper
star coloring. Thus, xs (DS (K> Ky)) = m—+n—1 color is impossible. Therefore,
the lower bound of xs (DS (K > K,,)) > m + n. Thus we get the lower and upper
bound of xs (DS (K, > K,)). Hence xs (DS (K, > K,,)) = m + n. This completes
the proof of the theorem. O
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2.2. Star Coloring of Degree Splitting of (K,,>C),)

A graph K,, > C),, has vertex set
V(En>Cy)={vj:1<i<m,1<j<n}
and edge set
|E(Km>Ch)| = {vigvigr1:1<i<m,1<k<m—i}
U{'Ui’jvi’jJrl 1<i<m-1,1<j<n-— 1}U{”Um,1v1,1}-

Thus
|V (K> Chp)| =mn

and

m(m — 1) + 2mn

|E (K> C)| = 5

Theorem 2.2. Let K,, and C,, be two connected graphs of order m > 4 andn > 5,
then
Xs (DS (Kp>Cp)) =m+ 1.

Proof. We have
V(EmpbCp)={vij :1<i<m,1<j<n}=5US5,
where
Slz{vi’l:lgigm}
and
SQZ{Ui,jllgiSm,QSan}.

To obtain DS (K, > Cy,) from K,,>C,,, we add two vertices w; and wsy correspond-
ing to S; and Ss respectively. Thus we get

V(DS (K> Cp)) ={v;: 1 Sigm,lgjgn}U{wl,wg}.

We first prove the lower bound for the star chromatic number of degree splitting
of comb product of complete graph with cycle. For this, we show that any coloring
with m colors will give us at least one bicolored path of length 4. Since each
{vi1:1 <4< m} is adjacent to w, it gives a complete graph of order m+ 1. Thus,
no coloring that uses m colors can be a star coloring. Therefore, the lower bound
of star chromatic number is x; (DS (K, > Cp)) > m + 1.

Now, we prove the upper bound for the star chromatic number of degree splitting
of (K, > Cy). Since the complete graph has the chromatic number m. We assign
the m colors to the mn vertices of the graph K,, > (), alternatively and we assign
o(wy) = o(we) = m+ 1. Thus the upper bound of the x; (DS (K, >Cp)) < m+1.

Thus we get the lower and upper bound of the x (DS (K, > C,)). Therefore,
Xs (DS (K> Cp)) =m+ 1.

This concludes the proof of the theorem. O



On Star Coloring of Degree Splitting of Comb Product Graphs 513
2.3. Star Coloring of Degree Splitting of (K, > P,)
A graph K,, > P, has vertex set
V(K> P,)={v;:1<i<m,1<j<n}
and edge set

E(Kmbpn) = {vi’lvlqu’l:lgigm,lgkgmfi}
U{vi’jvi,jJrl:1§i§m,1§j§n71}.
Thus
|V (K> P)| = mn

and

m(m — 1)+ 2m(n — 1).

|E (K> Py)| = :

Theorem 2.3. Let K,, be a complete graph of order m > 3 and P, be a path
graph of order n > 3 then,

Xs (DS (K> Pp)) =m+ 1.
Proof. We have
V(KmDPn):{vw1§z§m,1§j§n}:51USQU53
where
S1={U,'7121§7;§m},
So=A{vi;:1<i<m,2<j<n-1}

and
ng{vim:lgigm}.

To obtain DS (K, > P,) from K,,> P,, we add three vertices wy, wy and w3 corre-
sponding to S, Se and Ss respectively. Thus, V (DS (K,,> P,)) =V (K> P,) U
{wy,we,ws}. Now, we assign the following coloring pattern:

For every 1 <i<m
For n = 1(mod 3)

o (Vigk—2) =1+ 7 — 1(mod m), for 1<k< {g—‘
L n
o (Vigk—1) =1+ Jj — L(mod m), for 1 <k< {gJ

o (vigk) =i+ j—1(mod m), for 1<k < {gJ
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and

o(wr) =0 (w2) =0 (wg) =m+ 1.
For n = 2(mod 3)

0 (Vigk—2) =1+ 7 — 1(mod m), for 1<k< {g—‘

0 (Vigk—1) =i+ j— 1(mod m), for 1<k< [g—‘

0 (viar) =i+ j—1(mod m), for 1<k < {gJ

and

o(wy) =0 (wy) =0 (ws) =m+1.

For n = 3(mod 3)

o (Vigk—2) =1+ 7 — 1(mod m), for 1<k<

o (Vigk—1) =i+ Jj — L(mod m), for 1<k<

o (vigk) =147 — 1(mod m), for 1<k<

w3

and

o(wy) =0 (wy) =0 (ws) =m+1.

Thus the upper bound of star coloring of degree splitting of (K, > P,) < m + 1.
Now, we prove the lower bound of x5 (DS (K,, > P,)). Suppose the lower bound
of the
Xs (DS (K> By)) <m+ 1.

That is
Xs (DS (K> Py)) =m.

We must assign m colors for {v; 1,1 <i <m} for proper star coloring. Since each
{vi1} is adjacent to wi, it gives a complete graph of order m + 1. Therefore
Xs (DS (K> Py)) with m colors is impossible. Therefore x5 (DS (K> Py)) >
m + 1. Hence, xs((DS (Km>P,)) = m + 1. This concludes the proof of the
theorem. O
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2.4. Star Coloring of Degree Splitting of (K, > K1)
A graph K,, > K1, has a vertex set
V(K> Kin)={vij:1<i<m,1<j<n}
and edge set
E(Kn>Kin) = {vitvigr1:1<i<m—-1,1<k<m-—i}
U{Ufi’lvi’j+1 1<i<m,1<j<n}.

Thus
[V (K> K1n)| =mn

and

m(m — 1) + 2mn

|E (K> Kin)| = B)

Theorem 2.4. Let K, be a complete graph of order m, (m > 3) and K1, be a
star graph with n + 1 vertices (n > 2) then

Xs (DS (K> K1) =m+ 1.
Proof. We have
V(KmDKl,n) :{vi,j 01 §z§m,1 Sjg’n,} 251U52.

To obtain DS(K,, > K1 ,) from (K, > K ,), we add two vertices w; and wg corre-
sponding to S7 and Sy respectively, where

Slz{vi’l:lgigm}

and
SQZ{Ui,jllgiSm,QSan}.

Thus we get
14 (DS (Km > Kl,n)) =V (Km > Kl,n) U {wl, ’LUQ} .

Now we assign the coloring pattern as follows:
For every 1 < i <m, assign i to o(v; 1), and

For 2 < j < n assign

2if i=1(mod 3)
o(vij) =< 3if i =2(mod 3)
1if i =3(mod 3)

alternatively
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and
o(wr) =o(we) =m+ 1.
Thus xs((DS (K> K1) > m+ 1.

Now, we prove the lower bound of x;s (DS (K> Ki,,)). Suppose the lower
bound of the x; (DS (K> Ki,)) < m+ 1. That is x5 (DS (K> K1) = m.
We must assign m colors for {v; 1 : 1 <4 < m} for proper star coloring. Since each
{vi1} is adjacent to wi, it gives a complete graph of order m + 1. Therefore
Xs (DS (K> K1 5,)) with m color is impossible. Therefore xs (DS (K, > K1 p)) >
m + 1. Thus we get the lower and upper bound of x5 (DS (K, > K1,,)). Hence,
Xs (DS (K> K1) = m+ 1. It concludes the proof of the theorem. O

2.5. Star Coloring of Degree Splitting of (C,, > K,,)
A graph C,, > K, has vertex set
V(ICnb Ky) ={v;;:1<i<m,1<j<n}
and edge set
E(Cn> K, = {viivit11:1<i<m-—1}
U fomavia - vigvigen s 1 <i<m1<j<n 1<k <n-—j}.

Thus
[V (Ch> Kyp)| = mn

and

mn2 — mn + 2m

2

|E(Cr > Kyp)| =

Theorem 2.5. Let C,, and K, be two connected graphs of order m > n and
m > 3,n > 3, then
Xs (DS (Cp > Ky)) = m + 1.

Proof. We have
V(CmDKn):{U,'JZlS?;Sm,l S]ﬁn}leLJSg
where
Slz{vi’l:lgigm}

and
SQZ{Ui,jllgiSm,QSan}.

To obtain DS (Cy, > Ky,) from Cy, > Ky, we add two vertices wy and wy correspond-
ing to S; and Sp respectively. Thus we get V (DS (Cp > Ky)) = V (Crpu> Kp) U
{w1,ws}. First we find the upper bound for x, (DS (Cp, > K,,)).

We define the coloring pattern as follows:
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Forevery 1 <i<mand1<j<n,

o (v; ;) =i+ j— 1(mod m)
and also
o(wy) =0 (wy) =m+1.
Thus the upper bound for star chromatic number of (DS (Cp, > K,,)) < m+ 1.
Now, we prove the lower bound for xs((DS (Cp, > K5,)).

Suppose the lower bound of xs((DS (Cy, > Ky,)) < m+1. Let x5((DS (Cry > Ky,)) =
m, then there exist a bicolored path Ps. Since {vy,} induce a clique of order n.
If we assign the same n colors to the second copy of the clique, then we get a
path on four vertices between these cliques which is bicolored, a contradiction for
proper star coloring. Thus we obtain xs((DS (Cp, > K,)) = m color is impossi-
ble. It concludes that the lower bound is xs((DS (Cy > K,,)) > m + 1. Therefore,
Xs((DS (Cp > Ky,)) = m + 1. Hence the proof of the theorem. O

2.6. Star Coloring of Degree Splitting of (P, > K,,)
A graph P,, > K,, has a vertex set
V(PrprKy)={vi; :1<i<m,1<j<n}
and edge set
EPn>K,) = {viivit11:1<i<m—1}
Uvijvigre :1<i<m1<j<n1<k<n—j}.

Thus
|V (P> Kp)| =mn
and
mn(n — 1)+ 2(m —1)
5 .

|E (P> Ky,)| =

Theorem 2.6. Let P, be a path graph of order m > 4 and K, be a complete
graph with n > 2, then
Xs (DS (P> Ky)) =n+ 2.

Proof. We have
V(PmDK,L):{vi,j:1§i§m,2§j§n}=51U52U53

where
S1=A{vi1,vm1},

52:{U¢’1:2§i§m71}
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and
ng{vi,jllgigm,QSan}.

To obtain DS (P, > K,) from P, > K,, we add three vertices w;, we and ws
corresponding to S1, So and S5 respectively. Thus we get V (DS (P, > K,,)) =
{vij :1<i<m;1<j<n}U{w,ws,ws}. First we find the upper bound for
Xs (DS (P> Ky)). For every 1 <i <m,

For n = 1(mod 3)
S n
0 (Vigk—2) =1+j—1(mod n+1), for 1<k< {g—‘

0 (Vigk—1) =1+ j—1(mod n+1), for 1<k< [g—‘ -1

n

o(vigk) =i+j—1(mod n+1), for 1<k< [3—‘—1

and
o(wy) =0 (wg) =0 (ws) =n+2.

For n = 2(mod 3)

0 (Vigk—2) =1+7—1(mod n+1), for 1<k< [g—‘
L n
o Wigk—1) =4+ j— 1(mod n+1), for 1<k< [ﬂ

o (isk)=i+j—1(mod n+1), for 1<k< [g—‘ -1

and
o(wy) =0 (we) =0 (ws) =n+ 2.

For n = 3(mod 3)

o (Vigk—2) =4+ j— 1(mod n+1), for 1<k<

o (Vigk—1) =1+7—1(mod n+1), for 1<k<
o(vigk) =i+j—1(mod n+1), for 1§k§g
and

o(wy) =0 (we) =0 (ws) =n+2.

Thus xs(DS (P> Kp) <n+2.



On Star Coloring of Degree Splitting of Comb Product Graphs 519

Now, we prove that xs(DS (P> K,) > n+ 2. Suppose xs(DS (P> K,) <
n+2. That is xs(DS (P> K,) =n+ 1. Since {vy ;} induce a clique of order n. If
we assign the same n colors to the second copy of the clique, then we get a path on
four vertices between these cliques which is bicolored, a contradiction for proper star
coloring. Thus xs(DS (P, > K,) > n+ 1. Therefore, xs(DS (P, > K,) = n + 2.
Hence, there is a another proof to the theorem. [

2.7. Star Coloring of Degree Splitting of (C,, > P,)
A graph C), > P, has vertex set
V(ICnp>Py)=A{v;;:1<i<m,1<j<n}
and edge set
E(Cmbpn) = {'Ui’lviJrl’l 01 §z§m71}
U {vm1v11} U{Ui,jvi,j+1 1<i<m,1<j<n-—1}.
Thus
[V (Cru> Pp)| = mn
and

|E (Cp> Pp)| =m+m(n—1).

Theorem 2.7. Let C,, be a cycle of length m > 3 and P, be a path of length
n > 3 then,

4,if m =3k k> 1

5, otherwise

Xs (DS (Cru> Pp)) = {

Proof. We have
V(CmDPn):{vw1§z§m,2§j§n}:51USQU53
where
51:{11,'71:1§i§m},
Sy ={v;; :1<i<m,2<j<n-1}
and
ng{vim:lgigm}.

To obtain DS (Cy, > P,) from C,, > P,, we add three vertices w;, ws and ws
corresponding to Si, Sz and Sz respectively. Thus we get V (DS (Cp, > Pp)) =
V (Cp > Pp) U {wy, wa, ws}. First we find the upper bound for x5 (DS (Cp, > Fy)).

The star chromatic number is defined as follows:
Case(i):
Iftm=3k k>1
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For n = 1(mod 3)

o (viar—2) = i(mod 3), for 1<k< [gw
; n
o (vigk—1) =i+ 1(mod 3), for 1<k < ng

o (vi3k) =i+ 2(mod 3), for 1<k< {%J

and
o(wy) =0 (wz) =0 (ws3) = 4.

For n = 2(mod 3)

o (vigk—2) = i(mod 3), for 1<k< [gw

o (Vigk—1) =1+ 1(mod 3), for 1<k< {g—‘

o (vige) =i+ 2(mod 3), for 1<k< {gJ
and

o (w1) = o (w2) = 0 (w3) =

For n = 3(mod 3)

w3

o (vigk—2) = i(mod 3), for 1<k<

w3

o (vi3k—1) =i+ 1(mod 3) for 1<k <

o (vigk) =i+ 2(mod 3), for 1<k< g

and
o (w1) =0 (we) = o (ws) = 4.

Thus, xs (DS (Cpy> Pp)) =4 if m =3k, k> 1.

Case(ii)(a): When m =3k+1, k € N.

We color the 3k vertices of Cy, by o (v;,1) = i(mod 3) and we assign the remains
of one uncolored vertex by 4.

Also, we assign
o (vij) =i+ j— 1(mod 3).
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and
o(w1) =0 (we) =0 (ws3) =5.

Case(ii)(b): When m = 3(k — 1) + 2, k € N, here m = 5 is not included. That

ism=3k—-1)+5,k>2.

We color the 3(k — 1) vertices of C,, by 1, 2 and 3 and for the remaining five

vertices assign the color 4, 1, 2, 3, 4.

10.
11.

12.

Also, we assign
o (vi;) =i+ j—1(mod 3).

and
o (wy) = o (wg) = o (w3z) = 5.

Thus, xs (DS (Cp> Pp)) = 5.

When m = 5, then x; (DS (Cy, > P,)) = 5. Hence, the theorem is proved. [
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HYPERBOLIC TYPE SOLUTIONS FOR THE COUPLE
BOITI-LEON-PEMPINELLI SYSTEM
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Abstract. In this paper, the (1/G’)-expansion method is proposed to construct hyper-
bolic type solutions of the nonlinear evolution equations. To asses the applicability and
effectiveness of the method, two cases of the coupled Boiti-Leon-Pempinelli (CBLP)
system have been investigated in this study. It is shown that, with the help of symbolic
computation, the (1/G’)-expansion method provides a powerful and straightforward
mathematical tool for solving nonlinear partial differential equations.

Keywords: nonlinear evolution equations; partial differential equations; symbolic com-
putation.

1. Introduction

Nonlinear evolution equations usually used to describe the nonlinear phenomena
of waves in plasma physics, ocean engineering, quantum mechanics, fluid dynam-
ics, solid state physics, hydrodynamics and many other branches of sciences and
engineering. These types of equations have been used to describe the liquid flow
containing gas bubbles, the propagation of waves, fluid flow in elastic oceans, rivers,
tubes, lakes as well as a gravity waves in a smaller domain and Spatio-temporal
rescaling of the nonlinear wave motion.

There are several approaches for finding solutions of nonlinear partial differential
equations which have been developed and employed successfully. Some of these are
a new sub equation method [1], homotopy analysis method [2, 3], homotopy-Pade
method [4], homotopy perturbation method [5, 6], (G'/G)-expansion method [7, 8],
modified variational iteration algorithm-I [9, 10, 11], sub equation method [12],
Variational iteration method with an auxiliary parameter [13, 14, 15, 16], sumudu
transform approach [17], (1/G’)-expansion method [18, 19], variational iteration
method [20, 21], auto-Bécklund transformation method [22], Clarkson-Kruskal di-
rect method [23], Bernoulli sub-equation function technique [24], decomposition

Received April 16, 2020; accepted May 03, 2020
2010 Mathematics Subject Classification. Primary 39A14; Secondary 35C07
*Corresponding author Email: hijaz555@gmail.com

523



524 A. Yokusg, H. Durur and H. Ahmad

method [25, 26, 27, 28], modified variational iteration algorithm-II [29, 30, 31],
first integral method [32], homogeneous balance method [33], modified Kudryashov
technique [34], residual power series approach [35], collocation method [36], ex-
tended rational SGEEM [37], sine-Gordon expansion method [38, 39] and many
more [40, 41, 42, 43].

Consider the following coupled Boiti-Leon-Pempinelli System [44]

— 2
Uty = (u - ux)my + 20550,
V¢ = VUgy + 2U0,.

(1.1)

There have been numerous studies about the analytical treatment of CBLP System.
In some of the studies, new traveling wave solutions of CBLP System have been
attained utilizing the generalized (G'/G)-expansion method [44], while the analytic
solutions of CBLP System have been obtained in [45].

In current work, we will construct the exact solutions of the CBLP System
employing (1/G’)-expansion method.

The remaining portion of this paper is as follows: In section 2, (1/G’)-expansion
method is elaborated, in section 3, (1/G’)-expansion method’s applications are dis-
cussed and utilized to obtain hyperbolic type solutions of the CBLP System, appli-
cability and reliability of the proposed techniques are shown through 3D, contour
and 2D graphics. The conclusion is discussed in the last section.

2. Description of the Method

Consider a general form of the following nonlinear PDE,

Ou Ou Ou 0*u
(21) U(”’E’%’@’@’) =0.

Here, let u=u(§) = u(x,y,t), &=xz+y—ct, c¢#0,where cis a constant and
the speed of the wave. We can convert it into the following nODE for u (&)

(2.2) 7 (u, —cu',u' o' u” ) .) = 0.

The solution of Eq. (2.2) is assumed to have the form

(2.3) u (€) =a0+gai<é)i,

whereas a;, i =0,1,...,n are nonzero constants, G = G (§) provides the following
second order IODE

(2.4) G+ \G' +u=0,

where p and A are constants to be determined after,
1 1

(2.5) =

G' (&) —K + Bcosh[E\] — Bsinh [EA]



Hyperbolic Type Solutions for the Couple Boiti-Leon-Pempinelli System 525

where B is integral constant. If the desired derivatives of the Eq. (2.3) are calcu-
lated and substituting in the Eq. (2.2), a polynomial with the argument (1/G’) is
attained. An algebraic equation system is created by equalizing the coefficients of
this polynomial to zero. The equation are solved using a package program and put
into place in the default Eq. (2.2) solution function. Lastly, the solutions of Eq.
(1.1) are found.

3. Solutions of CBLP System

The traveling wave transmutation £ = x +y — ct, allows us to convert Eq. (1.1)
into an ODE for u = u (&)

(3.1) —cu”’ = (u® - u’)” + 2v,
(3.2) —cv' =" + 2u,
here by integrating twice the Eq. (3.1), we attain

1 1 1
(3.3) v = EUI - Gou= §u2.

According to € in Eq. (3.3) and considering zero constants for integration, we attain

(3.4) v=gu—g / (cu+u?) de.

Replacing Eq. (3.3) into the Eq. (3.2),
(3.5) u” —2u® — 3cu® — c*u = 0.

In Eq. (3.5), we get balancing term n = 1 and in Eq.(2.3), the following situation
is obtained:

(3.6) w(€) = ao + a1 (Gi> a0,

Replacing Eq. (3.6) into Eq. (3.5) and the coefficients of the algebraic Eq. (1.1)
are equal to zero, can find the following algebraic equation systems

Const : —c?ag — 3ca? — 2a3 =0,

1
(Gll[g])g s —c?a1 + N2aq — 6cagaq — Ga%al =0,

3.7
(3.7) (G}[ﬂ)g 2 3\uay — 3ca% — 6aoa% =0,
(G’l[i]) : 2,uza1 — Qa? =0.
Casel:
(3.8) ap =0, a3 = —pu, c= =\,

replacing Eq.(3.8) into the Eq.(3.6) and the following hyperbolic type solutions is
obtained for Eq. (1.1):
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I
—& + Beosh A (tA +z +y)] — Bsinh A (A + 2 +y)]’

(=BA+ p) cosh %A(M—I—x-&-y)
+ (BX+ p)sinh [5A (tA +x + y)
(=B + p) cosh FA(tA+x+y)} ]

+ (BA+ p)sinh [5A (A + x4+ y)

(3.9) wuy(z,y,t)=—

v (z,y,t) = ﬁ()\u <)\(t)\+x+y) +210g[

“AMA A+ 2 +y) + 2log {
4BApsinh[2A(tA+a+y)]

_(A/\_ ) (—B\ + p) cosh %)‘(tk+x+y) )
P4 (B + ) sinh [IA (0N + 2 4 y)
W
2(— &+ B cosh[A(tA+z+y)]— B sinh[A(tA+a+y)])

(3.10)

Fic. 3.1: 3D, contour and 2D graphs respectively for B = 0.6, p = —0.1, y =
1, A = 1.1 values of Egs. (3.9) and (3.10).

Case 2:
(3.11) ag = —A, a1 = —p, ¢ = A,

replacing values Eq. (3.11) into Eq. (3.6) and the following hyperbolic type solutions
are obtained for Eq. (1.1):

W
—5& + Beosh [\ (z —tA +y)] — Bsinh [ (z — tA +y)]’

(312jl‘2 (l’,y,t) =-A-
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V2 (:L’,y,t) = %()‘2 (—IIJ —y+ t>‘)
(=BA+p) cosh [2A (z+y—tA)]

+5A(A (z—tA+y) ptp (A (z—tA+y)+2log [ (BA+p) sinh [3X (z+y—t))] D)

.
o (A (A (A )+ 2log [ AV R((i 131% D

Bl )

sA(x—tA+y)
4Businh[LA(z—tA+y)]

_(B)\7 ) (—=BX+ p) cosh %)\(x—t)ﬂ—y) ))
g + (BX 4+ p)sinh 5 (x —tA 4+ y)
1
T (A ] cosh[)\(x—t)\-i-g/j)]—B sinh[A(z—tA+y)] )

(3.13)

Fia. 3.2: 3D, contour and 2D graphs respectively for B = 0.6, 4 = —0.1, y =
1, A = 1.1 values of Egs. (3.12) and (3.13).

4. Conclusion

In this work, we have achieved hyperbolic type exact solutions of the CBLP Sys-
tem with the help of (1/G’)-expansion method. Computer technology utilized in
the construction of 3D, 2D and contour graphics of the obtained solutions. The
CBLP System, which plays an important role in mathematical physics,has been in-
vestigated analytically for the effectiveness and reliability of the proposed method.
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Furthermore, the applied method is an effective, powerful method and can be used
to establish new exact solutions of many other nonlinear partial differential equa-
tions arising in applied sciences and engineering.

1.

10.

11.

12.

13.

14.
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Abstract. Let G = (V, E) be a simple, undirected graph with maximum and minimum
degree A and ¢ respectively, and let A be the adjacency matrix and @ be the Laplacian
matrix of G. In the past decades, the Laplacian spectrum has received much more
attention, since it has been applied to several fields, such as randomized algorithms,
combinatorial optimization problems and machine learning. In this paper, we will
compute lower and upper bounds for the largest Laplacian eigenvalue which is related
to a given maximum and minimum degree and a given number of vertices and edges.
We will also compare our results in this paper with other published results.
Keywords: Laplacian matrix; Laplacian spectrum; Laplacian eigenvalue; adjacency
matrix.

1. Introduction

Let G = (V, E) be a simple graph (i.e. finite, undirected graph without loops
or multiple edges) on vertex set V. = {wy,...,v,} and edge set E = {e1,...,em}
(so n =| V(G) | is its order, and m =| E(G) | is its size). For v; € V(G), the
degree of v;, written by d(v;) or d; , is the number of edges incident with v. Let
A =max {d; : v; € V(G)} and § = min {d; : v; € V(G)}. Spectral graph
theory [1, 2, 3] studies properties of graphs using the spectrum of related matrices.
The most studied matrix associated with G appears to be the adjacency matrix
A = (a;j), where a;; = 1 if v; and v, are adjacent and 0 otherwise. Another much
studied matrix is the Laplacian matrix, defined by Q(G) = D(G) — A(G), where
D(G) = diag(dy,ds,...,d,) (see [4, 5, 6]). Notice also that Q = CTC, where C
is the matrix whose rows are indexed by the edges of G and whose columns are
indexed by its vertices, in which each row corresponding to the edge e = {u,v},
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(u < v), has a (1) in the column corresponding to «, a (—1) in that corresponding
to v and 0 in every other place. Therefore @) is a symmetric, positive semi-definite
matrix.

For an n x n real symmetric matrix M, its eigenvalues are real numbers. The
eigenvalues (or spectrum) of A(G) and Q(G) which are real eigenvalues, are called
A-eigenvalues (or A-spectrum) Q-eigenvalues (or Q-spectrum) respectively. These
eigenvalues will be denoted by A1 (G) = A2(G) = ... 2 M\ (G) and p = 11 (GQ) >
p2(G) = ... 2 pun(G) = 0 respectively.

2. Application

Applications of eigenvalue methods in combinatorics, graph theory and in com-
binatorial optimization have a long history. For example, eigenvalue bounds on the
chromatic number were formulated by Wilf [7] and Homan [8] at the end of the
sixties. Historically, the next applications related to combinatorial optimization,
according to Fiedler [9] and Donath and Hoffman [10] in 1973, concerned the area
of graph partition. A very important use of eigenvalues is the Lovasz notion of
the theta-function from 1979 [11]. Using it, he solved the long standing Shannon
capacity problem for the 5-cycle. The theta-function provides the only known way
to compute the chromatic number of perfect graphs in polynomial time.

The next important result was the use of eigenvalues in the construction of
superconcentrators and expanders by Alon and Milman [12] in 1985. Their work
motivated the study of eigenvalues of random regular graphs. Eigenvalues of ran-
dom 0l-matrices had already been studied by F. Juhasz, who analyzed the behavior
of the theta-function on random graphs, and introduced eigenvalues in clustering
[13]. Isoperimetric properties of graphs and their eigenvalues play a crucial role in
the design of several randomized algorithms. These applications are based on the
so-called rapidly mixing Markov chains. The most important discoveries in this
area include random polynomial time algorithms for approximating the volume of
a convex body (cf., e.g., [14, 15, 16]), polynomial time algorithms for approximate
counting (e.g., approximating the permanent or counting the number of perfect
matchings, see [17] for additional information), etc. Isoperimetric properties and
related expansion properties of graphs are the basis for various other applications,
ranging from the fast convergence of Markov chains, efficient approximation al-
gorithms, randomized or derandomized algorithms, complexity lower bounds, and
building efficient communication networks and networks for parallel computation.

There are several known results that relate pu and to various structural prop-
erties of the graph G. In particular, there is a correspondence between p and the
expansion properties of G. Expander graphs have been widely used in Computer
Science, in areas ranging from parallel computation to complexity theory and cryp-
tography. See, e.g. [18]. In view of this correspondence, it is interesting to study
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the maximum possible value of u for a graph with a given maximum and minimum
degree and a given number of vertices and edges.

3. Main Results

There are some known results for upper bounds of . Research on the bound
involving eigenvalues of A, @ has attracted much attention [19, 20]. In 1985, Ander-
son and Morley gave an upper bound for largest Laplasian graph eigenvalue in [21].
In 1997, Li and Zhang [22] improved researches of Anderson and Morley. In 1998,
Merris [23] showed an upper bound of p. In 1998, Li and Zhang [24] improved the
researches of Merris. In 2000, Rojo et al. [25] obtained an always-nontrivial bound.
In 2002, Pan [26] improved researches of Li and Zhang. In 2003, Das [27] improved
the bound of Merris. In 2010, Dongmei Zhu gave a new upper bound in [28]. In the
following part, we will compute lower and upper bounds for the largest Laplacian
eigenvalue of G which is related with given a maximum and minimum degree and a
given number of vertices and edges. We have also compared our results with other
relevant results.

Theorem 1: Let G be a graph with n vertices and m edges. Then,

n
4m? 4m?

O (di)? +2m) — Tl

n—1
i=1

2m n—2

n—1 n—1

Proof. Let pp = p11(G) = p2(G) > ... =2 pn(G) = 0 be eigenvalues of Laplacian
matrix of G. We know that

n
(3.2) 2m =
i=1

and

n n
(3.3) Zd? +2m = Z,uf
i=1 i=1

Applying (3.2) and using the Cauchy-Schwarz inequality one can obtain

n—1
2m—u:ZM?<\/n—2
i=2
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Raising both sides to power two and using (3.3), we obtain
(2m —p)* < (n—2) (Z p - u2>
i=1
n
=(n—-2) (Zd?—&—Qm—uZ) .

i=1
Thus
n
4m? + p® —dmp < (n — 2) (de—i—Zm—uQ) .
i=1
Therefore
n
(n—1)p? —4mp < (n —2) (Z d? + 2m> —4m?.
i=1
Consequently,

n
W (N < S (z dz + 2m) —
As a result, we have

i=1

B n 5 5
(- 22 < 23 (St om ) — gy m

Hence

Finally,

2m n—2 (<& 4m? 4m
> - d2+2m | —
| nl(zl_i_ m) n71+(n71)2

i=1

we complete the proof. [

Theorem 2: Let G be a simple graph with n vertices and m edges, and A | § be
the maximum and minimum degree of G respectively. Then we have

(3.4) ug\/m(n1)52+(2A21>2+(2A21>.

Proof. Let X = (x1,22,...,2,)T be the eigenvector of Q(G) and || X||? = 1
corresponding to ((G). Let @Q; denote the ith row of ). Let X (¢) denote the vector
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obtained from X by replacing x; with 0 if v; is not adjacent to v; and replacing z;
with (—z;) if v; is adjacent to v;. Since

QIG)X = p(G)X,

i) = Z xj,

a;;=1

and

it follows that
Both sides of the above equation are brought to power two, which leads to
@2 + i2a? - 2pudia? = QX (1)
On the other hand, by the Lagrange identity we have

Qi X (1)1 = [lQ:lI* X (9)]1* — < D x?) - X (w-w)?

aijzl 1<k<j<n
aij=a;=1

We also have

IQPIX @) = (a2 +di) | Y a2

a;,j=1

By summing over 7 and using Raleigh’s relation we obtain

n

D @i—w)? = Y (m—w)’

i=1 1<k<j<n 1<k<j<n
a;j=a;k=1 ajr=1
= E dx -2 E TiTE =

k= 1

Note that we have three inequalities, (3.5),(3.6) and (3.7), as below:

S| ¥ o) =y | oet- X

aij=1 i=1 ai;j=0

de +Zd Z

ajj=

(zm @JT .

d;i — (n—1),

Il
i M:

N

M: i M:

1

.
Il
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n n

(3.6) S dia} =82 al =6

i=1 i=1

and

n n
(3.7) ZZ,udix? < ZMAZx? = 2uA.

=1

Then, by using the above inequalities it is possible to verify
n
PP di—(n—1) =6 +20p—p

and further

n

12+ — 2uA < Zdlfnfl — 52

Thus 9
2A —1 2A —
(u ( >> z:dz—n—l—é2 < )
Hence,
i 2A —1\>  [2A—1\7
< i—(n—1)—0?
H ;d (n—1)=9¢ +< 5 > +< 5 )
Finally,

p<fom— (- 1) - 62+ (A7) + (2471). O

Remark 1: For circle graph, the upper bound in (3.4) occurs if n > 7 . The upper
bound in (3.4) is equal when G = C7 be a circle graph with 7 vertices.

Remark 2: The upper bound in (3.4) and [28, 29] are comparable. For instance,
let G = K, be a complete graph with n vertices. Then the upper bound of Lapla-
clan matrix G = K, in (3.4) is 2A — 1 and the upper bound of Laplacian matrix
G = K, in [28, 29] is 2A.
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Abstract. For a graph G and any v € V(G), Eg(v) is the set of all edges inci-
dent with v. A function f : E(G) — {—1,1} is called a signed matching of G if
Yceng) f(€) <1 for every v € V(G). The weight of a signed matching f, is defined
by w(f) = 266E<G>> f(e). The signed matching number of G, denoted by B1(G), is the
maximum w(f) where the maximum is taken over all signed matchings over G. In this
paper, we have obtained the signed matching number of some families of graphs and
studied the signed matching number of subdivision and the edge deletion of edges of a
graph.

Keywords: signed matching; signed matching number; bipartite graphs.

1. Introduction

In this paper, G is a simple graph with vertex set V=V (G) and edge set E = E(G).
The order |V| and size |E| of G is denoted by n(G) and m(G), respectively.

Let G = (V, E) be a graph. For u € V, Eg(v)={uv € E|u € V} are called the edge-
neighborhood of v in G. For simplicity Eq(v) is denoted by E(v). The degree of a
vertex v € V is deg(v) = dg(v) = |E(v)|. The minimum degree and the mazimum
degree of a graph G are denoted by 6 = §(G) and A = A(G), respectively. A
vertex of degree one is called a leaf and its neighbour is called a support vertex.
A graph, G, is called r-regular graph if deg,(v) = r for every v € V(G). For a
nonempty subset X C F the edge induced subgraph of G, induced by X, denote by
(X), is a subgraph with edge set X and a vertex v belong to (X) if v is incident
with at least one edge in X. A k-partite graph is a graph which its vertex set
can be partitioned into k sets Vi, Vs, .-+, Vi such that every edge of the graph has
an end point in V; and an end point in V; for some 1 < i # j < k. A complete
k-partite graph is a k-partite graph that every vertex of each partite set is adjacent
to all vertices of the other partite sets. We denote the complete k-partite graph
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by Ky np,ny, where |V;| = n; for 1 < ¢ < k. In the case k = 2, the k-partite
and complete k-partite graph are called bipartite and complete bipartite graphs. We
denote by P,,C,, K, and K, the path, the cycle, complete graph and the empty
graph of order n, respectively. A double star DS, is a graph containing exactly
two non-leaf vertices which one is adjacent to a leaves and the other is adjacent to
b leaves. These two non-leaf of double star are called centers of double star. For
a graph G = (V, F) and e = wv € E, a subdivision of G respect to e, denote by
S(G), is a graph obtained from G by deleting the edge e and add new vertex x
and new edges zu and zv. Let G; = (V4, E1) and G2 = (Va, E2) be two disjoint
vertex sets. A graph G = (V, E) is the join graph of G; and Ga, if V. = V3 U4
and E = By UEyU{uwv : u € Vi,v € Vo}. If G is the join graph of Gy and Ga,
we shall write G = Gy + Ga. The graphs W,, = C,, + K1, F,, = P, + K1, and
Fr, =nKs+ K; are called wheel, fan and friendship graphs, respectively. For all
graph-theoretic terminology not defined here, the reader is referred to [2].

Let f : E(G) — {—1,1} be a function. For every vertex v, we define fg(v) =
YecBe(w f(€)- A function f: E(G) — {—1,1} is called a signed matching of G if
fa(w) <1 for every v € V(G). The weight of a signed matching f is defined by
w(f) = f(E(G)) = X cer) f(€). The signed matching number of G is 81 (G) =max
w(f), where the maximum is taken over all signed matchings. It seems natural to
define B (K,) = 0 for all totally disconnected graphs K,,. A signed matching f on
G, with w(f) = B1(G) is called a f1- signed matching.

The concept of signed matching is defined by Wang [4], and further studied in, for
example [3, 5, 6]. In [4], it is shown that a maximum signed matching can be found
in strongly polynomial time. In addition, the exact value of 8] (G) for paths, cycles,
complete graphs and complete bipartite graphs were found [4].

In this paper, we have studied the signed matchings of subdivision and edge deletion
of a graph. Also, we have studied the signed matchings of join of graphs.

2. Main Results

In this section, we first stated some of the results which would be useful in the
remaining part of the paper. The following proposition provides a relation between
|E(G)| and 1 (G).

Proposition 2.1. For any graph G = (V(G), E(Q)), we have B1(G) = |E(G)| (mod 2).

Proof. Let f be a 3{-signed matching on G. Suppose that P and M are the numbers
of positive and negative edges respect to f, respectively. Hence

P+ M =|E(G),P - M = 8(G).

Therefore, 81 (G)—|E(G)| = —2M and we conclude that 51 (G) = |E(G)| (mod 2). O

In [4], 81(G) for Eulerian graphs is given as follows.
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Theorem 2.1. [/] Let G be a Eulerian graph of order n and size m. Then
/ 1 m
BL(E@) = 5 (=)™ 1),

Corollary 2.1. [//Let n be a natural number. Then

! _ —1, ifn#?k,
51(0”)_{0, if n=2k.

For non-Eulerian graph, the following theorem was given in [4]. Here we give an
alternative proof for this theorem.

Theorem 2.2. Let G be a graph of order n with 2k(k > 1) odd vertices. Then

0 < B1(G) < k.

Proof. Let f : E(G) — {1,—1} be a f31-signed matching of G. Hence fg(v) <0
for any even vertex v and fg(v) <1 for any odd vertex v. Therefore

281(G) =2 fle) =) fa(v)) < 2k,

ecE veV

and hence B (G) < k.

For the lower bound, note that, the edges of G can be partitioned to subsets
Eq, Es, - - E, such that for each 4, the induced subgraph (E;) is a trail connected
odd vertices and at most one of these trails has odd length (see Theorem 5.3 of
[2]). If we label the edges of each E; alternately by 1 and —1, we can find a signed
matching with positive weight. Hence 81(G) > 0. O

As a straight result of Theorems 2.1 and 2.2, we have the following corollary.

Corollary 2.2. Let G be a graph. Hence B1(G) = —1 if and only if G is a Eulerian
graph of odd size.

Theorem 2.3. [4] Let m and n be two natural numbers. Then

0 if mn =0 (mod 2),
min{m,n} if mn =1 (mod 2).

B k) =

Theorem 2.4. Let m,n,p be positive integers. Then

0 ifm=n=p=0 (mod 2),
, ) -1 ifm=n=p=1 (mod 2),
Br(Emnp) = 0 ifm=n=0 (mod 2),p=1 (mod 2),
min{m,n} ifm=n=1 (mod 2),p= 0(mod 2)
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Proof. If m = n = p (mod 2), then each vertex of Ky, , has even degree and
hence K, ,p is an Eulerian graph. Therefore, the first and the second parts of the-
orem are obtained by Theorem 2.1. Now suppose that Vi3 = {vi,ve,..., 0}, Vo =
{u1,u2,...,u,} and V5 = {wq,ws,...w,} are three parts of K, , , of sizes m,n
and p, respectively. Let f : E(G) — {1,—1} be a signed matching of K, ,, p. At
first consider the case m =n =0 (mod 2) and p = 1 (mod 2). Hence every vertex
of V3 has even degree. Therefore fx,, .  (v) <0 for any v € V3. On the other hand
Konp = Kmgnyp U K and hence

w(f) =Y Frny @)+ D Fripn ()

vEV3 vEVs

Note that For any v € V5, the degree of v in Ky, , is even and hence fx,, ,(v) <
0. Therefore w(f) < 0. Hence B1(Km.np) < 0. Now consider the function g :
E(Kyn,p) — {1,—1} as follows:

g(uivy) = (=1)*, guw;) = (=1, g(wivy) = (=1)"*.

It is not difficult to see that ¢ is a signed matching and w(g) = 0. Therefore,, in
this case 81 (Km,n,p) = 0.

Now suppose that m =n =1 (mod 2) and p = 0 (mod 2). Again, every vertex of V3
has even degree. Therefore fx,, . (v) <0 for any v € V3. By the same argument
as above we have

= Ky ©) F FE(Emn) < F(E(Kmn))-

vEV3

But f(E(Kmn)) < min{m,n} by Theorem 2.3. Hence 51 (Kmnp) < min{m,n}
By the same argument as above 81 (Kpmnp) = min{m,n}. O

Theorem 2.5. Suppose that a and b are two integers. Then

3 ifa=b=0 (mod 2)
Bi(DSap) =4 1 ifa=b=1 (mod 2)
2 ifa=1(mod 2),b=0 (mod 2)

Proof. Let u and v be centers of double star DS, ; of degrees a + 1 and b + 1.
Suppose that f : E(DSqp) — {1,—1} is a signed matching set. Hence w(f) =
fps..(w) + fps,, (v) — f(w).

If a =b=1 (mod 2), then deg(u) and deg(v) are even. Therefore, it follows that
fps,, (), fps,,(v) < 0. We conclude w(f) < —f(uv) < 1. Hence B1(DS,p) <
1. Now consider g : E(DS,3) — {1,—1} such that g(e) = 1 for %E! edges of
Eps, ,(v)\ {uv} and &£ edges of Eps, , (u)\ {uv} and g(e) = —1 for the remaining
edges of Epgs, ,(v)UEDs, ,(u). Clearly g is a signed matching and w(g) = 1. Hence
B1(DSqp) > 1 and we conclude i (DSq) = 1.

If a =b =0 (mod 2), then deg(u) and deg(v) are odd. Therefore, it follows
fDS., ), fps,,(u) < 1. We conclude that w(f) < 2 — f(uv) < 3. Hence
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B1(DSap) < 3. Now consider g : E(DS,,) — {1,—1} such that g(e) = 1 for
242 edges of Eps, ,(v) \ {uv} and 252 edges of Epg, , (u) \ {uv} and g(e) = —1 for
the remaining edges of F(v) U E(u). Again g is a signed matching with w(g) = 3
and we conclude that 51(DS,) = 3.

For the last case, suppose that a = 0 (mod 2) and b = 1(mod 2). By the same
argument as above, we conclude that 51(S.) =2. O

Theorem 2.6. Let n be an integer. Then

/ 15 =0,3 (mod 4),
Ar(Wn) = { 2]~ 1 ifn=12 (mod 4.
Proof. Suppose that E(W,,) = {v;v;41,uv; : 1 < i < n}, where indices computing
in module n. Note that the vertex u has degree equal to n, and other vertices
have degree 3. If n = 0 (mod 4), then W,, has n vertices of odd degree. Hence
BW,) <5 = L"THJ by Theorem 2.2. Now define f : E(W,,) — {1,—1} by

f(uv4i+1) = f(uv4i+2) = f(v4i+2v4i+3) = f(v4i+3v4i+4) = f(U4z‘+4U4z'+5) =1

for 0 <4 < % —1and f(e) = —1 for other edges of W,,. Clearly f is a signed
matching with w(f) = 2 = |2 |. So B{(W,,) > |2]. Hence B{(W,) = [ZL].
The case n = 3 (mod 4) is obtained by a similar argument as the above.
Now suppose that n = 2 (mod 4). Hence 1(W,) < % by Theorem 2.2. But
B1(Wyn) # % by Proposition 2.1 and therefore 31(W,) < § — 1. Now define f :
E(Wn) — {]-7 *1} by

fluvn—1) = f(vion) =1,

f(uv4i+1) = f(uv4i+2) = f(v4i+2v4i+3) = f(v4i+3v4i+4) = f(U4z‘+4U4z'+5) =1

for 0 < i < 258 and f(e) = —1 for other edges of W,. Clearly f is a signed
matching with w(f) =% —1= 2] —1. So {(W,,) > 2] —1. O

Theorem 2.7. Let n be an integer. Then
n—1 . —
/ . LTJ -1 Zf n = 07 3
Bl(Fn){ | 2L | ifn=1,2 (mod 4).
Proof. The result follows by a similar argument as the proof of Theorem 2.6. O

Theorem 2.8. Let n be an integer. Then

) [0  ifn=0 (mod 2)
Bi(Fry) = { -1 ifn=1 (mod 2)

Proof. Since the graph Fr, is an Eulerian graph, the result follows from Theorem
2.1. O
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Theorem 2.9. Let G be a graph and e be an edge of G. If S(Q) is the subdivision
of G by edge e, then

BUG) =1 < B1(S(G)) < B1(G) +1.

In addition these bounds are sharp.

Proof. Suppose that e = uv and S(G) = G \ {e} U {zu,2v}, where z is the new
vertex. Let f be a [-signed matching of G. If f(e) = 1 (or f(e) = —1), then
define g : E(S(G)) — {1,—1} by g(zu) = 1(or g(zu) = —1), g(av) = —1 and
g(w) = f(w) for other edges of S(G). Clearly g is a signed matching on S(G) and
w(g) = B(G) — 1. Hence BL(G) — 1 < B}(S(G)).

Now suppose that f is a S-signed matching of S(G). Define signed matching g
on G by g(e) = —1 and g(w) = f(w) for other edges of G. we conclude that
BL(S(G)) < B1(G) +1.

For any positive integer n, we have S(C,) = Cp4+1. If n is even, then 31(C,) =0
and B1(Cp+1) = —1 by Corollary 2.1 and the lower bound is occurred. If n is odd,
then p1(Cy) = —1 and 81 (Cp+1) = 0 by Corollary 2.1 and the we obtain the upper
bound. O

Theorem 2.10. Let G be a graph. Then
B1(G) =3 < B (G —e) < Bi(G) + 1.

In addition these bounds are sharp.

Proof. Suppose that e = uv. Let f be a f]-signed matching of G. If f(e) =1, then
define g : E(G —e) — {1,—1} by g(x) = f(z) for any edge « of G —e. Clearly ¢ is
a signed matching on G — e and w(g) = B1(G) — 1. Hence B1(G) — 1 < B1(G — e).
If f(e) = —1, change the label of two edges e; and ey (which are adjacent to v and
v in G — e, respectively) from 1 to —1. Hence we have a signed matching on G — e
of weight 8] (G) — 3 and hence f1(G) — 3 < 1(G — e).

Now suppose that f is a §1-signed matching of G — e. Define signed matching ¢
on G by g(e) = =1 and g(w) = f(w) for other edges of G. We conclude that
BU(G —€) < Bi(G) +1.

Suppose that n is an even integer. We have $1(DS,. ) = 3 by Theorem2.5. If
x,y are centers of double star and e = zy, then DS, , — e = 2K;, and we have
B1(DSy., —e) = 0 by Theorem 2.3. Hence the lower bound is obtained. If n is even
and m is odd, then B{(Ki, U K1 4,) = 1 by Theorem 2.3. But Ky, UKy, +e =
DS,n, where e joint two stars Ky ,,, and Ki ,. Hence 81(DS,,.,) = 2 and upper
bound is occurred. [
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