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ON SOME TOPOLOGICAL PROPERTIES IN GRADUAL
NORMED SPACES *

Mina Ettefagh, Farnaz Y. Azari and Sina Etemad
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Abstract. In this paper, we have investigated some topological properties of sets in
a given gradual normed space. We have stated gradual Hausdorff property and then,
we have studied the relationship between gradual closed sets and gradual compact sets.
Also, we have given a result about having the closure point for an infinite set in a
gradual normed space. In the end, we have provided some illustrative examples.
Keywords: gradual normed space; Hausdorff property; gradual numbers.

1. Introduction

In 1965, Zadeh first introduced a new class of sets named fuzzy sets to quantify
some linguistic terms and stated these terms mathematically [12]. Indeed, fuzzy sets
are generalization of classical sets and also, under certain conditions, we consider
a fuzzy subset as a fuzzy number. But, when we study this notion in fuzzy metric
spaces, the term fuzzy number is used instead of fuzzy intervals.

From this point of view, fuzzy numbers are generalization of intervals, not num-
bers. On the other hand, some algebraic properties of numbers not hold for fuzzy
numbers. These problems have been implied to avoid confusion between the re-
searchers.

In this way, in 2006, Fortin, Dubois and Fargier introduced gradual numbers
as elements of fuzzy intervals [5]. In this new structure, gradual numbers are con-
sidered as an unique generalization of real numbers which are equipped with all
algebraic properties of classical real numbers [5]. Since then, gradual numbers have
been applied as a strong tool for computations and optimization problems.

In [7], Kasperski et al. investigated gradual numbers and applied this notion
to solving combinatorial optimization problems. Some years later, Fortin et al. [6]
suggested some methods for evaluating the optimality by using gradual numbers.
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For more details about other applications of gradual numbers, see ([1], [2], [8], [11],
18], [14)).

Recently, Sadeqi and Azari [9] have studied some properties of gradual numbers
and introduced gradual normed linear space. In [4], Ettefagh et al. investigated
some properties of sequences in gradual normed spaces.

Motivated by above works, in this paper, we have investigated some topological
properties of sets in a given gradual normed space. We have stated gradual Haus-
dorff property and then, we have studied the relationship between gradual closed
sets and gradual compact sets. Also, we have given a result about having the closure
point for an infinite set in a gradual normed space. Finally, in the last section, we
have presented some illustrative examples.

2. Preliminaries

In this section, we recall some basic definitions and theorems on the gradual numbers
and gradual normed space. For more details, see ([3], [5], [9]).

Definition 2.1. ([5]) A gradual real number 7 is defined by an assignment function
Ar from (0, 1] to the set of real numbers R. The set of all gradual real numbers is
denoted by G(R). We say that a gradual real number 7 is non-negative if for each
a € (0,1], A7(a) > 0. The set of all non-negative gradual real numbers is denoted
by G*(R).

The gradual operations on the elements of G(R) can be defined as follows.

Definition 2.2. ([5]) Assume that * is any operation in real numbers and 7; and
79 are two arbitrary gradual numbers with assignment functions Az and Az,, re-
spectively. Then 77 * 79 is the gradual number with an assignment function Az, .z,
given by

Afyaiy () = Af, () % Agy (), (o€ (0,1]).

Then, the gradual addition 7; + 75 and the gradual scalar multiplication ¢7(c € R)
are defined by

A 17y (@) = Af, (@) + Az, (@), Aci (@) = cAz(a),
for each a € (0,1].

For each real number ¢t € R, the constant gradual number ¢ is defined by
Az(a) = t for each a € (0,1]. In particular, 0 and 1 are constant gradual num-
bers defined by Aj(a) = 0 and Aj(«) = 1, respectively. It can be easily proved that
G(R) with the gradual addition and gradual scalar multiplication is a real linear
space [5].

Definition 2.3. ([7]) Let 7,5 € G(R). The partial order relation < in G(R) is
defined by 7 < § if and only if Az(a) < As(a) for all a € (0, 1].
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Theorem 2.1. ([7]) Let #,5,t € G(R). We have
(i) if T <3, then™ —t < §—1t;

(i) if # < 5 and 0 <, then 7 -t < 5-t and

il
IN
i
E
N
=t

(7-5)

t

(iii)

:f-(%),f;é(),

Definition 2.4. ([9]) Let X be a real vector space and x,y € X. The mapping
Il from X to G*(R) is called a gradual norm on X if for each « € (0, 1], we have

(G].) A”x”G(a) = A@(a) iff x = O;
(G2) Ajpa|e (@) = |k[A)zc(@); (K €R)
(G3) Ajatylo (@) < Ajgjig (@) + Ajjy)ig ().

Then the pair (X, | - ||g) is called a gradual normed space (GNS).

Example 2.1. ([9]) (i) Let X = R". For each a € (0,1] and z = (z1,...,2,) € R",
consider the function || - ||¢ : R" — G*(R) by

Az (@) = e Y |zil.
i=1

Then | - ||¢ is a gradual norm on R” and (R", || - ||¢) is a gradual normed linear space.
(i) Let X = C(]0, 1]) be the space of all continuous real-valued functions on [0, 1]. Consider

1 1
two norms on C([0, 1]) by || fllo = ( / FOF dt)” and ||flly = max {If()]}. Now, the

0
function || - || : C[0,1] = G*(R) defined by

[fllo, 0<A<
Ajpie(X) = 1
17l 3 <

—_ N =

A<

is a gradual norm on X.

Definition 2.5. ([9]) Let X be a gradual normed space. A gradual neighborhood
of zg € X with radius of € > 0 is defined by

zo+ N(a,e) = {z: Ajp_sy|ola) < e}, a € (0,1].

In particular, if 2o = 0, then N (o, €) = {z: Ajy () <€}

Lemma 2.1. (/9]) Let X be a gradual normed space and o € (0,1] and € > 0. We
have
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(N1) N(a,€) =eN(a,1);
(N2) if e1 < €2, then N(a,€1) C N(a,€2);

(N3) if for every x € X, the assignment function Ay,
then N(ai,€) C N(ag,€).

| be decreasing and a; < sz,

Definition 2.6. ([9]) Let X be a gradual normed space and A C X. Then
(H1) the point z¢ € X is called a closure point of A if for each o € (0, 1], we have
(xo + N(a,)) N A # Q.
The set of all closure points of A is denoted by A.

(H2) The point zp € X is called a limit point of A if for each a € (0,1],
(o + N(«a,@)) N A contains at least one point of A different from zy itself, or

(o + N(a,a))*NA#Q,
where (zo + N(a, @))* = (2o + N(o, a))\{zo}-

(H3) the point z € A is called an interior point of A if there exists N (g, €g) such
that g + N(ap,€0) € A. The set of all interior points of A is denoted by
IntA.

(H4) the set A is said to be gradual closed set iff A = A.
(H5) the set A is said to be gradual open set iff IntA = A.

The following theorems state an effective relationship between gradual open sets
and gradual closed sets.

Theorem 2.2. Let (X,| - |l¢) be a gradual normed space and for every x € X,
Aljz|| be a decreasing function. If B is the gradual open subset of X, then X \ B
is gradual closed.

Proof. Let B be a gradual open set and xg be a closure point of X \ B. Then for
each o € (0,1], we have (zo + N(a, ) N (X \ B) # @ and so (zg + N(o, ) € B.
Now, for each € > 0 and « € (0, 1], let &y = min{a, €}. Thus we have

(xo + N(ap,ap)) C (zo + N(aye))
and then (zo+ N(a,€)) € B. Hence 2o ¢ IntB = B or zy € X \ B and we conclude
that X \ B is gradual closed. O

Theorem 2.3. Let (X, - |¢) be a gradual normed space. For every subset B of
X, if X \ B is the gradual closed set, then B is gradual open set.

Proof. Suppose that X \ B is a gradual closed set. Then X \ B = X \ B. Let
xo € B, thus o ¢ X \ B = X \ B. Hence for some « € (0,1],

(xo+ N(a,)) N (X \ B) =

or (zg + N(a,a)) C B. We conclude that zg is an interior point for B and B is a
gradual open set. [
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3. Main Results

Now, in this section, we are ready to state main results.

Theorem 3.1. Let (X, |- |l¢) be a gradual normed space and A and B be subsets
of X. Then

(i) (AAB)C ANB and (AUB) = AUB.
(i1) if every assignment function is decreasing, we have
Int(A)UInt(B) C Int(AUB) and Int(AN B) = Int(A)N Int(B).
Proof. (i) Let 2 € (AN B). Then for every a € (0, 1], we have
(r+ N(o,a)) N (AN B) # Q.

So for every a € (0, 1], we have (z + N(a,a)) N A # O and (x + N(o, ) N B # Q.

This shows that x € AN B.
Also, z € (AU B) if and only if for every o € (0, 1], we have

(x4 N(a,a)) N (AU B) #£ Q.

Thus, one can write (z + N(a,a)) NA# O or (x+ N(a,)) N B # . This means
that » € AU B.

(ii) Let € Int(A) U Int(B). Then = € Int(A) or x € Int(B). So for some
ay,as € (0,1] and €, €3 > 0, we have

(x+ N(ay,€e1)) CA or (z+ N(ag,e)) C B.

Now, let @ < min{ay, @z} and € < min{ey, e2}. Since every assignment function is
decreasing, thus (z + N(a,€)) C (AU B) and we get € Int(AU B).

One can similarly prove the equality Int(ANB) = Int(A)NInt(B) and we omit
this part of the proof. [

Theorem 3.2. Let (X, | -|lg) be a gradual normed space. Then

(i) for any collection {G} of gradual open sets, |J., G is a gradual open set.

(i) for any collection {Fy}, of gradual closed sets, (1, F, is a gradual closed set.

Proof. (i) Let {G,}, be an arbitrary collection of gradual open sets and let
z € U, G,. Then, there is some 7 such that z € G,,. Since G,, is a gradual
open set, thus there exists a € (0,1] and € > 0 such that

(x 4+ N(a,€)) € G, C UGW'
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Consequently, Uw G, is a gradual open set.

(i) Let {F,}, be an arbitrary collection of gradual closed sets and put
F=NF. Ifze F, then for each a € (0,1], we have (z + N(a,a)) N F # O.
Hence for every 7, we have (z + N(a,)) N F, # @ and so € F,. On the other
hand, since for each v, F is a gradual closed set, so = € FnY implies that z € F,.
Therefore x € ﬂ7 F, = F. This shows that F C Fandso Fisa gradual closed
set. [

Now, for the finite number of gradual open (closed) sets, we have the following
theorem.

Theorem 3.3. Let (X,| - |l¢) be a gradual normed space. Hence

(i) if every assignment function is decreasing, then for any finite collection
G1,Ga, -+, Gy of gradual open sets, (\;_, Gi is a gradual open set.

(ii) for any finite collection Fy,Fy,---,F, of gradual closed sets, |J;_, F; is a
gradual closed set.

Proof. (i) Let G1,Ga,---,G, be a finite collection of gradual open sets and let
z € (i, G; be an arbitrary element. Then for any 1 < i < n, z € G;. But
every G; is a gradual open set, thus for each 1 < i < n, there are o; € (0,1]
and €; > 0 such that (z + N(a;,¢)) C G;. Put o < min{ag, ag, -+, a,} and
€ < min{ey, €z,---,€,}. Since for each z € X, the assignment function Ay, is
decreasing, so we have N(«,€) C N(wy,¢;), for all 1 <4 <n. Thus

(x + N(ay,€)) C (z+ N(as,€)) C G

Therefore, (2 + N(a,€)) € (=, Gi. Hence (;_; G; is a gradual open set.
(ii) Since each F; is gradual closed, thus F; = F;. Now, suppose that
zo € U;_, F;, so for each a € (0, 1], we have

n

(zo+ N(a, o)) N (| ) # 0.

i=1
This means that for each « € (0, 1], there exists 1 <4 < n with
(xo+ N(a,))NF; £ Q,
and so g € F; = F;. Therefore, 7o € U?:l F;. Hence, we conclude that

U’ F; CU;_, F; and the proof is completed. [J

Theorem 3.4. (Gradual Hausdorff property) Let (X,| -|c) be a gradual
normed space and x,y € X with x # y. Then there exists two disjoint neighborhoods
of x and y.
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Proof. Since x # y, so for each a € (0,1], we have Aj,_, |, () # Ag(a). Thus,
there is ap € (0,1] such that Aj,_y.(ao) > 0. Put €g < $Aj,_y|o(0) and
we claim that (z + N(ag,€0)) N (y + N(ap,€0)) = O. To prove this claim, let
z € (z + N(ao,€)) N (y + N(ao,e0)). Then, we have Aj,_.,(0) < € and
Ajly—z|ic (o) < €0. Now, one can write

Ajlz—yllo(@0) < Az (@) + Ajy—z ¢ (o)
< 260 < Ajp—yjg (o)

and this is a contradiction. [

Theorem 3.5. Let B be a subset of the gradual normed space (X, | - |l¢) and for
each x € X, the assignment function Ay be decreasing. If xo is a limit point of
B, then every neighborhood of xy contains infinitely many points of B.

Proof. Suppose that there exists « € (o0,1] and € > 0 such that the neighborhood
(ro + N(a,€)) of zy contains only finite number of elements of B, i.e.
(xo + N(a,e))N B ={y1,92,...,Yn}. Put

€0 < min{AHIn*yﬂIG(a)v A|\x0—y2|\c(0¢)7 s Allwf)*ynﬂc;(a)}'

Since €y < €, hence (xg+ N(a,€0)) C (xo+ N(a,€)). Now, we claim that the neigh-
borhood (zg + N(a,€p)) contains no point of B. Indeed, if for some
i(i=1,2,...,n), y; € (g + N(e, €p)), then we have

Ajzo—yille (@) < €0 < Ajzg—y, o (@)

and this is a contradiction. Therefore (zg + N(a,€))* N B = @. Now, put
ap < min{eg,a}. So, we have oy < € and ag < «. Since every assignment
function is decreasing, thus

(xo + N(ag, ap)) C (zo + N(ov, €0))-

Hence, it is followed that (zo+ N (ag, ag))* N B = @, which contradicts to the being
limit point zo for B and the proof is completed. [

Now, we define the new concept ”gradual compact set” in a gradual normed
space.

Definition 3.1. Let (X, |- |l¢) be a gradual normed space and K be an arbitrary
nonempty subset of X. We say that K is a gradual compact set if for each cover
{Vi}ier of gradual open sets for K, there exists finite number V;(i = 1,---,n) such
that K C J;—, Vi.

Theorem 3.6. Let (X, | - |l¢) be a gradual normed space and for each x € X,
the assignment function Ajy), be decreasing. Then every gradual compact set is
gradual closed.

lle
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Proof. Let K be a gradual compact subset of X. We will show that X \ K is a
gradual open set. For this, assume that p € (X \ K) and for each ¢ € K, consider
neighborhoods V, = (p+N(ayp,€)) and W, = (¢+N(ap, €)) for p and g, respectively,
where ag € (0, 1] is a fixed number and

1
€ < 5AIp—glle(0)-

For each ¢ € K, we have V, N W, = @; because if z € V; N W,, then we get
AHZ—pHG(a0> < e and A”z_q”G(a()) < €. So

Ajp—qglo(@0) < 2e < Ajp_gj5 (o)

which is a contradiction.
Now, the cover
follows:

gerc Wq of gradual open sets for K has finite subcover as

n
dq1,q92,- ,q, € K s.t. K C UW%.
=1

Let V =, Vq,. Since V is a finite intersection of gradual open sets containing p
and each assignment function is decreasing, so by Theorem 3.3 (i), V is a gradual
open set containing p. Therefore VN K = @ and so V C (X \ K). This proves that
X \ K is a gradual open set and by Theorem 2.2, K is a gradual closed set. [

Theorem 3.7. Let (X,| - |lg) be a gradual normed space and K be a gradual
compact subset of X. If F is a gradual closed subset of K, then F is gradual
compact.

Proof. Suppose that {V;};cr is a cover of gradual open subsets for F. By Theorem
2.3, X \ F is a gradual open subset and so {V;};cr U(X \ F) is a cover for K. Since
K is gradual compact, there exists a finite cover {V;}; U (X \ F) for K. This
implies that {V;}7; is a finite cover for F. Hence F' will be a gradual compact
set. [

Corollary 3.1. Let (X,| - |la) be a gradual normed space such that every assign-
ment function is decreasing. Suppose that F and K are gradual closed and gradual
compact subsets of X, respectively. Then F N K is a gradual compact set.

Proof. This is a consequence of Theorems 3.6, 3.7 and 3.2(ii). O
Finally, we give the last result about having closure point for an infinite set in
a gradual normed space. This property is like to Bolzano-Weierstrass property in

metric spaces [10].

Theorem 3.8. Let (X, - |l¢) be a gradual normed space and E be an infinite
subset of the gradual compact set K. Then E has the limit point in K.



On Some Topological Properties in Gradual Normed Spaces 557

Proof. Suppose that every z € K is not a limit point of F. Then there exists
ay € (0,1] such that (z + N(ag, a,))* N E = @. Hence, if € F is arbitrary, then
(x + N(agz,ay)) N E = {z}. This shows that there is no finite collection of infinite
cover {z + N(ay, o) }zep of gradual open sets for E which covers the set E.
Now, let {G;}icr be an arbitrary cover of gradual open sets for K \ E. Then

{4+ N(ag, ) }ece U{Gi}ticr

is a cover of gradual open sets for K which contains no finite subcover and this
contradicts to the gradual compactness of K. [

4. Examples

The following examples are generalizations of the Example 2.1. Also we have some
arguments about gradual interior and gradual closure points in each example.

Example 4.1. Let (X,| - |) be a real normed space. ~We define the function
I lle = X = G"(R) by

Aja)ig (@) = fl@)llz]; (e (0,1]),z € X)

where f:(0,1] — R" is a nonzero function. One can easily verify that || - || is a gradual
norm on X. Also, if we denote the neighborhoods in (X, || -||) by

Ne(z)={a € X: ||z —al| <€}, (e>0),
then in gradual normed space (X, || - ||c), for ¢ > 0 and a € (0, 1] we have
N(Oé,G) = Nﬁ(O)
and for z € X, (z + N(a,¢)) = Nﬁ(‘r)
Hence we conclude that Int(A) = Intg(A), where Int(A) and Intc(A) denote the set of

all interior points of A in (X, || -]|) and (X, | - ||¢), respectively.
Now, suppose that A C X and = € X is a closure point of A in (X, || - ||). Then for every

e >0, we have N.(z) N A # @. Thus for every a € (0,1] and € = ﬁ, we can write
(x+ N(a,a))NA= Nﬁ(ﬁ)ﬁA;é o,
and we conclude that x is a closure point of A in (X,]|-|¢) or A C A%, in which A and

A€ denote the closure of A in (X, || -||) and (X, || - ||c), respectively.

Example 4.2. Let ||-||: and ||-]|2 be two norms on real vector space X such that they are
not equivalent norms. For z € X and a € (0, 1], we define the function |- ||¢ : X - G*(R)
by



558 M. Ettefagh, F. Y. Azari and S. Etemad

It is easy to check that (X, || - |l¢) will be a gradual normed space. This example can be
extended to a finite number of non-equivalent norms.
Now, for x € X and € > 0, let

\No(z)={a€X: |lz—a|s <e},

oN(z) ={a € X : |z —al2<e}

Therefore in (X, || - ||¢), we can write for € > 0 and « € (0, 1],
1
1N(0), 0<a< 3
N(Oé,E):{l'EX: A\\$|\G(a)<€}: 1
2Ne(0), 5 <as<l,
and also for z € X,
1
1Ne(z), 0<a< 5
(2 + N(a,e)) = X
aNe(2), 5 <a<l .

Then we can conclude that
Intg(A) = Int1(A) U Intz(A),

where Inta(A), Inti1(A) and Intz(A) denote the set of all interior points of A in (X, ||-||¢),
(X, |- /1) and (X, || - ||2)_7 respectively.
Now, suppose that z € A%, So for every a € (0,1], (z + N(a,a)) N A # @; In particular,

1 _ _ _
it will be true for each a € (0, 5} This shows that A ¢ A', where A' denote the closure
of A in the space (X, || - ||1). Finally, suppose that = € A* N A%, Then for each o > 0, we
have 1 No(z) N A # @ and 2 No(z) N A # @. Consequently, for each a € (0, %], we have

(z+ N(a,a))NA= 1No(z)NA#£ O,

1
and for each o € (5, 1], we have

(x+ N(o,a)) NA= 32No(z)NAF# Q.

This shows that = € A“ and we conclude that (A' N A%) C A°.
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Abstract. We will obtain an abstract version of the Korovkin type approximation the-
orems with respect to the concept of statistical relative convergence in modular spaces
for double sequences of positive linear operators. We will give an application showing
that our results are stronger than classical ones. We will also study an extension to
non-positive operators.

Keywords: Korovkin type approximation; modular spaces; statistical relative conver-
gence; non-positive operators.

1. Introduction

As we know, Korovkin([15]) proved an approximation theorem via simple and
easy criterion to check if a sequence of positive linear operators converges uniformly
to the function to be approximated. Many researchers studied some versions of this
theorem in different spaces and Bardaro and Mantellini studied this theorem on
modular spaces which is the natural generalization of L, (p > 0), Orlicz, Lorentz,
and Kothe spaces ([5]) and so on([7, 8]). In addition, general versions of the Ko-
rovkin theorem were studied in which a various kind of convergence methods is
used, particularly statistical convergence methods([2, 3, 14, 22]). More recently,
Demirci and Orhan ([9]) have introduced statistical relative uniform convergence of
single sequences by using the notions of the natural density and the relative uni-
form convergence. Then, many researchers defined some versions of this interesting
convergence method and proved Korovkin type approximation theorems for single
and double sequences of linear operators in different spaces (see [11, 12, 13, 21, 23]).
In [10], we studied Korovkin type theorems in modular function spaces for func-
tions defined on a compact set I? where I = [a,b], using the classical test set
{1,z,y,2* + y*} . In this paper, we will study generalized versions of the Korovkin
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type approximation theorems for a double sequence of positive linear operators
(Tim,n) acting on an abstract modular function space. Then, we will give an ap-
plication showing that our results are non-trivial extensions of the existing ones.
Finally, we will study an extension to non-positive linear operators.

2. Preliminaries

Now we shall recall some well known notations and properties of modular spaces.

Assume G be a locally compact Hausdorff topological space endowed with a
uniform structure U C 2% that generates the topology of G (see, [17]). Let B be
the o—algebra of all Borel subsets of G and p : B — R is a positive o —finite regular
measure. Let LY (G) be the space of all real valued p—measurable functions on G
with identification up to sets of measure p zero, C' (G) be the space of all continuous
real valued functions on G, Cj, (G) be the space of all continuous real valued and
bounded functions on G and C, (G) be the subspace of Cj, (G) of all functions with
compact support on G. In this case, we say that a functional p : L° (G) — [0, 00] is
a modular on L? (G) if it satisfies the following conditions:

(¢) p(f) =0if and only if f =0 p—almost everywhere on G,

(i)) p(=f) = p(f) for every f € L°(G),
(iii) p(af + Bg) < p(f) + p(g) for every f,g € L° (G) and for any «, 3 > 0 with
a+pB=1

A modular p is N—quasi convex if there exists a constant N > 1 such that the
inequality
p(af+Bg) < Nap(Nf)+ NBp(Ng)

holds for every f,g € L°(G), a, 8 > 0 with a + 8 = 1. Note that if N = 1, then p
is called convex. Furthermore, a modular p is N—quasi semiconvex if there exists
a constant N > 1 such that

p(af) < Nap(Nf)
holds for every f € L° (@) and « € (0,1].
The modular space L? (G) generated by p, is given by
L (G) := {f cL’(G): lim p(\f) = O}
A—0t
and the space of the finite elements of L” (G), is given by
EP(G):={fe L’ (G): p(\f) < oo for all A > 0}.
Also, note that if p is N—quasi semiconvex, then the space

{feL(G):p(\f) < oo for some A > 0}
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coincides with L? (G).
We will need the following notions.

A modular p is said to be monotone if p(f) < p(g) for |f| < |g|. A modular p
is finite if x4 € L? (G) whenever A € B with u(A) < oo. A modular p is strongly
finite if x4 € E? (G) for all A € B such that u(A) < co and a modular p is said to
be absolutely continuous if there exists an o > 0 such that: for every f € L°(G)
with p (f) < oo, the following conditions hold:

o for each e > 0 there exists a set A € B such that 1 (A) < oo and p (afxena) <
E’

o for every ¢ > 0 there is a § > 0 with p(afxp) < € for every B € B with
w(B) < 4.

If a modular p is monotone and finite, then C' (G) C L” (G). If p is monotone
and strongly finite, then C' (G) C E? (G) . Also, if p is monotone, strongly finite and
absolutely continuous, C. (G) = L” (G) with respect to the modular convergence
(for details and properties see also [16, 18, 20]).

Now we recall the statistical relative modular and strong convergence for double
sequences (see also [10]).

Definition 2.1. Let (f,, ) be a double function sequence whose terms belong
to L? (G). Then, (fm,) is said to be statistically relatively modularly convergent
to a function f € L”(G) if there exists a function o(u), called a scale function
o€ L°(G), |o(u)| # 0 such that

sty — lim p ()\0 (fm"_f>) =0 for some A\g > 0.
m,n g

Also, (fm,n) is statistically relatively F—norm convergent (or, statistically relatively
strongly convergent) to f iff

sto — lim p <)\ (fmnf>> =0 for every A > 0.
m,n g

The two notions of convergence are equivalent if and only if the modular satisfies
a Ag—condition, i.e. there exists a constant M > 0 such that p (2f) < Mp(f) for
every f € LY (G), see [19)].

Note that if the scale function is a non-zero constant, then statistical modular
convergence is the special case of statistical relative modular convergence. More-
over, if o(u) is bounded, statistical relative modular convergence implies statistical
modular convergence. However, if o(u) is unbounded, then statistical relative mod-
ular convergence does not imply statistical modular convergence.
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3. Korovkin type approximation theorems

We now prove some Korovkin type theorems with respect to an abstract finite
set of test functions eg, e1, ..., e, in the sense of the statistical relative convergence.

Let T = (T},,n) be a double sequence of positive linear operators from D into
LY (@) with Cy, (G) € D C L° (G) . Let p be monotone and finite modular on L° (G)
and o € L° (@) is an unbounded function satisfying o(u) # 0. Assume further that
the double sequence T, together with modular p, satisfies the following property:

there exists a subset X1 C DNL? (G) with Cp, (G) C Xt such that the inequality

T nh
(3.1) sty — limsupp ()\ < :
o

m,n

)) < Rp(\h)

holds for every h € X, A > 0 and for an absolute positive constant R.
Set eg(v) =1 forallv € G, let e, r = 1,2,....,k and a,, r = 0,1,2,.... k, be
functions in Cj (G) . Put

k
(3.2) P, (v) = Zar (u) e, (v), u,v € G,

r=0

and suppose that P, (v), u,v € G, satisfies the following properties:

(P1) P, (u) =0, for all u € G,

(P2) for every neighbourhood U € U there is a positive real number  with P, (v) >
n whenever u,v € G, (u,v) ¢ U (see for examples [4]).

In order to obtain our main theorem, we will first give the following result.

Theorem 3.1. Let p be a monotone, strongly finite and N—quasi semiconver
modular. Suppose that e, and a., v = 0,1,2,....k, satisfy properties (P1) and
(P2). Let T = (T),n) be a double sequence of positive linear operators from D into
LY (G) and assume that o, (u) is an unbounded function satisfying |o, (u)| > b, > 0
(r=0,1,2,...k). If

Tm,ner -

(3.3) sto — lim p (/\0 ( er>) =0 for some Ao > 0,

r=0,1,2,...,k, in L? (G) then for every f € C. (G)
(3.4) sto — lim p <'y (Tmnf_f>> =0 for somey >0
m,n g

in L? (G) where o (u) = max {|o, (u)| : 7 =0,1,2,...,k}. If

Tmn r— Cr
stg—limp()\ <)ee>) =0 for every A >0,

m,n Oy
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r=0,1,2,..,k, in L (G) then for every f € C.(G)
T _
stg — lim p (/\ (m"ff>> =0 forevery A >0
m,n (o

in L? (G) where o (u) = max {|o, (u)| : 7 =0,1,2,...,k}.
Proof. We first claim that, for every f € C.(G),

(3.5) sto — lim p (fy (Tmngf_f)) =0 for some~y > 0.

m,n

To see this assume that f € C.(G). Then, since G is endowed with the uniform
structure U, f is uniformly continuous and bounded on G. By the uniform continuity
of f, choosee € (0,1], there exists a set U € U such that |f (u) — f (v)] < € whenever
u,v € G, (u,v) € U.
For allu,v € G let P, (v) be as in (5.2), and n > 0 satisfy condition (P2). Then
foru,v € G, (u,v) ¢ U, we have | f (u) — f (v)| < %Pu (v) where M := sup |f (v)].
veG

Therefore, in any case we get |f (u) — f (v)| < e+ %PM (v) for allu,v € G, namely,
2M
(3.6) —E—Tpu(v)Sf(u)—f(U)SE+TPu(U)~

Since Ty, is linear and positive, by applying T, n, to (3.6) for every m,n € N we
have

2M
—&Tmn (€05 u) — TTm,n (Puiu) < f(w) T (e05u) — T (f50)
< €T (eo;u) + %Tmm (Py;u).
n
Hence
T (f5u) = f ()| < T (f5u) = f(u) Tinn (€05 )]
+ 1 f (@) |Ton,n (€05 u) — eo (u)]
S ETm,n (60; u) + %Tm,n (Pu; u)
n
+M Ty (€0; 1) — €g (u)]
< e+ (e4+ M) |Thn (eo;u) —eg (u)]
2
2M
+—> ar (W) [T n (er;u) — e, (u)].
r=0

Let v > 0. Now for each r = 0,1,2,....k and u € G, choose My > 0 such that
la, (u)] < My and multiplying the both sides of the above inequality by m, the

last inequality gives that

Tm,n (fv u) B f (U)
7 o (u)

Tm,n (6',«; u) — €r (u)

.
= o (u)

k
£
SRR

r=0
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where K 1= ¢+ M + 24 " M N o. Now, applying the modular p to both sides of the above
inequality, since p is monotone and o (u) = max {|o, (u)|:r=0,1,2,...,k}, we get

o (+(Bt=0)) <0 (2 )

Thus, we can see that

o[ (B0)) <o () e (0 (o)),

Let Ao > 0 be as in the hypothesis (3.3), such Ao > 0, by hypothesis, does exist. Let
v > 0 be with (k+2) Ky < Ao and since p is N—quasi semiconver and strongly
finite, we have,

o oo (L) (2] S o (575,

For a given e* > 0, choose an € € (0,1] such that Nep (M) < &*. Now define
the following sets:

Sy = {(m,n) :p<v (W))) 25*}

_ e* — Nep (M)
Trper —er )\ o ,
- k+1

Tm,ner —€r

T

S ¢ = (man)iﬂ<>\0(

k
where r = 0,1,2,..., k. Then, it is easy to see that S, C |J S,,-. So, we can see that

r=0
k
02 (S'y) < 252 (S'y r)
r=0
Using the hypothesis (3.3), we get
02 (S’Y> =0,

which proves our claim (3.5).

The last part of theorem can be proved similarly to the first one. [
Now, we can give our main theorem of this paper.

Theorem 3.2. Let p be a monotone, strongly finite, absolutely continuous and
N—quasi semiconver modular. Suppose that e, and a,, r = 0,1,2,....k, satisfy
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properties (P1) and (P2). Let T = (Ty,,n) be a double sequence of positive linear
operators satisfying (3.1) and assume that o, (u) is an unbounded function satisfying
loy (w)| > b, >0 (r=0,1,2,....k). If

Oy

Tmn r— Cr
stz—limp<)\ (“)) =0 for every A >0,

r=0,1,2,...,k in L? (Q), then for every f € DN L* (G) with f — Cy (G) C Xr,

T _
stog — lim p ()\0 (mnff)> =0 for some A\g >0
m,n g

in L (G) where o (u) = max {|o, (u)| : 7 =0,1,2,...,k} and D, X1 are as before.

Proof. Let f € DN LP(G) with f — Cp(G) C Xp. It is known from [6, 18]
that there exists a sequence (gr;) C C.(G) such that p(3Ajf) < oo and P —

1}1mp(3A{3 (9k,5 — [)) = 0 for some Xj > 0. This means that, for every e > 0, there
g

is a positive number ko = ko (&) with
(3.8) p (3N (gr,; — f)) < € for every k,j > ky.
For all m,n € N, by linearity and positivity of the operators Ty, n, we have

>\8 |Tm,n (f7 U,) - f (u)| < )\3 |Tm,n (f - gko,ko;u” + AS |Tm,n (gko,ko;u) — Gko,ko (u)‘
+)‘(>§ ‘gkmko (’U,) - f (u)l

holds for every u € G. Now, applying the modular p in the last inequality and using
the monotonicity of p and moreover multiplying both sides of the above inequality
by Wlu)\? we get

Tmn -
P ()\8 <’ff>)
o
Tmn - " Tmn _
< p<3>\8( , (fa gko,ko))) +p (3)\()( , gko,I:: gko,k0>>
o <3A3 <9koko—f)> .
o
Hence, observing |o| > b >0, (b =max{b.:r=0,1,2,...,k}), we can write that
o (T — f
o (36 (T22L=1))
o
< P <3A8 (Tm,n (f; gko,ko))) +p (3)\3 <Tm’”gk°”;" — gkka))

59 +o(5 - 0).
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Then using the (3.8) in (3.9), we have

* ,lmrL; J * jm n \J g
0,~r0 0,0
+/) (3)\* <17”;7l9k ,]C gk ,k )) .

By property (3.1) and also using the facts that g, k, € Ce (G) and f — gig ke € X,
we obtain

Tm nJ
sta — lim supp ()\S (”))
m,n g

Tm n -
S e+ Rp (3)\8 (f — gko,ko)) + st2 — lim supp (3)\3 < nGko ko gko,kg))

m,n g

Tmﬂlgkmko — Gko,ko ))

g

< e(1+4+ R)+ sty — limsupp (3)\3 (

m,n

also, resulting from previous theorem,

T _
sty — limp (3)\3 ( m,nGko.ko — Gko.ko ))
m,n o

T —
sty — limsupp (3)\6 ( mynGko,ko gko,ko)>

m,n g

0

which gives

T _
0 < sty — limsupp <)\(*) (mnff>) <e(1+R).
o

m,n

From arbitrariety of € > 0, it follows that

Tonf —
sty — lim supp ()\8 (”)) =0.
m,n (o}

Tm nJ
sty — limp ()\6 (ff>) =0,
m,n ag

and this completes the proof. [

Furthermore,

Remark 3.1. Note that, in Theorem 3.2, in general it is not possible to obtain statistical
relative strong convergence unless the modular p satisfies the Az—condition.

If one replaces the scale function by a nonzero constant, then the condition (3.1)
is reduced to

(3.10) stg —limsup p (A (T nh)) < Rp (Ah)

m,n

for every h € X1, A > 0 and for an absolute positive constant R. In this case, the
next result immediately follows from our Theorem 3.2.
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Corollary 3.1. Let p be a monotone, strongly finite, absolutely continuous and
N—quasi semiconver modular. Suppose that e, and a,, r = 0,1,2,....k, satisfy
properties (P1) and (P2). Let T = (T)n,n) be a double sequence of positive linear
operators satisfying (3.10). If (T ner) is statistically strongly convergent to e,
r=0,1,2,..,k, in L? (G), then (Ty,nf) is statistically modularly convergent to f
in LP (G) such that f is any function belonging to DNLP (G) with f —Cy (G) C Xr.

If one replaces the statistical limit by the Pringsheim limit, then the condition
(3.1) is reduced to

Tm n
(3.11) P — limsupp (/\ <h>) < Rp(\h)
m,n g

for every h € Xp, A > 0 and for an absolute positive constant R. In this case, the
following result immediately follows from our Theorem 3.2.

Corollary 3.2. Let p be a monotone, strongly finite, absolutely continuous and
N —quasi semiconvexr modular. Suppose that e, and a., v = 0,1,2,....k, satisfy
properties (P1) and (P2). Let T = (T)n,n) be a double sequence of positive linear
operators satisfying (3.11) and assume that o, (u) is an unbounded function satisfy-
ing oy (w)] > b, >0 (r=0,1,2,....k). If (T, ner) is relatively strongly convergent
to e, to the scale function op, v = 0,1,2,...,k, in LP (G) then (Tmnf) is rela-
tively modularly convergent to f to the scale function o in LP (G) where o (u) =
max {|o, (u)| : r =0,1,2,...,k} and f is any function belonging to D N L* (G) with
f—Cy(G) C Xr.

Now, we give an application showing that in general, our results are stronger
than classical ones.

Example 3.1. Let us consider G = [0,1]*> C R? and let ¢ : [0, 00) — [0, 00) be a continu-
ous and convex function with ¢ (0) =0, ¢ () > 0 for any £ > 0 and limz e ¢ (x) = 0.
Then, the functional p? defined by

7 (f) :=//so<\f(m,y>|>dmdy for feL°(G),

is a convex modular on L° (G) and
L?(G):={f € L°(G) : p* (\f) < 0o for some A >0}

is the Orlics space generated by .

For every (m7y) S G7 let eo (1’7y) = as (m7y) =1 e (m,y) =T, e2 (‘T>y) =Y, es3 (‘T7y) =
ao (z,y) = 2% + 9%, a1 (z,y) = =2z, a2 (z,y) = —2y. For every m,n € N, u;,us € [0,1],
let Kpmon (u1,u2) = (m+1)(n+1)u"uy and for f € C (G) and z,y € [0,1] set

1 1
Mo (fi2,y) = //Km,n (u1,u2) f (u1x, u2y) duidus.
0 0
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Then we get

1

1
//Km,n (ul,u2)duldUQ
0 0

1 1
= (m+1) /ul”dul (n+1) /ugduQ =1,
0 0
and hence, My, » (eo;x,y) = eo (z,y) = 1. Also, we know from [3] that

1 1

|Mm,n (61;17,3/)761 (mvy)| < |Mma” (e2;m7y)762 (xay)| S

m+2’ n+2’
2 2
|Mm,n (ei%y)—@% (‘T7y)| S TH7 |M’m,n (637%21)—@% (‘T7y)| S my

and for each m,n > 2, f € L¥(G) we get p¥(Mm,nf) < 32p%(f). Moreover, (M, »)
satisfies the condition (14) in [22] with Xy = L¥(G) and (M, f) is modulary convergent
to f € L¥(G). Using the operators M = (M), we define the double sequence of positive
linear operators T = (T),») on L?(G) as follows:

Tm,n (famvy) = (1 + Im,n (xay)) va’"« (fvwvy)v fOI‘ .f € LV’(G)’
z,y € [0,1] and m,n € N, where gm,» : G — R defined by
, m = k> andn—l2
m® +1)n’zy, (z,y) € (0,L) x (0,2);m #k* and n # I
) (,9) & (0,5;) x (0,55); m #k2andn5£l2
)=

k,1=1,2,.. . If o (z) =P for 1 <p < oo,z >0 then LY(G
function f € L?(G), p?(f) = || f||% . From now on we have p =
It is clear that

P o (gmn—9) = Ao (gmn—9)l;

N 1, m=k% and n = 2 =19
m2 n b b = b PR ]
°\ Dn k2 and n £ 2

1
gm,n (x,y) = (
0
)

L,(G) and we have for any
1.

where g = 0, then (gm,») does not converge statistically modularly to g = 0. Now, we

- 0,1] x (0,1
choose o, (z,y) = o (z,y) (r =0,1,2,3) where o (z,y) = { Iiy’ (@,y) ()Gt}feliw]isz (0,1]

on Ly (G) . Then, it can be seen that, for every h € L1 (G), A > 0 and for positive constant

Ro that
sta — limsup H/\ (M> < Ro || AR]|, -
m,n g 1
Now, observe that
Tma" (60;.'E7y) — €0 (‘r7y) = gm,n (myy)a
1+ gm.n (2,
Lo (erimy) —er(ny) < romelob) g ),
1+ gm.n (2,
Tm,n (62;1:71/) — €2 (ZE,y) S gn#éy) +gm,’ﬂ (xvy)v
2
T (esiz,y) —es(z,y) < (1+ gman (z,9)) <m toT 3> + 2gmn (2,Y) .
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Hence, we can see, for any A > 0, that

[ (=)
o 1

Gy = ()| =af L IR k=
’ N o 1 ’”27:41, m#k*>andn#£1> 7 7Y

12

then, we get

sty — lim A(M) —o.
m,n o 1
Also, we have
H)\ <Tm,nel - el) i (1 + gm,n + gm,n)
o 1 e m+ 2 1
A (#2)
m—|—2 H + o 1

a2 (5l (%’”)Hl) +r (%))

from above inequality, since the equality (3.12), we have

)
1

sto — lim ||\ <M) = 0.
m,n o 1
Similarly, we get
Tm n -
sto — lim ||\ (ﬂ) =0.
m,n g 1

Finally, since

(e
g 1

Hg ((1 + gm.n (7, 9)) < 2+3 42 3> + 2gm n («’&y))

(v ars) (G ()l,) +2 b (222)
(5

So, our new operator T = (T}, ) satisfies all conditions of Theorem 3.2 and therefore we
obtain
Tm nJ
o

for some Ao > 0, for any f € L1 (G). However, (T neo) is neither relatively modularly
convergent to the scale function o nor statistically modularly convergent. Thus (Tp,»)
does not fulfil the Corollary 3.1 and 3.2.

IN

1

’
1

then,

=0.
1

Stz — lim
m,n

=0

1

sto — lim
m,n
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4. An Extension to Non-Positive Operators

In this section, we relax the positivity condition of linear operators in the Ko-
rovkin theorems. In [1, 3, 4] there are some positive answers. Following this ap-
proach, we give some positive answers for statistical relative modular convergence
and prove a Korovkin type approximation theorem.

Let I be a bounded interval of R, C?(I) (resp. C?(I)) be the space of all
functions defined on I, (resp. bounded and) continuous together with their first
and second derivatives, Cy := {f € CZ(I): f >0}, C2 :={feCZ(I): f" >0}.

Let e, r = 1,2,..,k and a,, 7 = 0,1,2, ..., k, be functions in C? (I), P, (v),
u,v € I, be as in (3.2), and suppose that P, (v) satisfies the properties (P1), (P2)
and

(P3) there is a positive real constant Sy such that P/ (v) > Sp for all u,v € I (Here
the second derivative is intended with respect to v).

Now we prove the following Korovkin type approximation theorem for not nec-
essarily positive linear operators.

Theorem 4.1. Let p and o, be as in Theorem 3.1 and e, a,, v = 0,1,2, ...k
and P, (v), u,v € I, satisfies the properties (P1), (P2) and (P3). Assume that
T = (Tow,n) be a double sequence of linear operators and Ty, p (C+ N C’_Q,_) c Cy
for all m,n € N. If T,,, ne, is statistically relatively modularly convergent to e, to
the scale function o, in LP (I) for each r = 0,1,2,..., k, then Ty, . f is statistically
relatively modularly convergent to f to the scale function o in LP (I) for every
f € CE(I) where o (u) = max {|o, (u)| : 7 =0,1,2,....k}.

If Tin ey is statistically relatively strongly convergent to e, to the scale func-
tion op, v = 0,1,2,..,k, in L (I) then T, . f is statistically relatively strongly
convergent to f to the scale function o in LP (I) for every f € CE(I) where
o (u) =max{|o, (u)|:7=0,1,2,..., k}.

Furthermore, if p is absolutely continuous, T satisfies the property (3.1) and
T ner 1s statistically relatively strongly convergent to e, to the scale function oy,
r=0,1,2,..,k, in LP (I) then T,, o f is statistically relatively modularly convergent
to f to the scale function o in L° (I) for every f € DNLP (G) with f —Cy (I) C Xt
where o (u) = max {|o, (u)| : r=0,1,2,...,k}.

Proof. Let f € CZ(I). Since f is uniformly continuous and bounded on I, given
e > 0 with 0 < € < 1, there exists a 6 > 0 such that |f (u) — f (v)| < e for all
u,v € I, |lu—v| <4. Let P, (v), u,v € I, be as in (3.2) and let n > 0 be associated
with 8, satisfying (P2). As in Theorem 3.1, for every 8> 1 and u,v € I, we have

(4.1) - ZPR WS- f ) e PR )

where M = sup |f (v)|. From (4.1) it follows that
vel

(4.2) hig(v) :=¢e+ %Pu (v)+ f(v)=f(u) >0,
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(4.3) hog (v) :==¢+ %Pa (v) — f(v)+ f(u) >0.

Let Hy satisfy (P3). For each v € I, we get

2MBHo | ) gy (o) > 2L gy

1’
(v) >
Lo " "

Because of f" is bounded on I, we can choose 3 > 1 in such a way that by 4 (v) > 0,
b3 (v) >0 for each v € I. Hence hy g, hap € C N C3 and then, by hypothesis

(4.4) Trnn (hjpsu) >0 forallm,n €N, uel and j=1,2.

From (4.2)-(4.4) and the linearity of T, n, we get

2M
ETm,n (60§ u) + TIBTm,n (Pu; u) + Tm,n (f7 u) - f (u) Tm,n (60§ U,)

M o (Puitt) — T (F30) + f () Ty (i) > 0,

Y
o

€T mn (e0;u) +

thus,

*5Tm,n (60; U) - %Tm,n (Pu7 u) S f (U) Tm,n (60; U) - Tm,n (f’ U)

2M
Jvan (Py;u).

< eTmn (€03 u) +
By arguing similarly as in the proof of Theorem 8.1, multiplying the inequality by
Wlu)\’ using the modular p and for m,n € N, we have the assertion of the first part.

The other parts can be proved similarly as in the proofs of Theorems 3.1 and
3.2. O
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Abstract. In this study, some inequalities of Hermite Hadamard type obtained for p-
convex functions are given for Lipschitz mappings. Also, some applications for special
means have been given.
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1. Preliminaries and fundamentals

Definition 1.1. [21] A function f: I C R — R is said to be convex if the inequal-
ity

flz+ 1=ty <tf(x)+ (1 —1t)f(y)

is valid for all z,y € I and ¢ € [0, 1]. If this inequality reverses, then the function f
is said to be concave on interval I # O .

This definition is well known in literature. Convexity theory has appeared as a
powerful technique to study a wide class of unrelated problems in pure and applied
sciences.

One of the most important integral inequalities for convex functions is the
Hermite-Hadamard inequality. The following double inequality is well known as
the Hadamard inequality in literature.

Theorem 1.1. Let f: 1 CR — R be a conver function defined on the interval I
of real numbers and a,b € I with a < b. Then the inequality

(1) 1(50) < o [ s < LI

is known as the Hermite-Hadamard inequality.
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Some refinements of the Hermite-Hadamard inequality on convex functions have
been extensively investigated by a number of authors (e.g., [2, 3, 4, 11, 17, 20, 23,
24]).

Let us recall some definitions of several kinds of convex functions:

Definition 1.2. [5] Let I C R\ {0} be a real interval. A function f : I — R is
said to be harmonically convex, if

Yy
f (t;z:+(1t)y> <tf(y)+ (1 -t)f(z)

for all x,y € T and t € [0,1]. If this inequality is reversed, then the function f is
said to be harmonically concave.

Definition 1.3. [7] Let I C (0,00) be a real interval and p € R\ {0}. A function
f: I — R is said to be a p-convex function, if

7 (It + (1= )91 ) < tf(@) + (1 =01 ()

for all x,y € T and t € [0,1]. If this inequality is reversed, then the function f is
said to be p-concave.

According to this definition, it can be easily seen that for p = 1 and p = —1,
p-convexity is reduced to ordinary convexity and harmonical convexity of functions
defined on I C (0, c0), respectively.

Hermite-Hadamard inequalities for the p-convex function are the following:

Theorem 1.2. [7] Let f : I C (0,00) — R be a p-convex function, p € R\ {0} and
a,b € I with a <b. If f € L[a,b] then we have

12) f<rﬂmqp>< p bfuuxgﬂ@;f@.

2 —br—ar J, xl7P

These inequalities are sharp [7]. We refer the reader to the recent papers related
to p-convexity (see [13, 14, 15, 16, 18, 19]) and references therein.

The purpose of this article is to obtain new inequalities on the right and left
sides of the inequality (1.2) for Lipshitz functions.

Definition 1.4. [22] f: I — R is said to satisfy the Lipschitz condition if there is
a constant M > 0 such that

lflz) = fly)| < M|z —y|, Ve,yel.

Theorem 1.3. [22] If f : I — R is convex, then [ satisfies a Lipschitz condition
on any closed interval [a,b] contained in the interior I° of I. Consequently, f is
absolutely continuous on [a,b] and continuous on I°.
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Lemma 1.1. [1] Let the function f : I C R — R a differentiable function on
interval I, a,b € I with a < b and M = sup,¢(, 4 |f'(t)] < 0o. Then the function f
is an M -Lipschitzian functions.

In [1], Dragomir et al. obtained new inequalities on the right and left sides of
the inequality (1.1) for Lipshitz functions as follows.

Theorem 1.4. [1] Let f : I C R — R be an M-Lipschitzian mapping on I and
a,be I witha <b. Then we have the inequalities:

|f<a+b>
‘f(a);f(b)—bla/abf(x)d

Corollary 1.1. [1]Let f: 1 C (0,00) — R be a convex and differentiable function
on interval I and a,b € I with a < b and M := sup,cq 4 |f'(z)| < 00. Then we
have the inequalities:

o<t [ (50) < Ho-w

fla) + M
0< —a/f Sg( —a).

Some results obtained in this study are reduced to the results of Theorem 1.4 and
Corollary 1.1 in special cases. For more recent results connected with inequalities
of the Hermite-Hadamard type on Lipschitzian functions, see [6, 8, 9, 10].

z| <

M
Z(b*a)

and

(b—a).

W\E

and

In the following part, we will give some necessary definitions and simple math-
ematical inequalities that will be used to achieve our main results.

Definition 1.5. [12] The beta function denoted by 3 (m,n) is defined as
1
B(m,n) = / 2™ (1 —2)" ! da.
0

Definition 1.6. [12] The hypergeometric function denoted by o F} (a, b; ¢; z) is de-
fined by the integral equality

1 1
oFy (a,b;¢;2) = ) / 71— 1)1 — 2t) %t ¢ > b >0, |z] < 1.

/B(b,c_b 0
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The following Lemmas are well known in literature. Especially, Lemma 1.3 and
Lemma 1.4 are easily seen from the Lagrange mean value theorem.

Lemma 1.2. Let 0 <z <y. Then the following inequality holds for 0 < a < 1:

ly® — x| < |y — 2|

Lemma 1.3. Let 0 < x <y. Then the following inequality holds for a < 0:

ly* = < ly — 2| (—a) 2t

Lemma 1.4. Let 0 < x <y. Then the following inequality holds for a > 1:

— 2% < |y — zfay* .

(03

|y

Let 0 < z < y, throughout this paper we will use

Tty
A = A(z,y) = 5
G = G(zy) =y
2xy
H = H(z,y):Hy
xp_;’_yp %
M, = Mp(x,y)Z( 9 )
1 -
y y—=x
I = I == (L
@ =1 (%)
r—=1Yy
L= L<x’y):1nxflny
1
yPtl Pt \ ®
L, = L = -1
p p(x7y) ((p—l—l)(y—x) 7p7é 70

for the arithmetic, geometric, harmonic, power mean of the order p, identric, loga-
rithmic and p-logarithmic mean, respectively.

2. Main results

In this section, we shall establish some Hermite-Hadamard-type inequalities for
Lipschitzian functions.

Theorem 2.1. f:I C (0,00) = R be an M-Lipschitzian function on the interval
I of real numbers and a,b € I with a <b. Then following inequalities hold:
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a) For p > 1;

p2
(p+1)(2p+1)

1
e I2 2= (24207 )| < o (3)F -l 32,
b) For p < 0;

i) [ e [ L e
Mgpb—,,a’i {2F1<1 241—(9))+1]

b P b"
br paP a 1{1(12’ dx — ( a + )‘

<Mt LR (14531 (4)) +1]

— 2])( uP+b1’

’f(a);rf(b)_ L (W)

bP —aP

x| < 2M |bP —ap|%

i)

i)

¢) For 0 <p <1,

) ’f(a);f(b) — o [P L de| < MY [a1p 4 0]

bp—ar Ja zl-P

b f(z o z
beaP fa :fl( %d.%' f ([p;_bp] )
<M—Ye LR (1- 123520,

4p(ap;rbp) - 7 aP4-bP

i)

Proof. a) For p > 1:

(i) Using Lemma 1.2 and taking into account that f is an M-Lipschitzian func-
tion on interval I, we have

tr@) + (=05 ®) = f (jt? + 1= 7))
_ ‘t(f(a)_f([tap (1-1)b %))+ 1-1) ( (b)_f([tapﬂl_t)b]g))‘
|

< t’fa - ([tap (1—1t)b] >+ 1—t‘ )ff([taer(lft)bp]%)’
< Mo (ta? + (1= )0)F| + (1= )M |b— (ta? + (1 - 1) 17)?
< MPMWﬁ—@M+ﬂ—wW) (L%W@ﬁ (ta® + u—wwﬁ}

= M [tl(l —t) (WP — ap)‘% (1 —t) [P — ap)|ﬂ
= M[t1—t)F B — a7+ (1 )5 B — P
So, for all t € [0, 1], we can write the following inequality:
(2.1) ‘tf(a) + (1 —=t)f(b) - f ([mp Y (1-1) bp]i)‘
< M- -+ (-t -0t}
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Integrating this inequality on [0, 1] over ¢ we get the inequality:
1 1 1 §
(2.2) ‘f(a)/ dt + f(b)/ (1—t)dt 7/ 7 (1ta” + (- 1)7)7) dt’
0 0 0
1 ! 1 1 1
< M|WP —dP|P {/ t(lft)ﬁdt+/ tp(lt)dt}
0 0

Here, it is easy to see that

1 B 1 o B %
(2.3) /Otp(lft)dtf/o t(1—1) dtdtf—(p+1)(2p+1>,
(2.4) f(a) /Oltdt+f(b) /Ol(l—t)dt: M
and

1 . b z
(2.5) /O f([tap+(1—t)bp]5)dt: bpfap iﬁjdx.

Using the inequalities (2.3), (2.4) and (2.5) in the inequality (2.2), we can derive
the desired inequality:

fla) + f(b) P b f()
| 2 P —aT’/a xl—PdI

p2

1
<oMw —a?)p — P
S 2MT =t e e D

(ii) Putting ¢ = 1 in the inequality (2.1), we have

(2.6) ‘M—anp;pr) SM(1>;bp—ap|ll>.

2 2

If we replace a by (ta? + (1 —t) bp)% and b by ((1 —t)a? + tbp)% in the inequality
(2.6), we obtain

(2.7) f([tap-l-(l—t)bp]%) ;—f([(l—t)ap+tbp];) L <{ap—2|—bp];>
< M<;>; |(2t — 1) (bP,ap)‘%

1 v 1 1
M (2) 12t — 1[5 [P — aP|?

all ¢ € [0,1]. Now, if we integrate the inequality (2.7) on [0, 1] over ¢ we can state
that

/1 7 (1t + (1 — 1)) dt+/1 7 (10 = tyar —pr]%)dt— ; ([a”—i—bp] é)

2 2 2
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1 1
1\°? 1 [P 1
(2.8) §M(2> |bp—ap|p/ 12 — 1% dt.
0

Here, it is easy to see that

o o gt — [ (11 D o 13 di — " f@)
/Of([ta +(1—1)b] )dt7/0f<[(1 t)aP + tbP) )dtfbpfap/a e

(2.9)
and

1 . P
2.10 2t —-1lp dt = —.
(2.10) | -1 = 2

If we put the equalities (2.9) and (2.10) in the inequality (2.8), then we have the
desired inequality:

b 1
P f(z) af + b7 ]*

b» —ap |/, :vl—l’dxf<{ 2

b) For p < 0:

(i) Taking into account that f is an M-Lipschitzian function on interval I, we
have

(2.11) ‘tf(a) (1= 0f@) ~ 7 (fta? + (1 - 1) bp]%)‘

1 (f@ =7 (i + =017 ) ) + 0 =0 (50) = 1 (0" + (1 = 07)7))
t‘f(a)_f([mp (1—t bp%)‘ 1—t‘f ([tal’ (1—t bP%)‘
1M [(a?)? — (ta? + (1 - )B)7 | +

1
1\~ 1
<M <) P — ap|r L.
2 p+1

IN

IN

(lft)M‘(b”)%f(taer(lft)bp)% :

Also, using Lemma 1.3, we get

=

(2.12) ‘(ap)% — (ta? + (1 — t) bP)

IN

P — taP — P + 1| (-2}) (ta? + (1 — t) b))

|(1—t)a? — (1 — )b (-2) (taP + (1 — ) bP)»

_ (1—t)bp;“p (ta? + (1= ) b7)3 !
and
P\B _ (tqP — D) —tqP — bP oL 31
2.13) |0)F — P + 1 =) < -t b+tb< p)(bp)
= @ -l (<5 ) o)
_ bP —a pl—p
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If we put the equalities (2.12) and (2.13) in the inequality (2.11), we obtain the
following inequality:

(2.14) t7@)+ (1= 0)]0) = f ([ta? + (0 =17 )|

bP — aP

p

<

“1-f) — +t(1 —t)bl_p] .
(ta? + (1 —t)bp)' 7

If we integrate the inequality (2.13) on [0, 1] over ¢t we get

(2.15) ‘f(a)/oltdt—i—f(b) /01(1—t)dt—/olf([tap+(1—t)bp]i)dt’

<y / -1 —dt + bl—P/ t(1 — t)dt
p 0 (ta? + (1 —t)br) "> 0
for all ¢ € [0,1]. Here, we can write the following equality:
1 1_ 1 _
(2.16) / AL R / )R
0 (ta? 4+ (1 —t)br) "7 0 pp-1 [17t(17 (%)”)] »

Further, if we calculate the equality (2.16) using the definitions of the beta and
hypergeometric functions, then we obtain

(2.17/1 td - f)dt . ﬂb(fjf) 2Fy (1 - %, 2:4:1 — (Z)p)

o -t ()

where

1
5(2,2) :/0 tH1 - t)dt = %

If we put the equalities (2.5) and (2.17) in the inequality (2.15), then we have the
desired inequality as follows:

‘ﬂ®+ﬂw @),

2 bp —ar J, xl-P

bP — aP 1 b\?
Mgts |2F (1= 31 (2)) +1]

(it) If we take t = 1 and bp_p“p = lbp:;p‘ in the inequality (2.14), we have

f(a) + 1 (b) a? 407 P — a| 1 .
0[5 e [

(2.18)
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If we replace in the inequality (2.18) a with (ta? + (1 —t) bp)% and b with ((1 — t)a? + tbp)%,
we can write the following inequality for all ¢ € [0, 1]:

(2.10) f([tap+(1—t)bp]%) ;rf([(1—t)ap+tbp]é) y <[ap2+bp]>
< M’

(1 —t)aP + tb? — (taP? + (1 —t) bP)
—4p

1 1
X +

(24277 (- tar + 1))

p—1

W — a? 1 1
= Mpt—1 2 +
4p

arsbr) 175 (1~ t)ar + thr) '

Integrating the last inequality (2.19) on [0, 1] over ¢ we get
1

g i

2

bP — gP 2t -1
< M- /\2t—1|dt+/ | | —dt
4p (2m) o ((1—t)ar +tbr) 7

where

1
(2.21) / 20— 1 dt = =
0
Now, let calculate the second integral in the inequality (2.22):
1
2t -1
(2.22) / | | —dt
0 ((I—t)aP +tbP) »

2 1—2t 1 2% — 1
- ——y .
0 ((1—tyar +tor)' "> 3 (1 —t)ar +thr)' v

2

It is easy to see that

1
(223)/2 (1= 2¢)dt = szﬂ <1—1 2.3,ap—bp>
0 ((1—t)ap+tbp)1—% Q(awbp)l—l p 7 ap +bp
1 1 p_ pp
= —————-2Fh <1—72;3;a )
4 (argeny'Ty p’T ar +bp
and
1
2t71 1 1 pibp
(224 T <1_72;3;apbp>
L (1 =t)ar +tbp) > 4(ap;bp> - P aP +
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where

1
5(2,1):/0 tdt:%.

Adding the equalities (2.23) and (2.24), we get

1
2t — 1 1 1 P —P
(2.25)/ | | —rdt= —————oF <1 - 2,23 a) .
0 ((L—t)ar +tbp) "7 2 (@br)’ Ty P af + bp

If we put the equalities (2.21) and (2.25) in the inequality (2.20), then we obtain
the following inequality for all ¢ € [0, 1]:

b 1
P f(x) aP +oP |7
bp —ap |/, xlpdx_f<{ 2
D _ 4P P
< Mba[F (1—1, ,3;1—(b> >+1}.
2 (ap-zi-bp )1—5 p a

¢)For0<p<1:

Using the inequality (2.11), we can write the inequality

(2:26)  [tf(a) + (1= 0)f®) — [ ([ta” + (1= D) W]7)|
< tM’( PYE — (ta? + (1 — t)bP)*

+(1 —t)M\(bP)% — (ta? + (1 — t)bP) 7
for all t € [0,1]. Also, by using Lemma 1.4, we get

(2.27) ’(ap)% — (ta? + (1 — t)bP)¥

1 1_
< JaP — ta? — bP + P (p) (aP)7 !
P — qP

a al

p

— (1-1) >

and

(2.28) |(P)7 — (ta? + (1 —)bP) 7| < |bP — taP — bP + tbP| (;) Cae

tubl—p_
p

From the inequalities (2.27) and (2.28), the inequality (2.26) can be wriiten as

(2.20) ’tf (1—0)f(b) - f ([tap F(1—1) bp]%)‘
bP — P

< M— [t(1 —t)a' P + (1 — )b 7]
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Integrating the inequality (2.29) on [0, 1] over ¢ we obtain
1 1 1 )
(2.30) ‘f(a)/ tdt + f(b)/ (1— t)dt —/ 7 (ta? + (1 = 1) 17]7) dt’
0 0 0

< Mb p“ [a”’/ t(l—t)dt+b1’p/ t(l—t)dt}
0 0

where )
(2.31) / t(1—t)dt =
0

If we put (2.4), (2.5) and (2.31) in the inequalit
inequality for all ¢ € [0,1]:

< ol

(2.29), then we get the following

f@+I®) p i@,

2 b —ar J, zl-P

|bP 6—pap [al—p + bl—;n] ]

(2.32) <M

Putting ¢ =  in the inequality (2.29), we have

(2.33) 'f(a);f(b) —f <[ap;bp]p>‘ < M'bp;paﬂ [P 4 b177].

If we replace in the inequality (2.33) a with (ta? + (1 — 1) bp)% and b with ((1 —t)a? + tbp)%,
we can write the following inequality for all ¢ € [0, 1]:

o3y | (tr+ (1) 17)3) ;f (10— par +a)7) ! (ngl)p])
< M‘([(l—t)aertbP]%)pi ([taer(lft)bP]%)p’

4p

X [([mu (1 —t)bp]%)

bP — P

4p

g (10— t)er + tb”];)l_p}

(tar + (1= t)bP) 77 (1 —t)ar + tbr)' ">

12t — 1] 2t — 1| ]
+ .

Integrating the inequality (2.34) on the interval [0, 1] over ¢ we have

/1 f<[mp+(1_t)bp];>dt+/l f([(l_t>ap+tbp]é)dtf ({W”

2 2 2

w—af | [* 2t — 1 ! 2t — 1
(2.35 M2 / | | : 1dt+/ | | —
4p 0 (ta? + (1 —t)bp) "> 0 ((1—t)ar +tbr) ">



588 I. Iscan, C. Altunsoy and H. Kadakal

Here, using (2.22) we see that the following equalities

/1 |2t — 1| _/1 |2t — 1| it
0 (tar + (1 —t)br) "7 0 ((1—t)ap +tbv)' "7

1 1 P — pP
(2.36) = LF (1 — =, 2:3; a)
2 (%)1—; P aP + bp

hold for all ¢ € [0,1]. Finally, writting the equalities (2.9) and (2.25) in (2.35)

b P Pl P _ P P _pp
P f(x)dx—fqa +b] >|§Mb - 1.2F1<1—1,2;3~“ b)

bP — ap a xl-p ap+bp)1—; " aP + bp
2

Thus, the proof of the Theorem is completed. [

Remark 2.1. If we choose p =1 in Theorem 2.1, then the results we obtained coincide
with the Theorem 1.4.

If we choose p = —1 in Theorem 2.1, then we can also give the following
corollary.

Corollary 2.1. f:I C (0,00) = R be an M-Lipschitzian function on the interval
I of real numbers and a,b € I with a < b. Then, following inequality it holds that:

a ¢ b €T —a
) ‘f()+f(b)_bba/ 1) o] < ar®

6ab?

a
<M {F<272;4;1——) 1],
D) S 211 b +

i) [QFl (2, 1:3;1 — %) + 1} .

ab_ bf(m)d$_f(2ab>‘§M -

a
b—a ), x? a+b 2ab(“2%$)2

By using Theorem 1.2, Lemma 1.1 and Theorem 2.1, we can state the following
corollary:

Corollary 2.2. Let the function f : I C (0,00) — R a differentiable p-convex
function on interval I, a,b € I with a <b and M = sup,¢c(q ) |f'(t)| < oo. Then:

For p > 1;

fla) + f(b)
2

.. D b f(x) a? + P v 1\7 1 p
i) 0 bp—ap/axl—pdxif [ 2 } S]\/[(2> (bpiap)pp—&-l’

=

b
, P flz
)0 < e ap/a xl(_z))dx < 2M (b — aP)

IN
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For p < 0;

[+ p i@,

- 2 W — P . xl P

M%;;Taf [QFl (1—;,2;4;1—(Z>p>—|—1],
. p b f(x) @ +0]"
o < bp —aP J, J;l—def<[2} )

b — aP 1 b\”
< M“ll{2ﬂ<1,1;3;1<))+1}
2p(#5%) P ¢

For 0 <p < 1;

fla) + f(b) P " f() |bP — a”| 1—p 21—
2 b —ar J, ml—pdeMTA(a P

io < 2L 1@ g ([Mr>

bp —ar J, x'—P 2

P _ P 1 p_pp
Mb—all_m (1_ Loa ab)
p(e3%) 7 Pt

o <

IN

Remark 2.2. If we choose p =1 in Corollary 2.2, then the results we obtained coincide
with the Corollary 1.1.

Proposition 2.1. Forp>1 and 0 < a < b, the inequalities

. _ _ bP — ap)% 2p°

< HV(@h o) — L (ar ) <
vons (o,%) W) < T @+ )
g . . P —ar)p (1\7 p?
i 0 < L7 (") - A7 (0P, 07) < —— 5 (2 p+1

hold.

Proof. The function f : (0,00) = R, f(z) =27P (p > 1) is a differentiable p-convex
function. By using Corollary 2.2 for p > 1:

(i) Since | f'(z)| = |—pz~P~'| = pz~P~!, we obtain

p
apbt1l’

M= sup |f'(z)|= sup pz™P ' =
z€[a,b] z€Ja,b]

(ab)"

f(a);rf(b) a‘p;rb—” _;(1 1) 1 (ap+bp>

- “2\e ") 2
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and

b o,—p b1
/ %dx:/ —dr =Inb—Ina.
o TP a T

Hence we have

a? + b7 p(nb—Ina) < (P — ap)% 2p3
2 (ab)” bp—apr  —  artl (p+1)(2p+1)

(ii) Tt is easy to see that
p aP L bP1F ((a+br H _p_ a4+t 2
2 - 2 B 2 R

p(lnb—1Ina) 2 (bp—ap)% (1)?1) p?

b —aP  aP+bP — @pt!

O

Proposition 2.2. Forp < —1 and 0 < a < b, the following inequalities hold:

)0 < H '(a?,b?) — L7* (aP,bP)
P — aP| I b\?
S W 2F1 ]. - 2;’2,4,1 - ; + ]. )
i) 0 < L' (aP,bP) — A7 (aP,bP)
—aP 1 p
< 5 a|1_l {2F1<1—,1;3;1—(b>)+1]
2qrt1 (224r) ! p a

Proof. The function f : (0,00) = R, f(z) = 7P (p < —1) be a differentiable p-
convex function. By using Corollary 2.2 for p < 0, we obtain desired inequalities. [

Proposition 2.3. For0<p<1 and0 < a <b, the following inequalities hold:

’ < Alab) - LA (@b L2 (ab) < 2% A (q1-r v
i) 0<A(a,b)—L,"%(a,b) p(aa)_T (' 77,0177

p

bP — aP 1 aP — bP
)OS IR I eh) M0 h) S e (12 Do)
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Proof. The function f : (0,00) = R, f(z) = = (0 < p < 1) be a differentiable
p-convex function. By using the Corollary 2.2 for p < 1, we can write

fl@)+fO) _ a+bd
2 27
L ppl — gptl
/ de =
o TP p+1
M = sup |[f'(z)]=1.
z€la,b]

So, we obtain followings for Corollary 2.2 (i)-(ii) for 0 < p < 1, respectively:

a+b p bt —qgptl
2 w—ar p+1

+1 +1
_at b p T —aP < bP — apA (alfp,blfp)
2 b —aP  p+1 3p

and

+1 _ ,p+1 D l D _ P P _ P
bpp pbp +61l _<a ;‘bp)”g d al 1'2F1(1_1’2;3;ap+2p>'
—a PP\ T a
P 4p (“5%) P

O

3. Conclusion

In this paper, using the definition of M-Lipschitzian function and some simple
mathematical inequalities, we obtained new inequalities related to the right and
left sides of the inequality (1.2) for Lipshitz functions. Some results obtained in
this study are reduced to the results obtained in [1] in special cases.
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Abstract. In this study, we have introduced the concepts of Wijsman statistical con-
vergence of order o, Hausdorff statistical convergence of order o and Wijsman strongly
p-Cesaro summability of order « for double set sequences. Also, we have investigated
some properties of these concepts and examined the relationships among them.
Keywords: Statistical convergence; Cesaro summability; Double sequence; Order «;
Wijsman convergence; Hausdorff convergence; Set sequences.

1. Introduction

The concept of statistical convergence was introduced by Steinhaus [30] and Fast
[11], and later reintroduced by Schoenberg [28] independently. Moreover, many
rearchers have studied this concept until recently (see, [5,6,12,14,15,25, 31, 34]).
The order of statistical convergence of a single sequence of numbers was given by
Gadjiev and Orhan [13]. Then, the concepts of statistical convergence of order o
and strongly p-Cesaro summability of order « were studied by Colak [8] and Colak
and Bektag [9].

In [24], Pringsheim introduced the concept of convergence for double sequences.
Recently, Mursaleen and Edely [19] have extended this concept to statistical conver-
gence. More developments on double sequences can be found in [4,7,16-18,20]. Very
recently, the concepts of statistical convergence of order a and strongly p-Cesaro
summability of order « for double sequences have been studied by Savag [26] and
Colak and Altin [10].

The concepts of convergence for number sequences were transferred to the con-
cepts of convergence for set sequences by many authors. In this study, the concepts
of Wijsman convergence and Hausdorff convergence which are two of these trans-
fers are considered (see, [1-3,35]). Nuray and Rhoades [21] extended the concept of
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995
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Wijsman convergence and Hausdorff convergence to statistical convergence for set
sequences and gave some basic theorems. Very recently, the concept of Wijsman
Z-statistical convergence of order o have been studied by Savag [27] and Sengiil and
Et [32].

Nuray et al. [22] introduced the concepts of Wijsman convergence and Wijs-
man strongly p-Cesaro summability for double set sequences. Then, the concepts
of Hausdorff convergence for double set sequences was studied by Sever et al. [29].
Also, the concepts of Wijsman statistical convergence and Hausdorff statistical con-
vergence were studied by Nuray et al. [23] and Talo et al. [33], respectively.

In this study, we shall introduce the concepts of Wijsman statistical conver-
gence of order o, Hausdorff statistical convergence of order & and Wijsman strongly
p-Cesaro summability of order « for double set sequences. Also, we shall investigate
some properties of these concepts and examine the relationships among them.

2. Definitions and Notations

Firstly, we recall the basic concepts that need for a good understanding of our study
(see, [1-3,19,22-24,29, 33, 35]).

A double sequence (z;;) is said to be convergent to L in Pringsheim’s sense if
for every ¢ > 0, there exists N, € N such that |z;; — L| < ¢ whenever ¢,j > N..

A double sequence (z;;) is said to be statistically convergent to L if for every
e >0,

1
lim —
m,n—o00 MmN

’{(i,j): i<mn,j <m, |xij—L|Zs}‘=O.

Let X be any non-empty set. The function f : N — P(X) is defined by
fli) = U; € P(X) for each i € N, where P(X) is power set of X. The sequence
{U;} = (U1, Us, ...), which is the range’s elements of f, is said to be set sequences.

Let (X, d) be a metric space. For any point € X and any non-empty subset
U of X, the distance from = to U is defined by

p(z,U) = inf d(z,u).

Throughout the study, we will take (X, d) be a metric space and U, U;; be any
non-empty closed subsets of X.
A double sequence {U;;} is said to be Wijsman convergent to U if for each
rze X,
lim p(z,Usy) = p(z,U).
1, —00
A double sequence {U;;} is said to be Hausdorff convergent to U if for each
re X,
lim sup |p(z,Ui;) — p(z,U)| = 0.

4,] 00 g X
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A double sequence {U;;} is said to be Wijsman statistical convergent to U if for
every € > 0 and each z € X,

1
lim —
m,n—00 MMN

{.9) i <nj <m |p(e,Uy) = pla,U)] = 2}| = 0.

The class of all Wijsman statistical convergent sequences is simply denoted by
W(S2).

A double sequence {U;;} is said to be Hausdorff statistical convergent to U if
for every € > 0 and each x € X,

. 1
lim —
m,n—o0 MMN

[{(:): i <mj < m. sup lp(a, Uy) = pla, U)] > e} | =0.

The class of all Hausdorff statistical convergent sequences is simply denoted by
H(Ss).

A double sequence {U;;} is said to be Wijsman Cesaro summable to U if for
each z € X,

m,n

1
lim — ) = .
o 2 P = 0l )
1,7=1,1
Let 0 < p < oo. A double sequence {U;;} is said to be Wijsman strongly
p-Cesaro summable to U if for each x € X,

1 m,n
lim  — Usy) — plz, U)P = 0.
Jm mniglm(% j) = pla,U)]

The class of all Wijsman strongly p-Cesaro summable sequences is simply de-
noted by W[Cs]P.

From now on, in short, we shall use p,(U) and p(U;;) instead of p(z,U) and
p(z,Usj), respectively.

3. Main Results

In this section, we shall introduce the concepts of Wijsman statistical convergence
of order «, Hausdorff statistical convergence of order o and Wijsman strongly p-
Cesaro summability of order a for double set sequences. Also, we shall investigate
some properties of these concepts and examine the relationships among them.

Definition 3.1. Let 0 < o < 1. A double sequence {U;;} is Wijsman statistically
convergent of order a to U or W(S$)-convergent to U if for every £ > 0 and each
T e X,

. 1
lim ———
m,n—00 (mn)a

(@) i <mj < n laUs) = paU)] 2 }| =0,

In this case, we write U;; —w (sg) U or Uy — U(W(S5)).
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The class of all W(5§')-convergent sequences will be simply denoted by W (S$).

Example 3.1. Let X = R? and a double sequence {U;;} be defined as following:

Uer e {(z,y) eR*: (x—i)>+ (y—j)* =1} , ifiand j are square integers
R (0,0)} , otherwise.

Then, the double sequence {U;;} is Wijsman statistically convergent of order « to the
set U = {(0,0)}.

Remark 3.1. For o = 1, the concept of W (S5 )-convergence coincides with the concept
of Wijsman statistical convergence for double set sequences in [23].

Theorem 3.1. If0< a < <1, then W(55) C W(S’Qﬁ)

Proof. Let 0 < ao < 8 <1 and suppose that U;; —w(sg) U. For every € > 0 and
each z € X, we have

W‘{(i,j) i <myj<n, |pe(Uij) — pa(U)] > 6}‘
< (miz)“ {(i,5): i <m,j <n, |p(Usj) — pa(U)| = 5}‘

Hence, by our assumption, we get U —w(s) U. Consequently, W(S§) C
w(sH). O

If we take 5 =1 in Theorem 3.1, then we obtain the following corollary.

Corollary 3.1. If a double sequence {U,;} is Wijsman statistically convergent of
order o to U for some 0 < o < 1, then the double sequence is Wijsman statistically
convergent to U, i.e., W(S$) C W(Ss).

Definition 3.2. Let 0 < a < 1. A double sequence {U;;} is Wijsman Cesaro
summable of order « to U or W(C§')-summable to U if for each z € X,

1 m,n
li (U;i) = U).
oo (mn) m;lp“( ) = pa(U)

In this case, we write Ujj —w (cg) U or Uj; — U(W(Cy)).
The class of all W(C$)-summable sequences will be simply denoted by W (Cg).

Definition 3.3. Let 0 < a < 1 and 0 < p < co. A double sequence {U;;} is
Wijsman strongly p-Cesaro summable of order o to U or W[C§]P-summable to U
if for each z € X,

m,n

D 1pa(Usj) = p(U)[P = 0.

ij=1,1

1
lim
m,n—o00 (mn)a
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In this case, we write U;; —wicep U or Ui — UWI[C$JP). If p =1, then a
double sequence {U;;} is simply said to be Wijsman strongly Cesaro summable of
order a to U and we write U;; —wicg) U or Uy; — U(W[C5]).

The class of all W[C§]P-summable sequences will be simply denoted by W[C$]P.

Example 3.2. Let X = R? and a double sequence {U;;} be defined as following:

Ui i— {(%9) eR?: 2?4+ (y—1)° = % , if i and j are square integers,
v {(1,0)} , otherwise.

Then, the double sequence {U;;} is Wijsman strongly Cesaro summable of order « to
the set U = {(1,0)}.

Remark 3.2. For a = 1, the concepts of W (C5')-summability and W [C5]P-summability
coincides with the concepts of Wijsman Cesaro summability and Wijsman strongly
p-Cesaro summability for double set sequences in [22], respectively.

Theorem 3.2. If0 < a < <1, then W[C5]? C W[CS]?.

Proof. Let 0 < a < 8 <1 and suppose that U;; —w(cgpr U. For each z € X, we
have

m,n

Z |pI(Ul]) - PI(U)V)

ij=1,1

1
(mn)?

S 1oa(Usy) — palU)]” <

ij=1,1 (mmn)*

Hence, by our assumption, we get U, —wicl) U. Consequently, W[C§]P C
2
wicsr. O
If we take 8 =1 in Theorem 3.2, then we obtain the following corollary.
Corollary 3.2. If a double sequence {U;;} is Wijsman strongly p-Cesaro summable
of order a to U for some 0 < o < 1, then the double sequence is Wijsman strongly

p-Cesaro summable to U, i.e., W[C$P C W[Cy]?P.

Now, without proof, we shall state a theorem that gives a relation between
WI[CS? and W[CS]9, where 0 < a <1 and 0 < p < ¢ < 0.

Theorem 3.3. Let0<a<1and0<p<gq<oo. Then, W[C$]? C W[C§]P .

Theorem 3.4. Let 0 <a <3 <1 and0<p < oco. If a double sequence {U;;} is
Wigsman strongly p-Cesaro summable of order o to U, then the double sequence is
Wigsman statistically convergent of order 8 to U.
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Proof. Let 0 < o < f <1 and 0 < p < oo and assume that the double sequence
{U;;} is Wijsman strongly p-Cesaro summable of order a to U. For every € > 0
and each z € X, we have

> peUij) = pe ()P = > 1p(Uij) — pa(U)[P
ij=1.1 LI=11 [pa(Usg)—pa (V)2

+ > p2(Usj) — pa(U)[P

1,7=1,1; |pa(Uij)—pa (U)|<e

= > 1pa(Usj) — pa(U)P
4.5=11; |pa(Uij)—pa (U)|2e
= < ’{(i’j) si<m,j<n, |pa(Uij) — pa(U)| = e}’
and so
1 m,n ;
(mn)e Z |p2(Uij) — pa(U)]
ij=1,1
Ep
eP o ] '
= Tnn)? ‘{(Z’J) vi<m, <, |pe(Us) = pa(U)| 2 E}‘.

Hence, by our assumption, we get the double sequence {U;; } is Wijsman statistically
convergent of order S to U. [J

If we take 5 = « in Theorem 3.4, then we obtain the following corollary.

Corollary 3.3. Let 0 < a <1 and 0 < p < oo. If a double sequence {U;;} is
Wigsman strongly p-Cesaro summable of order o to U, then the double sequence is
Wigsman statistically convergent of order o to U.

Definition 3.4. Let 0 < o < 1. A double sequence {U;;} is Hausdorft statistically
convergent of order o to U or H(S$)-convergent to U if for every e > 0 and each
zeX,

1
li ‘ .7‘: L < u.g y a:U'L_ a:U > ‘:0
ol e L) s i< maj <. sup |pe(Uig) = pa(U)] 2 e}

In this case, we write U;j; — p(sg) U or Uj; — U(H(S5)).

The class of all H(SS)-convergent sequences will be denoted by simply H(SS).
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Remark 3.3. For a = 1, the concept of H(S%)-convergence coincides with the concept
of Hausdorff statistical convergence for double set sequences in [33].

Theorem 3.5. If0 < a<f <1, then H(S$) C H(SY).

Proof. Let 0 < a < 8 <1 and suppose that U;; —>p(sg) U. For every ¢ > 0 and
each z € X, we have

1

(mn)P ‘{(i,j) s i <m,j<n, sup 2 (Usj) — pe(U)| > 5}’
: ,7) 0 4 m, n. su )
< (mn)e {G,j): i<m,j<n, meg\pw(Uu) 0o (U)] > E}‘.

Hence, by our assumption, we get U;; — H(sE) U. Consequently, H(S$) C
2
H(SY). O
If we take 5 =1 in Theorem 3.5, then we obtain the following corollary.

Corollary 3.4. If a double sequence {U;;} is Hausdorff statistically convergent of
order « to U for some 0 < o < 1, then the double sequence is Hausdorff statistically
convergent to U, i.e., H(S) C H(Ss).

Theorem 3.6. Let 0 < o < <1. If a double sequence {U;;} is Hausdorff statis-

tically convergent of order o to U, then the double sequence is Wijsman statistically
convergent of order B to U.

Proof. Let 0 < a < 8 <1 and assume that U;; — g (sg) U. For every € > 0 and
each x € X, we have

(mi)g ’{(z,]) i <m,j<n, |pa(Uij) — pa(U)] > 5}’
! L) 1t <myj < mn, su Y
< (mn)ﬁ‘{(l,]) cism,j <, meglpm(Um) p2(U)] > 5}‘
< ( 1)a {(i,5): i <m,j <n, sup |ps(Uij) — pa(U)| 25}‘_
mmn reX

Hence, by our assumption, we achieve the desired result. [
If we take 5 = « in Theorem 3.6, then we obtain the following corollary.
Corollary 3.5. Let 0 < o < 1. If a double sequence {U;;} is Hausdorff statisti-

cally convergent of order a to U, then the double sequence is Wijsman statistically
convergent of order o to U.
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Abstract. The present paper presents evolutions of spherical indicatrix of a space
curve according to the quasi-frame. Then, some geometric properties of these surfaces
constructed by evolutions have been obtained. At the end, illustrative examples of the
spherical images of a space curve have been presented.
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1. Introduction

The curves obtained with the help of a given space curve have been studied by
many researchers. Bertrand curve pairs, involute-evolute curve pairs and spherical
images of a space curve can be given as examples of these curves, [7]. For example,
Korpinar [4] investigated the surfaces constructed by the binormal spherical image
of a space curve. They derived the time evolution equations for the Frenet frame
of binormal spherical image as a curve occurring on the sphere and gave some
geometric properties of these surfaces such as fundamental forms and curvatures.
The spherical image of the curve moving with time occurs on a sphere. In [6], time
evolution equations of a space curve given with the quasi frame are obtained.

In this paper, we have found relations between the motion of curves and the
motion of their spherical image. We have obtained the Frenet elements of the
spherical images of the curve given with the quasi frame. Then we have derived some
geometric properties of the surfaces constructed by the evolution of the spherical
images of a space curve. At the end, we have given the illustrative examples of the
spherical images of a space curve.
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2. Preliminaries

In this section, we present the Frenet frame and the quasi frame along a space
curve which are given by Soliman in [6]. Also, we give some geometric properties
for these frames.

Let » = r(s) be a space curve parameterized with arc-length in R®. The Frenet
frame of r consists of the vectors T, N, B which are given by

T = 7+'(s),
r"(s)

7 (s)II’
B = TxN,

where T is the tangent vector, N is the normal vector and B is the binormal vector
of the curve .

The curvature k and the torsion 7 are given by
ko= " ()l
det(r’, 7", r'"")

I ()]

The quasi frame of a space curve r = r(s) which is parameterized with arc-length
consists of the vectors Ty, N, B . They are given by

T, = T,
%
T x k
N, TR
o]
B, = TxN,,

where ﬁ is the projection vector which can be chosen as ﬁ = (1,0,0) or ﬁ =
(0,1,0) or E) = (0,0, 1). In this paper, we choose the projection vector k = (0,0, 1).
N, and B, are called the quasi normal vector and the quasi binormal vector, re-
spectively.

Let 6 be the angle between the normal N and the quasi normal N,. The quasi
formulas are given by, [1],

) Tq 0 k’l k2 Tq
75 Ny [=]| -k 0 ks N, |,
B, —ky —ks O B,
where k; are called the quasi curvatures (1 < i < 3) which are given by
ki = kcosf = (T, Ng),
ky = —rsind = (T, By),
ks = 0+ =—<Nq,B;>.
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3. The Spherical Images of a Space Curve

In this section, we give the representation of the Frenet frame, curvature and
torsion for spherical images of the curve in terms of the quasi frame and curvatures
of the curve.

Given a space curve r parameterized with arc-length in R3. Let T be the unit
tangent vector of r. When we take ]@ = T; while the moving point P is drawing
the curve r, the moving point ) draws a curve on the unit sphere. This curve is
called the spherical image of the tangent to the curve r. The spherical image of
the normal and the binormal to the curve are defined similarly. Now we give these
concepts according to the quasi frame of the curve.

Definition 3.1. Let r = r(s) be a space curve parameterized with arc-length in
R3. The following space curves lie on a unit sphere

1 (S) = TQ(5)7
ra(s) = Ng(s),
r3(s) = By(s)

and they are called the spherical image of the tangent, the quasi normal and the
quasi binormal to the curve, respectively.

3.1. Spherical Image of T,

Let {T,,N,,B,} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T, N, B} be the Frenet frame of the curve r1(s) = T4(s). The quasi
curvatures of the curve r are denoted by k1, ko, k3 and the curvature and the torsion
of the curve r; are denoted by s and 7, respectively.

Theorem 3.1. The Frenet elements of 1 can be given in terms of the quasi ele-
ments of r as follows:

0 kq ko
T N RN T,
N = Ay B, Cy Nq
VU VU VU
B K L, hy B,
vV Vl hV4 Vl Vv V1
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where
A= = (),
By = kkZ — kikokl — k?koks — k3ks,
Cy = Kks+ k¥kh + kik3ks — k1 k) ko,
Ky = k¥ks+ k3ks + kikh — Kk,
Li = —ky (K +43),
My = ki (kf+k3),
Uy = (482" + (82 +k2) (ks + k3ks + kakl — K ko),
Vi = (K +H3)° + (k3ks + Kk + kikh — Kis)”
Wi = 3 (kn (k)" ks + KRGS — RERLRS — ks (K3)®)

+ (kT + k3) (kiKY + kKl + k3kh — kY ks — kiki ks — kokbks) .

Proof. By simple calculations one can easily get the first, the second and the third
derivatives of r; as follows:

T’ll(S) = kqu + kQBq,
r(s) = — (ki +k3) Ty + (ky — kaks)Ng + (kiks + k5)Bg,
7“/1”(8) = —3(k‘1]€1 + kz]@é)Tq + (kiil — 2]{5/2]63 — k‘gké — kilkg — k‘lk‘% — k?)Nq

+ (kY + 2k k3 + ki kb — kok3 — kok] — k3)B,.

Then, it is easy to compute the following:

Irill = /BT + K3,

T‘ll X T’/ll = Kqu+L1Nq+M1Bq,
[ry xrill = VW,
det(ry, v,y = (r] xr{,r]"y =Wi.

Using the Frenet formulas, one can easily obtain the Frenet elements of 1 in terms
of the quasi elements of r as indicated in the theorem. [

3.2. Spherical Image of N,

Let {Tq, N, Bq} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T, N, B} be the Frenet frame of the curve r3(s) = Ng(s). The quasi
curvatures of the curve r are denoted by k1, ko, k3 and the curvature and the torsion
of the curve ry are denoted by x and 7, respectively.

Theorem 3.2. The Frenet elements of ro can be given in terms of the quasi ele-
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ments of r as follows:

T k2 +k2 N T,
N — Ao Bo Cs Nq
B O B,
VAV R
K
K = ( 2 3)%u
(KF + k3)
W,
T = —
‘/2’
where
Ay = kikskh — kikoks — k1k3 — kok3,
By, = —ki(k}+Fk3),
Cy = k2K — kikiks — k3 kg — kykok2—,
Ky = ks(ki+Fk3),
Lg = k’lkié - kik):& - ]{5%]@ - k2k§a
My = ky (kT +k3),
U = (B+k2)" + (k3 +k2) (kakl — K ks — k3ky — kok2),
Vo = (B24k3)° + (kakh — Kiks — k2ks — kok2)?
Wa = 3 (ko (K)" ks + K{ kGRS — KZRGRS — Kk (K)®)

+ (k3 + k3) (k1KY — Kyks — kbk3 — k1K) + kokbks + kiki ko) .

Proof. The calculations can be made similar to the proof of the first theorem. [J

3.3. Spherical Image of B,

Let {T,,N,,B,} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T,N, B} be the Frenet frame of the curve r3(s) = B4(s). The quasi
curvatures of the curve r are denoted by k1, ko, k3 and the curvature and the torsion
of the curve r3 are denoted by s and 7, respectively.

Theorem 3.3. The Frenet elements of r3 can be given in terms of the quasi ele-
ments of r as follows:

—ko —ks
T NCT> 0 N T,
N — A3 Bs C3 Nq
B O (1 B,

VVs VVa VVa

K
Ro= (14— ),
(k3 +k3)

W3
Vs’
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where
As = kokskl + kik3ks + kik3 — kbk3,
By = kokbks — kikok2 — k1k3 — kik2,
Cy = —(k3 +k§)27
Ks ks (k3 +k3) ,
Ls —ko (k3 4+ K3),
Mz = Klky+ kik3 + kokl — Ebks,
Us = (K3+k2)" + (k3 + K3) (kakh — kiks + kik3 + kak3)”
Ve = (K3 +k3)"+ (kaky — Kyks + kok2 + kik3)?
Wy = 3 <k2 (K5)? ks + K KGk2 — K2k, — koks (kg)2>

+ (/41% + kg) (k‘/ ]4}2 + Kk k‘3 + k‘ k‘g k‘3]€/2, — ]ﬁkgk‘é — k‘1k‘3k‘é) .

Proof. The calculations can be made similar to the proof of the first theorem. [

An evolving curve can be thought as a collection of curves parameterized by
time. This means that each curve in the collection has a space parameter s and
a time parameter t, [3]. The following definitions can be given according to quasi
frame in R3 considering references [6] and [7].

9 T, 0 ki ke T,
(3.1) o | No| =]k 0 k| [Ny,
51 B, —ky —ks O B
o T, 0 X pu T,
(3.2) 5| No|=| > 0 » N,
B, - —v 0 B,

Applying the compatibility condition

00| | 00|
dsot | R | otds | gt |’
S Bq S Bq

in the light of the equations (3.1) and (3.2) one can easily get

0 <6k1 l/kQ + ,U,kg - 7) <8k2 + l/kl /\kg + 67
91— vky + pks — 3 0 (% — piky + Akg — 7)
f”@ +vky — Neg +22)  — (952 — puky + Aky — 92) 0

= 03x3.
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Thus, the compatibility condition becomes

0k o\
ot vko — pks + s
8k2 o 8[1,
E = )\kl — Vk3 — %,
8]{‘3 aV

4. Surfaces Constructed by the Evolution of the Spherical Images of a
Space Curve

In this section, we study the surfaces constructed by the evolution of the spher-
ical image of the tangent, spherical image of the quasi normal and spherical image
of the quasi binormal to the curve.

4.1. Surfaces Constructed Using the Spherical Image of the Tangent
The equation of surfaces constructed by the spherical image of the tangent is
given by
U =Ty(s,t).

Theorem 4.1. Under the assumption pk, — Ake > 0, the Gaussian curvature K1,
the mean curvature Hy and the principal curvatures k11 and ko1 of ¥ are given by

Proof. The tangent space to the surface is spanned by
(4.1) UV, = kN, + kB,
U, = ANy + B,

where the lower indices show partial differentiation. Then the unit normal to ¥ is

given by
\Ijs X \I/t

TN
Using the equations (3.1), (3.2) and (4.1), the second order derivatives are calculated
and given by

Ny

o = — (K +k3) Tg+ ((k1), — kaks) Ng + ((k2), + k1ks) By,
Uy = — ()\2 + Nz) Ty + (A — ) Ng + (pe + Av) By,
Uy = —(Nki+ ,LLkQ)Tq + (As — pks) N, + (Ak3z — ,Us)BtI'

The components of the first fundamental form g;;, (1 < ¢,j < 2) are obtained as
follows:

gi1 = <\IJS7 \I]s> = k% + k%a

g2 = (¥, Uy) = Ay + pko,

go2 = <\I/t, \I/t> = )\2 + ,UQ.
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The components of the second fundamental form I;;, (1 <4, j < 2) are obtained as
follows:

lll = <\IJSS7 N‘If> = - (k% + k%) )
lis = (Ys,Ny) =—(Mky + pka),
log = (¥y,Ng) =— (/\2 + ,u2) .

Thus, we get the following equalities:

liilog — 12
Kl _ 11422 12 :17

911922 — 9%2
l11922 — 2l12g12 + 122911

H, — 1,
2 (911922 — 93)

ki = Hy+\JH2— K =1,

kot = Hy—\JH2— K, =—1.

O

4.2. Surfaces Constructed Using the Spherical Image of the Quasi
Normal

The equation of surfaces constructed by the spherical image of the quasi normal
is given by
» =Ny(s,t).

Theorem 4.2. Under the assumption vky — Aks > 0, the Gaussian curvature Ko,
the mean curvature Ho and the principal curvatures k1o and koo of ¢ are given by

Ky =1, Hy=—1, kig = —1, kypp = —1L.

Proof. The tangent space to the surface is spanned by

(4.2) ¢ = —kiTy+ksB,,
¢ = —AT,+vB,,

where the lower indices show partial differentiation. Then the unit normal to ¢ is
given by
d’s X ¢t

N,=——=N,.
T s x el ¢

Using the equations (3.1), (3.2) and (4.2), the second order derivatives are calculated
and given by

Gss = —((k1), + koks) Tg — (kT + k3) Ng + ((ks), — k1k2) By,

dre = —M+p)Ty— (N + %) Ny + (1 — \p)Byg,

¢st = — (Aé =+ l/kg) Tq — ()\]{11 —+ l/kg) Nq 4+ (Vs — )\kg)Bq
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The components of the first fundamental form g;;, (1 < ¢,j < 2) are obtained as
follows:

g11 = <¢s7 ¢S> = k% + k%v
gi2 = (¢s,d¢) = M1 + vks,
g2 = (P, ) = N+ 17

The components of the second fundamental form I;;, (1 <4, j < 2) are obtained as
follows:

lll = <¢357 N¢> = - (k% + kg) 5
lis = (¢st,Ng) = — (Mk1 +vks),
lag = (¢4, Ng) = — (>\2 + V2) .
Thus, we get the following equalities:
Ky — liilag — 13y _1

911922 — 9%2
l11g22 — 2112912 + 22911

H- =-1,
? 2(911922 *9%2)

kia = 1?[24—“]:’22—}(2:—17

koo = Hg—q/HS—KQZ—l.

O

4.3. Surfaces Constructed Using the Spherical Image of the Quasi
Binormal

The equation of surfaces constructed by the spherical image of the quasi binormal
is given by
Y= Bq(sv t)'

Theorem 4.3. Under the assumption vke — puks > 0, the Gaussian curvature Ks,
the mean curvature Hs and the principal curvatures ki3 and kaog of ¢ are given by

K3 =1, H3=—1, ki3 =—1, ka3 = —1.

Proof. The tangent space to the surface is spanned by

(43) (ps = 7k2Tq — ngq,
pr = —pTq—vNg,
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where the lower indices show partial differentiation. Then the unit normal to ¢ is
given by
Ps X Pt
N,=———=8B,.
T lles xel T
Using the equations (3.1), (3.2) and (4.3), the second order derivatives are calculated
and given by

pss = (kiks — (k2),) Tq — ((k3), + k1ka) Ny — (k3 + k3) By,
o = (W —p) Ty — (v + )Ny — (MQ + VQ) By,
Pst = (Ns + Vkl) Ty — (VS - ,ukl)Nq - (/‘kQ + Vk3)BlI'

The components of the first fundamental form g;;, (1 < i,j < 2) are obtained as
follows:

g1z = <@57 (ps> = k% + k§7
g2 = (ps,pr) = pka + vks,
g2 = {1, 01) = W° + 17

The components of the second fundamental form I;;, (1 <4, j < 2) are obtained as
follows:

lll = <90557N<P> - (k% + k%) ?
l12 == <§0$t7 N§D> = - (/“Lk'Q + Vk:3) )
la = (pu,Ny)=— (> +17).
Thus, we get the following equalities:
_ 72
Ky = liales =15y _ 1.

911922 — 9
l -2l l
H, - 92 12912-4; 22911 _ 1,
2 (911922 — 912)

kiz = Hz+\/HF - K3=—1,
kyys = Hs— \/H2— Ks=—1.

5. Examples

We give two illustrative examples to the spherical images of a regular space curve
according to quasi frame.
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Example 5.1. Let us consider the space curve « which is defined by

a : R—R?
a(t) = ((2+ cost+sint)sintcos(sin(10t)),
(2 + cost + sint) sin ¢ sin(sin(10¢)),
(24 cost +sint) cost).

Calculating the first derivative of «, one can easily see that

lo” @] # 0

615

for all t € R. So we can say that « is a regular space curve. In the light of the quasi
formulas, one can easily obtain the quasi frame {Tq, Nq,Bq} of a. The graphics of the

curve o and its spherical images are given below.

F1G. 5.1: The curve o

(a) (b)

Fi1G. 5.2: The spherical image of tangent of curve «
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(a) (b)

Fi1c. 5.3: The spherical image of the quasi-normal of curve o

(a) (b)

F1a. 5.4: The spherical image of the quasi-binormal of curve «

Example 5.2. Let us consider the space curve 8 which is defined in [5] by

8 : R—R?
18 . t 2 ., 9t 18 t 2 9. 3
Bty = (—gsm(—z)+Esm(z),—gcos(—z)—i—Ecos(z),gcost).

Calculating the first derivative of 8, one can easily see that

[8"®)] #0

for all ¢ € R. So we can say that 8 is a regular space curve. In the light of the quasi
formulas, one can easily obtain the quasi frame {Tq,Nq,Bq} of B. The graphics of the
curve  and its spherical images are given below.
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F1c. 5.5: The curve 8

(a) (b)

F1G. 5.6: The spherical image of tangent of curve 3
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-~

(a) (b)

FiG. 5.7: The spherical image of the quasi-normal of curve

(a) (b)
Fic. 5.8: The spherical image of the quasi-binormal of curve S
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Abstract. In this paper, we have introduced three new generalized metric spaces called
partial b, (s), partial v-generalized and b, (6) metric spaces which extend b, (s) metric
space, b-metric space, rectangular metric space, v-generalized metric space, partial
metric space, partial b-metric space, partial rectangular b-metric space and so on. We
have proved some famous theorems such as Banach, Kannan and Reich fixed point
theorems in these spaces. Also, we have given some numerical examples to support our
definitions. Our results generalize several corresponding results in literature.
Keywords: partial b,(s) metric space; b, () metric space; generalized metric spaces;
fixed point theorems; weakly contractive mappings.

1. Introduction and Preliminaries

Metric space was introduced by Maurice Fréchet [1] in 1906. Since a metric
induces topological properties, it has very large application area in mathematics,
especially in fixed point theory. Generalizing of notions is in the nature of mathe-
matics. So, after the notion of metric space, many different type generalized metric
spaces were introduced by many researchers. In 1989, Bakhtin introduced the notion
of b-metric spaces by adding a multiplier to triangle ineuality. In 1994, Matthews [2]
introduced the notion of partial metric spaces. In this kind of spaces, self-distance
of any point needs not to be zero. This space is used in the study of denotational
semantics of dataflow network. In 2000, Branciari [9] introduced rectangular metric
space by adding four points instead of three points in triangle inequality. These
three spaces are the basis of other generalized metric spaces. After all these spaces,
v-generalized metric space [9], rectangular b-metric spaces [3], b, (s) metric space
[10], partial b-metric space [4] and partial rectangular b-metric space [5] were in-
troduced in recent years. Below, we shall give the definitions of some generalized
metric spaces.
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Definition 1.1. [8] Let E be a nonempty set and p: E x E — [0,00) a function.
(E, p) is called b-metric space if there exists a real number s > 1 such that following
conditions hold for all u,w,v € E:

Clearly a b-metric space with s = 1 is exactly a usual metric space.

Definition 1.2. [2] Let F be a nonempty set and p: E x E — [0,00) a mapping.
(E, p) is called partial metric space if following conditions hold for all u,w,v € E:

It is clear that every metric space is also a partial metric spaces.

Definition 1.3. [9] Let £ be a nonempty set and let p : E x E — [0,00) be a
mapping. (E, p) is called a rectangular metric space if following conditions hold for
all u,w € E and for all distinct points ¢,d € E'\ {u,w}:

1. p(u,w) =0 iff u = w;

(u, w) = p(w, u);
3. p(u,w) < p(u,c) + p(c,d) + p(d, w).

S

i
>

Definition 1.4. [4] Let E be a nonempty set and mapping p: E x E — [0,00) a
mapping. (E, p) is called partial b-metric space if there exists a real number s > 1
such that following conditions hold for all u,w,v € E:

L u=wiff plu,u) = p(u,w) = p(w, w);

—_ =~

) < s[p(u,v) + p(v,w)] = p(v,v).

=
=
g

Remark 1.1. [4] It is clear that every partial metric space is a partial b-metric space
with coefficient s = 1 and every b-metric space is a partial b-metric space with the same
coefficient and zero self-distance. However, the converse of this fact does not hold.
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In 2017, Mitrovic and Radenovic introduced following generalized metric space
which is referred to as b,(s) metric space. Under the suitable assumptions, this
kind of spaces can be reduced to the other spaces.

Definition 1.5. [10] Let £ be a nonempty set, p : E x E — [0,00) a mapping and
v € N. Then (E, p) is said to be a b,(s) metric space if there exists a real number
s > 1 such that following conditions hold for all u,w € E and for all distinct points
21,22,y 20 € B\ {u,w}:

1. p(u,w) =0 iff u = w;
2. p(u,w) = pluw, u);
3. plu,w) < slp(u, 21) + plz1,22) + -+ + p (20, w)]-

This metric space can be reduced to v-generalized metric space by taking s = 1,
rectangular metric space by taking v = 2 and s = 1, rectangular b-metric space
by taking v = 2, b-metric space by taking v = 1 and usual metric space by taking
v=s5=1.

2. Main Results

In this part, motivated and inspired by mentioned studies, we introduce b, () (or
extended b,(s)) metric space and partial b,(s) metric space. Also we give some
fixed point theorems in these spaces.

First we introduce partial b, (s) metric space and give some properties of it.
2.1. Partial b, (s) Metric Spaces

Definition 2.1. Let E be a nonempty set and p: E x E — [0,00) be a mapping
and v € N. Then (E, p) is said to be a partial b,(s) metric space if there exists a

real number s > 1 such that following conditions hold for all u, w, 21, 29, ..., 2, € E:
Lou=w< p(u,u) = p(u, w) = p(w,w);
2. p(u,u) < p(u, w);
3. p(u,w) = p(w,u);

4. p(u, w) < S[ﬂ(“? Zl) + p(zh ZQ) +oF p(zv—h Zv) + p(zvvw)} - Z;):l p(ziv Zz)

It is easy to see that every b,(s) metric space is a partial b,(s) metric space.
However, the converse is not true in general.

Remark 2.1. In Definition 2.1;
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1. if we take v = 2, then we derive partial rectangular b-metric space.
2. if we take v = 1, then we derive partial b-metric space.

3. if we take v = s = 1, then we derive partial metric space.

Remark 2.2. Let (E,p) be a partial b,(s) metric space, if p(u,w) = 0, for u,w € E,
then u = w.

Proof. Let p(u,w) = 0 for u,w € E. From the second condition of partial b, (s)
metric space, since p(u,u) < p(u,w) = 0, we have p(u,u) = 0. Similarly, we have
pw,w) = 0. So, we get p(u,w) = p(u,u) = p(w,w) = 0. It follows from the first
condition that v =w. O

Proposition 2.1. Let E be a nonempty set such that dy is a partial metric and do
is a by (s) metric on E. Then (E, p) is a partial b, (s) metric space where p : EXE —
[0,00) is a mapping defined by p(u,w) = dy (u, w) + da(u, w) for all u,w € E.

Proof. Let (F,d;) be a partial metric space and (E, d2) be a b, (s) metric space.Then
it is clear that first three conditions of the partial b,(s) metric space are satisfied

for the function p. Let w,w, 21, 22, ..., 2, € E be arbitrary points. Then, we have
plu,w) = di(u,w)+ do(u,w)
< di(u,z1) +di(z1,22) + oo+ di (20, w Zdl Ziy %)

+s[da(u, 21) +da(21, 22) + ... + da(2y, )}

IN
w

di(u,z1) +di(z1,22) + ... + di (20,0 Zdl Zis %)

—|—d2(u,2’1) + dQ(Zl,Zg) + ...+ dg(zv, )]

= s |plu,2z1) +p(z1,22) + ... + p(zp,w Zp Zis 2i)

< slplu, 21) + p(21,22) + -+ p(20, w Zp Zi, 2i)-

So, (E, p) is a partial b,(s) metric space. [

Example 2.1. Let E = R". Define mapping di : E x E — [0, 00) by

0, ifu=w
di(u,w) =< 2, ifuorwé¢{1,2} and u #w
25, if u,w € {1,2} and v # w

for all u,w € RT. Then, it is obvious that (F,d;) is a b,(s) metric space with v = 9
and s > %. On the other hand, let p > 1, d2 : E x E — R be a mapping defined by
d2(u,w) = [max{u,w}]? for all u,w € E. Then, it is easy to see that (E,d2) is a partial
metric space. So, we have from Proposition 2.1 that (E, p) is a partial b, (s) metric space
where p(u,w) = d1(u,w) + d2(u,w) for all u,w € E.
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Now, we give definitions of convergent sequence, Cauchy sequence and complete
partial b, (s) metric space in following way.

Definition 2.2. Let (E,p) be a partial b,(s) metric space and let {u,} be any
sequence in E and u € E. Then:

1. The sequence {u,} is said to be convergent and converges to u, if
limy, o0 p(tin, 1) = p(u, u).
2. The sequence {u, } is said to be Cauchy sequence in (E, p) if limy, ;00 p(Un,, Um)

exists and is finite.

3. (E,p) is said to be a complete partial b, (s) metric space if for every Cauchy
sequence {u,} in E there exists u € E such that

o lim  p(un, um) = M p(un, u) = p(u, u).

Note that the limit of a convergent sequence may not be unique in a partial
b, (s) metric space.

Now we give an analogue of Banach contraction principle. Our proof is very
different from the original proof of Banach contraction principle in usual metric
space.

Theorem 2.1. Let (E,p) be a complete partial b, (s) metric space and S : E — E
be a contraction mapping, i.e., S satisfies

(2.1) p(Su, Sw) < Ap(u, w)

for all u,w € E, where A € [0,1). Then S has a unique fized point b € S and
p(b,b) = 0.

Proof. Let G = S™ and define a sequence {u,} by Gu,, = u,41 for all n € N and
arbitrary point ug € E. Since A € [0,1) and lim,,_,o, A = 0, there exists a natural
number ng such that A" < £ for given 0 < ¢ < 1. Then, for all u,w € E we get

(2.2) p(Gu, Gw) = p(S™u, S™w) < A" p(u, w).
So, we have
p(urs1, ug) = p(Guk, Gup—1) < X" p(ug, wp—1) < A0 p(uy, ug) — 0,

as k — oo. Hence, there exists a [ € N such that
€
purg1,u) < 1s

Now, let

B,lu,e/2] = {w € E:p(u,w) < %—i—p(ul,ul)}.
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We need to prove that G' maps the set B,[u;, /2| into itself. Since w; € B,[ug,e/2],
it is a nonempty set. Let z be an arbitrary point in B,[u;,e/2]. Then, using (2.2)
we get

p(Gz,u) < s[p(Gz, Guy) 4 p(Gup + Guigr) + ..o+ p(Guiyp—2, GUuig 1)

v—1
+p(Gurgo—1,w)] = > p(Gupyi, Guiy)
1=0
< s[p(Gz,Gup) + p(Guy + Gupyq) + ...+
+p(Gul+u 2, Guiyyp—1) + p(GUuiy—1, )]
< [/\no( + plug, w)) + plursr, wig2) + ... +
+p(Uz+v 15 Uigo) + p(Uigo, ur)
= {Ano( + plur, w)) + plurr, wrg2) + ...+
Fp(Urpv—15 Wito) + s[p(ur, wir) + p(uigr, wge) + .o
(U1, Uo) + Py )] = Y P, uz+z‘)}
€
S s At plwyw)) + (s + 1) plur, ) + (s + Do, wiee)+
(s + Dp(urra, uigs) + ..o+ (5 + D)p(wio—1, Uito) + 5p(Uio, Uigo) }
€
< s {0+l ) 4+ (s 4+ Do) + (5 + Dplurn, ugo) +
(s + D)p(urra, uiys) + ...+ (s + 1) (Wigv—1, Urv) + A7 p(ug, ) }
= plus, ) [sA™ + 82)\“""] + S)\"U + 82 p(ur, wir) +

s(s+1) [p(wr1, wy2) + ... + P(uz+v717 Upgo)] -

Since A" < £ and p(u, u41) < m, we have

€ 5 €° €€
<
p(Gzyuy) < plug,uy) {845 + s (45)“] + s —4 3 +

(s + 8) [p(ur, wig) + plurgr, wige) + - 4 pUie—1, ugy)]

€
plug,uy) + 1 + (52 + s)v

IA

5
dv(s? + s)

= % + p(ug, up).
So, Gz € Byluy, €/2]. Therefore, G maps B,[u;, ¢/2] into itself. Since u; € B,[u;,e/2]
and Gu; € B,[u;,e/2], we obtain that G"w; € Bplu;,e/2] for all n € N, that is,
Um € Bpluy,e/2] for all m > 1. On the other hand, from definition of partial b, (s)

metric space, since p(ug,u;) < p(ug, up41) < m < 5, we have

3
p(unzum) < 5 +p(ul7ul> <e
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for all n,m > [. This means that the sequence {u,} is a Cauchy sequence. Com-
pleteness of E implies that there exists b € E such that

(2'3) lim p(una b)= lim p(“na“m) = p(b> b) =0.

n—oo n,M—00
Now, we need to show that, b is a fixed point of S. For any n € N we get
p(b,Sb) < s[p(b,unt1) +P(Un+17un+2) + oot p(Ungo—1, Unso)+
P(Unty, SO)] Zp Uptiy Unti)

S [P(b, Un+1) + P(un—Ha un+2) + ..+ p(un—H)—lv Un+v) + p(um_v, Sb)]
$[p(b, un+t1) + p(Un1, Unt2) + -+ P(Ungv—1, Unto) + P(SUptv—1,5D)]
8 [p(b, un+1) + p(un+17 un+2) +...+ p(un+v717 un+v) + )‘p(unJrv*la b)] .

IAN A IA

So, it follows from (2.3) that p(b, Sb) = 0. So, b is a fixed point of S.

Now, we show that S has a unique fixed point. Let a,b € E be two distinct fixed
points of S, that is, Sa = a, Sb = b. Then, contractivity of mapping S implies that

p(a,b) = p(Sa, Sb) < Ap(a,b) < p(a,b),

which is a contradiction. So, it folllows that p(a,b) = 0, that is, a = b. Moreover,
for a fixed point a, let assume that p(a,a) > 0. Then we get p(a,a) = p(Sa, Sa) <
Ap(a,a) < p(a,a) which is a contradiction. So, we have p(a,a) =0. O

Now, we prove an analogue of Kannan fixed point theorem.

Theorem 2.2. Let (E, p) be a complete partial b, (s) metric space and S : E — E
a mapping satisfying the following condition:

(2.4) p(Su, Sy) < Alp(u, Su) + plw, Sw)

for all u,w € E, where A € [0,%), A # % Then S has a unique fized point b € E
and p(b,b) = 0.

Proof. .First we show the existence of fixed points of S. Let define a sequence {u,,}
by u, = S™ug for all n € N and an arbitrary point ug € E and 0, = p(tn, Un41)-
If 0, =0, then for at least one n, u, is a fixed point of S. So, let assume that
on >0 for all n > 0. Since S is a Kannan mapping, it follows from (2.4) that

on = pltn,unt1) = p(Sup—1, Suy,)
Alp(un—1, Sun—1) + p(un, Sun)]
Ap(tun—1,un) + p(un, Uni1)]
Aon—1+0n].

I IA
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Therefore, we get 0, < =2+

_1. On repeating this process we obtain

< (Y
On > - [

From hypothesis, since A € [0, %), we have

(2.5) lim o, = lim p(un, tunt1) = 0.

n—oo n— oo

So, for every £ > 0, there exists a natural number ng such that o, < /2 and
om < €/2 for all n,m > ng. From (2.5), we have

P(Uns Um) = p(StUp_1,Up_1)
A [p(un—la Sun—l) + p(um—h Sum—l)]
= A[p(un—hun) +p(um—1;um)]

= >\[O—n71 +O—m71}
< € L €
2 2
for n,m > ngy. Hence, {u,} is Cauchy sequence in E and lim,, ;,— 00 p(Un, Um) = 0.
It follows from the completeness of E that there exists b € E such that

IN

lim p(u,,b) = lm  p(u,, um) = p(b,b) = 0.

n— oo n,m—oQ

Now,we show that b is a fixed point of S. From definition of Kannan mappings and
partial b, (s) metric space, we have

p(b,Sb) < s[p(b,uny1) + p(un+1aun+2) + ot p(Ungo—1, Ungo)+
un-‘rva Sb ZP un+z7un+z

s [p(b, un+t1) + p(un+1, Unt2) + -+ p(Untv—1, Untv) + P(Untv, SD)]
s[p(0, uny1) + p(Unt1; Unt2) + - oo+ p(Untv—1, Unto) + P(SUntv—1,50)]
s[p(b,unt1) + p(Uni1, Ung2) + o 4 p(Unto—1, Ungo)+

Mp(unyo—1, Stuntv-1) + p(b, Sb)}] .

So, it follows from the last inequality that

VANVARNVAN

S
p(b,Sb) < m[ﬂ(b, Unt1) + p(tnt1, Unt2)

+ot+ p(un—i-v—la un-‘rv) + /\p(un+v—17 Sun—i-v—l)] .

Since A # 1 and {u,} is a Cauchy and convergent sequence, we have p(b, Sb) = 0,
so Sb =b. It means that b is a fixed point of S. Now we show the uniqueness of
fixed point. But first, we need to show that if b € F is a fixed point of S, then
p(b,b) = 0. Let assume to the contrary that p(b,b) > 0. Then, from (2.4) we have

p(b;b) = p(Sb, Sb) < X[p(b, Sb) + p(b, Sb)] = 2Ap(b,b) < p(b,b),
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which is a contradiction. So, assumption is wrong, namely, p(b,b) = 0. Now, we
can show that S has a unique fixed point. Suppose a,b € E be two distinct fixed
points of S. Then we have p(b,b) = p(a,a) = 0, and it follows from (2.4) that

p(b,a) = p(Sb,Sa) < X[p(b, Sb) + p(a, Sa)]
Alp(b,b) + pla,a)] =0

Therefore, we have p(b,a) = 0 and so b = a. Thus S has a unique fixed point. This
completes the proof. [

Theorem 2.3. Let (E,p) be a complete partial b, (s) metric space and S : E — E
a mapping satisfying:

(2.6) p(Su, Sw) < Amax {p(u, w), p(u, Su), p(w, Sw)}

for all u,w € E and X € [O,%). Then, S has a unique fixed point b € FE and
p(b,b) = 0.

Proof. We begin with the fixed points of S. Let ug € F be an arbitrary initial point
and let {u,} be a sequence defined by u,+1 = Su, for all n. If u, = u,4q for at
least one natural number n, then it is clear that this point is a fixed point of S. So,
let assume that w,11 # u, for all n. Now, it follows from (2.6) that

puntisun) = p(Stun, Stun—1)

Amax {p(un, Un—1), p(tn, Sun), p(tn_1,Stun_1)}
= Amax{p(tn, Un-1), p(tn, Unt1), P(Un—1,Un)}

= Amax {p(tn,un—1), p(Un,Uni1)} .

IN

Set L = max {p(tn, tn—1), p(Un, Un+1)}. There exists two cases. If L = p(un, tny1),
then we get p(tun+1, Un) < Ap(Unt1,Un) < p(Unt1,u,) which is a contradiction. So,
we must have L = p(uy, un—1) and then we have

P(Un+1; un) < )\P(Um unfl)'
By repeating this process, we obtain
(2.7) P(Unt1,un) < X" p(ur, uo)

for all n. On the other hand, since A™ — 0 for n — oo, there exists a natural
number ng such that 0 < \"°s < 1. For m,n € N with m > n, by using inequality
(2.7), we obtain

P(tn, m) < 8[p(tn, tng1) + p(Uny1, Uns2) + oo+ p(Ungo—3, Untu—2)
+p(un+v—27 un—i—no) + ,O(Un+n07 um,+n0) + p(um,—i-nm um)]

v—2
- Z P(Unyis Unyi) — P(un+no ) un+no) - P(um+no ) um+no)
=1
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< s[p(uns uny1) + p(Untr, Unta) + o+ p(Ungo—3, Unto—2)
+p(Un+v—2, Untng) + P(Untngs Umtng) + P(Umtng, Um)]
< s AT N plug, ug)

+5)\np(u1)72a uno) + S)\nop(un) um) + S)\mp(uno ) UO)'
So, we get

(L= sA") p(tns ) < s (A + A" 4o NPF073) plug, ug)
+S)\np(u’u—27 U”I’Lo) + SAmp(unoa UO).

By taking limit from both side, we have

n,?lv}LIEoo p(un’ Um) =0

Therefore, {u, } is a Cauchy sequence in E. By completing F, there exists b € E
such that
(2.8) lim p(un7 b)=lim p(“na“m) = p(ba b) = 0.

n— 00 n,Mm—00

Now, we show that b is a fixed point of S. From definition of partial b, (s) metric
space and inequality (2.6), we have

p(b,Sb) < s[p(b,unt1) + p(“n+laun+2) + ot p(Ungo—1, Ungo )+
Un+v7 Sb ZP u’ﬂ+7,7u’ﬂ+l

s [p(b, un+t1) + p(un+1, Unt2) + -+ P(Untv—1, Untv) + P(Untv, SD)]
s[p(0, uny1) + p(Unt1; Unt2) + - oo+ P(Untv—1, Unto) + P(SUntv—1,5D)]
s[p(b, unt1) + p(Unt1,Unt2) + o+ p(Unto—1, Untv)+

Amax {p(Un+v-1,b), p(Untv—1, Unto), p(b; SB)H] -

VANVARRVAN

Set F' = max {p(Untv—1,0), p(Unto—1,Untv), (b, Sb)}. There exists three cases:
1. If F = p(tuptv—1,b), then we get

P(b7 Sb) S S [p(b7 unJrl) + p(un+la un+2) +...+ P(Un+v—1, UnJr'u) + )\P(UnJrv—l, b)] .

So, it follows from (2.8) that p(b, Sb) = 0.
2. If F = p(tnty—1,Unty), then we get

p(b,5b) < 8 [p(b, 1) + pltnsts tnsa) + oo+ (L A) Pl )]

Again by using (2.8), we obtain that p(b, Sb) = 0.
3. If ' = p(b, Sb) then we get

(1= 5A) p(b, Sb) < s[p(b un+1) + p(Unt1,Unt2) + o+ P(Untv—1, Unto)] -
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Since A € [O, %), we obtain that p(b, Sb) = 0, that is, Sb = b. Thus, b is a fixed poit
of S.

Now we show the uniqueness of fixed point of S. Suppose on the contrary that
a and b are two distinct fixed points of S and p(a,b) > 0. It follows from (2.6) that

pla,b) = p(Sa,Sb) < Amax{p(a,bd),p(a,Sa), p(b, Sb)}

= Amax{p(a,d),p(a,a), p(b,b)}
= Ap(a,b) < p(a,b),

which is a cotradiction. Therefore, we must have p(a,b) = 0 and so a = b. Hence,
S has a unique fixed point. [

In definition 2.1, if we take s = 1, then we derive following definition of partial
v-generalized metric space.

Definition 2.3. Let E be a nonempty set and p: E x E — [0,00) be a mapping
and v € N. Then (FE, p) is said to be a partial v-generalized metric space if following
conditions hold for all u,w, 21, 22,...,2, € E:

L ou=w < p(u,u) = p(u, w) = p(w,w);

2. p(u,u) < p(u, w);

3. plu,w) = p(w, u);

4. pu,w) < p(u,z1) + p(z1,22) + ... + p(20-1, 20) + p(20,y) — Doy p(2i, 7).

In Theorems 2.1,2.2 and 2.3, if take s = 1, then we derive following fixed point
theorems in partial v-generalized metric space.
Corollary 2.1. Let (E,p) be a complete partial v-generalized metric space and
S : E — E be a contraction mapping, i.e., S satisfies

p(Su, Sw) < Ap(u, w)
for all u,w € E, where A € [0,1). Then S has a unique fived point b € S and
p(b,b) = 0.
Corollary 2.2. Let (E,p) be a complete partial v-generalized metric space and
S : E — E a mapping satisfying the following condition:
p(Su, Sy) < Ap(u, Su) + p(w, Sw)]
for all u,w € E, where \ € [0, %) Then S has a unique fixed point b € E and
p(b,b) = 0.
Corollary 2.3. Let (E,p) be a complete partial v-generalized metric space and
S : E — E a mapping satisfying:
p(Su, Sw) < Amax {p(u, w), p(u, Su), p(w, Sw)}

for all u,w € E and A € [0,1). Then, S has a unique fized point b € E and
p(b,b) = 0.
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2.2. b, () Metric Spaces

In 2017, Kamran et al. introduced following generalized metric space which they
called extended b-metric space.

Definition 2.4. [6] Let E be a nonempty set and let 6 : E x E — [1,00) be a
function. A function pg : E x E — [0,00) is called an extended b-metric if for all
u,v,w € E it satisfies:

1. po(u,w) =0 iff u = w;
2. pg(u,w) = p(wvu);
3. po(u,w) < 0 (u,w) [pe(u,v) + po(v, w)].

The pair (E, pg) is called an extended b-metric space.

It is clear that if 6 (u,w) = s for all u,w € E, then we obtain b-metric space.

From this point of view, we introduce following generalized metric space called
as b, (0) (or extended b,(s) ) metric space.

Definition 2.5. Let E be a nonempty set, § : E x E — [1,00) a function and v €
N. Then pg : E x E — [0,00) is called b, (6) metric if for all u, z1, 22, ..., 2y, w € E,
each of them different from each other, it satisfies

1. palu,w) = 0 iff 0 = ws
2. po(u,w) = pg(w,u);

3. po(u,w) <0 (u,w) [pp(u, 21) + po(21,22) + - + pg (20, w)].
The pair (E, pg) is called b, (0) metric space.

Remark 2.3. It is clear that if for all u,w € E

1. 0 (u,w) = s, then we obtain b,(s) metric space,

2. v =1, then we obtain extended b-metric space,

3. 0 (u,w) = s and v = 1, then we obtain b-metric space,

4. 0 (u,w) = s and v = 2, then we obtain rectangular b-metric space,
5. 0 (u,w) =1 and v = 2, then we obtain rectangular metric space,
6. 0 (u,w) =1, then we obtain v-generalized metric space,

7. 0 (u,w) =1 and v = 1, then we obtain usual metric space.

Example 2.2. Let E = N. Define mappings 0 : N x N — [1,00) and ps : N x N — [0, c0)
by 6 (u,w) = 3+ v+ w and

6, ifu,we{l,2} and u#w
po (u,w)=1< 1, fuorwée{1,2} andu#w
0, ifu=w

for all u,w € N. Then, it is easy to see that (F, pg) is a b, (6) metric space with v = 5.
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Definitions of Cauchy sequence, convergence and completeness can be easily
extended to the case of b, (6) metric space by the following way.

Definition 2.6. Let (E, pg) be a b, (6) metric space, {u,} a sequence in E and
u € E. Then,

a) {uy,} is said to converge to u in (E, pg) if for every € > 0, there exists ng € N
such that pg (un,u) < € for all n > ng and this convergence is denoted by
Uy, —> U

b) {u,} is said to be Cauchy sequence in (E, py) if for every € > 0, there exists
no € N such that pg (un, untp) < € for all n > ny and p > 0.

c) (E, pp) is said to be complete if every Cauchy sequence in E is convergent in
E.

Now, we are in the position to prove fixed point theorems in b, () metric spaces.
But first, we prove following lemmas which we need in the proof of main theorems.

Lemma 2.1. Let (E, pg) be a b,(0) metric space, S : E — E a mapping and {u, }
a sequence in E defined by up11 = Su, = S™ug such that u, # un41. Suppose that
¢ €[0,1) such that

Po (Un+1a Un) < cpy (una un—l)
for alln € N. Then u,, # u, for all distinct n,m € N.

Proof. Since the proof is very similar with the proof of Lemma 1.11 of [10], we omit
it. O

Lemma 2.2. Let (E,py) be a b,(0) metric space with a bounded function 6 and
{un} a sequence in E defined by u,11 = Su, = S™ug such that u, # uy, for all
n,m € N. Assume that there exist ¢ € [0,1) and ki, ke € RT U {0} such that

(2.9) Po (U, un) < cpg (Um—1,Un—1) + k1™ + kac™
for all n,m € N. Then {u,} is a Cauchy sequence in E.

Proof. Tt is easy to see that {u,} is Cauchy if ¢ = 0. So, we should assume that
¢ # 0. Since function 6 (u, w) is bounded, there exists a number ng € N such that
(2.10) 0< ™0 (u,w) <1

for all u,w € E. From hypothesis of lemma, we can write

cpo (tn, Up_1) + ke + koc™

c (C,O9 (Up—1,Un—2) + k1™ + k‘gc"_l) + k1T 4 koc?

pg (Up_1,Up_2) +2 (klc"H + kgcn)

po (Unt1,un)

IA A

c"pg (ur,up) +m (klc"+1 + kgc”) )
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Similarly, for all £ > 1, we can write
P0 (Um ke Untk) < € pp (tm,un) + k (k1™ + ko™ TF) .

If v > 2, then from the definition of b, (f) metric space, we get

po (Un, ) < 0 (Uns Um) [P0 (Un, Uny1) + po (Ung1, Uny2)
+--+po (unJrvf?n un+v72) + Po (un+v727 unJrng)
+pe (Un+novum+no) + peo (Um+n0, Um)] -

Then, we have

Po (Un,tm) < 0 (Un, ) [(" 4+ 4 473 pg (ug, up)
+ (ke + ko) (nc® + (n+ 1) " o 4 (n+ v — 3) " TV7P)
+c"po (Up—2, Uy ) + nc™ (klcv_Q + kQCWO)
+¢" pg (Uns U ) + noc™ (k1c”™ + kac™)

+ " pg (Ung, uo) + me™ (k1c™ + ko)) .

So, we obtain

po (Un, tm) (1 — "0 (up, um)) <
<0 (Un, ) [(cn +M c”+”_3) po (ug, u1)
+ (krc+ ko) (nc” + (n+1) ™+ 4 (n+v—3) "3
+¢"pg (Up—2,Uny) +nc™ (k1" + kac™) 4+ ngc™ (krc”™ + kac™)
+ " pp (Ung, o) + me™ (k1c™ + k)] .
Since lim;, oo ne™ = 0 and 1 —c¢"0 (up, u) > 0, using (2.9), we have pg (Un, ) —

0 as n,m — oo. This means that {u,} is a Cauchy sequence. Since b, (s) metric
space is a ba, (52) metric space, if v = 1, then {u,} is Cauchy. O

Now we can give Banach fixed point theorem in complete b, (#) metric space.

Theorem 2.4. Let (E, pg) be a complete b, (0) metric space with a bounded func-
tion 6 and S : E — E a contraction mapping, i.e., there exists a constant ¢ € [0,1)
such that

(2.11) po (Su, Sw) < cpg (u, w)

for all u,w € E. Then S has a unique fized point.

Proof. Let ug € E be an arbitrary initial point and let {u,} be a sequence defined
by Uny1 = Su, = S" ug and u, # U,y for all n > 0. It follows from Lemma 2.1
that u, # u,, for all n,m € N. Since S is a contraction mapping, we can write

Po (Unaum) = pPo (Sun—la Sum—l) < cpy (un—laum—l) .
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From Lemma 2.2, we have {u,} is a Cauchy sequence. So, it follows from complete-
ness of E that there exists an element v € E such that u,, — u. Now, we show that
u € FixS, ie., u= Su.

po (u,Su) < 0(u, Su)[pg (u, unt1) + po (Unt1, Unt2)

+ o+ po (Ungo—1, Untv) + Po (Unto, SU)]

0 (u, Su) [po (u, unt1) + po (Unt1, Un+2)

+ 4 po (Un+v—1v Un-&-v) =+ po (Sun+v—1a Su)]
0 (u, Su) [pg (w; unt1) + po (Unt1, Un+2)

+ -+ po (Ungv—1, Unto) + o (Untu—1,u)] .

IN

Since 6 is a bounded function and {u,, } is Cauchy with u,, — u, we have py (u, Su) =
0. This means that u € FixS. Next, we need to show that u is a unique fixed point.
To the contrary, let assume that there exists another fixed point w. Since

po (u,w) = pg (Su, Sw) < cpp (u,w) < py (u, w),
we get u = w that is u is the unique fixed point of S. O

Remark 2.4. In Theorem 2.4,

1. if we take the constant v = 1 and the function 6 (u,w) = 1 for all u,w € E, then we
derive classical Banach fixed point theorem in usual metric spaces.

2. if we take 6 (u,w) = s for all u,w € E where s > 1, then we derive Theorem 2.1 of
[10] in b, (s) metric spaces.

3. if v =1and 0 (u,w) = s for all u,w € E, then we derive Theorem 2.1 of [13] in
b-metric spaces.

4. if v =2 and 6 (u,w) = s for all u,w € E, then we derive Theorem 2.1 of [14] and so
main theorem of [3] in rectangular b-metric spaces.

5. if O (u,w) = 1 for all u,w € E, then we derive main result of Branciari [9] in
v-generalized metric spaces.

In literature, there exist various type of contraction mappings. Weakly con-
tractive mapping is one of this type of contractions which generalize usual con-
tractions. A mapping S : F — E is called weakly contractive if there exists a
continuous and nondecreasing function ¢ (t) defined from Rt U {0} onto itself such
that ¢ (0) = 0,¢ (t) = co as t — oo and for all u,w € E

(2.12) po (Su, Sw) < pg (u, w) — P (po (u,w)).

Now, we generalize Banach fixed point theorem for weakly contractive mappings
in b, (#) metric space.

Theorem 2.5. Let E be a complete b, (8) metric space and S a weakly contractive
mapping on E. Then S has a unique fixed point.
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Proof. Let ug € E be an arbitrary initial point. Define sequence {u, } by u; = Suy,
uy = Su; = S%ug,. .., upi1 = Su, = S"ug. If u, = u,yq for all n € N where N
is the set of positive integer, then proof is trivial. So, let assume that w, # w,41
for all n. Moreover, the case that wu,, # u,, for all different n and m can be easily
proved. From (2.12), we can write

Po (Unt1,Unypr1) = po (Stn, Stnip)
< pe (um Un+p) - (p9 (Una Un+p))

for all n,p € N. Let a, = pg (Un, Untp). Since ¢ is nondecreasing, we have
(2.13) ant1 < ap — Y (an) < ag.

Thus, the sequence {«,} has a limit « > 0. Now we should show that o = 0.
Assume to the contrary that « > 0. Using (2.13), we have

¥ (an) = ¢ (@) > 0.

So, we get

Q41 S Oy — ¢ (Oé) .
Hence, we obtain ay4m < ay, — N () which is a contradiction for large enough
N. This proves that & = 0. This means that {u,} is Cauchy. Completeness of E

implies that there exists a point u € E such that u,, — u. Now, we show that u is
a fixed point of S. Using (2.12) and definition of pg, we get

po (u, Su) < 0 (u, Su)[pg (U, tny1) + po (Unt1, tny2)
+.. .+ po (un+v—17 un-i-v) + po (un+v7 Su)]
= 0(u, Su) [pg (u; unt1) + po (Un+1, Un2)
+ oot o (Ungo—1, Unyo) + po (StUnyo—1,5U)]
0 (u, Su) [po (4, unt1) + po (tn41; Unt2) + ...+
P8 (Untv—1, Untv) + P8 (Unto—1,%) — Y (Po (Untv—1,u))] .

IA

Since pg (Un, Un+p) — 0 and u, — u as n — oo and ¢ (0) = 0, we have w is a fixed
point of S.

To prove the uniqueness of fixed point, we can assume that there exist one more
fixed point w. Since S is a weakly contractive mapping, we have

po (u, w) = pg (Su, Sw) < pg (u, w) — 9 (pg (u,w)) < pg (u,w).
So u = w This finishes the proof. O

Remark 2.5. In Theorem 2.5,

1. if we take the constant v = 1, the function 6 (u,w) = 1 for all u,w € F and ¥(t) = ct,
then we derive classical Banach fixed point theorem.
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2. if we take (t) = ct and 0 (u,w) = s where s € [1,00), then we derive Theorem 2.1
of [10]
3. ifv=1, 0 (u,w) = s and ¥(t) = ct, then we derive Theorem 2.1 of [13].

4. if v =2, 0 (u,w) = s and (t) = ct, then we derive Theorem 2.1 of [14] and so main
theorem of [3].

5. if v =1 and 0 (u, w) = s, then we derive main theorem of [12].
Now, we give Reich fixed point theorem.

Theorem 2.6. Let (E, pg) be a complete b, (0) metric space with a bounded func-
tion 0 and S : E — E a mapping satisfying:

(2.14) po (Su, Sw) < apg (u,w) + Bpg (u, Su) + vpo (w, Sw)

for all u,w € E where o, B,y are nonnegative constants with o + 8 + v < 1 and
r < I% where I'y = min {8,v} and Iy = max {0 (u, Su),0 (Su,uw)}. Then S has
a unique fixed point. Moreover, sequence {uy,} defined by u, = Su,_1 converges

strongly to the unique fized point of S.

Proof. Let {u,} be a sequence defined by u, .1 = Su, = S" luy where vy € F
is an arbitrary initial point. If u, = u,y; for all n € N, it is easy to see that wug
is a fixed point of S. Now, we assume that u, # up41 for all n. From (2.14) and
definition of {uy,}, we have

Po (un-‘rlaun) = Peo (Surusun—l)
< apg (Un,un—1) + Bpo (tn, Sun) + vpo (tn—1, Stn_1)
= apg (Un,Un—1) + Bpo (Un, Unt1) + Vo (Un—1,Un) .

Then, we get
o+
po (Unt1,un) < 1 L g (t, tn1)
-3
< (?—F;) po (U1, uo) .
Since a + 5+ v < 1, then it is clear that 0 < % < 1. So, we obtain
(2.15) lim pg (uny1,u,) =0.

n—oo
Also, since we assume that u,, # un,41 for all n and pg (up41, upn) < %’;pg (Un, Upn—1),

then it follows from Lemma 2.1 that w, # u,, for all n,m € N. So, we have

po (Un,um) = po(Stun—1,SUm-1)

apg (Un—1,Um—1) + Bpo (Un—1,SUn_1) +YBpo (Um—1, StUm—1)
apg (Un—1,Um—1) + Bpo (Un—1,un) + 7806 (Um—1,Um)

n—1 m—1
apy (Un—1,Um—1) + (5 (?j;) JrV(?j;) )Pe (w1, uo) -

IA

IN
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It follows from Lemma 2.2 that {u,} is a Cauchy sequence. So, from the complete-
ness of E, we obtain that there exists a point © € E such that u,, — u. Now, we
show that u is a fixed point of S, i.e., pg (u, Su) = 0. Since

po (u, Su) < 0(u,Su)[po (u, unt1) + po (Unt1, Unt2) + -+
+p9 (un-l-v—la un-‘rv) + Po (un-i-va Su)}

< 0 (u,Su) [ps (v, unt1) + po (Unt1,Unt2) + -+
+P0 (unJrvfl; un+v) + Po (SunJrvfla S’LL)]
< 0(u,Su) [ps (v, un+1) + po (Unt1,Unt2) + -+

+p9 (un-i-v—l; un-‘rv) +
+CYP9 (un+v717 u) + 5P9 (un+v717 unJrv) + YPo (u7 S’U,)} 5

we have

(1 =70 (u, Su)) po (u, Su) < 0 (u, Su) [po (u, un+1) + po (Unt1, Unt2) + -+
+ po (un+v—1; un+v) + apg (un+v—1a u) + /BPG (un-i-v—la Un+1;)] .

Since I'1 < F%, we get (1 —~0 (u,Su)) € [0,1). So, it follows from (2.15) and
convergence of {u,} that pg (u, Su) = 0. This means that wu is a fixed point of S.
Now, we need to show that « is a unique fixed point. Let assume that there exists
another fixed point v. Then, we have

po (u,v) = po(Su, Sv) < apg (u,v) + Bpe (u, Su) + dpg (v, Sv)

= apg(u,0).

Since a < 1, we obtain that pg (u,v) = 0, i.e., u is the unique fixed point of S. O

Remark 2.6. In Theorem 2.6, if we take 6 (u,w) = s for all u,w € F where s > 1, then
we derive Theorem 2.4 of [10].

In Reich fixed point theorem, if we get e = 0, then we obtain following general-
ized Kannan fixed point theorem in b, (6) metric spaces.

Theorem 2.7. Let E be a complete b, (8) metric space and S a mapping on E
satisfying:

po (Su, Sw) < Bpg (u, Su) +ype (w, Sw)
for all u,w € E where § and vy are nonnegative constants with § + v < 1 and

I < F% where I'y = min {3,~v} and 'y = max {0 (u, Su), 0 (Su,u)}. Then S has a
unique fixed point.
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Remark 2.7. In Theorem 2.7,

1. ifv=1and 0 (u,w) =1 for all u,w € E where s > 1, then we obtain Kannan fixed
point theorem [7] in complete usual metric spaces.

2. if v =2 and 0 (u,w) = s for all u,w € E where s > 1, then we derive Theorem 2.4
of [3].

3. ifv=2and 6 (u,w) =1 for all u,w € E where s > 1, then we obtain main theorem
of [15] without the assumption of orbitally completeness of the space and the main
theorem of [11].

10.

11.

12.

13.

14.

15.
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Abstract. In this study, we have expressed the notion of k-type slant helix in 4-
symplectic space. Also, we have generated some differential equations for k-type slant
helix of symplectic regular curves.

Keywords: Symplectic curve; k-Type slant helix.

1. Introduction

The helix concept is an important area for differential geometers due to its
numerous applications in many areas from physics to engineering. So, many authors
are interested in helices to study in Euclidean 3-space and Euclidean 4-space. In
[7, 6, 9], the authors gave new characterizations for an helix. The notion of a slant
helix belongs to Izumiya and Takeuchi [4]. They consider the principle normal
vector field of the curve instead of tangent vector field and they defined a new kind
of helix which is called slant helix. Recently, some studies have been done to extend
the definitions of helix and slant helix to Minkowski space (see [1, 2, 3] ) and other
frames [8].

2. Preliminaries

Let us give a brief related to symplectic space. One can found a brief account
of the symplectic space in [10, 5]. The symplectic space Sim = (R*, Q) is the vector
space R* endowed with the standard symplectic form €, given in global Darboux

2
coordinates by Q = > dx; A dy;. Each tangent space is endowed with symplectic
i=1
inner product defined in canonical basis by
(u,v) = Qu,v)
= zim + xan2 — y1§1 — Y2&o

Received May 21, 2019; accepted August 07, 2019
2010 Mathematics Subject Classification. 53A15, 53D05.
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where u = (21, x2,y1,y2) and v = (&1, &2, 11, 72).

A symplectic frame is a smooth section of the bundle of linear frames over R*
which assigns to every point z € R* an ordered basis of tangent vectors a, as, az, a;with
the property that

(2.1) (aiyaj) = (az4ira245) =0, 1<4d,5<2,

(2.2) (ai;as1j) =0, 1<i#j<2,

(aiaoq) =1, 1<i<2

Let z(t) : R — R* denotes a local parametrized curve. In our notation, we allow
z to be defined on an open interval of R. As it is customary in classical mechanics,
we use the notation Z to denote differentiation with respect to the parameter ¢

s
Cdt’

Definition 2.1. A curve z(¢) is said to be symplectic regular if it satisfies the
following non-degeneracy condition

(2.3) (¢, 2)#0, forallteR.

Definition 2.2. Let typ € R, then the symplectic arc length s of a symplectic
regular curve starting at tq is defined by

¢
(2.4) s () = / GV fort >t
to
Taking the extrerior differential of (2.4) we obtain the symplectic arc length

element as
ds= (3, 53 dt.

Dually, the arc length derivative operator is

d . w173 d
2.5 D=—={(%, al
(2.5) A G B
In the following, primes are used to denote differentiation with respect to the sym-
plectic arc length derivative operator (2.5)

’ dz
z = —.
ds
Definition 2.3. A symplectic regular curve is parametrized by symplectic arc

length if
(2,2) =1, forallteR.
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Let z(s) be a symplectic regular curve in Sim = (R* Q). In this case there
exist only one Frenet frame {a;(s), a2(s), as(s), as(s)} for which z(s) is a symplectic
regular curve with Frenet equations

(2.6) ay (s)

as(s), ay(s) = Ha(s)aa(s),
as(s) =k

1(s)a1(s) + az(s), as(s) = ai(s) + ka(s)as(s),

where Hy(s) = constant(# 0) [10].

In [2], the authors introduced the k-type slant helix in Minkowski 4-dimensional
space Ef. Now, we extend the concept of slant helix for symplectic regular curve as
follows:

Definition 2.4. Let z be a symplectic regular curve with the Frenet frame
{a1(s),az2(s),as(s),as(s)}. We say that z is a k-type slant helix if there exists a
(non-zero) constant vector field U € R* such that

(ag+1(s),U) = const.

for 0 < k£ < 3 where U is an axis of the curve.

In particular, 0-type slant helices are general helices and 1-type slant helices are
slant helices.

3. k-Type Slant Helices

Theorem 3.1. Let z be a symplectic regular curve in Sim = (R*, Q). Then z is
0-type slant heliz(or general heliz) if and only if

(3.1) = const.

Morever, z is also a k-type slant heliz, for k € {1,2,3}.

Proof. Assume that z is a O-type slant helix. Then for a constant vector field U,
we have (a;(s),U) = c is constant. Differentiating this equation and using Frenet
equations, we obtain (asz(s),U) = 0. So U is orthogonal to a3(s) and we can
decompose U as differentiating (3.1) and using Frenet equations, one arrives to

cki(s) +Us(s) = 0,
(3.2) Ui(s) = 0,
c—+ U4k2(8) = 0.

Thus Uy is constant. By (3.1) and (3.2) can easily obtained. Converse of proof is
obvious. [
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Theorem 3.2. Let z be a symplectic reqular curve in Sim = (R*, Q) with Frenet

frame {a1(s),a2(s),as(s),as(s)}, where ki(s) # const(# 0), ka(s) # const(#£ 0)
and Hs(s) = const = ¢q. If z is a 0-slant heliz, then

(3.3) ki () — coki(s)ka(s) + co = 0.

Proof. Assume that z is a O-type slant helix. Then for a constant vector field U,
we have

(3.4) (a1(s),U) = c.

Differentiating this equation and using Frenet equations, we obtain
(3.5) {az(s),U) = 0.

Taking the derivative of equation (3.5) with respect to s, we have
(3.6) (az(s),U) = —cki(s).

Now, if we differentiate (3.6) and use the Frenet frame, we get

—c
3.7 U) = ——ki(s).

(37) (@2(6).U) = ki ()

Hence, we differentiate (3.7) for the last time. Taking into account of hypotesis of
the Theorem and the Frenet frame, we obtain (3.3). O

Corollary 3.1. Let z be a symplectic regular curve in Sim = (R*, Q) with Frenet
frame {a1(s),as(s),as(s),as(s)}. If z is a O-type slant heliz, then we have following
diffrential equation

(3.8) iy (5) — cok(s) — 1 = 0,

where cg = Ha(s) = const(# 0) and k1(s) # const(# 0) and ka(s) # const(# 0).
Proof. From (3.3) and (3.1) we obtain (3.8). O

Corollary 3.2. Let z be a symplectic reqular curve in Sim = (R*, Q) with Frenet
frame {a1(s), az(s),as(s),as(s)}. a) If z is a O-type slant helix with k1(s) = const(#
0), then we have

(3.9) ka(s) = %(S)

b) If z is a O-type slant helix with kq(s) = const(# 0), then we have

(3.10) Hy(s) = —

Similarly, we can give the following conclusions:
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Theorem 3.3. Let z be a symplectic reqular curve in Sim = (R* Q) with Frenet
frame {a1(s),a2(s),as(s),aqs(s)} with k1(s) # const(# 0), ka(s) # const(#£ 0) and
Hs(s) = const(#£ 0). If z is a 1-type slant helix, then

(3.11) ky () — k1 (s)ka(s) +1=0.

Corollary 3.3. Let z be a symplectic regular curve in Sim = (R*, Q) with Frenet
frame {a1(s),az(s),asz(s),as(s)} with non-zero constant ki(s), ka(s), Ha(s). If z is
a 1-type slant helix, then

(3.12) ki(s) =

Morever z is also a k-type slant helix, for k& € {2,3}. In this case, we have the
following:

Theorem 3.4. Let z be a symplectic reqular curve in Sim = (R* Q) with Frenet
frame {a1(s),a2(s),as(s),as(s)} with k1(s) # const(# 0), ka(s) # const(#£ 0) and
Hs(s) = const(#£ 0). If z is a 2-type slant helix, then we get

(3.13) (ky () + Ha(s) = Ha(s)ki(s)ka(s) (a1(5), U) = —2k{(s)c,

where ¢ 1s a constant.

Theorem 3.5. Let z be a symplectic regular curve in Sim = (R*, Q) with Frenet
frame {a1(s),a2(s), as(s),as(s)} with ki(s) # const(# 0), ka(s) # const(# 0) and
Hj(s) = const(# 0). If z is a 3-type slant heliz, then we have

(3.14) (ks (5) = k1 (s)ka(s) + 1) (aa(s), U) = —2cky(s) Ha(s),

where ¢ is a constant.
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Abstract. Our aim in this paper is to establish the weak existence theorem and find
under suitable assumptions sufficient conditions on m, p and the initial data for which
the blow up takes place for the following boundary value problem:

t
|we|Puse — Au — Auge + / g(t — s)Au(s)ds + |ue|™™ 2w, = [ulP™ 2w,
0

This paper extends some of the results obtained by the authors and it is focused on
new results which are consequence of the presence of variable exponents.
Keywords: Variable exponents; weak solutions; blow up.

1. Introduction

Let @ € IR"(n > 2) be a bounded Lipschitz domain and 0 < T' < co. We
consider the following initial boundary value problem:

¢
|ue|Puse — Au — Augy —|—/ g(t — s)Au(s)ds
0

(1) a2, = WP 2, (,0) € Qr

u(z,t) =0, (x,t) € Sr,

u(z,0) = uo(z), u(z,0) = ui(z), =z €9,

where Q1 = Q x (0,T] and St denote the lateral boundary of the cylinder Qr.
It is assumed throughout the paper that the exponents m(z) and p(z) are continu-
ous in  with logarithmic module of continuity:
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(1.2) 1 <m™ =essinf m(z) <m(z) <m" = esssupm(z) < oo,
z€Q zEQ
(1.3) 1<p =essinf p(z) < p(z) <p" =esssupp(z) < o0,
z€Q zeQ

(1.4) vz, €Q |z =& <1 |m(z) —m(§)] + |p(z) — p(§)| < w(lz = &)),
where 1

1.5 lim supw(7)in— = C < 4o0.

(15) lim supo(r)in
Remark 1.1. We use the standard Lebesgue space LF(2) and the Sobolev space Hg ()
with their usual scalar product and norms. We will use the embedding Hg () < L*(Q)
for 2 <s<2n/(n—2)ifn>3o0rs>2if n =12 The generic embedding constant,

denoted by C. is given by
(1.6) [ulls < Cul[Vull2.

And we also assume that
(Hy) : p is a constant that satisfies

0<p< ifn>3 and O0<p if n=12.

n—2
(Hy):g: Ry — IRy is bounded C! function satisfying

g(0) >0, 1 —/ g(s)ds =1>0.
0
(Hg) : There exists £ > 0 such that

g'(t) < =&(t)g(t),t > 0.

If m, p are constants, there have been many results about the existence and blow-up
properties of the solutions, we refer the readers to the bibliography given in [5]-[25].
In recent years, a great attention has been focused on the study of mathematical
models of electro-rheological fluids. These models include hyperbolic, parabolic or
elliptic equations which are nonlinear with respect to gradient of the thought solu-
tion and with variable exponents of nonlinearity see ([3]-[12]-[15]-[23]-[24]) and the
references therein. It should be mentioned that questions of existence, uniqueness
and regularity of weak solutions for parabolic and elliptic equations have been stud-
ied by many authors under various conditions on the data and by different methods-
(see [[1],]2]] and the further references therein).

To the best of our knowledge, there are only a few works about viscoelastic hyper-
bolic equations with variable exponents of nonlinearity. In [4] the authors investi-
gated the finite time blow-up of solutions for viscoelastic hyperbolic equations, and
in [5] the authors discussed only the viscoelastic hyperbolic problem with constant
exponents. Motivated by the works of [[5],[4]], we shall study the existence and
energy decay of the solutions to problem (1.1) and state some properties to the
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solutions.

The present paper is organized as follows. In Section 2, we introduce the function
spaces of Orlicz-Sobolev type and a brief description of their main properties, give
the definition of the weak solution to the problem and prove the existence of weak
solutions for problem (1.1) with Galerkin’s method. In the last sections, we finally
prove the desired results.

2. Existence of weak solutions

In this section, the existence of weak solutions is studied. Firstly, we introduce
some Banach spaces

Lr@)(Q) = {u(:z:) :u is measurable in Q, A, (u) = / Ju(z)|P® dx < oo} ,
Q

with the following Luxembourg-type norm
[ullpiy = inf {X>0,A4,)(u/A) <1 }.

We, next, define the variable-exponent Lebesgue Sobolev space WP()(Q) as fol-
lows:

Wir()(Q) = {u € L’ (Q) such that Vu exists and |Vu| € Lp(')(Q)} .

This space is a Banach space with respect to the norm |[ufly1.r0) (@) = llullpe) +
[ Vulp(.y. Furthermore, we set Wol’p(‘)(Q) to be the closure of C$°(Q) in W1P()(Q).

Here we note that the space WO1 P (')(Q) is usually defined in a different way for
the variable exponent case. However, both definitions are equivalent (see [10]).

The dual of Wol’p(')(ﬂ) is defined as W57 ()(Q); in the same way as the classical
Sobolev spaces, where ﬁ + p%(.) =1.

Lemma 2.1. ([3]) For u € LP®)(Q), the following relations hold:
L ullpy < (= 1;,>1) & Apy(u) < 1(=1;> 1);

+ —_
2. Nullpy < 1= [ull%) < Ay () < llullZ;

+ —_
lullpty > 1= ull? ) > Ay () = ull? )

3. ||qu(,) — 0 Ap(,)(u) — 0; ||qu(.) — 00 <= Ap(,)(u) — OQ.

Lemma 2.2. (/26]) For u € Wol’p(')(ﬂ), if p satisfies condition (1.2), the p(.)-
Poincaré’s inequality
lullp@) < ClIVullpe),

holds, where the positive constant C' depends on p and ).
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Remark 2.1. Note that the following inequality

/ luP®dz < C/ |Vu|P® da,
o Q

does not in general hold.

Lemma 2.3. ([10]). Let Q2 be an open domain (that may be unbounded) in IR"
with cone property. If p(z) : @ — R is Lipschitz continuous function satisfying
1<p™ <pt <P andr(z): Q= IR is measurable and satisfies

np(x)

m (l.efL'EQ,

px) <r(z) <p*(r) =
then there is a continuous embedding W@ (Q) — L7®)(Q).

The main theorem in this section is the following:

Theorem 2.1. Let ug,u; € Hg(2) be given. Assume that the exponents m(x) and
p(x) satisfy conditions (1.2)-(1.4). Then the problem (1.1) has at least one weak
solution u : Q x (0,00) — IR in the class

u € L°(0,00; HL (), v/ € L™=(0,00; H3(Q)), u” € L*>(0, 00; HL(2)).
And one of the following conditions holds:

np-
n—p-

(A1)2<p_<p+<max{n, }, 2<m”- <mt<p;

2 3p~ —2

(A) max{l,n}<p<p+<2, l<m™ <mt<Z "%
n+2 p-
Proof. Let us take for {w;}32, the orthogonal basis of H () such that

7A’LUj = Ajﬂ)j,ﬂj (S Q, w; = 0, x € 0N.

We denote by Vi, = span {w;, .....,wy} the subspace generated by the first &k vectors
of the basis {w}22;. By normalization, we have [Jw;|l2 = 1. Let us define the
operator:

t
< Lu,¢> = / [|ut|”uttq§ + VuVep + Vuy Vo — / g(t — s)VuVods
Q 0

g M) =20, — a|u|p(z)*2u¢] dx, ¢ € V.
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k
For any given integer k, we consider the approximate solution wuy = Zcf (t)w;,
i=1
which satisfies
< Lup,w; >=0 1=1,2,....k,
(2.1)
ur(0) = uo, upt(0) = w1k,
where
k k
Ugr = Z(umwi)wi,ulk = Z(ul,wi)wi and uop, — U, urg — uy in HE ().
i=1 i=1

Here we denote by (.,.) the inner product in IL?(Q).

Problem (1.1) generates the system of k ordinary differential equations

Pk

SO wi| (DO = Nk + A [ gt = s)ck(5)ds
b m(z)=2
+| Q@) wi) (D (e (@) wi)
(2.2) i=1 i=1
k p(z)—2 k
—« (Z C?(t)v wl) (Z C?(t), wl)v
cF(0) = (ug,w;), (cF(0)) = (u,w;), i=1,2,..k.

7 (3

By the standard theory of the ODE system, we infer that the problem (2.2) admits
a unique solution c¥(¢) in [0, tx], where t;, > 0. Then we can obtain an approximate

solution wug(¢) for (1.1) in V4, over [0, tx]. This solution can be extended to [0, T, for
any given 7' > 0, by the estimate below. Multiplying (2.1) by (c¥(¢))’ and summing
with respect to ¢ we arrive at the relation

+2
0 =& (ot + Ivucl + 19 8) + [ " Oa

(2.3) ¢ Q .
-4 (/O g(ts)A(ka(s)vu;(t)dxds)> —ad (/Qp(x)|uk|p(””)dac>.

Multiplying (2.1) by (cF(¢))’, integrating over Qr, using integration by part and
Green formula, one obtains

t , 1d
» ~[ae-s [ (uu(e). T 0)dods = 550 T

1
—5(g" o Vur)(t) — %%/0 9(s)ds|[Vurll3 + 59(®)I Va3,
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here
(poVY)(t) = /O p(t = 5)[Ve(t) — Vi (s)3ds.
Combining (2.3)-(2.4) and (Hz) — (Hs), we get

1

Sla A

1
|| k||p+2+*HVukllz (g0 Vur)(t)

1
=59
2

1 T
o%@ﬁ—wﬁme.meﬁw

Integrating (2.5) over (0,t), and using the assumptions (1.2)-(1.4), it is easy to
verify that

1 1 ¢ 1
ﬁl\%”ﬁig +§IIVUZH§+§ (1—/0 g(s)d ) | Vurll3 + (goVuk)()
,aﬁwﬂp(r) <4,

where C is a positive constant depending only on [[uo|| g, [[u || a; -
According to the Lemma 2.1, we also have

, 1 K 1
sralluilly s + 511V l3 +5 (1= [ 9(s)ds ) [IVul3 + 5 (g0 Vur)(t)
(2.6) ? 0

_max{af\|uk\\ - p<on

ooy 5 ko)
In view of (Hy) — (H2) — (H3) and (A1) — (Az), we get
(2.7) i I3 + IVuill3 + (9 0 V) (t) < Coa,

where C5 is positive constant depending only on [[ug|| g2, [[u1 || g1, 1, p~, p™. It follows
from (2.7) that

(2.8) ug is uniformly bounded in  IL°°(0,T; H} (Q)).

2.9 u,,  is uniformly bounded in  IL°°(0,T; HL(Q)).
k 0

Next, multiplying (1.1) by (¢¥(¢))"” and then summing with respect to i, we get the
following

d 1
[ vplaiae 1913 + 5 (slal™) = - [ vuviga
(2.10) t \m(z)

/’@_@/vwwwwmw+a/mm“ 2ugulde.
o Q Q

Note that we have the estimates for € > 0

1
(2.11) /Q Juil?luPde < Celllu|?ll3 + - luils,
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1
(2.12) < e Vuillz + 1 Vuxllz,

- / VuiVuydz

’ /t t_s/vuk (s)Vuy(t)dzds
(2.13) **/ (/ (£ = &) Vuur(s >df)2dw+el|Vu2|§
< el Vuyl3+ £ / <>cis [ ot=9) [ [uo)Pasas

< e Va3 + 4=he@ / |Vui(s) 2ds,

and
2.14 ol [Ju [P 2upuyl]| < aellu]l3 + 2 P 2|3
1 _
(2.14) < ac||u! |\2+E/(|uk|p<r> 20,)2dz.
Q

From Lemma 2.2, we have
(2.15) luills < C*[[Vui]3,

and
/(\u [P 20,)2 dx,/ g 2P Dy oy
Q
(2.16) <maX /|Uk|2(p 1)dx/\uk|2(p Ddx}
< ma { O T |V | 2, 0T Va7

where C; C* are embedding constants. Taking into account (2.10)-(2.16), we obtain
1
C’E/ Vg |*Pdx + — / |u |2dz + (1 — 2 — aeC)||Vull||3
Q de Jq

m(x l
B () < HITug + / |V ur(s) | 3ds
+maX{C’ 20— 71) | V|| >~ = C’ 2p+ 1||Vuk||p+ 1}.

Integrating (2.17) over (0,t¢) and using (2.7), Lemma 2.3 we get

¢
C.TC? + L W l|?dz + (1 — 2 — acC V! ||2ds
2 Tae f I A kll2

(2.18) ) )
4 / iy "D dzr < (O + (1 = 1)g(0)T) + Cu,
Q m(x) 4e

where C} is a positive constant depending only on ||| gy Taking a.e small enough
n (2.18), we obtain the estimate

(2.19) / [l ds+/ e )| wl | dx < Cs.
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Hence according to the Lemma 2.1, we have that

I . 1 m- 1 mt
@20 o [ haas e nin d iz, el b < o

where Cj is a positive constant depending only on |[uo ||z, lullmz, I, 9(0), T.
From estimate (2.20), we get

(2.21) uf is uniformly bounded in IL2(0, T; H} (Q)).

By (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of u and
function u such that

(2.22) u; —u  weakly star in  L°°(0,T; H} (Q)),

by (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and a
function w such that

(2.23) u; — v weakly star in  IL°°(0,T; H3(Q)),

(2.24) u; —u  weakly in ILP (0,T; WP@(Q)),

where Cj is a positive constant depending only on [luol| gz, flu1 . I, 9(0), T.
From estimate (2.20), we get

(2.25) uf is uniformly bounded in  IL2(0, T; H} (Q)).

By (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and
function u such that
(2.26) u; —u  weakly star in  IL°°(0,T; Hy (),

by (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and
function w such that

(2.27) u; — v weakly star in  IL°°(0,T; H3(Q)),

(2.28) u; —u  weakly in IL? (0,T; WHP@(Q)),
(2.29) u =/ weakly star in  IL°(0,T; H} (Q)),
(2.30) u! — " weakly in  IL2(0,T; H} (Q)).

Next, we will deal with the nonlinear term. From the Aubin-Lions theorem, see
([20], pp.57-58], it follows from (2.29) and (2.30) that there exists a subsequence of
u;, still represented by the same notation, such that
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ui — u' strongly in IL?(0,7T;1L%(Q)), which implies that u; — ' almost every-
where in Q x (0,T). Hence, by (2.27) — (2.30), we have

(2.31) [ui[Pul — |u'|Pu” weakly in  Q x (0,7T),

(2.32) Ju; [P =20 — P2y weakly in - Q x (0,7),

(2.33)  |ul|™@® 72y — o/ ®) =2y almost everywhere in - Q x (0,T).

Multiplying (2.2) by ¢(¢) € C(0,T)(which C(0,T) is space of C* function with
compact support in (0,7")) and integrating the obtained result over (0,T"), we obtain
that

(2.34) < Lup,wid(t) >=0, i=1,2, ..., k.

Note that {w;}22; is basis of H}(2). Convergence (2.27)-(2.33) is sufficient to pass
to the limit in (2.34) in order to get

t
\ut\putt—Au—Autt—i—/ g(t—3)Au(s)ds+|u, "2, = [u|P® "2y in IL2(0,T; HE(Q)),
0

for arbitrary T' > 0. In view of (2.27) — (2.30) and Lemma 3.3.17 in [?], we derive
that
ug(0) — u(0) weakly in Hg(Q), uj(0) — u'(0) weakly in Hj ().

Hence, we get u(0) = ug, u1(0) = u;. Then, we conclude the proof of the Theorem
2.1. O

3. Blow up

In this section, we shall prove our main result concerning the blow-up of solutions
to Theorem 2.1. For this task, we define

1 1 1 t
E(t) = P2 - 24 17/ d 2
51) (t) p+2HUth+z+ 2IIWtIIﬁ 5 ; g(s)ds | [[Vullz

+(00u)E) — [l

where - »
(3.2) out) = [ glslds < 2
0 53— 1435,
Lemma 3.1. (/22]) The modified energy functional satisfies the solution of (1.1)
1 1 1
(33)  E'(t) < 5( o Vu)(t) = 59OIIVu)ll3 — lluell < (9" 0 Vu)(®).

Theorem 3.1. Suppose that

2(n—1)

(3.4) max{m,p} < -

;o n23,
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holds. Assume further that ug,u; € HE(Q) and E(0) < 0. Then the solution of
theorem 2.1 blows up in finite time

C(l—a)
~ eyaL T4 (0)

*

Lemma 3.2. Suppose that (3.4) holds. Then there ezists a positive constant C' > 1
depending on Q only such that for any u € HE () and 2 < s < p, we have

(3-5) lully < C (1Vull3 + llull}) -

Proof. 1. If [jull, < 1 then |lull5 < [lu|2 < C[|[Vul|3 by Sobolev embedding
theorems.

2. If ||ull, > 1 then [[ul]5 < |lu||b. Therefore (3.5) follows.
O

We set

We use, throughout this paper, C' to denote a generic positive constant depending
on 2 only. As a result of (3.1) and (3.5) we have

Corollary 3.1. Let the assumptions of the lemma 3.2 hold. Then we have the
following for all t €10,T),

(3.6) [lull; <C (— (&) = luellf 23 + [Vuell3 = Va3 = (g 0 Vu)(t) + HUII§> :

Proof. ( Theorem 3.1) By multiplying equation (1.1) by —u; and integrating over
Q we obtain

{ /|u P2 dx — /|Vu| dxfl/ \Vut|2dx+1/ |u|pdm}
(3.7) p+2 »Jo

+/ (t—s) /Vut Vu(s )dxds-/ |ug| " d,
0

for any regular solution. This result can be extended to weak solutions by density
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argument. But

gt — s)/QVut(t).Vu(T)dxds

:O/Ot/ Vu(t).[Vu(s) — Vu(t )|dxds+/t t— s)/QVut(t).Vu(t)dxds

/0 dt/ [Vu(s) u(t)|*drds

(3.8) ;/ o(s) ( /|Vu dm)ds
d[/ (t—s) /|Vu )|2d;z:ds]

1

2d

j{/ /|Vu (t)] dwds}
¢

2 1 2
/O gt —s) /Q Vuls) — Vu(t) Pdeds — So(t) /Q V() [2dads.

TN =

+

_|_

N = DN =

We then insert (3.8) in (3.7) to get

t{ p+2_/ ug|PH2da — = /|Vu| dx—f/ Vg |2da + = /|u|pdx}
(39) _;cﬂ/ ot ) 1900~ Vuto)asar]

2@ U /|vu ) dmds]

l/W‘x**/ (t=3) [ 1Vue) = Vu(t)Pdeds + 5900 Tu(o)]*

By using the definition of H(t) the estimate (3.9) becomes

(3.10) /‘“t‘ dz_*/ (t—s) /lVU u(t)|*dads

( IVu(®)]? > 0.
Consequently, we have
1
(3.11) 0< H(O) < H(D) <~ ul}.
We define
(3.12) L(t) = H™(t) + L/ |ug|Pupude + e/ Vu:.Vude,
p+1Jg Q

where € small to be chosen later and

p—

0<a<
m—1
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By taking derivative of (3.12) and using (1.1) we obtain

L’(t):—%(l—a)H “(t) / t—s/|Vu u(t)|*deds

+a =) { [ s+ Jo0Ivute >||2}

(3.13)
bl AVl + Al e [ ole—s) [ Vats)vut
—e/ ue|" P upuda + €f|ull?.
Q

We then exploit Young’s inequality, and use (3.1) to substitute for / |u(z, t)|Pdx
Q

hence (3.13) becomes

—a m € 2
L'(t) 2 (L= ) B lhuell + = el 3

t
e (1 -/ g(s)ds) IVl + € Ve  en(g o V)
0

t

—= [ g(s)ds|Vull3 - 6/ |ue| ™ uguds + 68(9 o Vu)
an Jo Q 2

t
p
810 e (o) + L5l + BIval+ 5 (1- [ gto)as) Ivulg)
p+ 0
P2 4 epH(t)

1
>(1—a)H'=(t o —_—
> (-l e (g +p+2) Jualz

re((B-1) - (z-1+ ) [ as) v

+e (g — 17) (goVu)+e (g + 1) V|3,

for some number 7 with 0 < n < g By recalling (3.2), the estimate (3.14) is

reduced to

L'(t) > (1 —a)H ) |u™ — p+2
(02 1= il + e (5 + 25 ) g3

(3.15)
+epH (t) + ear(g o Vu) + eaz||Vul|3 + eas|| V|3 — e/ lug ™ 2upude,
Q

where

P p 1 t p
ai 5 n>0, a (*2 1) - < -1+ 77) / g(s)ds >0, az==4+1>0

To estimate the last term of (3.15), we use again Young’s inequality

5 51 1 1
XY < Xr—s-TYq X,Y >0, for all §>0, R

)
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with r =m and ¢ = —= 5 So we have

(m—1

m—1

_ om —m
/Q|“t\m Hulda > o llullm + ST [l [y,

which yields, by substitution in (3.15), for all 6 > 0

m—1_-m om
Ot fullzs + eas | Vus|3 — e—Jlullz

L) (1= a)H (1) -

(3.16) .
p p+2 2
_ H(t V .

e (P+1+p+2) [uellhis + epH (t) + €ai(g o Vu) + eaz||Vull3

The inequality (3.16) remains valid even if ¢ is time dependant since the integral is

taken over the z variable. Therefore by taking ¢ so that o o1 = kH —(t), for large
k to be specified later, and substituting in (3.16) we arrive at

m—1

N m 1 +2
20> (=)= " tet] Bl e (5 ) Tl

p 2
(3.17)  ear(g o Vu) + cas]| Vull3 + cas | Vue 3 + ¢ (M) [fae
klfm

selpro - ]

By exploiting (3.11) and inequality [[ull;; < C|lul[}}", we obtain

. 1 a(m—1) 1
gem )(t)HuHmS (p) CHuHZH-ap(m 7

therefore, from (3.17), one obtains

m—1

v > [(1 —a)-

1 P
(3.18) € (PH + ,0+2> [ue||255 + €a1(g o Vu) + eas || Vu3 + eas|| Vi |13

—-m a(m—1
_ K 1 ( : m+ap(m—1)
+e |pH(t) m \p Cllull, .

ek] =2 (1) e 2
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At this stage, we use Corollary 3.1 for s = m+ a(m —1) < p, to deduce from (3.18)

y@z{u—@—

1 p p+2 2 2
—_—+ — \Y \Y% \Y
v (g + 52 ) Il + cnta o ) + canl Yl + canll Vi

+e [pH(t) — Cik'™m e = H(t) = Juellphs + 1 Vuel3 — Va3

1
k] H=2 (1) a2

319) ~(goVu)©)+ Julg)}
z[ﬂ—a%— -
1 p 1-m +2
+e (a1 + C1k'™ m) (go Vu) +e (ag + C1E ™) || Vul|3
+e (a3 — Clkl_m) Vg3 + € (p+ Ok~ m) H(t) - eClkl m||u||

ek | H=(8)[Jucl 7

a(m—1)
1

where C; = () C/m. By noting that
p

H(t) > -
t) = p+2

s 1 1 1
IIutllﬁiz—§IIVUtH§ IIWHz (g0 Vu) + ];Ilul\ﬁ,

and writing p = 2a4 + (p — 2a4), where a4 = min{ay, as, a3}, the estimate (3.19)
yields

L) > [(1 o) 1ek] = (1) 2
2&4

1 1-m +2 1-m
(3.20) +e (erl + m + C1k —ay ||Ut||Z+2 + € » — Cik ) ||qu
+e (a1 + C1k'™™ — ay) (go Vu) + € (a2 + C1k' ™™ — ay) | Vul|3
“+e€ (a3 — C]kl_m — a4) ||V’U;t||% +e€ (p + Clkﬁl_m — 2&4) H(t)

We choose k large enough so that (3.20) becomes

m—1

R L e LI

(3.21)

ey [H(t) +luellpis + I1Vuell3 + [1Vull3 + (g0 Va) () + ulp|
where 7 > 0 is the minimum of the coefficients of H (t), [|u||3, |lul/%, and (go Vu)(t)
n (3.21). Once k is fixed (hence ), we pick e small enough so that

ek(m —1)

(1-a)- S

>0,

and

L(0) = Hlfo‘(O) + m/ |ug|Pusupda + E/ Vui.Vugdr > 0.
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Therefore (3.21) takes the form
(3.22) L'(t) > ey [H( )+ lluell o™ + Va3 + [ Vul3 + (g 0 V) (£) + [lullp | -
Consequently, we have
L(t) > L(0) >0, for all t>0.

We now estimate

’/ |ue|Pusude
Q
/\ut|putudx

Where i + 4 = 1. Choose 1 = %(> 1), then

1 2
< luellpfallullpre < Cllully 2 llull,,

we have

< CIIUtII,§+‘5

_1 _0
W7 <0 (ut|p+2 n ||u|;a) .

0 p+2
I—a (-a)p+2)—(p+1)

<p.

Using Corollary 3.1, we obtain for all t > 0

1
.
/ |ue|Puude
Q

Therefore,

= (t) = (Hl—a(t)—|—6/ |ut|Putudx+e/Vut.Vudx) h

<C {Imllﬁig H(t) + [ Vuel3 + [ Vul 37 + IUIlﬁ} , Vt=0.

< C [=H@) + uall 33 + IVl = 19ull} = (9.0 u)(@) + ull] -

LT
(3.23)

Noting that

3.24 V|2 s < (Ct-2a < C’ﬁH t
@ — 2(1 -
(3:24) IVell3 < F0 1O
it follows from (3.23) and (3.24) that
(3.25) LT% () < C [Jullf 3 + 9wl + lulls] vt >0,

Combining (3.22) and (3.25), we arrive at

(3.26) ') > %Lﬁ(t), vt > 0.
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A simple integration of (3.26) over (0,t) yields

o 1
(3.27) L= (t) > —
LT (0) — evta/|C(1 — )|

This shows that L(¢) blows up in finite time.

C(l-a)

(3.28) R
eyaLT=(0)

Summarizing, the proof is completed. O

4. Asymptotic Behavior

In this section, we investigate the asymptotic behavior of the problem (1.1). We
define

(4.1) G(t) = ME(t) + e(t) + x(2),

where € and M are positive constants which shall be determined later, and

(4.2) w(t) = ﬁ{(t) /Q s |Puguda + (1) /Q Vu, Vudz,
a0 =g [ (2w o)) - uo) dsa

Theorem 4.1. Let (ug,u;) € Hi(Q) x HL(Q) be given. Assume that (Hy) — (H3)
and (3.4) hold. Then for each ty > 0, there exists two positive constants K and k
such that the solution of (1.1) satisfies

(4.4) E(t) < Ke "o @ds 4 > ¢
For our purposes, we need:

Theorem 4.2. ([22]) Suppose that (Hy) — (Hs) and (5.4) hold. If ug,u1 € H}(Q)
and

(4.5) CTP ((p iPQ)ZE(0)> Y

where C, is the best Poincare’s constant. Then the solution of the problem (1.1) is
global in time and satisfies

2p
(4.6) UVu@)] + [[Vue(@)]] < 2mE(O)-

The proof of the theorem 4.2 is detailed in [22].
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Lemma 4.1. Let u € L>(0,T; H}(2)) be the solution of (1.1), then we have
t p+2 4
4pE(0) \ *
(4.7) /Q </0 gt — ) [u(t) — u(s)] d8> dr < CLPP(1—1)ett <(p_2)l
x (g o Vu)(t).

Proof. Here, we point out that

/O ot — 3) [u(t) - u(s)) ds = / ot — )52 [g(t — )7 [u(t) — u(s)) ds,

then by using Holder’s inequality, we get

+2

/sz (/ot g(t — 5)(u(t) - u(S))ds) "<
< (/Ooog(s)d8> Pt /Otg(t —5) /Q lu(t) — u(s)|+2dads

< O (-t /tg(t — )| Vu(t) = Vau(s)||5ds
0

4pE(0)
(p—2)

<CPPP (1 —yett ( )S (g 0 Vu)(t).

This ends the proof. [

Lemma 4.2. For e > 0 small enough while M > 0 is large enough, the relation

a1G(t) < B(t) < anG(1),

holds for two positive constants ay and as.

Proof. By using Young’s inequality, the Sobolev embedding theorem, (1.6),(4.6)

and Lemma 4.1, we can derive that

1
we|Purude < - E——— T T
p+1/| t| t = || t||p+2 ( +1)(p+2)|| ||p+2 )
< gl + cete (QPE(O)>2 Ivul
- o2 T T+ 2) -2 v

and

p+1 / g s / (t — 8)[u(t) — u(s)|dsd )

pr2, 1 t — s)[u(t) — u(s)]ds ’ x
el o ([ ot 9o - woias)a
cr+? 4pE(0)

p+2 * _n\ptl g oVu

p+1
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It follows that

1 € +2
G(t) < ME(t) + <p+1 - M) E@®)lluellpia

o () oo
<arm) + (44 o) Ml
e (P et

+

N(go Vu)(t) < a%E(t),

-, o o1 (WPE(0) \*
R PR L (<p—2>z>

and

G(t) > ME(t) - <pi1 + - 2) £(t) ue] 22
Cf+2 ZpE(O) 5 1 , € 1 ,
(p+1)(p+2) ((p_Q)l> + 2] EDIVulz = —=E@Vuellz

L=, o (4pE(0)\ o
-+ prnerat - (Goa) ]5“)(9 v

M 1 € VT et 1
- N p+2 = N 2
p+2 <p+1+p+2) } luellors + { 3 5 V|3

+{Mz_[ o <2PE<0>>5+1]N}—]‘}?|M

—€

2 D+ \p-21) "2
Mo [1-1 crt? o1 ((APE(0)\ 2 1
+{2‘l  oroprat " (o) ]N}(QOV“)“)ZazE“)'

For € > 0 small enough while M > 0 is large enough. This completes the proof. [

Lemma 4.3. Under the assumptions (Hy) — (H3) and (4.6), the functional
1
W) = ——e(t) / s Puguda + £(2) / Vu, Vauds,
p+1 Q Q

satisfies the solutions of (1.1),

2
W) < — B —8C2 — ké (1 + pC* )] E()[Vull3

+1
A k 02(P+1) QPE(O) P
4.8 a Kk . ,
(4.8) +{1+ TP REPT i | ( ) ) }§(t)||Vut|2

-1
€050 Vu)(O) + €Ol 13 + Ol
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Proof. By using the equation of (1.1), we easily see that

V() = €@l 13 +60) [ Julwsnde +£0)| Vs
+£(t) Vu Vuttdx—l—i{ /|ut|”utudx+§ /Vut Vudz
= 1 ()||ut||,’§i§ ()HvutHQ —E@)IVull3

+£(t /Vu/ (t — s)Vu(s)dsdx — &(t )/ g™ 2 upuda + E(t Meullp

+ gt / |ue|Purudz + &' (t / Vue.Vude.

p+1

Now we estimate
1 2
Vu g(t — s)Vu(s)dsdr < §HVUH2

+3 /Q ( / gt = 5)(|Vu(s) - u<t>|+|vu<t)|>ds>2d$,

We use Young’s inequality and the fact that

[as < [ asas=1-1

it follows from (4.10) for n = %_l > 0 that

(4.10)

QVu(t)./Otg(t—s)V ()dsdac< (1+4n) / (20 g(t — 8)|Vu(t )ds>2dx

% <1+717)/Q(/0tg(t—8)|Vu( ) -V ()Ids) da:+*||Vu||2

Il + 50+ = DIV + 5 (14 1) (- Digo T

IN

2—1 1
< 22N vul + 51~ g o Vu))
and
(411) [ s < sl 3058 + 5029 ull
Q

for any 0 > 0. In view of (4.6) and the Sobolev embedding

2
HY(Q) — L2PHD(Q),  for 0<p§m if n>3 and p>0 if n=12,

we get

2(p+1 2(p+1 QPE()
(4.12) a3ty < €3+ < = Vs 2.
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It follows from (4.11) and (4.12) that

1 2D r9pE0)\”
[ s < 4 (p “) T

(4.13) T 46 p+1 p—2
§ 2 2
+7p+1 CLIVullz,
and
‘/ utm_zutudx’ S(S/ |u|?dx + — /|u |*2dx
Q Q
(4.14) < 5CEHVU||% + ﬁC’meHVutH%z %ﬂ
— E 2
< 0C2|Vullf + 45022 (B22) 7 [Vl 3
< 0C2|Vull3 + 4[| Vue3.
Also .
(4.15) / Vug.Vudr < 4—6||Vut||§ + 6| Vul|3.
Q

By combining (4.9),(4.10),(4.13),(4.14) and (4.15), we deduce easily the estimate
(4.8). This completes our proof. O

Lemma 4.4. Under the assumptions (Hy) — (Hs), the functional

x(t) = £(t)/Q (Aut — IZT?) /Otg(t — 8)[u(t) — u(s)|dsdz,

satisfies, along solutions of (1.1) and for § > 0

p—2
() <y |14+ 201 — 1)+ C2P2 (%ﬁfg}) } E)IVul3

X
2
LR 2 4o+ 2| (1= DEO (g0 T
(4.16) = 4(0) <1+ C?

* / 1 t p+2
- o 1) E(t)(g' o Vu)(t) — mg(ﬁ) (/O g(s)ds) luellot3

4 G (2pE<°>)p] +aid— [ gtopts eIVl

k+1)0
+{(+)1 - (22

Proof. Applying (1.1), the computation yields

t

X'(t) = &(t) /Q(Autt - \Ut\putt)/ g(t — s)[u(t) — u(s)]dsdz
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By integrating the parts, it follows that

X0 = / V(). [ glt ~ ) [Vute) - Vts)las
/ / (t —s)Vu(s)ds. /Ot g(t — )[Vu(t) — Vu(s)|dsdz
—f(t)/ s)ds|| Vg3 — /QVut /Otg t—s)[Vu(t) — Vu(s)]dsdz

—mg /|ut|ﬂut/ (¢ = $)ult) - u(s)]dsds

@.17) —m«)n g2 [ ot

/ |ug| ™ %u /t t — s)[u(t) — u(s)]dsdx

/w”/ (t — 5)[ult) — u(s)|dsdz

/Vut/ (t — 8)[Vu(t) — u(s)]dsdz

o) [ [ gttt —u(s)dsa

In fact, by exploiting Young’s inequality, we get that for any d; > 0

<4.1s>/n vl </ gt = 9ITu(t) = Vule)lds ) do < 61Vl

+45- (1= Dlgo Vu)),

/Q/Otg(t — s)Vu(s)ds. /Otg(t — 8)[Vu(t) — Vu(s)]dsdz

2

§61/Q(/Otg(t—s)Wu(s)—Vu(t)|+|Vu(t)ds> do

2

(4.19)+4}5/Q(/Otg(t—s)wu(t)—vu(s)|ds> dx

52614—421;/ (/Otg(t—s)|Vu(t)—Vu(s)|ds> dz

2514-@

and

(4.20 /QVUt-/O g (t — 8)[Vu(t) — Vu(s)|dsdr < 6| Vue3

+20 o vu().

(1= 1)(g o Vu)(t) +201(1 = D?(|Vul3 + 201 (1 = )?(|Vull3,

667
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Also
(4.21) p+1 / |ut|p“t/ (t — s)[u(t) — u(s)|dsdz
421 A
= 61 p+1 <2§E(g)) Vel + Mlg(’s)jrl)cf(—g’ o Vu)(t).

Similarly, we get

[ [ (6 — 5)(u(t) — uls))dsdz
< S fluellzm= §+4§ (/0 g(t — s)|u(t) — ()|ds) dr

(4.22)
<m0Vl g+ g [ o)ds [ ot —9) [ u) (o) Pdsda
0
1
< 61 AV 3 + 7(1 —)C2(g o Vu)(t),

- [ up / (t - 5)[ult) — u(s)|dsdz

(4.23) 451/ (/0 9(t = s)[u(t) —U(S)]ds>2dx

C2(1 -1
s < sl + S0P g0 v
o [ 2pE(0) \"7? C2(1-1)
< 6,072 A Sy}
<46,C (@2)1) IVall; + ==5—"(g o Vu)(2),
and
t
/Vut./ g(t — 8)[Vu(t) — Vu(s)dsdr < 61||Vul|3
(4.24) Ja 0

+4751(1 —)(go Vu)(?).

We estimate

p+ 1 / |“t|p“t/ (t — s)[u(t) — u(s)ldsdz 2

2(p+1) 1 K
(4.25) < s 51||ut||2(pj1 +m/ (/O g(t—s)[u(t)—u(s)]ds) dx
Cf“”* 2 <2pE(O) 1

—1
< —_— .
8 E e (DY 9wl + 5o T

Combining the estimates (4.18)-(4.25) and (4.17), the assertion of the lemma 4.4 is
established. [
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Proof. (Theorem 4.1). Since g is positive, we have that, for any ¢y > 0,

t to
/ g(s)ds > / g(s)ds =go >0, t>tp.
0 0
By using (4.1),(4.8),(4.16) and Lemma 4.1, a series of computations yields, for
t Z t07

l

/ _ A 2 _ Cf
(¢ oVu)(t) — e 5 0C; — ko[ 1+

< )] eonvae
rel et 0 Vu) o) + e €Ol + €Ol

k ceth) <2pE(0))p]

A
fe|ll+ <+~ |1+ )| V3
‘ (o) || E0IvudB

45 46
—2
w120 -0 0 (220 eolvulg

(p—2)1
2
L[k 1 C
461(p+1) 201 2601

Jﬁ% (1 LG > £(t)(g o Vu)(t) — ﬁf(t) (/Otg(s)ds) a1 42

prl 2(p+1) (
2D 9pE(0) i [
. (5_(;) ]+51A/0 g(s)ds}f(t)||vut|§

(4.26) Jr{(k' + 1)51 1+
Ak c2PtY ropE0)\”
- Z 421
g0 6(1+45+45<+ p+1 <p2>

<
2(p+1) p ~
e 14 & (zﬁff@)) +51A] }wnutn%

p+1

! ) C?

~bn |12 -4 0 (22 fewlvulg + ccoluly

2
[ ()] oo
€ (p+2)k 1 C:
+ [21 TNPTEI 261 + 3+ 251] (1 —=DE&)(g o Vu)(t).

At this point, we choose > 0 so small that

! ) C? l
25C*k6(1+p+1>>4.

Hence 0 is fixed, we choose € > 0 small enough so that Lemma 4.2 holds and that

490

Ak 2Pt ronE0)\?
14+ 1+ PE(0)
46 46 p+1 p—2

€<
2
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Once 0 and € are fixed, we choose a positive constant §; satisfying

61 < min {51762} )

where
¢ = _ 9o _
Cf(PJrl) QpE(O) P B ’
2(k+1) |1 A
(+)_+p+1 <p2>+1_
and
€ = _ 9o _
CE(P-H) 2pE(0)\" _
2k+1) |11+ +6A
( ) p+1 < p—2 > '
and be such that
Ak c2eth ropE(0)\”
—ell+ =4+ 2 (1
Jo—¢ +45+45< T (p—2 )
Cf(ﬂ-ﬁ-l) 2pE(0) P 5
—(k+1)0 |1+ P (p—2> +0:4| >0,
also
l C2 2pE(0) \ "
= —8C2—ks (1 ) =& [1+21 =12+ 022 :
6{2 < < +p+1)] o R (e B
We then pick M sufficiently large so that Lemma 4.2 holds and that
M g(0) C? € (p+2)k 1 C?
— =11 *— |N| — | =+ <+ 201 + — =1 (1-1 .
{2 451<+p+1 dt PPy T (2D >0

Hence, using (Hs), we get

M ¢(0) C? ,
T (1+ P N] (—g' o Vau)(t)

€ 2
g B o o | (- e e V0 2 ket o V0

By using Lemma 4.2 and (4.26), we arrive Vt > ¢ at

(4.27) G'(t) < —BiE(E(t) < a1 B1€(t)G(1),

for some positive constant 51. A simple integration of (4.27) leads to
(4.28) G(t) < G(t)e P Ju €@ vy > 4.

Thus, from Lemma 4.2 and (4.28), we get

(4.29) B(t) < asGlto)e 1P fio 8085 o= i €6)ds gy > p

This completes our proof. [
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ON S-CURVATURE OF A HOMOGENEOUS FINSLER SPACE
WITH RANDERS CHANGED SQUARE METRIC *
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Abstract. The study of curvature properties of homogeneous Finsler spaces with («, 3)-
metrics is one of the central problems in Riemann-Finsler geometry. In the present
paper, the existence of invariant vector fields on a homogeneous Finsler space with
Randers changed square metric has been proved. Further, an explicit formula for S-
curvature of Randers changed square metric has been established. Finally, using the
formula of S-curvature, the mean Berwald curvature of afore said («, 3)-metric has
been calculated.

Keywords: Homogeneous Finsler space, square metric, Randers change, invariant
vector field, S-curvature, mean Berwald curvature.

1. Introduction

According to S. S. Chern [6], Finsler geometry is just Riemannian geometry
without quadratic restriction. Finsler geometry is an interesting and active area of
research for both pure and applied reasons [2, 1, 13, 16]. In 1972, M. Matsumoto
[17] introduced the concept of (v, 3)—metrics which are the generalizations of Ran-
ders metric introduced by G. Randers [20]. Z. Shen [25] introduced the notion
of S-curvature, a non-Riemannian quantity, for a comparison theorem in Finsler
geometry. It is non-Riemannian in the sense that any Riemannian manifold has
vanishing S-curvature. One special class of Finsler spaces is homogeneous and sym-
metric Finsler spaces. It is an active area of research these days. Many authors
[8, 12, 15, 21, 23, 30] have worked in this area. The main aim of this paper is
to establish an explicit formula for S-curvature of a homogeneous Finsler space
with Randers change of square metric. The importance of S-curvature in Riemann-
Finsler geometry can be seen in several papers (e.g., [26, 27]).
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674 S. Rani and G. Shanker

The simplest non-Riemannian metrics are the Randers metrics given by F =
a+ B with ||B]la < 1, where a is a Riemannian metric and 3 is a 1-form. Be-
sides Randers metrics, other interesting kind of non-Riemannian metrics are square
metrics. Berwald’s metric, constructed by Berwald [4] in 1929 as

(VI TPV WP+ (w0 + (29)
(1~ 1) L eP) P + (o)

is a classical example of square metric. Berwald’s metric can be rewritten as follows:

(1.1) F= (0‘25)2,
where
_ VO 2P) [y + (w,y)?
(1— |z[?)? 7
and . 4)
_ LYy
’ (1— |2[2)

An (a, f)-metric expressed in the form (1.1) is called square metric [28]. Just as
Randers metrics, square metrics play an important role in Finsler geometry. The
importance of square metric can be seen in papers [28, 29, 31]). Square metrics can
also be expressed in the form [31]

(VI ezt +5)

(-2 A )a? + 52

where b := ||8z]|« is the length of 3.
In this case, F' = ag(b?, g), where ¢ = ¢(b%, s) is a smooth function, is called gen-
eral (o, B)-metric. If ¢ = ¢(s) is independent of b2, then F is called an («, 3)-metric.

An interesting fact is that if o = |y|, and = (z,y), then F = |y|¢ (\x|2, %)

becomes spherically symmetric metric.

If F(a, ) is a Finsler metric, then F(a, ) — F(«, 8) is called a Randers change
if

(1.2) F(a,p) = F(a, ) + B.

Above change of a Finsler metric has been introduced by M. Matsumoto [18], and
it was named as “Randers change” by M. Hashiguchi and Y. Ichijyo [14]. In the
current paper, we deal with Randers changed square metrics

(a+ B)?

F= Y + B = ag¢(s),where ¢(s) =1+ 5%+ 3s.
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The paper is organized as follows:

In section 2, we discuss some basic definitions and results to be used in consequent
sections. The existence of invariant vector fields on homogeneous Finsler spaces
with Randers changed square metric has been proved in section 3 (see Theorem
3.1). Further, in section 4, we have established an explicit formula for S-curvature
of afore said metric (see Theorem 4.2). Finally, in section 5, the mean Berwald
curvature of this metrics has been calculated (see Theorem 5.1).

2. Preliminaries

First, we discuss some basic definitions and results required to study aforesaid
spaces. We refer [3, 7, 9] for notations and further details.

Definition 2.1. An n-dimensional real vector space V is said to be a Minkowski
space if there exists a real valued function F : V. — [0,00), called Minkowski
norm, satisfying the following conditions:

e F is smooth on V\{0},
e F'is positively homogeneous, i.e., F'(\v) = AF(v), ¥V A >0,

e For any basis {u1, ua, ..., u,} of V and y = y*u; € V, the Hessian matrix

(9.,) = (%F;lyJ is positive-definite at every point of V\{0}.

Definition 2.2. Let M be a connected smooth manifold. If there exists a function
F:TM — [0,00) such that F' is smooth on the slit tangent bundle TM\{0} and
the restriction of F' to any T, M, x € M, is a Minkowski norm, then M is called a
Finsler space and F' is called a Finsler metric.

An (o, B)-metric on a connected smooth manifold M is a Finsler metric F' con-
structed from a Riemannian metric o = y/a;;(x)y*y? and a one-form 8 = b;(x)y’

on M and is of the form F' = «a¢ (g) , where ¢ is a smooth function on M. Ba-

sically, (a,()-metrics are the generalization of Randers metrics. Many authors
[12, 15, 21, 22, 24, 30] have worked on («, 8)-metrics. Let us recall Shen’s lemma
[7] which provides necessary and sufficient condition for an («, f)-metric to be a
Finsler metric.

Lemma 2.1. Let F = a¢(s), s = B/a, where ¢ is a smooth function on an open
interval (—bo,bo), « is a Riemannian metric and 8 is a 1-form with ||B]la < bo.
Then F is a Finsler metric if and only if the following conditions are satisfied:

o(s) >0, ¢(s)—s¢'(s)+ (B> —s*) ¢"(s) >0, V |s| <b<bo.

Before defining homogeneous Finsler spaces, we shall discuss some basic concepts
below.
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Definition 2.3. Let G be a smooth manifold having the structure of an abstract
group. G is called a Lie group, if the maps i : G — G and u : G Xx G — G defined
asi(g) = g1, and u(g, h) = gh respectively, are smooth.

Let G be a Lie group and M, a smooth manifold. Then a smooth map f: GXxM —
M satisfying

f(g2, f(g91,2)) = f(g291,x), forall gi,90€ G, and ze€ M

is called a smooth action of G on M.

Definition 2.4. Let M be a smooth manifold and G, a Lie group. If G acts
smoothly on M, then G is called a Lie transformation group of M.

The following theorem gives us a differentiable structure on the coset space of a Lie
group.

Theorem 2.1. Let G be a Lie group and H, its closed subgroup. Then there
exists a unique differentiable structure on the left coset space G/H with the induced
topology that turns G/H into a smooth manifold such that G is a Lie transformation
group of G/H.

Definition 2.5. Let (M, F) be a connected Finsler space and I(M, F) the group
of isometries of (M, F'). If the action of I(M, F') is transitive on M, then (M, F) is
said to be a homogeneous Finsler space.

Let G be a Lie group acting transitively on a smooth manifold M. Then for
a € M, the isotropy subgroup G, of GG is a closed subgroup and by theorem 2.1, G
is a Lie transformation group of G/G,. Further, G/G, is diffeomorphic to M.

Theorem 2.2. [9] Let (M, F) be a Finsler space. Then G = I(M,F), the group
of isometries of M is a Lie transformation group of M. Let a € M and I,(M,F)
be the isotropy subgroup of I(M,F) at a. Then I,(M,F) is compact.

Let (M, F) be a homogeneous Finsler space, i.e., G = I(M, F) acts transitively
on M. For a € M, let H = 1,(M,F) be a closed isotropy subgroup of G which is
compact. Then H is a Lie group itself being a closed subgroup of G. Write M as
the quotient space G/H.

Definition 2.6. [19] Let g and b be the Lie algebras of the Lie groups G and H
respectively. Then the direct sum decomposition of g as g = b + £, where ¢ is a
subspace of g such that Ad(h)(€) C ¢ V h € H, is called a reductive decomposition of
g, and if such decomposition exists, then (G/H, F) is called reductive homogeneous
space.
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Therefore, we can write, any homogeneous Finsler space as a coset space of a con-
nected Lie group with an invariant Finsler metric. Here, the Finsler metric F' is
viewed as G invariant Finsler metric on M.

Definition 2.7. A one-parameter subgroup of a Lie group G is a homomorphism
¥ : R — G, such that ¥(0) = e, where e is the identity of G.

Recall [9] the following result which gives us the existence of one-parameter sub-
group of a Lie group.

Theorem 2.3. Let G be a Lie group having Lie algebra g. Then for any Y € g,
there exists a unique one-parameter subgroup ¢ such that 1¥(0) = Y, where e is the
identity element of G.

Definition 2.8. Let G be a Lie group with identity element e and g its Lie algebra.
The exponential map exp : g —> G is defined by

exp(tY) = ¢(t), VteR,
where 9 : R — G is unique one-parameter subgroup of G with 1/)(0) =Y.

In case of reductive homogeneous manifold, we can identify the tangent space
Ty (G/H) of G/H at the origin eH = H with € through the map

d
Y — %eacp(tX)Hh:O, Y et

since M is identified with G/H and Lie algebra of any Lie group G is viewed as
T.G.

3. Invariant Vector Field

For a homogeneous Finsler space with Randers changed square metric F' =

2
% + 3, in Theorem 3.1, we prove the existence of invariant vector field corre-
sponding to 1-form S. For this, first we prove following lemmas:

Lemma 3.1. Let (M,a) be a Riemannian space and B = byy', a 1-form with

18Il = Vb;b* < 1. Then the Randers changed square Finsler metric F = % +0,
consists of a Riemannian metric a along with a smooth vector field X on M with
a(X|z)<1l,VzeM,ie,

(o (z,y) + (X|ay y))*

Fle.y) = a(z,y)

+<X|way>; zeM, yeT, M,

where { , ) is the inner product induced by the Riemannian metric a.
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Proof. We know that the restriction of a Riemannian metric to a tangent space is
an inner product. Therefore, the bilinear form (u,v) = a;;u’v?, w,v € T, M is an
inner product on T, M for z € M, and this inner product induces an inner product
on T} M, the cotangent space of M at x which gives us (da’,da?) = a’. A linear
isomorphism exists between TM and T,M, which can be defined by using this
inner product. It follows that the 1-form 5 corresponds to a smooth vector field X
on M, which can be written as

Xz = bi%, where b' = a'/b;.
Then, for y € T, M, we have
; 0 0 i ‘
(Xlay) = <b 5 8]>byjaijbjyjﬂ(y)~

Also, we have
o®(a,y) = aiy'y’,
which implies
a® (X]z) = agb't = [|B]* < 1,
i. e,

a(X]) <1
This completes the proof. [

Lemma 3.2. Let (M, F) be a Finsler space with Randers changed square Finsler
2

metric F = % + B. Let I(M,F) be the group of isometries of (M, F) and

I(M, ) be that of Riemannian space (M, o). Then I(M, F) is a closed subgroup of

I(M, ).

Proof. Let x € M and ¢ : (M, F) — (M, F) be an isometry. Therefore, we have

F(z,y) = F(¢(x),doa(y)), Yy e ToM.

By Lemma 3.1, we get

a(x o Y))?
( (,y)?-xgl y)) (X g) =

_ (@(9(2), 462 (1)) + (Xlo). d6x (1))’
- o (p(x), do.(y)) + (Xg(a), Ao (v))

which gives us

a (¢(x),doa(y)) o (z,y) + a (¢(x), dda(y)) (Xa, y)°
+30 (6(2), da(y)) o (2,) (X, y)

= a(2,y) 0% (¢(x), dpe () + a (2,9) (X]p(a) dba(y))’
(3.1) +3a (2, y) a ($(x), dds (y)) (X o) dbs ()
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Replacing y by —y in equation (3.1), we get

o (6(2), do(y)) o (,y) + a ($(2), dds(y)) (X2, 9)?
~3a (¢(x), dga(y)) a (2,) (X2, y)
= a(z,y) o® (¢(x), doe(y)) +  (2,) (X400, dbu(y))
(3.2) —3a (2,y) @ ((x), dds (1)) (X |s(a)> Ao (y))

Subtracting equation (3.2) from equation (3.1), we get

a(¢(x), dps(y)) o (2,y) (X|a,y) = o (z,y) o (6(2), dda () (Xpw), dda(y)) ,

which implies

Adding equations (3.1) and (3.2) and using equation (3.3), we get

a (¢(x),ds(y) o (z,y) + o (6(@), dba(y)) (X, )
= a(z,y) a? (¢(2), dpe (y)) + a (2,9) (X|sy)°,

which leads to

(3.4) a(z,y) = a(é(x),dp.(y)) -

Therefore ¢ is an isometry with respect to the Riemannian metric a and do,. (X|,) =
Xlp(z)- Thus I(M, F) is a closed subgroup of I(M,a). O

From Lemma (3.2), we conclude that if (M, F') is a homogeneous Finsler space

with Randers change of square metric F' = % + /3, then the Riemannian space

(M, ) is homogeneous. Further, M can be written as a coset space G/H, where

G = I(M,F) is a Lie transformation group of M and H, the compact isotropy

subgroup I,(M, F) of I(M, F) at some point a € M [10]. Let g and § be the Lie

algebras of the Lie groups G and H respectively. If g can be written as a direct

sum of subspaces b and € of g such that Ad(h)¢ C € V h € H, then from definition
6, (G/H, F) is a reductive homogeneous space.

Therefore, we can write, any homogeneous Finsler space as a coset space of a
connected Lie group with an invariant Finsler metric. Here, the Finsler metric F' is
viewed as GG invariant Finsler metric on M.

Theorem 3.1. Let F = % 4+ B be a G-invariant Randers changed square
metric on G/H. Then « is a G-invariant Riemannian metric and the vector field
X corresponding to the 1-form B is also G-invariant.
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Proof. Since F is a G-invariant metric on G/H, we have

Fy)=F(Ad(h)y), Yhe H, yet.
By Lemma 3.1, we get

(a(y) + (X, 9))?
a(y)

After simplification, we get

a(Ad(h)y)e? (y) + o (Ad (h) y) (X,1)° + 3o (Ad (h) y) a (y) (X, y)
(3.5)=a(y) o® (Ad (h)y) + o (y) (X, Ad (h) 1) + 3a (y) o (Ad (h) y) (X, Ad (h) y) .

Replacing y by —y in equation (3.5), we get

a(Ad(h)y)e? (y) + o (Ad (h) y) (X,)° — 3o (Ad (h) y) a (y) (X, )
(3.6)=a(y) o (Ad (h) y) + o (y) (X, Ad (h) y)* — 3a (y) o (Ad (h) y) (X, Ad (h) y) .

Subtracting equation (3.6) from equation (3.5), we get
a(Ad(h)y)a(y) (X,y) = a(y) a(Ad (k) y) (X, Ad (k) y)
which gives us
(3.7) (X,y) = (X, Ad(h)y) .
Adding equations (3.5) and (3.6) and using equation (3.7), we get
a(Ad(h)y)a® (y) + a (Ad (h) y) (X, 9)" = a (y) o® (Ad (h) y) + a (y) (X, p)°
which leads to
(3.8) a(y) = a(Ad(h)y).

Therefore, « is a G-invariant Riemannian metric and Ad (k) X = X, which proves
that X is also G-invariant. [

The following theorem gives us a complete description of invariant vector fields.

Theorem 3.2. [11] There exists a bijection between the set of invariant vector
fields on G/H and the subspace

V={Yet:Ad(h) Y =Y,Vhe H}.
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4. S-curvature of homogeneous Finsler space with

Now, we discuss S-curvature, a quantity used to measure the rate of change of
the volume form of a Finsler space along geodesics. Let V' be an n-dimensional real
vector space having a basis {«;} and F be a Minkowski norm on V. Let Vol B to
be the volume of a subset B of R™, and B™ be the open unit ball. The function
7 = 7(y) defined as

r(y) = In (‘”“’“’”) y e V{0,

OF

where

_ Vol (B™)

~ Vol{(y)) €eR": F (yiey;) < 1}

is called the distortion of (V, F').

For a Finsler space (M, F), 7 = 7(x,y) is the distortion of Minkowski norm F, on
T.M, x € M. Let v be a geodesic with y(0) = z, 4(0) = y, where y € T, M, then
S-curvature denoted as S(x,y) is the rate of change of distortion along the geodesic

o st = {7 (+0.40) |

Here, it is to be noted that S(z,y) is positively homogeneous of degree one, i.e., for
A > 0, we have S(z, \y) = AS(z,y).

oF

t=0

S-curvature of a Finsler space is related to a volume form. There are two
important volume forms in Finsler geometry: the Busemann-Hausdorff volume form
dVey = o0, (z)dz and the Holmes-Thompson volume form dVyr = o, (z)dz
defined respectively as

Vol (B™
JBH(x) = ﬁ’

and

1
Opr(T) = W/Adet (9i7) dy,

where A = {(y’) e R"” : F(m,yiagi) < 1}.

If the Finsler metric F' is replaced by a Riemannian metric, then both the volume
forms reduce to a single Riemannian volume form dVyr = dVpy = \/det (g;j(x))dx.

Next, for the function

T(s) = ¢ (¢ — 5¢")" > {(¢ — s¢') + (b* — %) ¢},
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the volume form dV = dVpy or dVyr is given by dV = f(b)dV,,, where

o2
Jg sin t dt

Fb) = { I ey dt’ if dV =dVgy |
I (sln t)T(bcost) dt AV — Vi

S sin® =2 ¢ dt ’
and dV,, = \/det (a;;)dz is the Riemannian volume form of c.

The formula for S-curvature of an (a, 3)-metric, in local co-ordinate system,
introduced by Cheng and Shen [5], is as follows:

_ f'(0) o
(41) S = (27[) bf(b) (TO + So) 204A2 Ts0 204@80 )
where
_ _?
© = 5o
A = 1+5Q+(b2—52)Q’,
_ 9
1/} - 2A7
® = (sQ —Q)(nA+1+sQ)— (b*—s) (1+sQ)Q",
1 , , o
Tij = 5 (bi\j + bjli) 1 =0y, o =13y", Too = 1Yy’
1 . .
sij = 5 (bilg = bjie) > 85 =bsij, s0 = sy’

It is well known [5] that if the Riemannian length b is constant, then ro + so = 0.
Therefore, in this case, the equation (4.1) takes the form

d
(42) S = —M <'f'00 - 2OZQSO> .

After Shen’s work on S-curvature, Cheng and Shen [5] characterized Finsler
metrics with isotropic S-curvature in 2009. In the same year, Deng [8] gave an ex-
plicit formula for S-curvature of homogeneous Randers spaces and he proved that
a homogeneous Randers space having almost isotropic S-curvature has vanishing
S-curvature. Later in 2010, Deng and Wang [12] gave a formula for S-curvature of
homogeneous (a, 8)-metrics. They also derived a formula for mean Berwald cur-
vature E;; of Randers metric. Recently, Shanker and Kaur [22] have proved that
there is a mistake in the formula of S-curvature given in [12], and they have given
the correct version of the formula for S-curvature of homogeneous (o, 3)-metrics.
Further, some progress has been done in the study of S-curvature of homogeneous
Finsler spaces (see [15, 30] for detail).
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Definition 4.1. Let (M, F') be an n-dimensional Finsler space. If there exists a
smooth function ¢(z) on M and a closed 1-form w such that

S(ry) = (n+ 1) (c<x>F<y> n w<y>), re M, yeT(M),

then (M, F) is said to have almost isotropic S-curvature. In addition, if w is zero,
then (M, F) is said to have isotropic S-curvature.
Also, if w is zero and ¢(z) is constant, then we say, (M, F) has constant S-curvature.

With above notations, let us recall the following theorem:

Theorem 4.1. [22] Let F = a¢(s) be a G-invariant (o, )-metric on the reductive
homogeneous Finsler space G/H with a decomposition of the Lie algebra g = b + ¢.
Then the S-curvature is given by

(4.3 S(H.9) = 5oz ({0l ) + 0@ Tl v) )

where v € ¥ corresponds to the 1-form B and ¥ is identified with the tangent space
Ty (G/H) of G/H at the origin H.

Now, we establish a formula for S-curvature of a homogeneous Finsler space with
Randers changed square metric.

Theorem 4.2. Let G/H be reductive homogeneous Finsler space with a decompo-
(a+8)?

sition of the Lie algebra g = b + ¢, and F' = =~ + 8 be a G-invariant Randers
changed square metric on G/H. Then the S-curvature is given by
(4.4)
—128°n + (=27n + 9)s* + (8nb? + 4n — 4b° + 16)s>
S(H,y) = + (18nb? + 18n — 182 + 18)s2 + —12b%s — 3 — 6b% — 6nb*> — 3n

2(—3s2+142b2) (1 — 252 — 3s* + 35 — 983 + 202 + 20252 + 6b?s)

2s+3
1— 52

(o3l o) + 2 (o))

where v € ¥ corresponds to the 1-form (B and ¢ is identified with the tangent space
Ty (G/H) of G/H at the origin H.

Proof. For Randers changed square metric

F = a¢(s), where ¢(s) =1+ s* + 3s,
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the entities written in the equation (4.1) take the values as follows:

B ¢ 25+3
@ = ¢—s¢d  1—s2’
, 25% + 65 + 2
© T T
p 453 +18s% + 125+ 6
@ = (1-s2) ’
A = 1+s5Q+ (V¥ -5)Q
25+3 5 o\ 287+ 65+2
= 1+s<132>+(b —s)W
—3s% — 953 + (2% — 2)s? + (6b% + 3)s + 2b% + 1
- (1—s2)2 ’

& = (sQ-Q) (1 +nA+5Q)+ (2 1) (1+50)Q"
(283—|—682+28 2$—|—3>

(1—s2)2  1-s2

—3ns* — 9ns3 + (2nb? — 2n)s? + (6nb? + 3n)s +2nb®> +n 25 + 3s
1+ +
(1-s2)2 1-s2
252 +3s | [4s® +18s2 + 125+ 6

2 _ 2

—-b 1
e -n P ()

1
= (1—32)4{_(12" +4)s” — (63n + 21)s® + (8nb® — 89n — 27)s°

+(42nb? 4 3n + 15)s* + (62nb* + 58n + 40)s® + (12ndb? + 15n + 9)s?

—(18nb* + 9n + 9)s — (6nb* + 3n + 3)} + - {457 +30s% + (70 — 4b°)s°

_
(1—s?)
+(60 — 300%)s* + (30 — 706%)s® + (6 — 60b%)s* — 30b%s — 6b2}.

1
= (1—52)4{_1%57 + (9 — 63n)s® + (8nb? — 4b% — 89n + 43)s°
+(42nb* — 30b6% + 3n + 75)s* + (62nb* — T06% + 58n + 70)s>

+(12nb? — 60b% 4 151 + 15)s? — (18nb* 4 300 + 9n + 9)s

—(6nb* + 6b* + 3n + 3)}

After substituting these values in equation (4.3), we get the formula 4.4 for S-
curvature of homogeneous Finsler space with Randers changed square metric. O

Corollary 4.1. Let G/H be reductive homogeneous Finsler space with a decom-
position of the Lie algebra g = h+ ¢, and F = % + 8 be a G-invariant Randers
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changed square metric on G/H. Then (G/H,F) has isotropic S-curvature if and
only if it has vanishing S-curvature.

Proof. Converse part is obvious. For necessary part, suppose G/H has isotropic
S-curvature, then

S(z,y) = (n+1)e(x)F(y), v€ G/H, ye T, (G/H).

Taking x = H and y = v in the equation (4.4), we get ¢(H) = 0.
Consequently S(H,y) =0V y € Ty(G/H).

Since F'is a homogeneous metric, we have S = 0 everywhere.

O

5. Mean Berwald Curvature

There is another quantity [7] associated with S-curvature called Mean Berwald

curvature.

Let Ejj = 5 0y?;y1 S(z,y) =35 8y‘?;yJ (%gm) (x,y), where G™ are spray coeflicients.

Then & := E;jdz’ ® dz? is a tensor on TM\{0}, which we call E tensor. E tensor
can also be viewed as a family of symmetric forms Fy : T, M x T, M — R defined
as

Ey(u7 U) = Eij (JJ, y)uivjv

where u = ui%u, v = 8‘2,-
is called E-curvature or mean Berwald curvature.

In this section, we calculate the mean Berwald curvature of a homogeneous Finsler
space with the aforesaid metrics. To calculate it, we need the following:

At the origin, a;; = (5],
therefore y, = a;;y7 = 6;yj =,

yit

SIS

yt

_ (5)
S =
v «
9 (bha
e a( )

{ it — (bjaaﬁ) Y, — 35;} — (b — syi)2a%

— (biy; + bjyi) o + 3syiy; — a®sd}
4 i

et
Assuming
—128%n + (=27n + 9)s* + (8nb? + 4n — 4b% + 16)s3
+ (18nb* + 18n — 18b% + 18)s? + —12b%s — 3 — 6b* — 6nb*> —3n
2(—3s2 4+ 1+ 2b2) (1 — 252 — 3s% + 35 — 953 + 22 + 20252 + 6b2s)
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in the equation (4.4), we find

B 1 - -
% = 5 (=37 +1+27%) F(-35t =957+ (26% —2) 87+ (B4 66%) s+ 14 26%) 7 x
Y
{—36n58 + (—162n + 54) s 4 (—207n — 36b> + 225) s°
+ (—252b% + 90n — 36nb® + 522) s
+ (—488b° + 631 — 80nb* + 199n — 8b* + 16nb*) s*
+ (—30n + 186 + 96nb* — 408b* — 120nb> — 48b") s
+ (—228b% + 156nb* — 108b* — 33 — 60nb> — 69n) s°
+ (96nb" + 6n + 6 — 48b* — 12b* + 60nb?) s
+9 + 24b% + 36nb* + 12b* + 36nb” + 9n}syj,
and
0*B 19 2 2\ 1 4 3 2 2 2 2\ 2
ooy~ 20y {(35 +14+20%) (=35 — 95"+ (20 — 2) 8" + (34 6b7) s + 1+ 2b%) ~ x

{ —36ns% (—162n + 54) s” + (—207n — 36b% + 225) s°

+ (—252b% + 90n — 36nb” 4 522) s°

+ (—488b% + 631 — 80nb” + 199n — 8b* + 16nb*) s*

+ (—30n + 186 + 96nb* — 408b* — 120nb*> — 48b*) s

+ (—228b% + 156nb* — 108b* — 33 — 60nb® — 69n) s°
+ (96nb* + 6n + 6 — 48b* — 12b* + 60nb?) s

+9 + 240 + 36nb* + 126" + 36nb* + QnH Syi

+ % (<35 +1+20%) ' (=3s* = 95% + (20> — 2) > + (34 6b%) s+ 1+ 26%) * x

—36ms® + (—162n + 54) s” + (—207n — 36b° + 225) s°

(—252b* 4 90n — 36nb” + 522) s°

(—488b + 631 — 80nb® + 199n — 8b* + 16nb") s*
(—30n + 186 + 96nb* — 408b% — 120nb*> — 48b*) s*
(—228b° + 156mb* — 108b* — 33 — 60nb® — 69n) s°
+ (96nb* + 6n + 6 — 486" — 12b% + 60nb*) s

|
n
n
n

+9 + 24b* 4 36nb" + 12b" + 36nb” + 9n}sy7yj
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357+ 1+20%) " (=3s* — 95% + (2% — 2) > + (3+66%) s+ 1+ 20°) ° x

108s''n + (243 — 729n) s'% + (1593 — 216b* — 144nb* — 1935n) s°

(5940 — 2052b* — 1404nb® — 1512n) s°

(—144b" — 65700% + 144nb" + 1440n — 4338nb® + 13356) s”

(15894 — 10188b% + 1260nb" + 1638n — 1332b* — 6300nb°) s°

(8706 — 4884b* — 4254nb® — 1122n — 8574b* + 3756nb") s°

(3132 — 7560b" — 1080n + 5400nb* — 3834b° + 54nb) s*

(2634nb® + 3960nb" + 1700 — 4680b* + 406° + 40nb°® + 332n + 402b%)
(1476nb" + 1368nb® + 720b° + 3150 — 1116b* 4 639) s°

+ (—90nb* — 15n — 162b° — 180nb* + 21 — 468b* — 120nb° — 1206°) 5

T
+
:
:
:
:
:
:

—24 — 24n — 120nb° — 1200% — 1264 — 216nb* — 126nb> — 216b4}syisyj
(<35 +1+426%) " (=35 = 95% + (20> — 2) > + (34 6b%) s+ 1 +26%) * x

—36ns® + (—162n + 54) s” + (—207n — 36b* 4 225) s°

(—252b> + 90n — 36nb”> + 522) s°

(—488b% + 631 — 80nb” + 199n — 8b* + 16nb*) s*
(—30n + 186 + 96nb" — 408b% — 120nb® — 48b*)
(—228b% + 156nb" — 108b* — 33 — 60nb* — 69n) s>
+ (96nb* + 6n + 6 — 48b* — 12b* + 60nb?) s

+9 + 246 + 36nb" + 12b* + 36nb° + 9n}syiyj.

Theorem 5.1. Let G/H be a reductive homogeneous Finsler space with a decom-
2

position of the Lie algebra g =h+¢, and F = % + B be a G-invariant Randers

changed square metric on G/H. Then the mean Berwald curvature of the homoge-

neous Finsler space with Randers changed square metric is given by

I[(1 @B 4y 0B y;0B B 3B
Eutn) = 5| (3o~ w5 ay gyt v ) (e
10B B
(250 = B (oo + (T
10B B
i (aayi - ay> (“”’””f’” + ikl on) >

(5.1)
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+§(<[U,'Uj]é,’l)i> + ([v,vi]é,vﬁ)

{25—!—3 0’B +252+68+2 s 8£+ 252 + 65 + 2 s 0B
1— 2 9yioy’ (1—s2)2 Y 9y (1—52)2 "V gy

(4s® +18s* + 125 + 6)B (25> + 65+ 2)B

(1—s2)3 SyiSys + (1_82)253@]} ([0, y]g,v)

25 +30B (25> +6s5+2)B

T+ s} ool
25 +30B (25 +65+2)B

(e e |

where v €  corresponds to the 1-form B and ¢ is identified with the tangent space
Ty (G/H) of G/H at the origin H.

Proof. From the equation (4.4), we can write S- curvature at the origin as follows

S(Hay) = ¢2 +¢27

where
B 25+ 3

2= —([v.vlgy) and ¢ = T35 B ([v.3],v).

Therefore, mean Berwald curvature is

1 0%5 1 ¢ | 0%y
(5:2) P20y 0y 2 <5y13yi - 3y’3yf>
where a‘z,zig’; and 823733- are calculated as follows:
0 0 (B
A A
oyJ oyl \ «

32¢2 o 3 1873 _ % < v ; <[U ] (U'>
dyidyi Oyt \\adyl b ilesy) 2 Yle»vj
+

1 0By 0B vy, 0B B 3B

adyoy B0y adoy o oYY ([v,9]e )
10B B

(355~ 2w) ((oden) + ol

(550 - ) (ol + (sl )

J
%
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and
L (B )
- (2308 B O BB e+ EEEE (o).
Oy _ 0 st+383+ <2s2+6s+2)38yj}<[v,y]w>
Dyidyi Ay’ [\ 1— 52yl (1—s?)?

(2s+3)B
+ﬁ <[U’Uj]8 ,’l)>
25s+3 0°B N 25% + 65 + 2 .. 8£+ 25% + 65 + 2 o 9B
1 — 52 QyidyJ (1—5s2)2 "V oy (1-5s2)2 ¥ gy
(4s® + 18s? + 125+ 6)B (25> + 65+ 2)B
+ wsyi’yi ([v,y]e ,U)

(1—s2)3 SyiSyi
25+30B (25 +6s+2)B
1 — g2 (fTUJ (1— s2)2 Syi <[07Ui]e 7U>

25 +30B (25> +6s5+2)B
{1526gﬂ+(152)2 Syi <[v,vj]g7v>.

Substituting all above values in the equation (5.2), we get the formula (5.1). O
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Abstract. This paper is devoted to the existence of solutions for certain classes of
nonlinear differential equations involving the Caputo-Hadamard fractional-order with p-
Laplacian operator in Banach spaces. The arguments are based on Ménch’s fixed point
theorem combined with the technique of measures of noncompactness. An example is
also presented to illustrate the effectiveness of the main results.
Keywords: Banach spaces; differential equations; Caputo-Hadamard fractional-order;
Laplacian operator; Monch’s fixed point theorem.

1. Introduction

Fractional calculus is a branch of mathematical analysis that deals with the
derivatives and integrals of arbitrary (non-integer) order. In fact fractional calculus
has developed into an important field of research during the last few decades in view
of its widespread applications in a variety of disciplines such as physics, chemistry,
biology, biophysics, blood flow phenomena, control theory, wave propagation, signal
and image processing, viscoelasticity, financial mathematics, economics, etc. (see
[28, 32, 33, 37, 38, 42, 44]).

Fixed point theory is an important tool in Nonlinear Analysis, in particular, in
obtaining existence results for a variety of mathematical problems. Although there
are many methods (such as Banach contraction principle, Schauder’s fixed point
theorem, and Krasnoselskii’s fixed point theorem, etc.) to analyze, under suitable
conditions, the existence and uniqueness of solution of various problems with initial
conditions, boundary conditions, integral boundary conditions, nonlinear boundary
conditions, and periodic boundary conditions for fractional differential equations,
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for more details see for instance [5, 13, 18, 19, 20, 21, 26, 29, 43]. We focus here
on the so-called measures of noncompactness, see for instance [1, 2, 4, 12, 14, 39].
A key result in the cited works to prove the existence of solutions is the celebrated
Monch fixed point theorem, based on such measures. We also refer the readers to
the recent book [11], where several applications of the measure of noncompactness
can be found.

A p-Laplacian differential equation was first introduced by Leibenson [31] when
he studied the turbulent flow in a porous medium. Since then, fractional dif-
ferential equations and the differential equation with a p-Laplacian operator are
widely applied in different fields of physics and natural phenomena, for example,
non-Newtonian mechanics, fluid mechanics, viscoelasticity mechanics, combustion
theory, mathematical biology, the theory of partial differential equations. Hence,
there have been many published papers that are devoted to the existence of so-
lutions of boundary value problems for the p-Laplacian operator equations, see
[9, 22, 23, 34, 35, 41] and their references. On the other hand, it has been noticed
that most of the above-mentioned work on the topic is based on Riemann—Liouville
or Caputo fractional derivatives. In 1892, Hadamard [27] introduced another frac-
tional derivative, which differs from the above-mentioned ones because its definition
involves the logarithmic function of arbitrary exponent and named the Hadamard
derivative. For some developments on the f of the Hadamard fractional differential
equations, we can refer to [15, 17, 25, 43]. Very recently Jarad et al [30] have mod-
ified the Hadamard fractional derivative into a more suitable one having physical
interpretable initial conditions similar to the singles in the Caputo setting and called
it Caputo—Hadamard fractional derivative. Details and properties of the modified
derivative can be found in [30]. To the best of our knowledge, few results can be
found in the literature concerning boundary value problems for Caputo-Hadamard
fractional differential equations [2, 7, 8, 16]. There are no contributions, as far as
we know, concerning the Caputo-Hadamard fractional differential equations with
p-Laplacian operator in Banach spaces. As a result, the goal of this paper is to
enrich this academic area. So, in this paper, we mainly study the following problem
of Caputo—Hadamard fractional differential equation with p-Laplacian operator of
the form

(1.1) op? (¢p [2Dfu(t)}) = f(tut), 1<a<2te]:=T],

supplemented with boundary conditions

aju(l) + blfﬂ)zu(l) = )\ HITIu(m), 0<y<1
(1.2) asu(T) + ngDYU(T) = A Hfljzu(ng), 1<n,n<T
§Dyu(l) = 0,

where ngf is the Caputo—Hadamard fractional derivative order u € {a, 8,7} such

that 1 < a < 2,0 < 8,7 < l,Hfl) is the Hadamard fractional integral of order
0 > 0,0 € {01,002} and f : [1,T] x E — E is a given function satisfying some



Caputo-Hadamard Fractional Differential Equations with p-Laplacian Operator 695

assumptions that will be specified later, F is a Banach space with norm || - ||.
ai, bi, \i, 1 = 1,2 are suitably chosen real constants.

This paper is organized as follows. The second section provides the definitions
and preliminary results to be used in this paper. The existence results, which rely
on Monch’s fixed point theorem have been presented in Section 3. An example
illustrating the obtained results is presented in Section 4, and the paper concludes
with some conclusions in Section 5.

2. Preliminaries

We start this section by introducing some necessary definitions and basic results
required for further developments.

Let C(J, E) be the Banach space of all continuous functions « from J into E
with the supremum (uniform) norm

[ulloo = sup{[lu(®)[|, € J}.

By L!(J) we denote the space of Bochner-integrable functions u : J — E, with the

norm
T
el = / () .

Next, we define the Kuratowski measure of noncompactness and give some of its
important properties.

Definition 2.1. [10] Let E be a Banach space, Qg the bounded subsets of E The
Kuratowski measure of noncompactness is the map « : Qg — [0, 00) defined by

k(B) = inf{e > 0: B C UL, B;, B € Qp and diam(B;) < ¢}.

Properties 2.1. The Kuratowski measure of noncompactness satisfies some prop-
erties. For more details see [10].

(1) AcC B = x(A) <k(B),
(2) k(A) =0 < A is relatively compact,

(3) k(A) = k(A) = k(conv(A)), where A and convA represent the closure and the
convez hull of A, respectively,

(4) K(A+ B) < k(A) + K(B),
(5) K(AA) = |A|k(A), X € R.
Now, we give some results and properties from the theory of of fractional calcu-

lus. We begin by defining Hadamard fractional integrals and derivatives. In what
follows,



696 C. Derbazi

Definition 2.2. [33] The Hadamard fractional integral of order o > 0, for a func-
tion u € LY(J), is defined as

(HI?u) (t) = ﬁ /lt (log Z)al u(s)%, a>0,

where I'(+) is the (Euler’s) Gamma function
+oo
I(a) = / et tdt, a>0.
0

Set d
5:ta, a>0,n=][a]+1,
where [a] denotes the integer part of «. Define the space
ACY[1,T) v={u: [1,T) — R : 6" "u(t) € AC([1,T])} .

Definition 2.3. [33] The Hadamard fractional derivative of order o > 0 applied
to the function u € AC}[1,T] is defined as

(HD?U) (t) = 6" (Hz’f’“u) (t).

Definition 2.4. [30, 33] The Caputo-Hadamard fractional derivative of order o >
0 applied to the function u € AC§[1,T] is defined as

(fpfu) (t) = (Hz?‘“(s"u) (t).

Lemmas of the following type are rather standard in the study of fractional differ-
ential equations.

Lemma 2.1. [30, 33] Let « > 0,7 > 0,n = [a] + 1, and a > 0, then the following
relations hold

o (M7 (g 2) 1) (6) = 1k (log 1)

(5 (e 2) )0 = o (el) L e,
(gD? (logZ)T_1> t) = 0, re{0,...,n—1}

Lemma 2.2. [24, 33] Let a« > 3 >0, and v € AC{[1,T]. Then we have:

e B3 T u(t) = HTT  u(),
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o D HTTu(t) = u(t),
o SV HTu(t) = 177 u(t).

Lemma 2.3. [30, 33] Let « > 0, and n = [o] + 1. If u € AC}[1,T], then the
Caputo—Hadamard fractional differential equation

(5p5u) ) =0,
has a solution:

n—1
u(t) =) ¢ (logt),

j=0
and the following formula holds:

577 (D7) = u(®) + Y s (log
=0

where c; € R,j =0,1,2,...,n— 1.

Remark 2.1. Note that for an abstract function u : J — E, the integrals which appear
in the previous definitions are taken in Bochner’s sense. (see, for instance, [40]).

In the sequel we will make use of the following fixed point theorem.

Theorem 2.2. (Ménch’s fized point theorem [36]). Let D be a bounded, closed
and convex subset of a Banach space such that 0 € D, and let N be a continuous
mapping of D into itself. If the implication

(2.1) V =conoN(V),orV =N((V)U{0} = (V) =0,
holds for every subset V.C D , then N has a fized point.

Lemma 2.4. [6] Let H C C(J, E) be a bounded and equicontinuous subset. Then
the function t — k(H(t)) is continuous on J, and

ke(H) = max w(H (1)),

o [ utas) < [ st

where H(s) = {u(s) : uw € H,s € J}, and k¢ is the Kuratowski measure of noncom-
pactness defined on the bounded sets of C'(J, E).

and

Definition 2.5. [45] A function f: [1,7] x E — E is said to satisfy the
Carathéodory conditions, if the following hold

e f(t,u) is measurable with respect to ¢ for u € E,

e f(t,u) is continuous with respect to u € E for a.e. t € J.
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3. Main Results

Before starting and proving our main result, we have introduced the following aux-
iliary lemma.

Lemma 3.1. For a given h € C(J,R), the unique solution of the linear fractional
boundary value problem

(3.1) DTu(t) =h(t), 1<a<2teJ:=[1,T),
supplemented with boundary conditions
au(l) + blgDZu(l) = M HT]u(n), 0 <y <1
(3.2) asu(T) + ngDYU(T) = A Hl'(lmu(ng), 1<n,m<T,
s gien by
wlt) = IR+ O] R m) + a(t) (T R(e)
(3.3) — (@ I (T) + b T )))
where
/,Ll(t) = )\1(A1 — AQ IOg t), ILLQ(t) = )\1A3 + A4 IOg t,
1 by (log T)' ™7 X (lognz) ™"
Ay = log T — .
‘A ( BT T Tty )
1 A2 (log )"
Ay = logT — ——————
2 A (aQ 8 T(o + 1)
A1 (logm)” ™
AN = :
(3.4)A3 INCEDR
1 A1 (logny)
A = A <a1 I(lop+1)
A1 (lognp)7 by (logT)' ™" Ay (logma) >t
A = _ALlO8T) log T -
@1 Mo+ J\ ™% T 12—y [(os+2)
At (logmy) ™ Az (log 1)
_ logT — ———— .
Y T ey \2leT - g5y ) 7

Proof. By applying Lemma 2.3, we may reduce (3.1) to an equivalent integral equa-
tion
(3.5) u(t) = PTTh(t) + ko + k1 log(t), ko, k1 € R.

Applying the boundary conditions (3.2) in (3.5) we may obtain

BLTum) = ) + ko U BB
1 i 1 7 OF(O'i+1) 1 F(0i+2) ’ IR
CDIUT) = PRI+ koD (log 7).
1 1 r'2--)
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After collecting the similar terms in one part, we have the following equations:

A1 (logm)” 1) A1 (log )™ ! Hyo1+a
MO8 Vg — 2R8I g o A HTT (),
<a1 (01+1) 0 F(01+2) 1 (771>
A2 <1ogn2>”2> by (log T)' ™" X (logma) ™"
log T — 22\08"2) 3 b log T — k
(‘” T Tty ) S NG Moz +2) )
= NPT h(ny) — a2 BT R(T) — b R(T).

Therefore, we get

N by (logT)' ™7 Ay (logm2)”> ™\ poactos
ko = A (azlogT+ T2 — ) {0y +2) Z, “h(m)
A1 (logm)aﬁ—1 H o2t o [
+ mv\ Iy h(n2) = (a2"ZyM(T) + 0271y h(T))),
A A1 (lo i o _
= (o ) QelaE k)~ @ TR + TR
)\1 )‘2 (log 772)02 o1+
— A gylogT — 220812) ) fou .
A (az og T(os + 1) o h(m)

Substituting the value of ko, k1 in (3.5) we get (3.3), which completes the proof. [

Lemma 3.2. Letl < a<2,0<p<1. Then the boundary value problem of the
fractional differential equation

(3.6) op? (qbp [gpﬁw)}) = ftut), 1<a<2te]:=[1,T],

supplemented with boundary conditions

aru(1) +bigDiu(l) = M PI7u(m), 0 <y <1
ayu(T) + bagDyu(T) = X PZ(u(np), 1<, <T
(3.7) G u(l) = 0,

has a unique solution

u(t) = F(la)/lt (10g z)a_l% (/15 (loi(iﬁ))_lf(r,u(r))d:> %
e / ) (

)\2/u2 O’2+O¢—1
g
02 + a

_|_
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SR () ([ )

T a—y-l s (log £)° 7! 7\ ds
09 - [ (w3) e (/ fox ?(Tg) f (T’“(T))dT) =

Proof. From Lemma 2.3 and the boundary value problem (3.6)—(3.7), we have

DL (6, [SPTu]) = P Au)

= ¢, [gp?u(t)] +do, do€R,

V)

that is
by [SDVu)] = IV u(t) —do, do €R,
By §D{u(1) = 0, we have dy = 0. So,
DYty = o [T (k).

Thus, the boundary value problem (3.6)—(3.7) is equivalent to the following problem:

o B
WD) = o [ ft )], te s =L,
aju(l) + blgDzu(l) = M7 u(n), 0<~y <1
axu(T) + b 5DIu(T) = Xo PI7u(np), 1 <mu,mp < T

Lemma 3.1 implies that boundary value problem (3.6)—(3.7) has a unique solution,

6
wt) = s [ (est)" (/(lgw)ﬁﬂu())d)d

6 =

+ (o1 + ) /1 (IOg s ) q (/1 I'(B) f(r,u(r)) p > S
oo () 2 N\ o2 ta—1 s (logf)ﬁfl ar\ ds
o) ()T e, ( [ T ) &

o () ([ B %)

e [T D), ( | (l‘)ifﬂ)j_lfm(mf) <

This completes the proof. [
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In the following, for computational convenience we put

Mo = IpglTBa =1 +1) [ Qog )™ D (1 Jaslyiz) | s (logep) ™ D
— rB+1)1t I(a+p(g—1)+1) T(or+a+Bg—1+1)
L, | el (log n)C2 ety ) (log 7)Y HAD

(3.9)

where (i1 = |[A|(JA1] 4 |A2|log T), fiz = [A1As| + |Ayllog T,

o IpAPGB@=1+1) [ o) T s (logp) e
f rg+1)1 a4+ B(g—1)) TT(oy +a+fB(g—1)+1)
L 1Bl [ o] (logn) Yy (log 7)Y
T |Tloz+a+pB(g—1)+1)  T(a+pg—1)+1)
[bo] (log 7) A0~ D
3.10
(310% Dla—v+pB(g—1)+1)

Now, we shall prove the following theorem concerning the existence of solutions of
problem (1.1)—(1.2)

Theorem 3.1. Assume that the following hypotheses hold:

(H1) The function f :[1,T] x E — E satisfies Carathéodory conditions

(H2) There exisst py € L>®(J,Ry) and a continuous nondecreasing function 1 :
R. — Ry such that

Il < bpps O (lul) for a.e.t € J and cachu € E.

(H3) For each bounded set D C E, and each t € J, the following inequality holds
k(f(t. D)) < dplps(t)r(D)).

If
(3.11) M; <1,

then the problem (1.1)—(1.2) has at least one solution defined on J.

Proof. Consider the operator N : C(J, E) — C(J, E) defined by:

v = g [ (oeg) o (/ (bifg_lfm(r))f) &
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v s [ 1og”1+“‘1¢q</15(l‘)§fﬁ):_1f<r,u<r>>f>f
n A;’:ia / ”ﬁalqsq(/:(l‘)ifglf(r,u(T))T)f‘
LS )’

( S dr ds

ss:z O () e ([ s )

From Lemma 3.2, the fixed points of the operator N are solution of the problem
(1.1)—(1.2).
Let R > 0, such that
R > Myip(R),

and consider the ball
Br={we C(J,E) : |w|e < R}.

We shall show that the operator N satisfies all the assumptions of Theorem 2.2.
Take u € Bgr,t € J we have
INu(t)]|

| (mgi)al% ( [ f)) f<7,u<7>>||dj>dj
e [ ]

g L ( - >>||>ds
+ |a2,u2 t | < > ¢q (/ls (10 ES—) ||f T, u ))”> s

. m/T <lgT)¢ ([“’g:)flw u(r >>||) =

Using hypothese (H2) we get

Lo\ (eg )" ar ds
B A CH R ( | o s (o) ) :

IA

s >>||> =
log -
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|11 ‘”*a‘l (log2)”"
i UIM/ ¢</ S (D u(r)]) )
. s (log £)° 71
bl [ (g 2) ¢(/ . igg) @ (s (1) (lu(7)]) )
5 1

o L0 [T (o ) ¢< s ¢p<pf<7>¢<|u<7>||>>(“>s
(

n |52M2 ( f) <
Ips Nl (1) ANE ° (lo %)Bildr s
WFT ACH </ ) )
! ul) [y ertes s (log 2)* "V dr ) ds
B [ R 4):

[Aap2 O)]llpslle(ul) [ 12\ 72 te—l * (log 2)" " dr ds
+ (o + @) /1 (10277 %q (/1 F(ﬁ) e

IN

easeltlp 141 | * s
" e [ (1 > (/ ) ;
L0 z 1og ds
- F'la—7) / S ( ) S
Ly (logs
- Bl [ (s ) (

Sk
(

[ ()] llps 1% (lul) n\ortet (log 5)”
+ 1 f /1 <log ?1) @q 7F(ﬂ—|— 1)>
B

ds
T(o1 + ) s
[ Aap2 ()]l[pglle(l[ul]) [ 2\ o2tast (logs)™ \ ds
* /1 (a) o <F(ﬁ—|—1)>s
lo

I'(oy + @)

Jazpa®llps Qi) [T, T\ [ (ogs)’ ) ds
* I(a) / (l‘)gs> % (wm) ;
(log 5)

D22 ()|l f |2 ([ ul]) T( T>a‘”‘1 logs)” \ ds
- /1 r ¢ B+1)) s
1
S

o —7)

a\7
el [ (o )T (ors)® T s
= (e (F(ﬁ+1)> ;
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+ 2 @)]lpg |9 ([f]]) /771 <log %)ffﬁwl ( (log 5)” >q1 ds

P(O’l + a)

C. Derbazi

L(B+1)

Moz ®llIpsleClul) 7\ meyoro=t (((logs)” \" " ds
: /1 (lg5> <(6+1)> s

(o2 + @)

|azpa ()] [[p£]¢( HUII

q—1
1ogs @
r(B+1) S

1

T a—1
g [ (s ) (
+|mmwmwmn ( T> (logs)” \" " ds
INa—7) s rpg+1) s
(T I sla-1) ds
= Tt ), (bgs) (log 8™ 3
s @)l e lal) ™ myertet g ds
+ F(6+1)qflr(al+a)/1 (log?> (log s)™ s
Papia(®)[lpglle(lul) (™, m2yTe=l gy ds
+ I‘(ﬂ+1)q—11“(02+a)/1 (log s) (logs) ™ <
Jazgia ()|l 1 (lull) TN e ds
TG )T a >,/ (1os) om0
[bagea (t mpfu¢)|uu fa-1) ds
R [ (D) e
_ sl (lulnr << —1)+1) [ (QogT)* T (1 + |ag sin)
(B + 1)1 T(a+B(g—1) +1)
L (logn) ™ Y o) (log )T Y
o +a+Bg—1)+1) " |Tloa+a+Bg—1)+1)
L Ibaf (log 7)Y
Fla—=~v+pB(qg—-1)+1)
< Ms#pp(R)<R
Thus

INu|| < R.

This proves that N transforms the ball By into itself. Furthermore for any v € Br

and ¢t € J , we have

[ (= )
[ o

a—l

|)\ Ao
TT (01 + @)

INVw) @]

5)Pt 7\ ds
( “%%%@@MWﬂmi>i

ot (0 (o 2)
%([Hw)%@ﬂ>wmn» )
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A2 Ay

TP(O’Q—l-Ot

las A4
TT ()

ba A
n b2Ay

Some computations give

N w)' ()]

where L; is given by (3.10).

+

) /1 " (log
o)
) /1T ¢

TT (a0 — vy

72 oot+a—1
o Y

" (log2)”
’ </ r(3)
a—1 s (log £ p-1
& ( [ ) ) :

e

ds

O3+ D

I+ B(g—1))

lpsll(lulDT(B(g —1) +1) { (log T)* a1

IMAg| (logny) 7 TorPa Ay

Az (log 72

)02+a+B(q—1

705

)

Tr'(o1 +a+p(g—1)+1) T

|a2‘ (log T)O(+ﬁ(q—1)

‘b2| (log T)a—’v+/3(q—1)

P(a+8(g—1)+1)
Lep([lul),

Ma—y+p8(g-1)+1)

satisfies all the assumptions of Theorem 2.2.

}

For clarity, we will divide the remain of the proof into several steps.
Step 1: N : B — Bp is continuous.
U, — u in Bgr. Then, for each t € J,we have

g F(105) /j (logz)“% (/1 (log2)”™"

|11 (2)|
+ P(O'1+CV
A
+ \ 2#2(

T(o2 + )

TE
TRE

N |02M2t|/ (

|b2u2(
T(a—7)

(3.12)

T
(log

T
5

T
]

(N ) () =

ING))

(
mymot, ( / (l‘)ifﬁ)f_f(m(r)_ Fr ()
)az+a 1 (/1 @)ifg:lf(nun(ﬂ—f(ﬂu(ﬂﬂcr
5 e )’
)“ 7t (/1 (k)i(iﬂ)jlnf(r,un(r)—f(nU(T))lld:)

L(oa +a+B(g—1)+1)

We shall show that the operator N’ : Bp — Bpg

Let {un}nen be a sequence such that

Nu)®)]

1f (7 un(T) —

1

bp (s (DO (lu(T)])) d) &

p s (P)0(lu(r) ) d) @
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Since u, — u as n — oo and f, ¢4(-) are continuous, then by the Lebesgue domi-
nated convergence theorem, equation (3.12) implies

Nuy, — Nu|| -0, as n — occ.

Step 2: N(Bg) is bounded and equicontinuous. Since N (Bgr) C Bgr and Bp is
bounded, then N (Bg) is bounded. Next, let t1,t; € J,t1 < t2,u € Bg. Thus, we
have

IV () (b2) = N (@) ()] < [ I(Nw) (8) e < Lpp(R)[t2 — ],

where L is given by (3.10). As to — t1, the right-hand side of the above inequality
tends to zero.

Step 3:The implication (2.1) holds. Now let V' be a subset of B such that V' C
N(V)uU {0}. V is bounded and equicontinuous and therefore the function ¢ —
v(t) = k(V(t)) is continuous on J. By assumption (H3), and the properties of the
measure xk we have for each t € J.

v(t) < KN (V) U{0}) < NV (V)(1))

t a— s s\B8—-1
e ) (10ed) 44 ( [ f(m(ﬂ)f) d)
F(le(—st-)a) /1771 (log %)UIJFWI Pq (/18 GOfﬂ(iﬁ)j_lf(T,u(T))(i:) d;)

2 oata—1 s (log £)° 1 7\ ds
+ “(M [ (o)™, ( / %ﬂm(mi) d)

IA
=

ailzz()t) /1T (log Z)al Pq </15 (loi(iﬁ))ﬁ_lf(ﬂ “(T))i—T> T)

T\ (e 2)™ dr) ds
) el f(T,u(T))T>S>

2ls
SRS
Il\')
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—
5
—~
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)—\
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Fi‘;’i'w / (1gT)¢ ( / (lgr(ﬂ); K (F(r V() d) &

i i) ( b“li(/xl¢p<pf<f>v<7>>f>f
N a‘fﬁa / (loe™)" g ( /ls(k’grfgf_lm(pf(ﬂv(f))f)‘f
ol [ o) ([ B i)
-l 7 T) (As@jifﬁ)fl¢p<pf<7>v<7>>‘f>f

" % / (1gT) " ( I (k’iffzf_lqsp(pf(r)v(r))dj) &

< Myllvllee,
where M is given by (3.9). Which gives
[vlloe < Mllv]loo-
This means that
[floc (1 =My) < 0.
From (3.11), we get ||v]|c = 0, that is, v(t) = x(V(t)) = 0, for each t € J, and
then V(¢) is relatively compact in E. In view of the Ascoli-Arzela theorem, V' is

relatively compact in Bg. Applying Theorem 2.2 we conclude that A" has a fixed
point which is a solution of the problem (1.1)-(1.2). O

4. An Example

In this section, we give an example to illustrate the usefulness of our main result.
Let
E=cy={u=(up,ua,...,Un,...): up =0 (n—=00)},

be the Banach space of real sequences converging to zero, endowed its usual norm

[[ulloo = sup |un|.
n>1

Example 4.1. Consider the following fractional problem posed in ¢y :

(4.1) i} ([ ipfu0] ) = euten, e s =,
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supplemented with boundary conditions

1 5
u() +5DFu() = “Tiud) 0<y <1
1 z 3
u(e) + §DFule) = “ziu) 1 <mom <7
o
(4.2) GDiu(l) = (0,0,...,0,...).
Note that, this problem is a particular case of BVP (1.1)—(1.2), where
7 1
= — = = _.T =
a pB=1=g5T=e
al = b1:a2=b2=)\1:)\2:1,
o BT 5 3
1 = 2’ 2_27771_477]2_27
po= 2,q9=2

and f:J X co — ¢p given by

1 1 .
ft,u) = {qbp (m (ﬁ —|—sm\un\)) }n21, fort € J,u = {un}tn>1 € co.

It is clear that condition (H1) holds, and as

1wl 9 (ﬁ <ni “m‘“"‘)) H

< o0 (g 0+ 1)
p (el

Therefore, the assumption (H2) of the Theorem 3.1 is satisfied with pf(¢) = m,t € J,

and ¥(u) =1+ u, u € [0,00). On the other hand, for any bounded set D C co, we have
1

k(f(t, D)) < WH(D), for each t € J.

Hence (H3) is satisfied. We shall check that condition (3.11) is satisfied. Using the Matlab

program, we can find

My =0.4228 < 1.

and
(1+R)M; <R,
thus M
R> 21 —0.7326
> 1—- My ’

Then R can be chosen as R = 1 > 0.7326. Consequently, Theorem 3.1 implies that the
problem (4.1)—(4.2) has at least one solution v € C(J, cp).

5. Conclusions

We have proved the existence of solutions for Caputo—Hadamard fractional differ-
ential equations with p—Laplacian operator in a given Banach space. The problem
is issued by applying Monch’s fixed point theorem combined with the technique of
measures noncompactness. We also provide an example to make our results clear.
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n—RICCI SOLITONS IN LORENTZIAN a—SASAKIAN MANIFOLDS
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Abstract. In the present paper, we have studied n-Ricci solitons in Lorentzian
a—Sasakian manifolds satisfying certain curvature conditions. The existence of n—Ricci
soliton in a Lorentzian aw—Sasakian manifold has been proved by a concrete example.
Keywords: n—Ricci solitons; Lorentzian a—Sasakian manifolds; projective curvature
tensor.

1. Introduction

In 1985, J. A. Oubina [14] defined and studied a new class of almost contact
metric manifolds known as trans-Sasakian manifolds, which includes «a-Sasakian,
B-Kenmotsu and cosymplectic structures. In 2005, A. Yildiz and C. Murathan [5]
studied conformally flat and quasi-conformally flat Lorentzian a—Sasakian mani-
folds. Lorentzian a—Sasakian manifolds have been studied by many authors such
as [1,3,6]. Recently, U. C. De and P. Majhi have studied ¢—Weyl semisymmetric
and ¢—projectively semisymmetric generalized Sasakian space-forms and obtained
some intersesting results [21].

In 1982, R. S. Hamilton [20] introduced the notion of Ricci flow to find a canon-
ical metric on a smooth manifold. Then Ricci flow has become a powerful tool
for the study of Riemannian manifolds, especially for those manifolds with positive
curvature. G. Perelman [12,13] used Ricci flow and its surgery to prove Poincare
conjecture. The Ricci flow is an evolution equation for metrics on a Riemannian
manifold defined as follows:

0
501 (t) = —2Ri;.

A Ricci soliton emerges as the limit of the solutions of the Ricci flow. A solution
to the Ricci flow is called Ricci soliton if it moves only by a one parameter group
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of diffeomorphism and scaling. A Ricci soliton (g, V, A) on a Riemannian manifold
(M, g) is a generalization of an Einstein metric such that [17, 18]

(1.1) (£vg)(X,Y)+25(X,Y) +2)09(X,Y) =0,

where S is the Ricci tensor, £y is the Lie derivative operator along the vector field
V on M and X is a real number. The Ricci soliton is said to be shrinking, steady
or expanding according to A being negative, zero or positive, respectively. Ricci
solitons in the context of general relativity have been studied by M. Ali and Z.
Ahsan [16].

As a generalization of Ricci solitons, the notion of n-Ricci solitons was intro-
duced by J. T. Cho and M. Kimura [15]. They have studied Ricci solitons of real
hypersurfaces in a non-flat complex space form and they defined n-Ricci soliton,
which satisfies the equation

(1.2) (£v9)(X.Y) +25(X.Y) +20g(X.Y) + 2m(X)n(Y) = 0,

where A and g are real number. In particular, if 4 = 0, then the notion 7-Ricci
soliton (g, V, A, ) is reduced to the notion of Ricci soliton (g, V, A). Recenty, n—Ricci
solitons have been studied by various authors such as A. Singh and S. Kishor [4],
A. M. Blaga [9], D. G. Prakasha and B. S. Hadimani [11], S. Ghosh [19] and many
others.

The paper is organized as follows: In Section 2, we give a brief introduction
of Lorentzian a—Sasakian manifolds. In Section 3, we discuss n-Ricci solitons in
Lorentzian a—Sasakian manifolds. Section 4 is devoted to study n-Ricci solitons
in ¢—projectively semisymmetric Lorentzian a—Sasakian manifolds. In Section 5,
we study n-parallel ¢—tensor Lorentzian a-Sasakian manifolds admitting n—Ricci
solitons. m—Ricci solitons in Lorentzian a—Sasakian manifolds admitting Codazzi
type of Ricci tensor and cyclic parallel Ricci tensor have been studied in Section 6.
In Section 7, we study n-Ricci solitons in recurrent Lorentzian a-Sasakian manifolds.
Finally, we construct an example of 3-dimensional Lorentzian a—Sasakian manifold
which admits an n—Ricci soliton.

2. Preliminaries

A differentiable manifold of dimension n is called a Lorentzian a—Sasakian man-
ifold if it admits a (1,1)—tensor field ¢, a contravariant vector field £, a covariant
vector field n and a Lorentzian metric g which satisfy [5]

(2.1) n(§) = -1,

(2.2) ¢*X = X +1(X)E,

(2.3) ¢¢ =0, n(¢X)=0,

(2.4) 9(6X,0Y) = g(X,Y) + n(X)n(Y),
(2.5) 9(X, &) = n(X)
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for all vector fields X, Y on M.
Also Lorentzian a—Sasakian manifolds satisfy

(2.6) Vyé = —a¢X,

(2.7) (Vxn)Y = —ag(¢X,Y),

where V denotes the operator of covariant differentiation with respect to the Lorentzian
metric g and a € R.

Furthermore, on a Lorentzian a—Sasakian manifold M, the following relations
hold [5, 6]:

(2.8)  g(R(X,Y)Z,&) =n(R(X,Y)Z) = a*[g(Y, Z)n(X) — g(X, Z)n(Y)],

(2.9) R(&,X)Y = a*[g(X. Y )¢ — n(¥)X],
(2.10) R(X,Y)§ = a*[n(Y)X - n(X)Y],
(2.11) R(&, X)¢ = (X +n(X)e],

(2.12) S(X.8) = (n— Da*n(X), S(E.€)=—(n—1)a>
(2.13) Q€ = (n - 1)a’,

(2.14) (Vx@)Y = ag(X,Y)§ — an(Y)X

for any vector fields X, Y and Z on M.

Definition 2.1. A Lorentzian aw—Sasakian manifold M is said to be a generalized
n-Einstein manifold if its Ricci tensor S is of the form [7]

S(X,Y) =ag(X,Y) +bn(X)n(Y) + cg(¢X,Y),
where a,b and ¢ are smooth functions on M. If c =0, b =c =0 and b = 0, then

the manifold is said to be an n—Einstein, Einstein and a special type of generalized
n-Einstein manifold, respectively.

Definition 2.2. The projective curvature tensor C' in an n—dimensional Lorentzian
a-Sasakian manifold M is defined by

(2.15) P(X,Y)Z = R(X,Y)Z —

ISV, 2)X - S(X, 2)Y],

n —

where R is the Riemannian curvature tensor and r is the scalar curvature of the
manifold.
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3. n-Ricci solitions in Lorentzian a—Sasakian manifolds

Suppose that a Lorentzian a«—Sasakian manifold admits an n-Ricci soliton (g, &, A, ).
Then (1.2) holds and thus we have

(3.1) (£eg)(X,Y) +28(X,Y) + 2Ag(X,Y) + 2un(X)n(Y) = 0.
In a Lorentzian a—Sasakian manifold, we find
(32) (£e9)(X,Y) = g(Vx&Y) + g(X, Vy§) = —2ag9(X, ¢Y).

Combining (3.1) and (3.2), it follows that

(3:3) S(X,Y) = =M(X,Y) + ag(pX,Y) — pn(X)n(Y).
It yields

(3.4) QX = -2AX + apX — un(X)E.

By taking Y = ¢ in (3.3) and using (2.1), (2.3) and (2.5), we get
(35) S(X,€) = (11— \n(X).

Thus from (2.12) and (3.5), we obtain
(3.6) p—A=(n—1)
Hence in view of (3.3) and (3.6), we can state the following theorem:

Theorem 3.1. If (g,&, A\, 1) is an n-Ricci soliton in a Lorentzian a—Sasakian
manifold, then the manifold is a generalized n-Finstein manifold of the form (3.3)
and p— X = (n—1)a2.

In particular, if we take g = 0 in (3.3) and (3.6), then we obtain
(3.7) S(X,Y) = ~Ag(X,Y) + ag(6X,Y),
(3.8) A= —(n—1)a?

respectively. Thus we have

Corollary 3.1. If(g,&, A) is a Ricci soliton in a Lorentzian a— Sasakian manifold,
then the manifold is a special type of genralized n-Einstein manifold and its Ricci
solition is always shrinking.

Now, let (g,V, A, 1) be a Ricci soliton in a Lorentzian a—Sasakian manifold such
that V' is pointwise collinear with £, i.e., V' = b, where b is a function. Then (1.2)
holds and we have

bg(Vx&,Y) + (X0)n(Y) + bg(X, Vy &) + (Y)n(X)
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+25(X,Y) +209(X,Y) +2un(X)n(Y) =0
which in view of (2.6) takes the form

(3.9) —2bag(¢X,Y) + (X0)n(Y) + (Yb)n(X)

+25(X,Y) 4+ 2Xg(X,Y) + 2un(X)n(Y) = 0.
Putting Y = £ in (3.9) and using (2.1), (2.3), (2.5) and (2.12), we find
(3.10) —(Xb) +[(éb) +2(n — 1)a® + 2\ — 2un(X) = 0.
Again putting X = £ in (3.10) and using (2.1), we get
(3.11) (€b) + (n —1)a® + X — pu = 0.
Combining the equations (3.10) and (3.11), it follows that
(3.12) db=[(n—1)a? + X — uln.
Now applying d on (3.12), we get
(313) [(n—1Da?+A—pln=0 = pu—A=(n-1)a% dnp#0.

Thus from (3.12) and (3.13), we obtain db = 0, i.e., b is a constant. Therefore, (3.9)
takes form

(3.14) S(X,Y)=-X(X,Y) 4+ bag(¢X,Y) — un(X)n(Y).

Hence in view of (3.13) and (3.14), we can state the following theorem:

Theorem 3.2. If(g,&, A\, p) is an n-Ricci soliton in an n— dimensional Lorentzian
a—Sasakian manifold, such thatV is pointwise collinear with &, then V is a constant
multiple of & and the manifold is a generalized n-Einstein manifold of the form (3.14)
and p— X = (n — 1)a?.

4. n-Ricci solitions in ¢-projectively semisymmetric Lorentzian
a—Sasakian manifolds

Definition 4.1. A Lorentzian a—Sasakian manifold is said to be ¢—projectively
semisymmetric if [20]

P(X,Y)-¢=0

for all X,Y on M.
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Let M be an n-dimensional ¢—projectively semisymmetric Lorentzian a—Sasakian
manifold admits n-Ricci soliton. Therefore P(X,Y) - ¢ = 0 turns into

(4.1) (P(X,Y) )7 = P(X,Y)6Z — 6P(X,Y)Z =0
for any vector fields X,Y, Z € x(M). From (2.15), it follows that

(1) P(X,Y)0Z = RIX,Y)67 — L [S(V,02)X ~ S(X,62)Y],

(4.3) ¢P(X,Y)Z = ¢R(X,Y)Z — ﬁ[S(Y, Z)pX — S(X, Z)pY).

Combining the equations (4.1), (4.2) and (4.3), we have

(4.4) R(X,Y)¢Z — ¢R(X,Y)Z — ﬁ[S(Y, $Z)X — S(X,9Z)Y]

+ L[SV, 2)0X — S(X, Z)6¥] =0

which by taking Y = ¢ and using (2.3), (2.9) and (2.12) is reduced to
(4.5) S(X,9Z) = (n—1)a’g(X, ¢2).
In view of (3.3), (4.5) takes the form
(4.6) A+ (n—1)a?lg(X, 62Z) — ag(¢X, ¢Z) = 0.
By replacing X by ¢X in (4.6) and using (2.2), we get
(4.7) A+ (n— 1)a?|g(¢X, ¢2) — ag(X,¢$Z) = 0.
By adding (4.6) and (4.7), we obtain
A+ (n—1)a” — (9(¢X, 02) + 9(X,¢2)) = 0

from which it follows that A = —(n — 1)a® + a and hence from (3.6), we get u = a.
Thus we can state the following theorem:

Theorem 4.1. If(g,&, A\, p) is ann-Ricci soliton in an n-dimensional ¢— projectively
semisymmetric Lorentzian a—Sasakian manifold, then X = —(n — 1)a? + a and

w=q.
Now from the relations (3.3), (3.6) and (4.7), we obtain
(4.8) S(X,Y) = (n—1)a?g(X,Y).
Thus we have

Corollary 4.1. An n-dimensional ¢p—projectively semisymmetric Lorentzian
a—Sasakian manifold admitting an n-Ricci soliton (g,&, A, 1) is an Einstein mani-

fold.
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5. n-parallel ¢—tensor Lorentzian a-Sasakian manifolds admitting
n—Ricci solitons

In this section, we study the n—parallel ¢—tensor in Lorentzian a-Sasakian
manifolds. If the (1, 1) tensor ¢ is n—parallel, then we have [10]

(5.1) 9(Vx¢)Y,Z) =0
for all X,Y,Z € x(M). From (2.14) and (5.1), we get
(5.2) 9 X, Y)m(Z) —n(Y)g(X,Z) =0, where «#0.
Putting Z = ¢ in (5.2), we find
9(X,Y) = —n(X)n(Y)

which by replacing Y by QY and using (2.12) yields
(5-3) S(X,Y) = —a?(n — n(X)n(Y).
From (3.3) and (5.3), it follows that

A(X,Y) = ag(6X,Y) + (u — (n = D)a?)n(X)n(Y) = 0
which by replacing Y by ¢Y becomes
(5.4) Ag(X,0Y) — ag(¢X,¢Y) = 0.
Now by replacing X by ¢X in (5.4) and using (2.2), we find
(5.5) M(9X,8Y) — ag(X,8Y) = 0.

By adding (5.4) and (5.5), we obtain A = « and hence from (3.6) we get p =
a+ (n —1)a?. Thus we have the following theorem:

Theorem 5.1. If (g,&, A\, 1) is an n-Ricci soliton in an n-dimensional Lorentzian
a—=Sasakian manifold and if the tensor ¢ is n—parallel , then X = « and p =
a+(n—1)a?

Now from the relations (3.3), (3.6) and (5.5), we obtain

(5.6) S(X,Y) = —(n—1)a’*n(X)nY).

Thus we have

Corollary 5.1. If (g,&, A\, 1) is an n-Ricci soliton in an n-dimensional Lorentzian

a—=Sasakian manifold and if the tensor ¢ is n—parallel, then the manifold is a special
type of n— Einstein manifold.
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6. n—Ricci solitons in Lorentzian a—Sasakian manifolds admitting
Codazzi type of Ricci tensor and cyclic parallel Ricci tensor

In this section, we consider n—Ricci solitons in Lorentzian a—Sasakian manifolds
admitting Codazzi type of Ricci tensor and cyclic parallel Ricci tensor. A. Gray
[2] introduced the notion of cyclic parallel Ricci tensor and Codazzi type of Ricci
tensor.

Definition 6.1. A Lorentzian a—Sasakian manifold is said to have Codazzi type
of Ricci tensor if its Ricci tensor S of type (0, 2) is non-zero and satisfies the following
condition

(VxS)(Y,2) = (VyS)(X, 2)
for all X,Y,Z € x(M),
Taking covariant derivative of (3.3) and making use of (2.7) and (2.14), we find
(6.1) (VxS)(Y, 2) = a[g(X, Y)n(Z) — g(X, Z)n(Y)

+aplg(eX,Y)n(Z) + g(¢X, Z)n(Y)].
If the Ricci tensor S is of Codazzi type, then
(6.2) (Vx9)(Y,2) = (VyS)(X, Z).
In view of (6.1), (6.2) takes the form
a?[g(Y, Z)n(X) = g(X, Z)n(Y)] + aplg(¢X, Z)n(Y) — g(8Y, Z)n(X)] = 0
which by putting X = ¢ and using (2.1), (2.3)-(2.5) gives

(6.3) ag(6Y,67) — ug(6Y, Z) =0, a #0.
Now by replacing Z by ¢Z in (6.3) and using (2.2), we find

By adding (6.3) and (6.4), we obtain p = a and hence from (3.6) we get A =
a — (n —1)a?. Thus we have the following:

Theorem 6.1. Let (g,&, A\, 1) be an n— Ricci soliton in an n-dimensional Lorentzian
a—=Sasakian manifold and if the manifold has Ricci tensor of Codazzi type, then
A=a—(n—1)a? and p = .

Definition 6.2. A Lorentzian a—Sasakian manifold is said to have cyclic parallel
Ricci tensor if its Ricci tensor S of type (0, 2) is non-zero and satisfies the following
condition

(6.5) (VxS)(Y, Z) + (Vy9)(Z, X) + (V29)(X,Y) =0

for all X,Y, Z € x(M).
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Let (g,&, A\, ;) be an n—Ricci soliton in an n-dimensional Lorentzian a—Sasakian
manifold and the manifold has cyclic parallel Ricci tensor, then (6.5) holds. Taking
covariant derivative of (3.3) and making use of (2.7) and (2.14), we find

(6.6) (VxS)(Y,2) = *[9(X,Y)n(Z) — (X, Z)n(Y)]

Similarly, we have

(6.7) (VyS)(Z,X) = ?[g(Y, Z)n(X) — g(Y. X)n(Z)]

Foulg(eY, Z)n(X) + g(Y, X)n(Z)],
and
(6.8) (VZ2S)(X,Y) = a®[9(Z, X)n(Y) — g(Z,Y )n(X)]
+opulg(¢Z, X)n(Y) + 9(¢Z,Y )n(X))].
By using (6.6)-(6.8) in (6.5), we obtain
aplg(¢X,Y)n(Z) + g(oX, Z)n(Y) + g(¢Y, Z)n(X)] = 0
which by taking Z = ¢ reduces to
(6.9) apg(dX,Y) = 0.
Since the manifold under consideration is non-cosymplectic and g(¢X,Y) # 0, in

general, therefore (6.9) yields u = 0. Therefore the n—Ricci soliton becomes Ricci
soliton. Thus we have the following:

Theorem 6.2. An n— Ricci soliton in a non-cosymplectic Lorentzian a—Sasakian
manifold whose Ricci tensor is of Codazzi-type becomes a Ricci soliton.

7. n-Ricci solitons on recurrent Lorentzian a-Sasakian manifolds

Definition 7.1. An n-dimensional Lorentzian a-Sasakian manifold is said to be
recurrent if there exists a non-zero 1-form A such that [8]

(7.1) (VxR)(Y, )W = A(X)R(Y, Z)W

for all vector fields X,Y, Z and W on M. If the 1-form A vanishes, then the manifold
reduces to a symmetric manifold.
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Assume that M is a recurrent Lorentzian a-Sasakian manifold. Therefore the cur-
vature tensor of the manifold satisfies (7.1). By a suitable contraction of (7.1), we
get

(7.2) (Vx8)(Z,W) = A(X)S(Z, W).

This implies that

(7.3) VxS(Z,W)—S(VxZ,W)—S(Z,VxW) = A(X)S(Z,W)

which by taking W = ¢ and using (2.6) and (2.12) yields

(7.4) S(Z,6X) = (n —1)a?g(¢X, Z) + (n — 1)aA(X)n(Z), a#0.

In view of (3.3), (7.4) takes the form

(7.5) ag(X, Z) + an(X)n(Z) = A + (n = 1)a®]g(¢X, Z) + (n — aA(X)n(Z2).

Suppose the associated 1-form A is equal to the associated 1-form 7, then from
(7.5), we have

(7.6) ag(X,Z) =M+ (n = 1)a®lg(¢X, Z) + (n — 2)an(X)n(Z).
By replacing Z by ¢Z in (7.6), we get
(7.7) ag(X,0Z) = A+ (n — 1)a®]g(¢X, ¢Z)

which by replacing X by ¢X and using (2.2), becomes

(7.8) ag(¢X,9Z) = A + (n —1)a’]g(X, ¢Z).
By adding (7.7) and (7.8), we obtain A = —(n — 1)a? — a and hence from (3.6) we
get 4 = —a. Thus we can state the following:

Theorem 7.1. If (g,&, A\, p) is an n— Ricci soliton in an n-dimensional recurrent
Lorentzian a-Sasakian manifold, then A = —(n — 1)a? — a and p = —a.

Now from the relations (3.3), (3.6) and (7.7), we obtain
(7.9) S(X,Y) = (n—1)a?g(X,Y).
Thus we have

Corollary 7.1. An n-dimensional recurrent Lorentzian a-Sasakian manifold ad-
mitting an n-Ricci soliton (g,&, \, u) is an Einstein manifold.

Example. We consider the 3-dimensional manifold M = {(.73, y,2) ER3: 2> 0},
where (z,, 2) are the standard coordinates of R3. Let ey, ez and e3 be the vector
fields on M given by

0 0 0 0

e1=e "—, ea=e (—+ ), es=a-— =¢,

3w87y
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which are linearly independent at each point p of M. Let g be the Lorentzian like
(semi-Riemannian) metric defined by

gler,e1) = glez,e2) =1, gles,e3) = —1, g(er,e2) = g(e1,e3) = g(ez,e3) = 0.

Let n be the 1-form defined by n(X) = g(X,e3) = g(X,€) for all X € x(M), and
let ¢ be the (1,1)-tensor field defined by

per =e1, Pex = ez, ¢ez =0.

By applying linearity of ¢ and g, we have
n(§) = 9(6,6) =1, ¢’X =X +n(X)§ and g(6X,0Y) = g(X,Y) +n(X)n(Y)
for all X,Y € x(M). Thus for e3 = ¢, the structure (¢, &, 7, g) defines a Lorentzian
almost paracontact metric structure on M.
Then we have

[e1,e2] =0, [e1,e3] = aer, [ez,es] = aeq.
The Levi-Civita connection V of the Lorentzian metric g is given by
29(VxY, Z2) = Xg(Y, 2) + Yg(Z, X) = Zg(X,Y) = g(X, [V, Z]) + 9(Y, [Z, X]) + 9(Z, [X, Y]),
which is known as Koszul’s formula. Using Koszul’s formula, we can easily calculate

(7.10) Ve,e1 =aes, Ve ea =0, V.es3=ae, Ve =0,

Ve,e2 = ez, Ve,e3 =aeg, Veer =0, Ve =0, Vge3=0.
Also, one can easily verify that
Vxé=—-apX and (Vxo)Y =ag(X,Y)¢—an(Y)X.

Therefore, the manifold is a Lorentzian a-Sasakian manifold. From the above re-
sults, we can easily obtain the components of the curvature tensor as follows:

(7.11)  R(e1,es)e; = —aes, Rleq,e3)e; = —a’es, R(ea,e3)er =0,

R(ey1,e0)eq = o’e, R(eq,e3)es =0, R(eq,e3)es = —a’es,

R(eq,ez)es =0, R(eq,e3)es = —a’e, R(ea, e3)es = —aZe,

from which it is clear that

(7.12) R(X,Y)Z = o?[g(Y, 2)X — g(X, Z)Y].
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Hence the manifold (M, ¢,&, g) is a Lorentzian a-Sasakian manifold of constant
curvature o2. With the help of the above results we get the components of Ricci
tensor and scalar curvature as follows:

(7.13) S(er,e1) = S(eq,ea) = 202, S(es, e3) = —2a2,

Therefore, r = Zle €:S(ei,e;) = 6a% where ¢ = g(e;,e;). From the equation
(3.3) and (7.13), we obtain A = a(1 — 2a) and p = a. Thus the data (g,&, A, ) for
A= a(l —2a) and p = « defines an n—Ricci soliton on (M, ¢, &, 1, g).
Acknowledgement. The authors are thankful to the editor and anonymous ref-
erees for their valuable suggestions in the improvement of the paper.
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Abstract. Let G be a 4-dimensional Lie group with an invariant para-hypercomplex
structure and let F = 8 + aa + 8%/a be a left invariant (o, 8)-metric, where a is a
Riemannian metric and £ is a 1-form on G, and a is a real number. We prove that the
flag curvature of F' with parallel 1-form ( is non-positive, except in Case 2, in which
F admits both negative and positive flag curvature. Then, we determine all geodesic
vectors of (G, F).

Keywords: para-hypercomplex structure; («, §)-metric; Riemannian metric; flag cur-
vature.

1. Introduction

Hypercomplex and para-hypercomplex structures are interesting and practical
structures in differential geometry [13]. These structures have been used in theo-
retical physics and HKT-geometry, intensively [11]. According to V. V. Cortés and
C. Mayer studies, the para-hypercomplex structures emerged as target manifold of
hypermultiplets in Euclidean theories with rigid N = 2 supersymmetry [9]. M.
L. Barberis classified the invariant hypercomplex structures on a simply-connected
4-dimensional real Lie group [3, 5]. In [6], N. Blazi¢ and S. Vukmirovié¢ classified
4-dimensional Lie algebras admitting a para-hypercomplex structure.

Finsler geometry has many applications in mechanics, physics and biology [1].

Among Finsler metrics, (a,8)-metrics, which were first introduced by M. Mat-
sumoto, are the important ones [16].
In [20] the third author introduced a new class of («,3)-metrics given by F =
B+ aa+ B?/a where a € (i, o0) and studied the locally dually flatness for this type
of metrics [21]. One of the key quantities in Riemannian geometry is the sectional
curvature. In Finsler geometry, we have the notion of flag curvature as a natural
extension of the notion of the sectional curvature [2].
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In the present study, we consider the left invariant 4-dimensional para-hypercomplex
Lie groups and construct some Berwaldian left invariant («,)-metrics of type
F = B+ aa + $?/a on them. We get a formula for the flag curvature of F and
prove that F' is non- positive flag curvature except one case, consequently, F' is not
of constant Ricci curvature.

Let (G,a) be a Lie group G furnished by a left invariant Riemannian metric
a. There is a natural kind of geodesics of (G, ) which are closely related to the
algebraic ingredient of G. More precisely, we are interested in those geodesics which
are in the form ~y(¢) = exp(tX) for some tangent vector X in the Lie algebra of G,
i.e., g := T.G. In other words, those geodesics which are orbits of one parameter
subgroups of G. In this case, X is called a geodesic vector. This notion was extended
to Finsler geometry by Latifi [14]. Here, we also obtain all geodesic vectors of the
invariant (a, 8)-metric F = 8 + aa + 3%/a.

2. Preliminaries

Let us recall some known facts about para-hypercomplex structures and Finsler
spaces. Let M be a smooth manifold and {J;}i=1,23 be a family of fiberwise endo-
morphisms of T'M such that

(2.1) J? = —Idry,

(2.2) J3 = Idry, Jo # £Idry,
(2.3) JidJo = =JoJi = Js,

and

(2.4) Ny=0 i=1,2,3,

where N; is the Nijenhuis tensor corresponding to J; defined as follows:
M(X,Y)=[1X,LhY] - (X, Y]+ [1X,Y]) - [X,Y],
and
Ni(X,Y) = [J:X, LY] = Ji([X, J;Y] + [J;: X, Y]) + [X, Y], i=2,3,

for all vector fields X, Y on M. A para-hypercomplex structure on a smooth
manifold M is a triple {J;};=1,23 such that J; is a complex structure and J;,
i = 2,3, are two non-trivial integrable product structures on M satisfying (2.3).

Definition 2.1. A para-hypercomplex structure {J;};=1,2,3 on a Lie group G is
said to be left invariant if for any a € G the following diagram is commutative:

TG LE TG
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That is
JiZTLaOJZ‘OTLa—l, i:1,2,3

where L, : G — G given by L,(z) = ax is the left translation along a and TL, is
its derivation.

A Finsler metric on M is a function F : TM — [0,00) which has the following
properties: (i) F'is C*° on T'My := TM \ {0}; (ii) F is positively 1-homogeneous
on the fibers of the tangent bundle TM, and (iii) for each y € T, M, the following
quadratic form g, on T, M is positive definite,

1 o
gy(u’ ’U) = 5 asat |:F2(y + su + t’U) ‘s,t:() = g’Lj (£E7 y)uva7
.0 0
=u'—,v=v— €T, M,
U =1u By v 6 v
where g;; = % 8‘?;5; is called the fundamental tensor of F'.

An important class of Finsler metrics is the class of («, 8)-metrics which was
first introduced by M. Matsumoto in 1992 [16]. An (a ﬂ) metric on a manifold M is

a Finsler metric with the form F = aqS( ), where a(x,y) = /gi;(x)y'y?, B(z,y)
bi(z)y" is a Riemannian metric and a 1- form on the mamfold M, respectively and

¢ : (—bo,bp) — RT is a C* function satisfying

"

(2.5) $(s) — 56 (s) > 0, &(s) — s (s) + (b* — s*)  (s) >0,

for all |s| < b < by in which b := ||3]| denotes the norm of 8 with respect to «
(see [17], [26] and [28]).

Given a Finsler manifold (M, F'), then a global vector field G given by G =
yi 2 BT 2G(z, y) mE where

L9909
2.6 Gl == 15{275_79} gk
(2.6) 47 axF ozl JUY
is called the associated spray to (M, F'). The projection of an integral curve of G is

called a geodesic in M. For Riemannian metrics, G*(x,y) are quadratic with respect
to y. For a general Finsler metric F', we define the Berwald curvature of F' by

03G?
3y1 Oykoyt”

A Finsler metric is called Berwald metric if its Berwald curvature vanishes [18].

(2.7) B;’ Wl

A Finsler metric F' on a Lie group G is called left invariant if for all a € G and
Y eT,G

(2.8) F(a,Y) = Fe, (Ly-1)saY).
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One of the main quantities in Finsler geometry is the flag curvature which is
defined as follows:
gy (R(Ua Y)Y7 U)
gy (Y.Y).gv (U, U) - g3 (Y, U)’

where P = span{U,Y} is a 2-plane in T, M, R(U,Y)Y = VyVyY — VyVyY —
Viv,y1Yand V is the Chern connection induced by F (for more details, see [4, 25]).

(2.9) K(PY) =

In [6], N. Blazi¢ and S. Vukmirovi¢ classified 4-dimensional Lie algebras admit-
ting left invariant para-hypercomplex structures. H. R. Salimi Moghaddam obtained
some curvature properties of left invariant Riemannian metrics on such Lie groups
[23]. In each case, let G; be the connected 4-dimensional Lie group correspond-
ing to the considered Lie algebra g; and (,) is an inner product on g; such that
{X,Y,Z, W} is an orthonormal basis for g;. Additionally, we use g for the left
invariant Riemannian metric on G; induced by (,) and use V for its Levi-Civita
connection. Let us denote the Riemannian curvature tensor of ¢ by R. Further-
more, suppose that U = aX +bY +cZ +dWand V = aX + bY +¢Z + dW are any
two independent vectors in g;.

Now, we list all five classes of 4-dimensional Lie algebras admitting an invariant
para-hypercomplex structure and non-zero parallel vector fields. These classes of
Lie algebras were first introduced in [6].

Case 1. [6] Let g; be the Lie algebra spanned by the basis {X,Y, Z, W} with the
following Lie algebra structure:

(2.10) X,Y]=Y, [X,W]=W

Hence, using Koszula’s formula, we have

Table 2.1: Taken from [23]

X |\Y | Z | W
Vx 0 0100
Vy | =Y | X | 0] O
Vz 0 0100
Vw | =W | 0|0 | X

Therefore, for U and V we have

R(V,U)U = (ab — ba)(bX — aY) + (ad — da)(dX — aW) + (bd — db)(dY — bW).
Case 2. [6] The Lie algebra of Case 2 has the following Lie bracket:
(2.11) [X,Y]=Z.
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Therefore

Table 2.2: Taken from [23]

X [ Y] Z [W
Vx| 0 | 2Z[-3Y] 0
Vy | —3Z] 0 | 3X [0
Vz | —3Y[iX] 0 [0
Vw | 0 0 0 [0

Hence for U and V' we have

R(V,U)U = Z(db ~ba)(bX — aY) + i(aé = ca)(aZ - eX) + i(bé — )7 — oY),

Case 3. [6] The Lie algebra structure of g3 is in the following form:
(2.12) [X,Y]=X.

Hence,

Table 2.3: Taken from [23]

X |\Y | Z|W
Vx | =Y | X ]0| 0
Vy 0 0]0|O0
Vz 0 0]0|O0
Vw | 0 0]0|O0

as a result, for U and V we have
R(V,U)U = (ab — ba)(bX — aY).

Case 4. [6] In the Lie algebra structure of Case 4, there are two real parameters
A and 7. This Lie algebra has the following structure:

[X,Z]:X, [X,W]:Y, [Y7Z]:}/7 [Yaw]:)‘X"i_n/BK AneR,

thus
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Table 2.4: Taken from [23]

X Y Z W
—(1+X
VX 1_)\Z (2 )W X 1 )\%Y
Vy | W [ —(Z4qw) | ¥ | BAX 4y
v 0 0 0 0
Vi | 232Y AX 0 0
Therefore, we have
B = (N2 -4 4—(14N)?
RV,U)U = {(ab ba)(be—kafY)
14 A 14 A -
+ (aé—c&)(aZ—kb%W—cX—d%Y)+(ad—dd)
A2 42043 14 A 14 A
v (a%W—l—b%Z—kan—c Ty
1+ A) (A —
+ de,dny)
1A 14+ A
+ @e—c)(a ; W+bZ+anchfd%de5Y)
R T A2 44?420 1
+ (bd—db)(a ”; Z+aqW + bz + b2t ”4+
14 A A2 i 20— 1
(2.13) - c%X—cnY—d?) i ”4+ v —ndx) }.

Case 5. [6] The last Lie algebra is g5 with the following Lie algebra structure:

(2.14) X,Y]=W, [X,W]=-Y, [V,W]=-X.

Thus

Table 2.5: Taken from [23]

X [ Y [Z] W
Vx| 0 | 3W[X]-3Y
Vy | sW [ -W ] 0] —3X
Vz | 0 0 Jof[ o
Vw |3V | 3X 0] 0

Thus for U and V we have
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R(V,U)U = —%{(aé —ba)(bX — a¥) + (ad — da)(dX — aW) + 7(bd — db)(—dY + bIW)}.

3. Flag curvature of F = 3 + & +52

Let us give a formula for the fundamental tensor of invariant («, 8)-metrics of type

F=p+ %, where a € (i, o0) and « is a left invariant Riemannian metric on
a 4-dimensional Lie group G. We consider a left invariant vector field B on G and
we let 8 be the 1-form associated to B with respect to «, that is, for any =z € G
and y € T,G , B.(y) = a,(B(z),y). Moreover, in the reminder of this section, we
require B to be parallel with respect to «, i.e., Vg B = 0, where V is the Levi-Civita
connection of a. It is known that in this case, the Chern connection of F' coincides
to the Levi-Civita connection of «, hence F is a Berwald metric [1].

For any non- zero tangent vector Y € T, M, denote the fundamental tensors of
F and « by gy and g, respectively. By definition, we have

1 92

[FQ(Y +sU + tV)} loico, U,V € T,M.

1 2
2 9s0t

32) gUV):= [az(Y +sU + tV)] loico, U,V € T,M.

It is easy to see that

49(X,Y)*g(U,Y)g(V,Y) L 39X Y)?g(U,Y)g(V,Y)
9(X,Y)3 g(Y,Y)3
g(X,Y)?
e (o
TRGL

+ 3g<X,Y>g< V(U Y))

gY(Ua V) =

9(X,Y)g(U, V) + 4g(X,U)g(V,Y) + 4g(X, V)g(U, Y))

l\D

g
9
9X7 ag(U Y) + g(X,Y2g(U. V) + 3g(X,Y)g(X, U)g(V.Y)

%
m\m \/

s (1P D))
1

- Vv, Y) (ag(X’ YV)g(U,V) + 69(X,Y)g(X,U)g(X,V) + ag(X,U)g(V.Y)

(33} “g(X,V)g(U,Y)) +a*g(U, V) + g(X, U)g(X, V) + 2ag(X, U)g(X, V).

Remark 3.1. We know that FF = 8+ % is an (o, B)-metric with ¢(s) = s* + s +a,
ie., F = a:j)(g). By applying the formula obtained by Z. Shen [7], we can also get the
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formula of gy (U, V). Indeed, we have

WUV = U+ 00 () = saUV) + a(X, U)%
+ g(X,V) QE?YY;) — 54 (Ug‘(/;f’}())/ Y))
+ (9060879 + 6 9)°) (90, 00X ) - s g
)
where s = % It is easy to see that 3.3 and 3.4 coincide.

Let G be a 4-dimensional Lie group admitting an invariant para-hypercomplex
structure. As mentioned above, all such Lie groups are classified in [6] [23]. Now
we consider the cases 1-5 discussed in [23] and give the explicit formula for their
flag curvature in each case. Let Y := U in (3.4), in all cases.

Case 1. Here, the only left invariant and parallel vector field with respect to « is
given by B = ¢Z with 1 < |g| < co. Note that here s = 9ZU) _

= cq, where we
Ve(U,U)
have used g(U,U) = 1. In this case, it follows from (3.4)

g (R(V,UUV) = =((6(5))* = s6(s)8 (5)) ((ab — b2)? + (ad — da)? + (b — db)?)
g (U,U) = (8(s)
g(V,V) = (6()6"(5) + (6 (5))) (€0)* + (6(5))* — cad(s)8) (5)
gu(U,V) = $(s)$ (s)(eq).

Let P = span{U,V}. In [5], Latifi gives a formula for the flag curvature of a
left invariant (o, 8)-metric. Using this formula, we get the following

’

K(P,U) = —((6(5))2 — s6(5)¢' (5)){ (ab — b@)® + (ad — da) + (bd — db)*}

R

(6(5))2{(8(5)0" (5) + (¢'(5))?) (Cq)? + ((5))? — cq(s)¢' (s) } — (6(s)¢' (5)(q))

Hence, K(P,U) < 0. It means that (G, F) has non-positive flag curvature.

Remark 3.2. In [12], L. Huang proved that a left invariant Finsler metric F' on a Lie
group G admits a direction in which the flag curvature is non-negative, provided dim/[g, g] <
dimg—2. Thus, Case 1 shows that we can not replace non-negative with positive in Huang’s
theorem.
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Case 2. We see that the only left invariant and parallel vector field with respect
to « is given by X = ¢W with l < |q| < co. Thus s = 9(@W.u)

JiO0) = qd. A similar

argument as in the Case 1 yields

RV, U)U, V) = ((¢(s)> = ¢(s)¢ (s)){ — =(ab—ba)* + —(ac — ca)* + = (bc — cb)*}
gu(U,U) = (8(5))°
gu(V,V) = (6(s)" () + (¢ ()?)(dg)* + (6(s))* — dgo(s)6 (s)
U V) = ¢s)¢ (s)(dq>

We obtain the flag curvature as follows:

K(p,0) = — (PP = )0 ()] = Hab —ba) o (a2 — ca)? + (b2 - cb)?)

0(){ (6(5))? = dad ()¢’ (s) + (#(5)0" () + (¢ ())%) (da)*} — (6(5)¢' (s)(dg))”

Unlike Case 1, in this case (G, F) admits both positive and negative flag curva-
ture.
Case 3.  According to [23], (G35,9) admits a parallel left invariant vector field
X = ¢1Z + gaW such that i < |¢? + ¢3| < co. As in the previous cases, we get
s = cq1 + dgs.

guRV,ONU,V) = —(6(5))> — 56(5) (5)) (ab — ba)”
uUU) = (¢(s))?
gu(V,V) = (6(s)0 (s) + (¢ (5))?) (a1 + dga) + (6(s))? — (cqr + dga) $(5) (s)
g (UV) = ()¢ (s)(ea + dao)

Therefore, the flag curvature of F' is as follows:

—{#%(s) — s9(s)9'(5) } (ad — bar)*

(3.5) K(P,U) = 7 ,

where

Vo=@ {(99" +¢™) (@1 +daz) + & — (cqu + dg2)d¢'} — (60 (g1 + daa))* = 0.
Case 4. In [23], it has been shown that vector fields which are parallel to
(G4, g), are of the form X = ¢ such that % < |g|] < 00. Thus s = dg and we have:

gu(RV,U)U,V) = —((¢(5))* = 56(s)¢ (5))((ac — ca)* + (bé — cb)?)
g (UU) = (4(s))
gu(V,V) = (8(s)6 (s) + (¢ (5))%) (dg)* + (¢(s))* — dao(s)¢ (s))
gu(U.V) = ¢(s)¢ (s)(dg)
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We have the flag curvature of F' as follows:

(— (o(s))? - dq¢(~s)¢/(s)){(a57 c@)? + (bé — cb)?} ]
(6(5)?{(¢()¢" (5) + ¢’ (5)%) (dq)? + ¢2(5) — dgop(s)0' (5)} — (B(5)¢' (5)(dq))?’

K(P,U) =

which are always non-positive.
Case 5. In [23], it has been shown that the parallel left invariant vector fields are
of the form X = ¢Z such that 1 < || < co. Thus s = cq and we get:

gu(RV,U)UV) = i(w(s)ﬁ — cqd(s)¢ (5)){(ab - ba)* + (ad — da)” + 7(bd — db)*}
g (UU) = <¢<s>>2
gu(V,V) = (6(s)0" (5) + (¢ (5))%) () + (6(5))? — cqad(s)$ (s)
gu(U,V) = ()9 (s >< )

Moreover, the flag curvature is given by the following:

—L((¢(5))? — cqd(s)9' () { (ab — b@)? + (ad — d@)? + T(bd — db)?}

K(P,U) = 2"

)
(6(5))2{(6(5)¢" (5) + ¢ (5)?) (¢q)? + (4(5))2 — cqd(s)¢’ (s) } — (d(5)¢' (5)(¢q))
which are always non-positive.
Sumarizing the above results, we get the following.

Theorem 3.1. In all above cases, except for the Case 2, the flag curvature of F
is non-positive. Moreover, in Case 2, (G, F) admits both positive and negative flag
curvature.

Remark 3.3. In [10], S. Deng proved that if a G-invariant Randers metric F' = a + 3
on a homogeneous manifold %, which is Douglas type, has negative flag curvature, then
the sectional curvature of « is negative. Case 5 shows that this fact is no longer true for

(ar, B)-metric of type F = 8+ aa + %2

4. Geodesic vectors

In this section, we discuss the geodesic vectors of a left invariant Finsler metric
F =0+ aazj on a 4-dimensional Lie group G admitting an invariant para-
hypercomplex structure. We still asume that 3 is parallel with respect to a. Let us
recall the definition of geodesic vectors.
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Definition 4.1. Let F be a left invariant Finsler metric on a Lie group G. A non-
zero tangent vector B € TG is said to be a geodesic vector of F, if the 1-parameter
subgroup t — exp(tB), t € R, is a geodesic of F.

To find all geodesic vectors of a left invariant Finsler metric F' = § + ‘w‘zj on
a 4-dimensional Lie group G admitting an invariant para-hypercomplex structure,
we need the following propositions.

Proposition 4.1. (see [14]) Let G be a connected Lie group with Lie algebra g,
and let F' be a left-invariant Finsler metric on G. Then a non-zero vector B € g is
a geodesic vector of F' if and only if for every Z € g

(41) gB([BaZLB):Oa

Proposition 4.2. Let G be a connected Lie group with Lie algebra g, and let F' be
a left-invariant (o, B)- Berwald Finsler metric on G. Then a non-zero vector B € g
is a geodesic vector of F' if and only if it is a geodesic vector of a.

Now, we find all geodesic vectors in each case of all five classes given in [23], while

they equipped with Left invariant Finsler metric F' = S+ 2% +B

4.1 and 4.2, we obtain all geodesic vectors of F = 4 4= +B as follows.

. Using Proposition

Theorem 4.1. The geodesic vectors of left invariant finsler metric F = B—l—%jﬁ2

are given by the following

geodesic vectors

Case 1 {aX +c¢Z|a,ceR}

Case 2 {aX +bY +cZ +dW | bec = ac = 0}
Case 3 {bY +¢c¢Z +dW | b,c,d € R}

Case 4 {aX + ¢Z +dW | ac = ad\ = 0}
Case 5 {aX +bY +cZ +dW | ad = ab =0}

Now, we obtain a relation between the geodesic vectors of a general (o, 5)-metric
F and a Riemannian metric g.

Theorem 4.2. Let G be a Lie group and F = agb(g) be an (a, B)-metric arising
from a Riemannian metric g and a left invariant vector filed B, i.e., a(z,y) =

9:(y,y) and B(x,y) = a,(B,y) Suppose that Y € g is a unit vector for which
g(B,[Y,Z]) =0 for all Z € g. ThenY is a geodesic vector of (M, F) if and only if
Y is a geodesic vector of (M, g).

Proof. Using (3.3) and taking into account ¢(B,[Y,Z]) = 0 for all Z € g, we
have

(42) gy ([Y,Z)) = (6%(s) = 6(s)6 () YLLL ) g(v, 1Y, 7)),

g(Y)Y)
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Let Y be a geodesic vector of g. Replacing (4.1) into (4.2) and using g(B, [Y, Z]) =
0, we have Y is a geodesic vector of (M, F').
Conversely, let Y be a unit geodesic vector of (M, F'). We have

(43) (6%(5) = ()6 (5)9(X,Y) )9 [¥ 2]) = 0,
This completes the proof. [J

Theorem 4.3. Let (G, F) be a connected Lie group and F = 3 + aa2+52
be a left- invariant Finsler metric of Berwald type on G defined by the Rie-
mannian metric a and the vector field B. Then (G, F) is complete.

Proof. Since F' is of the Berwald type then (G, F) and (G, ) have the
same connection also VB = 0 where V is Riemannian connection of a. On
the other hand (G, «) is a Lie group and hence a complete space. As (G, F)
and (G, a) have the same geodesics. We show that these geodesics have
constant Finsler speed. Let o(t) , —o0o < t < oo be a geodesic for F' , we
have

2 <B, d(t))

\/ 9ot)(a(t)),o(t))

Since g1 (0(t),c(t)) is constant, it is enough to show that g, (B, d(t)) is
also constant. we have

F(o(1),6(1)) = go( (B, 6(1)) + ay /g0 (0

(14) 5 010 (B 516)) = 9000 (Vo Bo6(0) + (B, V() = 0

Then this yields that these geodesics have constant Finsler speed. O
The following Proposition can be found in [14].

Proposition 4.3. Let (M, F) be a forward geodesically complete Finsler
manifold. If X is a vector field such that F(X) is bounded, then X is a
forward complete vector field.

Using Proposition 4.3, we get the following.

Theorem 4.4. Let (G, F) be a connected Lie group and F = 3 + %= +’82
be a left- invariant Finsler metric of Berwald type. Then the vector ﬁeld B
is complete.
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Abstract. Here, we find some necessary conditions for a projective vector field on a
Randers metric to preserve the non-Riemannian quantities = and H. They are known
in the contexts as the C-projective and H-projective vector fields. We find all projective
vector fields of the Funk type metrics on the Euclidean unit ball B™(1).

Keywords: projective vector field; Randers metric; Funk type metrics; Euclidean unit
ball.

1. Introduction

Beltrami [3] introduced the first examples of projective transformations. The pro-
jective Finsler geometry is much complicated than the projective Riemannian ge-
ometry. This complexity may impresses several projective properties which used to
be proved in projective Riemannian geometry, for example Beltrami’s theorem in
Riemannian geometry states that the projective (i.e., locally projectively flat). Rie-
mannian metrics are exactly those with constant sectional curvature, while this fails
generally within Finsler geometry. This may even affect on the projective algebra
(i.e. the lie algebra of the projective vector fields) proj(M, F) and its subalgebras.
To trace this, we may refer to the subalgebras of proj(M, F) [7, 8]. The special
projective algebra sproj(M, F') consists of the projective vector fields preserving the
Berwald curvature. In [11], it is proved that given any special projective vector field
X on a Randers space (M, F = «a+ ) with the navigation data (h, W), either F is
isotropic S-curvature or X is a conformal vector field for the Riemannian metric h.
This result supports a Lichnerowicz-Obata type theorem for the special projective
vector fields, see [4, 11]. It is guessed that some other Lichnerowicz-Obata type
theorems may be established for our two notable projective subalgebras, namely,
the C-projective and the H-projective algebras. We would like to examine another
subalgebras of proj(M, F) namely, the C-projective algebra and the H-invariant
projective algebra cproj(M, F') and hproj(M, F), respectively. The former is shown
here to be characterized by preserving the Z-curvature and the latter is defined by
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preserving the H-curvature. In [9], C-projective vector fields are studied. We prove
the following infinitesimally stated results:

Theorem 1.1. Let us suppose that (M, F = a+/3) is a Randers space of dimension
n > 2 and X is a C-projective vector field of (M, F). Then, at least one of the
statements of (1.1) and (1.2) is held:

1. Fis of isotropic S—curvature.
(1.1) or
2. b2a2(ﬁX(a2 - 5% — (BQL'Xa2 — CY2£5(52) =n(a® - (%),

where 1 is a polynomial of degree two on TM.

3. EXaQ = \a?.
(1.2) or
4. (8egoBso — 4edy + eoo03) = na?,

where A € C°(M) and n(y) is a polynomials of degree two.

In the following, we investigate a bigger class of C-projective vector fields,
namely, the vector fields which preserve H-curvature.

Theorem 1.2. Let us suppose that (M,F = a+ ) be a compact Randers space
of dimension n > 2 and X is a H-projective vector field of (M, F). Then, at least
one of the statements of (1.8) and (1.4) is held:

1. Fis of isotropic S—curvature.

or

2. (a2 4 B2 Ly (a? — B2) + 2% (a?L i B2 — B2L ;%)
= T](l’,y)( 2 — 52)7

(1.3)

where n is a polynomial of degree two on TM and

3. Lya® =)o
(1.4) or
4. —192egofBso + 966%0 — 19¢00,08 = )\042,

where A € C*° (M) and n(y) is a polynomials of degree two.

Here, we study a bigger class of projective transformation, namely, C-projective
transformation of Randers space. C-projective algebra, i. e, the algebra of
C-projective vector fields on an n-dimensional Finsler space is a sub-algebra of
projective algebra, and its dimension is n(n + 2) at most. Let FF = a+ 3 be a
Randers space. We find the conditions for a vector field to be a C-projective vector
field.
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2. Preliminaries

Let M be a smooth and connected manifold of dimension n > 2. T, M denotes
the tangent space of M at x. The tangent bundle of M is the union of tangent
spaces TM := J, ., ToM. We will denote the elements of TM by (x,y) where
y € T,M. Let TMy = TM \ {0}. The natural projection 7 : TMy — M is given
by m(z,y) := x. A Finsler metric on M is a function F' : TM — [0,00) with
the following properties: (i) F is C*° on T My, (ii) F' is positively 1-homogeneous
on the fibers of tangent bundle TM, and (iii) the Hessian of F? with elements
gij(z,y) := 3[F?(z,y)]y,s is positive-definite matrix on TMy. The pair (M, F) is
then called a Finsler space. Throughout this paper, we denote a Riemannian metric
by a = \/ai;(z)y’y’ and a 1-form by B = b;(z)y’. A globally defined spray G is
induced by F on T My, which in a standard coordinate (z%,y%) for T My is given
by G =y 8‘27-, —2G(z, y)aiy,-7 where G(z,y) are local functions on T'M, satisfying
G'(x, \y) = \2G'(x,y) ,\ > 0 and given by

) 1 .
(2.1) G = Zng{thjhyk - F%4 1.

Assume the following conventions:

A

The local functions G; are coefficients of a connection in the pullback bundle
7T M — M which is called the Berwald connection denoted by D. Recall that for
instance, the derivatives of a vector field X and a 2-covariant tensor T' = Tijdxi®d;vj
are given by:

5X; )
o155 . .
(2.2) Tk 596,3. = TGy — Tin G,

where % = a% — G}; azi' Given a Finsler metric F' on an n-dimensional manifold

M, the Busemann-Hausdorff volume form dVi = op(x)dxt---dx™ is defined by
Vol(B™(1))

70 = o) e R | Flyi

«) <1}

Define g = det(gsj(x,y)) and 7(2,y) := In U;/(%). Given a vector y € T, M, let

v(t), —e < t < ¢, denote the geodesic with v(0) = = and 4(0) = y. The function
S(z,y) == %[T(’y(t),"y(t))]‘tzo is called the S-curvature with respect to Busemann-
Hausdorff volume form. A Finsler space is said to be of isotropic S-curvature if
there is a function ¢ = ¢(z) defined on M such that S = (n + 1)c(x)F. It is
called a Finsler space of constant S-curvature when ¢ is constant. Let (M, «) be a
Riemannian space and 3 = b;(z)y’ be a 1-form defined on M such that |3, :=
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sup,er, v B(y)/a(y) < 1. The Finsler metric ' = a + § is called a Randers metric
on the manifold M. Denote the geodesic spray coefficients of o and F' by G?, and
G, respectively. The Levi-Civita covariant derivative of « is denoted by V. Define
V,bi by (V;b:)87 := db; — b;6,”, where ¢ := dz’ and 6, := I/, dz* denote the

3%
Levi—CiVita connection forms and V denotes its assomated covarlant derivation of

a. Let us put

1 1
rij = §(ijl + Vibj), Sij 1= §(iji — Vibj),
st = a'syy, s5 = bisij, €ij = Tij + bisj + bjs;.
Then G' are given by

(2.3) G'=G" + (ﬁ — 80>yi + as'y,

where ego := e;;y'y7, so := s;y°, sty = sijyj and G, denote the geodesic coefficients
of a.

Given any Randers space (M, F' = a+ f3), the S-curvature takes the following form:

(24) S = (n + 1){7 — S0 — po}

where p = In(y/1 — ||8]|2) and pg = p,iy'. Akbar-Zadeh in [2] studied another non-
Riemannian quantity H-curvature, which is invariant by special projective and C-
projective algebras [15]. At every point x € M, B, = Z;(y)dx’ and H = H;jdz'®dx’
are defined as follows:

1 1, -
(2.6) H;; 33agimy™ = 7(Bij +Eja)
where “” and “|” denote the vertical and horizontal covariant derivatives, respec-

tively, with respect to the Berwald connection. The quantity = has been introduced
by Zhongmin Shen using the S-curvature, cf. [14, 16]. The above quantities do not
depend on the choice of connection for performing horizontal derivatives and can
be derived for the Finsler metric itself.

The notion of Riemann curvature for Riemann metrics is extended to Finsler
metrics. For a vector y € T, My, the Riemann curvature R, : T,M — T, M is
defined by

i 0
RU (U) = Rk (y)uk axiv
where ) , ) ) )
0G* L CL oL o0G* 0GY

J J

oxk &Tjé)yky + dyidyk Oyl oyt
The family R := {Ry}yernm, is called the Riemann curvature. We define the Ricci
curvature as the trace of Ry, i.e., Ric(z,y) := trace(R,) = (n — 1)RI*(y).

Ri(y) =2
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Every vector field X on a manifold M induces naturally an infinitesimal
coordinate transformations on TM given by (2%,y*) — (Z*,%"), given by
, , , , ‘ V'
fz:xz_i_vzdu ?lzy’—kykikdt
ox
Using this coordinates transformation, we may consider the notion of the complete
lift X of V to a vector field on T'M; given by
. .0 X o
X=X+ :
ox? Ty oxk Oy

It is a notable remark on the Lie derivative computations that, £¢y* = 0 and the
differential operators £ ¢, %, exterior differential operator d and aiyi commute.
The vector field X is called a projective vector field, if there is a function P (called
the projective factor) on T'My such that £ ¢ G* = Py’, cf. [1]. In this case, given any
appropriate ¢, the local flow {¢:} associated with X is a projective transformation.
A projective vector field is said to be affine if P = 0. It is well-known that every
Killing vector field is affine. Recall that, given any projective vector field X on a
Riemannian space, the projective factor P = P(z,y) is linear with respect to y and
also it is the natural lift of a closed 1-form on M to a function on 7'My, while in the
Finslerian setting these issues are non-Riemannian features. Consider the following
conventional definitions of a projective vector field X; X is said to be (cf. [10])

1. special if L E =0, or equivalently, P(z,y) = P;(z)y".
2. C-projective if P;; = Pj;.
3. H-invariant if £¢H = 0, equivalently, Pjr; = Pjj -

The projective factor P for a projective vector field X on a Riemannian manifold
is simultaneously a special and a C-projective vector field. The following theorem
provides the equivalence conditions of C-projective vector fields [13]:

Theorem 2.1. [13] Let (M, F = a+ ) be a Randers space and V is a projective
vector field V € x(M). The following statements are equivalent:

1. V is C-projective,

2. LyE =0,
3. Ly =0.
where ¥ = ¥;;dx’ @ da? is defined as follows:
1
ij = g (S = S410)

Let V be a projective vector field. We have the following identities for arbitrary
tensors Tj; and Ty, [1]:
2.7 LTy = (LxT)y — (LxG)Try — (LxGH)Ty

LiTije = (LxTijw — (LxGp)Tijr — (LG Ty — (LG T
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3. Projective vector field v.s. Z-curvature

Let FF = « + (8 be a Randers metric. Due to (2.4), E-curvature is directly
obtained as follows:
€i0j0  €o0j0Us €004

1 E,L: — — —B;
(3.1) F 2F?2 2F ©

where ©; is ©; := s;0 — Sj;-

Using spray coefficients of Randers metric (2.3) and the general formula of hor-
izontal derivatives (2.2) one can obtain the following:

4e?
(3.2) €00 = €00;0 — % + 8egoso — 4a(goo + Bto + s7)
5epoeio 2e2 u;
Co0li = €00 T g = 4 2ei080 + ;702 © + degos;
—2a(qio + Bti + s0si) — 20i(qoo + Bto + s5)
Teqpe e2ou;
eiolo = €i0;0 — % + 3eioso + OF02 “ + 2008
—ai(qoo + Bto + s5) — a(gio + Bti + sos;)
€00 €0  €ooUy
eijlo = g0 — 26i5(55 — 50) — el — S5 — %)
€0 €ooU;
jo(? CO2F2 i)

—a;(qjo + bjto + s0s;) — o (qio + bito + 505;)
—a(qij + qji + bit; + bjt; + 2s;55)

@,

where “;” is the covariant derivatives with respect to a.
By substituting (3.2) in (3.1), we obtain:
1
= = gl
+ 46%0ui + 2e;0e00F + 4F204(bit0 + 8;80 + qu) — QA»L‘QFg]

—_

—e00;i + 2€i0,0 — 4€i050) F2 — u;i(—4(Bto + 8§ + qoo)a + 8s0eoo + €00,0) F

where u; = %.

Proof of Theorem 1.1 Let us suppose X be a C-projective vector field. Then by
Theorem 2.1, we have £ ¢Z; = 0. Suppose LXO‘2 = tgo. It is easy to see that every
C-projective vector field is a projective vector field and every projective vector field
of F = a+ 3, is a projective vector field of « (see [12]), then there is a projective
factor n = n(z,y) which is linear with respect to y. By using the Lie identity of
(2.7) we obtain:

Lgeio = (Lgein)o — 2e00m — 3eion
Lieoni = (Lgeoo)o—4eoon — 2eion
(3.3) Liewn = (Lxeoo):o — Beoon
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Then by substituting (3.3) and using the Maple program, we obtain the following:

32, L F
L8, = /X
X F
1
~ 378 (—8uieqoL g o0 — 4F?soL yei0 — 4F%ei0L ¢ S0 + 2Fein L ¢ €qo
+ 2FegoL geio + 6F2L ¢ F A+
t
+ (—4FaLl gu; — 4u;al ¢ F — 4Fui%)(5t0 + 82 4 qoo)
+ 4F204(£Xbit0 + ﬁxbito + EXSOSi + SOL:)”(Si + ﬁXQiO) + 2610600,CXF
- 8F£X-F506¢0 + SoﬁXFuieoo + SFS()EooﬁX—Ui +
+ 8Fui600£5(50 + SFUiSOACXeOO

—  AFuaL Bty + 2s0L 50 + Lt + L qoo) +

+ 2F3£XA¢0 +2FL ¢ Fego,;

— AFLgFeioo + Fui((£ge00)0) — 8neoo + o0 F'L g ui + egooui L i F
t

+ (4(2F£XFa+F2%))(bito + 508 + Gio) +

+ F*(Lgeon):i — 2micoo — 3n€io)

— 2F2(£X€i0)?0 — 477@‘600 - 27761'0) - 46%0‘CXU1)

= —2F*Rat; + alrrat;)

where Rat; = Ag+ Asa® + Aga* + Aga® and Irrat; = A708 + Asa + Asa® + A,

and the terms Ay, - - -, Ag are respectively given in Appendix 1.
Ao = 8epotooBsoyi — dedotooyiB + €oo:0too 3>y
Ay = —2tgo(8enoBsoyi — 4edyyi + €00:008Yi)

The equation (3.4) is equivalent to Rat; = 0 and Irrat; = 0, (i = 1,...,n).
The system of equations Rat; = 0 and Irrat; = 0 is itself equivalent to the system
of equations Rat; — flrrat; = 0 and Irrat; = 0. By using Maple, we obtain the
followings:

Rat; — Blrrat; =

= (0® = B*){[ = 32L 4 Bbitg — 40L ¢ Bsos; — 24L ¢ b;Bto + 8L ¢ b;s
—16L ¢ s08s; + 16L ¢ s0biso — 16L ¢ 5850 + 8L ¢ toBb; — 24a,0L 4 5
+8ei0L 50 — 8ejon — 12L g a08 + 8L €050 — 24L ¢ Bqo; — 16L ¢ Bgio
+8L ¢biqoo + 8L ¢ qoob; — 16L ¢ qiof — 2L ¢ eo0,i + 4L g €050

+[ = 24ai0(L 4 B) B> — 64eqoL ¢ Bbiso — 16eq0 L 5 biBso — 16ego.L 5 s05b;
+16€003b;n + 40e0(L ¢ 3)Bso + 8ein L 5508 — 8einS*n — AL g a0
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—16.L ¢eqofbiso + 85)261'05280 +40(L ¢ B)Btoy: + 32£Xﬁsgyi
+16L ¢ 80830y: + 8L 5t ys + 8L ¢ yiB7to + 8L ¢ yiBsi — 8tooBbito
—  28tg0Bs08; + 20toobisg — 24aiotooS + 8edo L xbi — 16eqoeinL ¢ 3
+16e00L xe00b; — 4eoL g ei08 — 16e00 L ¢ S0y — 16€00L i S0
+16e00nyi — 8epo;0L  Bbi — 2€00,0L ¢ biff — 10eq0;i(L ¢ B)S — 4ei0L g eoof
+20e;0to00 + 20€i0:0(L 5 8)B — 16L g eqosoys — 2L 5e00;08b; — 2L - €00::/3>
+4L ¢ ei0.08% + 32L 5 Bgooyi + 8L £q00BYi + 8L ¢ yiBgoo — 1200 B0
—16t00 3¢50 + 20t00biqoo — 2€00,0L 3 Yi — Seo0:itoo + 10e50,0t00 — 2£X€00;0yi] o?
— 246(2)01:5( (8)8b; + 24630£X6yi + 12e2toobi — 24eqotoosoyi — 3600;0t00yi}
+ 12680 {[(—28b; + 2y;) L ¢ B + bitoo)e® — yitooB}

By the above equation, for any point 2 € M, the irreducible polynomial o? — 32
divides egp or [(—28b; +2y;)L <6+ bitoo]a® — yitoo - In the first case, for a function
c € C®(M), ego = 2¢c(x)(a® — %) which means that F is of isotropic S-curvature.
In the second case, we have

(3.4) [(—28b; + 2y;) L ¢ B + bitoola® — yitoo S = ni(z,y)(a® — %)

where 7; are polynomials of degree two. By contracting above equation with b¢, we
obtain

b (Lg(a® = B%) — (B Lga® — @®Lg %) = n(z,y)(” — 5%)
where 7 = n;(z,y)b’ is a polynomial of degree two on T'M.
By Irrat; = 0, we have £;a? = o(z)a? which means that X is a conformal

vector field of a, or o? divides (8epoBsoy; — 4edoy: + €00;00Y;). By contracting it
with b%, we obtain

(8egoBso — 4edy + €o0,08) = A(w,y)a?

where A(z,y) is a polynomial of degree two. [

Example 3.1. Let M = R? and F(x,y,u,v) = Vu2 +v2 + au + bv, where a,b € R
and a®> +b> < 1. Since F is Berwaldian, S = 0 and = = 0, i.e., every projective
vector field is a C-projective vector field. Let V = x(% + ya%. Then by a dircet

calculation, we have /.’,on2 =202 and LB = p. If we substitute them in (3.4) we
obtain:

(3.5) [(—2b;8 + 2y;) B + 2b;0%]a” — 2y;0*B = n;(z,y) (o — B°)

By contracting (4.4) with y* we have n(x,y) = 2Ba?. In this case all of the condi-
tions Theorem 1.1 is held.

Here we make an example which satiesfies condition 1 and 3 of Theorem 1.1.

Example 3.2. Let M =B?(1) open ball on R? and let F be Funk metric as:

g VP —alPlyP+ <ay>>  <ay>

3.6
(3:6) EPE TP




Two Notable Classes of Projective Vector Fields 749

By [6] one can see that Funk metric is of constant S-curvature S = %9, It is easy
to see that the vector field V = (z* < a,z > —ai)a‘zi is a Killing vector field of
— Vv =lz2y2+<z,y>?2

« T . By direct calculation we have
(3.7) Ly(B)=—-<a,y>
where § 1= fflg; So conditions 1 and 3 of Theorem 1.1 hold. Here, we examine

condition 2 and 4. Since s; = 0 and F is of constant S-curvature, we have roo =
a? — 3%2. By taking the covariant derivative with respect to o, we have

(38) T00;0 = —2,8(0(2 — ,82)
If we substitute (3.8) in condition 4, we have

ly|?
1—z[?

{20 =2+ <2,y > } = (91— |2[*)+ < 2,y >*)A(z,y)

but A(x,y) should be a polynomial of degree 2, which is a contradiction. Now we
consider condition 2. Since E‘»,a2 = 0, condition 2 reduces to

o*(1 =)Ly B = n(z,y)(a® — 5%
Then by substituting b*> = |z|* and Ly 5% we have

<zy >?2

(39) _2<a=y>< T,y > {|y|2+ 17|y‘2 }: |y|277V(-'177y)

where ny is a polynomial of degree two. If we write the extended form of (3.9) we
have

riyi + x3y5 + 2x1m2y1y2}
1 — |z

= (4} +y3)(a11 (@)y; + 2a12(2)y1y2 + az0y3)

(a1y1 + azy2) (z1y1 + 22y2){yi + ¥5 +

By comparing left and right side of above equation we have a1 123 +asx3ws = 0, i.e.
a = 0 which is contradition. Therefore, there is not any n(x,y) to applies condition
2.

Here we make an example which satisfies condition 2 and 3 of Theorem 1.1.
Example 3.3. Let a be the Bergman metric on D = {x € R?N . |2| < 1} and

f= %ln(l — |z|?) be the potential of o, and J be the complex structure. B. Chen
and L. Zhao [5] proved Randers metric

Fo(z,y) = Va(y,y) + df (ey — Jy), e#0
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is of scalar flag curvature and neither projectively flat nor of isotropic S-curvature.
That is the condition 1 of Theorem 1.1 is not held. Let V be a Killing vector field
of F, i. e. condition 2 and 3 are established automatically. By [5] we have

be =—Jifis sk=—fr, arj=—5(fsidi T+ k), Too + 2508 =0

(3.10) eoo(€) = 2eB(B +€fo), eoon(€) = 4eBfo(B + €fo + fo)
By substituting (3.10) in condition 4 Theorem 1.1, we find out that the term
(3.11) 4eB*(=3fo(B + efo) + f§ — 4e(B + €fo)?)

should be a multiple of o, which is impossible. Thus condition 4 is not true.

4. Projective vector fields vs. H-projective

Let F = o + 8 be a Randers metric. Due to (2.6), H-curvature can be directly
obtained as follows:

2eij0  2€00Uu5  2€50)0U; 600|0Fij+2€00\ouiuj

4.1) i == F? F? F? F3

By substituting (3.2) in (4.1) we obtain:

Proof of Theorem 1.2 Let us suppose X be a H-invariant vector field, i. e.
L ¢ H;; = 0 Suppose L ¢ a? = tgg, then by using Maple program and using equations
(4.1), (3.2) and (3.3) we obtain the following:

(4.2) H;j = —2F*(Rat;; + alrrat;;)

where Rat;; = Ao + Asa® + -+ Ajpal? and Irrat;; = Aga® + --- + Ay and the
terms Ag, - -+, A1g are respectively given in Appendix 2.

(43) Al = 315005%%‘(*40600550 -+ 16630 — 5600;06)

The equation (4.2) is equivalent to Rat;; = 0 and Irrat;; = 0. The system of
equations Rat;; = 0 and Irrat;; = 0 is itself equivalent to the system of equations
Rat;; — BIrrat;; = 0 and Irrat;; = 0. By using Maple we obtain the followings:

Rat;; — Blrrat;; =

= (0 = B){[ = 2(Lgbitj + Lgbjt; + 2L g 8i8; + 2L 5 858; + L ¢ tib;
+Lgtibi + Lgqij + Lgqsi)]o® + [12L ¢ BBbit; + 12L ¢ BBb;t; + 40L ¢ BBs;s;
—T2L 4 Bb;ibjtg — 44L ¢ Bbisos; — 44L ¢ Bb;sos; — 10e,0L ¢ Bs; — 20e4; L ¢ Bsg
—10ej0L ¢ Bs; + 20L ¢ BBqs; + 20L ¢ BBqj; — 24L ¢ Bbiqoj — 12L ¢ Bbigjo
—28L ¢+ Bbjqo; — 12L ¢ Bb;qio + Stoobit; + Stoobjt; 4 10tggs;s; — 12£Xslﬂ2sj
—12L ¢ 8;8%s; — 6L ¢t 8%b; — 2L 4t 3°b; + AL ¢ 5%b;
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+4ai; L Bto + 8ai; L 4 5050

+ai i L ¢toB — degoL ¢ bis; — 4egoL ¢ bjs;

—degoL ¢5:b; — deqoL ¢-55b; 4 degobin;

+4egobjn; — 6e,0L ¢bjso — 6e0L ¢s0b; + 6e0L 458 + 2Lt By; + 2L ¢t 8y;
F2L sy Bty — 2L ¢yibito + 4L s yis055 + 4L yi85t0

—6e4081m; + 6ejob;n + 12e,;L ¢ 508

—12¢;;8n — 6e0L ¢ biso — 6ejoL ¢ s0b; + 6ejoL ¢ 58

—6ej08n; + 6ejobin + 4L g a5ty

—4L seqobis; — 4L geqob;s; + 6L g ei0b55 + 4L a5 8to + 12e4;L ¢ 508

—6L gejobjso +12L ¢ e;850 + 6L g ejoBs;

—6L yejobiso + 2L ¢ Btiy; — 2L 4 b3t

—8L 4bibjsg — 2L 4bj %t — 8L ¢ bbisg + 2L ¢ Btjy; + 8L 4 biBqo; + 4L biBgj0
—8L ¢ bibjqoo — 2L ¢ bitoy; + 8L ¢ b;8q0i

+4L b Bgi0 — 8L ¢ bjbigoo — 2L ¢ bjtoy;

—8L 3 qoobib; + 8L 3qoiBbj + 8L ¢ qo;j Bb; + 4L qioSb; + AL - qjoBbi + 4L ¢ 5i50Y;
AL ¢ sitoy; + 4L 5550y + AL g s5toy; — 2L gtobiy; — 2L g tobsys + 4L 105y,
+AL ¢tos;yi + 2L ¢y Bti — 2L ¢ yibito + 4L ¢y 508 + 4L g yjsito — 2(L ¢ €j0);0bi
+4L ¢ qoiy; + AL ¢ Qojyi + AL g yiqo; + 4L g Y q0i

+4L ga;;88 — 6L 51582 — 10e50L B

+5t00qi; + Stoodji — 6L 5 qji B + 4ai;i L 5 qoo

—2eqoL g eij — 2e40,0L ¢ b — 2e4;L geqo

—2e0,0L b +4L gai5q00 — 2L g ei0,0b;

+6L geij.08 + 4L g s08bjsi — 16L ¢ sobibjsg

+12L 5 5;8bjs0 + 8L 5 8bjto + 12L ¢ 5;8b;s0

8L ¢ Bbisjto + 8L Bbjsite — L biBbito

+12L ¢ b;Bsos; + 8L ¢ bi s jto — 8L ¢ b Bbito

+12£ijﬁ8082‘ + &CijﬂSifo + 4£X805b¢8j

+8L ¢ 5iBbitg — 8L ¢ toBbib; + 8L ¢tofb;s;

+8L ¢toBbjs; — 4L g eioejo — 4L'Xejoei0] ab

—1—[1262»0;055(661)]» — 26e;5t00 850 + 36e50L g Bsoy;

—13ejotooBsi + 21ejotoobiso — 20a4; L ¢ 35>t

—24aij£Xﬁﬂs(2) — 1Oei0£5(6528j — 206”"65(55280

—10e;0L BB%s; — 10L ¢ BB tiy;

—10L 4 BB*tjy; + 44L ¢ Bb;sty; + 44L ¢ Bb; 83y

+12¢;0,0L 5 BB8b; — 28L 4 BBqoiy; — 24L 5 BBqo;y;

+8L  BBaioy; + 8L ¢ BBgj0yi + 44L 4 Bbiqooy;
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+44L 4 Bbjqooys — 12toobiqo; — 6tooBbig o0
—18t00/3b;q0i — 6tooSbjqio — TtooBtiy; — TtooSt yi
+28t00bibjq00 — 13toobstoy; — 13toobstoy:

—22t00508:Y; — 22t00S05;Yi — tooB>bit; — tooSbjti
+10t00 3% si8; + 28tobibjsg + 48ase00 L 5 Bso
—24a;; L ¢ BBqoo — 14a;jtooSto — S6epoein L ¢ Bb;
+12ep0ei; £ ¢ B8 — 56eqoejoL ¢ Bb; + 24eqo L ¢ B5:y;
+24e00 L 5 Bs;jyi + 1deootoobis; + 1degotoob;s;
—14eg0;0L  Bbib; + 24ei0ej0 L B8 + 36ei0L ¢ Bsoy;
—13eioto0Bs; + 21ejotoobjso + 28L ¢ BBbitoy;
+28L ¢ BBbitoy; + 12¢€50,0L ¢ Bys + Tejo,0to0b;
—18t00q0iy; — 14t00qojyi — 14asjtoosg + 4a;; Lz to 3
—10e;:0L ¢ BB + 5tooB°qi; + Stoo S qji

+4aije0,0L ¢ B — 14aitooqoo + Teooeijtoo

+14e0ej0to0 + 12€40,0L 3 By + Teso0toob; — 13e45;0t003
+2L ot B%y; + 2L 5 t;8%y; + AL g a;; %0 + AL g a;;8% S5
+4a;; L o0 — 1230 L 4 bib; — 12e30 L ¢ b;b;
—2600£X-61‘jﬂ2 — 4ei0£Xej0ﬁ2 — Qeio;OLXbJﬂQ
+8eoejoL g yi + 8eoo L g eioyj + 8eooL g ejoyi
—2e00,0L 5 ai; 8 + 2€00,0L 5biy; + 2€00,0L 5 bjy;
+2e00,0L ¢ yib; + 2e00,0L ;i + 8einL ¢eooy;
—ZeijL’XeooﬁQ — 4ej0£5(eioﬁ2 — ero;oﬁf(biﬁg
+4L ¢ a;; B2 qo0 — 2L e B°b; — 2L g ejo,08°b;
+4L ¢ q0iBy; + AL 590 8°yi — AL 3 qi0BY; — AL 54508 ys
2L g yiBty + 2L ¢y 8%t — deino L gy B
—dej0,0L 3 :i 8 + 8ejoL g eqoys + 2L ¢ eoo0biy;
+2(L v e00):0b5yi — 4L g ein00Y; — 4L ¢ €j0.00Yi
—8L ¢ qooyiy; — 8L £ Yiq00Yj — 8L ¢ Y;id00Yi + 4L ¥ qo;
—AL ¢yi8°qj0 — 8L yisgy; + 4L ;5 qos
—4£ij52%o - 8/3ij3(2in + 8aije00L ¢ €00
—2a;; L ¢ eo0,08 + 8epoein L gy + 16e00L 4 biBb;s0
+16e00L b Bbisg + 16ego L ¢ 508b;b; — 16€00Bbib;n
+12t08bs st + 12t008b;s5t0 + 16.L g eqoBbib;so
+8L ¢ BBsitoy; + 8L ¢ BBsjtoy: — 8L ¢ 508bisoy;

8L ¢ 508, 50yi + 36€50L 5 Bb;50 + 36¢j0L 5 85b:50
—24L ¢ BBs08:y; — 24L ¢ BBs0s;yi — 20teeBb;bjte — 30tooBbisos;
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—30t0o8b;s08; + 24eqo L ¢ Bb;s;

+24eqo L ¢ BBb;si — 112e00 L 5 Bbib;so + degoL g ai;
+861¢j£)230ﬂ280 — 4600£Xbi625j — 4600£ijﬂ2si
—degoL ¢ 5i3°b; — deqoL 5 5;8%b; + 4ego37bin;
+460052bj77i — 10£ij52t0yi — 4£ijﬂsgyi
—4£X50625iyj - 4EX50ﬂ25jyi — GGioﬁXb]ﬂQsO
—6ei0L 5 s08°bj + 6€i03%b;n — 6oL £bi3%s0
—6e,0L 5 508%b; + 6€;03°bin — 4L 00 °b;s;
—4£X60052bjsi — 6£Xei0ﬁ2bj50 — 6£Xej062biso
+4L ¢ 5, B%toy; + AL ¢ 5582 toy; — 10L ¢ t0B%biy;
—10L 4 to8%bjy; + AL s toBsiy; + AL 5 to B sy
—1O£Xyi52bjt0 + 4£Xy2ﬂ28jt0 - 4£Xylﬂbjsg
—10L gy, B%bito + 4L 5 y;82sito — 10L ¢ b; B toy;
—4£Xbi,68(2)yj + 8ego L ¢ei08b; + 8epo L ¢ ejoBb;
+16e00L ¢ bisoy; + 16e00L ¢ bjsoy; + 16e00L ¢ s0biy;
+16e00L ¢ 5005y — 8eooL 5 5:BYy; — 8eooL x558Y;
—8epoL ¢ yif3s; + 16e00 L ¢ yibjso — 8eoo L ¢y B:
+16e00 L 5y biso + 8eooSniy; + 8eooSn;yi — 16e00biny;
—16e00b;ny; + 2e00,0L 5biBb; — AL 5y, Bb;sg
—8a;;e00L 4508 + 16a;5e008m — 16a;;.L ¢e00550
+8egoein L b8 + 2(L ¢ €e00);00bib;

—12L ¢ eq0B50y5 — 12L g ejoB50y: — 8L ¢ Bloyiy;
—4L +b;iBgooy; — 4L b Baooys

—4L ¢ qoofbiy; — 4L ¢ qoo by — 16L ¢ 5050Y:Y;
—8L ¢toBysy; + 2e00,0L 3 b;8b;

+8ei0L ¢ eoofb; — 12e;0L ¢ 508y — 12e40L 5 y; 850
+12e408ny; + 8ejoL g eoo3bi

—12e;0L ¢ 508y — 12e50L - yiBs0 + 12e5081y;
+8epoejoL ¢ biB + 16L ¢eoobjsoy;

—16egoL g ai; 850 — 24eqo L g eoobib; — 4L ¢ 13 B8b5q00
—8L ¢ yiBtoy; — 4L 4 y;8biqoo

+6to0sitoy; + 6toos;toys — 8L ¢€00B5:Y;

—8L geqofs;yi + 16L g eqobisoy;

—2¢;03°n; + 2L g ei0°s; + AL g i 5% 50
+2£Xej053si + Qeioﬁj(sjﬁ?’ — 2ei05377j
+4eij£5{50[33 — 4eijﬂ?’77 + 2ej0£Xslﬂ3 + 2[,)261']';0,33} ot
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+[ = eiotoo8>s; — 2eijt00°so — Yeonsotood;yi
+10e;0,0t008Y; + 10ej0,0t008Yi — tooB°tiy;
—t00B3%tjyi — 2a:;t00 % qoo0 + 96€50L 5 Bbiy;
+96630£Xﬂbjyi + 54630t00bibj + eooeijt00ﬂ2
+2ei0ej0too8> + €io.0tonB°b; + ejo0to082bi
—ejotonB°si — 2a;to0B3to — 2a;;too 3% s}
—9683e30L ¢ Bbib; — €ij L L ¢ Otoo >

—18aijegotoo — IGegOEXyiyj — 16630£ijyi
+36t008toyiy; — 6tooBb;iqooyi + tooB>bitoy;
+tooB2b;toy; — 6tooBbisiy; — 6tooBbjsayi
+40a;jeq0too Bs0 — 4enoeiotonBb; — deooejotooBbs + 2eq0too3>bis;
+2eg0t003%b;s;

+3ei0too3°b;80 + 3ejotonB2biso — 160e0o £ 5 Bsoyiy;
+20e00t00S5iy; + 20eq0too 5,y

—T2eq0to0bisoy; — T2e00toobjsoys — €oo;0tooBbib;
+30ei0t00B50y; + 30ej0tooBs0y;

—6t00bigooy; + 4too3*s0siy; + 4too 3% S0y
+32e00L ¢y 850y — 32€0081YiY;

+2t008%sitoy; + 2too3%sitoyi + 32L 5 e00B50YiY;
+24e00L 5 508Ys1y; — 18e00,0L 3 BYiy;
+32e00L 5 YiBs0y; — 400> qoiy; — 2too B2 qo,Yi
+10t00 8% qioy; + 10to0B2qjoy: + 3aijeon.otool3
—36egoeintooy; — 36eonejotooyi

—9ep0:0toobiy; — 32€00L g eoo¥iyj + 4€00,0L 3 YiBY;
+deoo,0L Y58y + 4L g e00,08YiY;

+36t00g00yiy; + 36toosiyiy; — 8eootooBbib;so] a?
—96e3,L ¢ BBb:b; + (48(bibjtoo

+2L ¢ B(biy; + bjyi)))egoB” + ((—48byy; — 48b;y;)too — 6y, L5 B)ed
—80egotonsoyiy; — 8eonsotooyiy;)B + 88edotooyiy; }
+48e50{ [(—2Bbib; + 2b;y; + 2b;y:) L ¢ B + bibjtoo] o — 2y, BL ¢ B
—[(biy; + bjy:)B — yiy;]too o

By above equation, for any point x € M, the irreducible polynomial (a? — 32)
divides egg, or irreducible polynomial (a? — 3?) divides last equation. In the first
case, for a function ¢ € C®(M), egp = 2¢(z)(a® — B?) which means that F is of
isotropic S-curvature. In the second case, the irreducible polynomial (a? — 3%)
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divides:
[(—28bibj + 2by; + 2bjy;) L B + bibjtoo] o
—2y;y; BL ¢ B — [(biy; + bjyi) B — yiy;]too
By contracting previous equation with b7 we obtain
(@b + B%) L g (o = B2) + 26* (0’ L i f7 — B2 L g a?) = n(z,y)(a® — )
where 7(x,y) is a quadratic form.
By Irrat = 0, then o? divides A;, where
1
A = §Bt00yiyj(—192600ﬁ80 + 966(230 — 19600;05)

In this case, L'onQ = o(x)a? which means that X isa Killing vector field of «, or
o? divides —192eq0 350 + 96€3, — 19e00;03. We have

—192eq08s0 + 96680 — 19e00,08 = Az, y)a?

where A(z,y) is a quadratic form.
O

Example 4.1. Let M = R? and F(x,y,u,v) = Vu2 +v2 + au + bv, as it defined
in Fxample 4.1. Then by the same argument, one can see the condition 1, 2 and 3
of Theorem 1.2 are held. If we substitute EXa2 =202 and LB =B in 4 we have:

(4.4) [(0®b" + 5%)(20% — %) = 1*(z,y) (o® — %)

which means that n(x,y) = 2(a?b*+ 32). In this case, all of the conditions Theorem
2.1 hold.

Here we give an example which satisfies condition 1 and 3 of Theorem 2.1.

Example 4.2. Let (0, M) be the Funk metric as Example 3.2, i. e. condition 1
and 3 of Theorem 1.2 are held. If we substitute (3.8) in condition 4, we have

|yl
1—|

2
e {48lyl (1 — =) + 19 < 2,y >? } = (|y[P (1 — |2[*)+ < 2,y >*)A\(z,y)
but A(z,y) should be a polynomial of degree 2, which is a contradiction. Now we
consider condition 2. Since Evoﬂ =0, condition 2 is reduced to
(2b°a® — b'a® — beta®) Ly 8% = n(z,y)(a® — B?)
Then by substituting b*> = |z|* and L 5% we have

{(|$|2|y|2 |z[> <,y >2)(2_|x|2)_ <y >2}
1 — |zf? (1 - |=[?)? (1 Jz[?)?

(4.5) x(=2 <z,y><ay>)=lyl’n(z,y)
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where 1 is a polynomial of degree two. If we compute the extended form of (4.5) we
have

alml(:y? - 3:5% + agxg(:cg - 3x%) =0

which means that a = 0, which is a contradiction. Therefore, there is not any n(x,y)
to applies condition 2.

Here we make an example which satisfies condition 2 and 3 of Theorem 1.2.

Example 4.3. We consider Theorem 1.2 for Bergman metric. As we see in Exam-
ple 3.3, conditions 2 and 3 are established automatically for a Killing vector field of
F and the condition 1 of Theorem 1.1 do not hold. Then by substituting (3.10) in
condition 4, we find out that the term

(4.6) eBA(TTfo(B + efo) — 19f5 + 96¢(B + efo)?)

a should be a multiple of a2, which is impossible. Thus condition 4, does not exist.

5. C-projective vector fields of Funk type Finsler metrics

Let M be a bounded convex in R™ and 6 be the Funk type Finsler metric on
M, i.e.,

(5.1) Opr = 00,

The spray of a Funk type Finsler metric is given by G = y'32 — 2G° B?ﬂ' where

G = %Gyi. Thus, every Funk type Finsler metric is locally projectively flat. It is
easy to see that every Funk type Finsler metric is also of constant flag curvature

= *i' We are going to characterize all projective vector fields of Funk type

Finsler metrics.

Theorem 5.1. Let V = V? 8‘21. be a vector field on M. Then the complete lift
of V,ie, Visa projective vector field of (M,0) if and only if there is a 1-form
n = ng(x)y’ on M which satiesties

82‘/1' _
ortors

(5.2) (2)0", + ns(2)d",

Proof. Suppose that V = V? 621 + ok g;/k 8?% is a projective vector field of (M, 6).
Then by [1], V is a projective vector field if and only if there exsits a function
P(x,y) satisfying

(5.3) [V,G] = Py'.

By a direct calculation, we have

6.4 V.61 = (Qu' — A4 .
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where Q = (V76 +y* ‘g‘;,: )0; and A" = yIy* OV Comparing (5.3) with (5.4), we

Y 5cF oz
get , . ,
(5.5) Qyt — A" =Py’
By differentiating (5.5) with respect to y° we have
o2V ; ;
5.6 k = (P, —Q,)y' + (P —Q)d",
(5.6) Y 5k ( Qs)y" + (P — Q)d",
Again by differentiating (5.6) with respect to y* we have
oV’ i i i
(5.7) 2 i (Pst = Qst)y" + (Ps — Q)" + (P — Q1)d'

By differentiating (5.7) with respect to y” we have
(58) (Prst - Qrst)yi + (Pst - Qst)fsiT + (Psr - er)(sit + (Ptr - Qt»,»)(sis =0
Let i = r in (5.8), then we have (n + 1)(Ps; — Qs¢) = 0, which means that

(5.9) P=Q+n;(2)y,
for some 1-form 1 on M. If we put (5.9) into (5.5), we have
) o%V? .
Jok — . J ot
(5.10) VY kg = (x)y’y".
By differentiating (5.10) with respect to y* we have
o*vi , .
k _ 7 i
(5.11) 29" s = @)y + ()Y’
Again by differentiating (5.11) with respect to y* we have
o*vi i i
(5.12) o ns(2)8" + ne(2)d'

Thus if V is a projective vector field of the Funk type metric 6, then there is a
1-form 7, (x) which satisfies (5.12).

The converse is trivial. [

Theorem 5.2. Let 0 be a Funk type metric on a bounded convex domain M in
R™. ThenV =V" B(Z-i is a projective vector field of 0 if and only if V*’s are given
by

(5.13) Vi=al<a,x> +Q§-x-j +
where a,c = (¢, -, c") € R™ are two fized vectors, (Q;) s a fized n X n real matriz
and < . > is the Euclidean inner product on R™. 1
[V,G] = PY
where
P =-2<a,y>—0u(zF <a,x>+Q%zT +cF)

—0y (y* < a,z > +2F <a,y > +Qky7).
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Proof. By [12] the maximum degree of projective vector fields is n(n + 2), thus the
projective vector field of Funk type metrics are exactly as (5.13) O

Appendix 1
Ao = 8eootooBsoys — 4edotooyiB + €oo:0too B>y
A1 = —2tgo(8eqoBsoyi — 4edoyi + €00,08Ys)
Ay = —4tgoB3s0si + 4too2bist — 12A0te0

—64e0(L 58)Bs0y: — 16e00L 55057y
—16€00L 5 yi3%s0 — 32en0to03biso + 16e00B>ny;
+20e;0t003%s0 — 16L ¢ €005% 0y
—4t00 82 gio + 4tooB2biqoo + 16t0oB°toy;
+16t00B50%y; + 24e30L ¢ By; + 8edo L 5 yif3
+12€3toobi — 8enoeiotonS + 16€00L 5 €00 By
—24egotoosoyi — 8eon0 (L 5 8)Byi — 2e000L 3 yiB
—4eqo:0tooBbi — 5eoositooS* + 10ei0.0t003°
—2L ¢e00:058%y: + 16t00Bg00y: — 3€00;0t00¥:

As = 8LeuiB%0 + 8L ¢yiB2s8 + 8L ¢yiB2 00
+16t00sgys + 16t00qooyi — 2€00;0L 5 biB
—8enoeiotoo + 20€,0,0L ¢ BB — 24A,0L ¢ BB°
—36Aiotoo 32 — 10e0,i L ¢ 88> — 8eno.0L 5 By
+20e;0,0t008 — 10eq0;5t008 — 4L g €00,0¥:/3
—2e:08°n + 24€50L 3 Bb; — 12t00 8> qos
—deno,otoobi + 1600 L ¢ €00yi — 2L 5 €00,03°b;
—20t00/3%qio + 8eio L 3508 + 8L €508 s0
—degoL g eiof3® — deiL g eoo8° + 8L oSy
+8L G007 Yyi — 4e00,0L ¢ i3 + 8ego L i3
—12e003%n; — AL ¢ Ajo 8* — 2L g€00,i8°
+4L g i0.08° + 8e2o L ¢ yi — 64eqo L ¢ Bbiso3
+16L’Xsoﬁ2soyi — 64eq0 L ¢ Bsoys — 32epotoobiso + 4Oei0£5(ﬁﬁ280
+40e;0to0Bso — 8tooB>bito
+24t008b;sg + 24t00 Bbiqoo + 16te0Btoy; + 32L ¢ Bsiy:B
+32L 4 Bgooyi B + 16e008°bin
+32e008ny; — 16eqoeioL ¢ B8 — 8eoo,0 L 5 Bbif3
+16e90 L 5 €o0bi3 — 32tg0 3% s0si
716600£Xbiﬁ280 — 32e00L 3 yiBs0 — 16600£Xsoﬂzbi
—32e00L ¢ 508Yis0 — 16e00 L 3y
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_86005)261'06 - 861-0,65(6005 + 32£Xﬁ8(2)y¢

+8L ¢ b2 qo0 + 16L ¢ yi52to + 20teobis?
+32L ¢ Bgooys + 20ta0biqoo — 16epoein L ¢ B
—T2A;0L ¢ BB% — Bego0 L 5 Bbi

+(40e40,0L ¢ )3 — 36 Ajotoo3 — 20e00,(L )3
—4L ¢ e00:0bi 8 — 28t00gio8 — 8L ¢ 508”5
—36e008°n; — 8L b B°to — 6e;05°n
+8L ¢ bi3% 55 — 24(L ¢ B) B qoi — 24t00Bq0i
+16eg0 L eoob; + 16eqony; — (16£Xﬁ)ﬁ2qio
—16e00L ¢ yis0 + 24ei0L 5 503

—|—24£Xei06250 — 16e00L ¢ s0y: — 16L g egos0Yy;
+8L 5 t02b; + 8L qo08°b; + 16L 5o 8%y;
+20€e;0t00S0 + 16£Xyis(2)6 +16L ¢ yiqoo3
—4eoo;0L ¢ biB + 16L ¢ qooyi B — 8L ¢5:3%s0
—8L 4 qioB° — 16L ¢ Ajo3° — 2e00,0L 3 yi + 8€goL 5 bi
—5e00;itoo — 2L ge00:0Yi — 6L 5-€00:i5°
+12L ¢ 10,087 + 10€i0.0t00 + 32L 5 50850y
—64eqo L ¢ Bbiso + 80e;0(L ¢ B)Bso — 32tooSbito
+32e008bin + 32L 4 Bbisg B + 32L ¢ Bbigoo B
—40(£Xﬁ)ﬁ2808i — 52tgofses; — 32eq0L 5 biBso
—32e00L g 508b; — 32L e Bbisg
+16L 4 508%biso + 48(L ¢ B) Btoy;

—36eqom;i 3 — 6eonB + 8L g yiBto —
T2A:0(L 5 B)B — 32L 4 Bqiof + 24e0L ¢ 505
+24L g ei0808 + 16L ¢ b;s3 B — 24L ¢ 51520
—241:5{506231' + 32£Xﬁbis% — 16egoL ¢ 50b;
+32L 5 Bbiqoo — 48(L 5 8)Bqoi + 16eqobin
—24tgobsto — 24tops0s; — 16e0oL ¢biso

—16L ¢eqobiso + 16L t0°b; + 8L ¢ Btoy;
+16(L ;s0)s0yi + 8L ¢ tofy; + 40e,0L 5 Bso
—32L ¢ b;8%t0 + 16L ¢ biqoo B + 16L 5 qoobi 3
—12t00q0; — 4epo L gei0 — 4einL g eno
—24L 5 qi08% + 8L ¢ yisg + 8L ¢ Yidoo — 2e00,0L b
+8L ¢ qooys — 10eqo;i L ¢ 8

—2L ¢eqo;0bi — 12t00gi0 — 6L g eg0;i8 + 12L e40,08
—24L ¢ Ao + 20€40.0L ¢ B — 12 A0t00
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—80L ¢ 8)Bs0s; — 32L5 Bbitof + 32L ¢ 508biso
= 320 Bbity — 0L ¢ fsosi — 40L.5b;Bto
—|—8/.3Xbisg —24L ¢ 5035; + 16L ¢ 50b; 50
9L ¢ 5850 + 8L g toSbi — 24 A0 L
—12egon; + 8einL g 50 — 2e40n — 16L ¢ Ajo 3
+8L geinso — 24L 5 Bq0i — 16L ¢ Bqi0 + 8L xbiqoo + 8L 5 qoob:
—24L ¢ qi08 — 2L €0 + 4L 3 €i00
= —16Lgbitog — 8L 4508 — 8Lgsi50 — 4L g Ao — 8L 4 qio

Appendix 2

1
5750052%%(—32600580 + 163, — 3€00.03)

1
557500%?/3‘(—192600580 + 96¢5, — 19€0003)

8ai;eootonBso + 28e30 L BBYiY; — 4eoo.0L ¢ BB iy
+2t003"s08:Y; + 2tooB* 50;ys

—2t0083bis3y; — 2t003°b;says + 6ejotoo S soyi
+4egotooB>siy; + deooton B8y + Geiotoo 3> soy;
+8e00L 5y 8°s0vi + 12e§0toobiy; B + 12edtoob;yi3
—8e008nyiyj — 2t00B>bigooy;

—2t0083bjq00yi — Seooeiotoo 87y — 8enoejoton Y
—2e00;0t003%biy; — 2e00;0t008°b;y;

+8L ¢ €008 soyiy; — 8eoo Lz €008 Yiy;
+4eoo L ¢ 508°yiyj + 8eoo L yi B soy; — daijedotooS
+(1/2)aijen00to08° + 2ei00tooB°y; + 2€5050t008°ys
+2to0B4qioy; + 2too B Gjoyi — 4edoL 5 vi By,
—463055(%‘522/1‘ + 600;05)2%531/]‘ + 600;05)2%53%
+(L g €00):08%yiy; + 8too B> t0yy;

+8t00B%qooyiy; + 8tooB>sgyiy; + 88edotooyiy;
—16egotooB°bisoy; — 16eotoo3>b;s0yi
—200e00to0Bs0yiy; — 48e00 L 5 BB soyiy; — (43/2€00,0)t00BYiY;
—eij.0too Bt — 8tooB2bigooy; — 8tooB2b;q00y: + 6too B s0siy;
+6t003° s05;5yi — 8tooS>bisgy;

—8t003%b;sgyi + 48a;jeqntoo 350 — depoeiotoo32b;
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—18e40L ¢ 508b; + 18e408b;n — 18e,0L ¢ b;Bso

769



770

T. Tabatabaeifar, M. Rafie-Rad and B. Najafi

—18e;0L ¢ 508b; + 18¢e;08b;m — 12L teqo8b;5;

—12L ¢eqofb;s; 4+ 16L eqobsbjso — 18L ei08b;50
—18L ¢ejoBbiso + 12L ¢ 5;8%bitg — 16L 5 t03°b;b;
+12L'Xt062bisj + IZEXtOBijsi + 24ai; L ¢ 50850
—12e00L 3 b;Bs; + 16e00 L 3 bibjsg — 12e00L b Bs;
+16ego L ¢ bjbiso — 14L ¢y Bbito + 10L ¢ i Bsos;
+12L i Bsto — 14L ¢y 8bito + 10L ¢y, Bs0s;
+12L s y;8sito + 8L Bsitoy; + 8L ¢ Bsjtoys

—16L ¢b;Bbjqo0 — 14L 4 b Stoy; — 16L ¢ b;Bbiqoo
—14L ¢ b;Stoy; — 16L ¢ qooSbib;

—2L ¢ s088:y; — 2L ¢ 50855y; — 12L ¢ sobisoy; — 12L ¢ s0b;s0y;
+8toobis;to + 8toobssito + 12L ¢ 5;Btoy;

+10L ¢ 5850y + 12L 55 Btoys — 14L ¢toB(biy; + bjy;)
+12L ¢ toBsiy; + 12L ¢ toBsjy: + GLXSQBZZ)IL'S]‘
+6L ¢ 508%bjsi + 18L 5:8%bjs0 + 12L ¢.8:5%bto
+18L ¢ 8 8%b;s0 — 16L ¢ b;32bjto + 18L b 3% 505,
+12L ¢ b; s to — 16L ¢ b;Bbjsg — 16.L b 32b;to
+18£ij,82808i + 12£ij625,»t0 — 16£ij[3bisg
—6ej.0t00 + 12(L gei5):08° — aij (L e00)50

—e00,0L g aij — 2€i0.0L gy — 2€50.0L 3 Yi — 2(L g €i0) 095
—2(Lgejo)oyi — 2L 5biB%t) — 2L ¢ b; B3¢

—16L ¢8;8%s; — 16L 55;8%s; — 8L o t:3°b; — 2L ¢t 5°b;
—8L ¢ qi; 8% — 8L q;i3° — 26tob;sos;

+12L ¢ BB%bit; + 12L ¢ BB%b;t; + 60L B s;s;
+56£5{Bbibjs(2) —12a;L ¢ BBto + 24epo L ¢ Bb;s;
+24ego L ¢ Bbjs; — 30e,0L ¢ BBs; + 36e,0L ¢ Bbjso
—60e;; L ¢ B850 — 30e;0L ¢ BBs; + 36¢e;0L ¢ Bb;sg
—48L 5 BBbiqoj — 24L 5 BBbigjo — 56L 5 BBbjqoi
—24L ¢ BB8bjqi0 — 6L ¢ BBty; — 6L ¢ BBy
+56L ¢ Bbibiqoo — 28L ¢ Bbitoy; — 28L ¢ Bbjtoys — 34L ¢ Bsosiy;
—34L ¢ Bs05;y; + oo Sbit;

+9t008b;t; + 30tgoBsis; — 40toobibito — 26t00b;505:
—20e;; L ¢ 850 — 10e0L ¢ Bs; + 30L ¢ BBqi;
+30L 4 BBq;ji — 24L ¢ Bbiqo; — 12L 4 Bbiqjo
—28L ¢+ Bbjqo; — 12L ¢ Bb;qio + Stoobit; + Stoobst;
+10t0osis; — 12L ¢t:8%b; — 6L ¢ t;3%b;



Ag

Two Notable Classes of Projective Vector Fields

771

+6£)A(tj52bj + 4aij£)"(ﬁt() + 8(1@',6;2808() + 4(17;j£)”(t0ﬁ — 4600;05)*(171'8]'

—4eg0,0L 3 bjsi — 4ego,0L ¢ 5ib;

—4epo;0L 5 55b; + 4eoo,0bin; + 4ego0bini — 6e0L ¢ bjso
—6ej0L g sob; + 8einL g 558 — 10e;0L ¢ 555

—8e40n; + 6ei0b;n + 16e;;L 4508 — 16¢e;; 87
—6e;0L ¢ biso — 6ej0L ¢ s0b; + 8ejoL ¢5:8 — 8ejofn;
+6e0bin + 4L ¢ a;;8t0 — 4L ¢ epo,0bi5;

—4L ¢ epo,0b;8; + 8L ;0855 — 6L g e0bjsg + 16L ¢ 5850
+8L g ej085; — 6L gejobisg — 6£Xbi52tj - 8[,Xbibjs%
—6L 5b;3%t; — 8L ¢ bbisy — 24L 45,87
—24L ¢ 5;8%s; + 2L ¢ Btiy; + 2L ¢ Bty + 12L 5 biBqo;
+6ﬁxbiﬁq]‘0 - 8[,Xbiqu00 - 2£Xbit0yj

+12L 5 b Bq0; + 6L b Bqio — 8L bjbiqoo — 2L 3 bjtoy;
—8L ¢qoobibj + 12L ¢ qoifb; + 12L ¢q0; 8b;
+6L ¢ qioBbj + 6L 3qjoBbi + 4L g sis0y; + 4L g sitoy;
+4L g 55501s + 4L ¢ s5t0y; — 2L ¢ tobsy;

—2L stobjy; + 4L g tosyy; + 4L ¢ tos;y; + 2L ¢t By;
F2L ¢t By; + 2L gy Bty — 2L ¢ yibito

+4L g yis0s; + AL g yisito + 2L 3y Bty — 2L 5 y;bito
+4L ;Y505 + 4L ¢1y;8:t0 — 8L ¢ toSbsb;

+12L ¢toBbis; + 12L ¢ toBbjs; + 6L ¢ 503b;is;
+6L ¢ 508bj5; — 16L ¢ s0b;bjso + 18L ¢5;8b;50
+12L 4 5;8bjto + 18L ¢ 5;8b;s0 + 12L ¢ 5;8b;tg
+8L ¢ fBbisjto + 8L ¢ Bbjsitg — 8L ¢ biBbjto
+18L ¢ bifBsos; + 12L ¢ bifs;to — 8L ¢ bjBbito

+18L ¢b;Bsos; + 12L ¢ b;Bsito + AL g ai;sg
—12£ 4 i; 8% — 12L 5 ¢;i5° + 4ai;L ¢ qoo — 2€000L €45
—2e40,0L bj — 2L ¢ €00,0 — 2€50,0L b

+4L g aijqoo — 2L g ei0,0b; — 10€i5:0L 5 B + 5toogi; + Stoodyi
+8L €ij;08 — 2L g ejo,0bi + 4L 3 qoiy;

+4L 5909 + 4L 5 Yiq0; + 4L 5 Y;q0i

+24L ¢ BBbit; 4+ 24L ¢ BBb;t; 4 60L ¢ BBs;s;
—T2L ¢ Bb;bjty — 44L ¢ Bbisos; — 44L ¢ Bbjsos;

—4L zejoejo — 4L ¢ ejoeio

4L ¢tobjs; — 8Lt Bbj — 6L ¢t Bb; + 2L t;8b;
—6L¢bift; + 12L ¢ Bbit; + 12L ¢ Bb;t;



772 T. Tabatabaeifar, M. Rafie-Rad and B. Najafi

+20L ;Bs;5; + 6L ¢bisgs; + 4L ¢ bisto — 6L b Bt;
+6L ¢bjsos; + 4L ¢ bjsito + 2L ¢ sob;s;

+2L ¢ 50bj5; — 16L 5855 + 6L ¢s:b550 + 4L ¢5:b5t0
—16[,)*{8]‘581‘ + 6£X8jbi80 + 4L‘,ij‘bit0

+4L stobisj + 2L gejo8; + 2e50L 55 + 4L €550
‘e Lgso + 2L gens; + 2e,0L ¢ 55 — 4degin

—2ej0m; + 4L ¢biqo; + 2L ¢b;iqj0 + 4L ¢ bjqos

+2L ¢b;qio + 4L ¢ qoibj + 4L ¢ qojbi + 2L ¢ qiob;
—8L ¢ qii B8 + 2L g qj0b; — 8L ¢ qjif + 10L ¢ Bq;;
+10L ¢ Bgji — 2ei0m; + 2L g €450

A = —Q(EXbitj + ﬁijti + 2£X3i3j + Z'CXSjSi

N =

10.

11.

12.

+£j(tibj + ﬁ}gtjbi + £XQij + ‘Cqui)'

REFERENCES

. H. AKBAR-ZADEH, Initiation to Global Finslerian Geometry, North Holland, 2006.
. H. AKBAR-ZADEH, Champs de vecteurs projectifs sur le fibré unitaire, J. Math. Pures

Appl. 65 (1986) 47-79.

E. BELTRAMI, Resoluzione del problema: riportari i punti di una superficie sopra un
piano in modo che le linee geodetische vengano rappresentante da linee rette, Ann.
Mat., 1(7) (1865) 185-204.

B. BIDABAD and M. SEPASI, On a Projectively Invariant Pseudo-Distance in Finsler
Geometry, International Journal Of Geometric Methods In Modern Physics, 12(2015),
1-12.

B. CHEN and L. ZHAO, A note on Randers metrics of scalar flag curvature, Canad.
Math. Bull., 55(2012), 474-486.

X. CHENG and Z. SHEN, Finsler Geometry, An Approach via Randers Space, Science
Press, Beijing (2012).

V. S. MATVEEV, On projective equivalence andpointwise projective relation of Randers
metrics, Int. J. Math. 23(9)(2012) 1250093 (14 pages).

V. S. MATVEEV, Proof of projective Lichnerowicz-Obata conjecture, J. Differential
Geom. 75 (2007) 459-502, arXiv:math/0407337.

B. NaJar1 and A. TAYEBI, A new quantity in Finsler geometry, C. R. Acad. Sci. Paris,
Ser. 1349 (1-2) (2011) 81-83.

M. RAFIE-RAD, Some new characterizations of projective Randers metrics whit con-
stant S- curvature, J. Geome. Phys., (2011), 7 pages.

M. RAFIE-RAD, Special projective Lichnrowicz-Obata theorem for Randers spaces, C.
R. Acad. Sci. Paris, Ser. I 351 (2013), 927-930.

M. RAFIE-RAD, B. REZAEIL, On the projective algebra of Randers metrics of constant
flag curvature SIGMA, 7 (2011) 085, 12 pages



Two Notable Classes of Projective Vector Fields 773

13. A. SHIRAFKAN and M. RAFIE-RAD, On the C-projective vector fields on Randers
spaces, arXiv:1811.02181v1.

14. Z. SHEN, On Some Non-Riemannian Quantities in Finsler Geometry, Canad. Math.
Bull. 56(1) (2013), 184-193.

15. A. TAYEBI and T. TABATABAEIFAR, Unicorn metrics with almost vanishing H- and
= curvatures, Turkish. J. Math, 41 (2017), 998-1008.

16. A. TaveEBI and M. RAZGORDANI, On H-curvature of («, 3)-metrics, Turkish J. Math,
2020, DOI:10.3906 /mat-1805-130.

Tayebeh Tabatabaeifar and Behzad Najafi

Faculty of Mathematical Sciences

Department of Mathematics and Computer Sciences
Amirkabir University (Tehran Polytechnic)
t.tabatabaeifar@aut.ac.ir

behzad.najafi@aut.ac.ir

Mehdi Rafie-Rad

Department of Mathematics
Faculty of Mathematical Sciences
University of Mazandaran

Babolsar, Iran

rafie-rad@umz.ac.ir






FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 35, No 3 (2020), 775-788
https://doi.org/10.22190/FUMI20037750
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Abstract. Let g be a positive weight function on R4 := [0, 00) which is integrable in
Lebesgue’s sense over every finite interval (0, z) for 0 < & < oo, in symbol: ¢ € L},.(R4)
such that Q(x) := [ q(t)dt # 0 for each z > 0, Q(0) = 0 and Q(x) — o0 as & — oc.
Given a real or complex-valued function f € Lj,.(Ry), we define s(z) := [ f(t)dt and

7O(2) = s(z), 7{™(2) = 1 zr(mfl) T m =
@)= s(@). 77 @) = g [TV @ > 0m=1.2,.0),

provided that Q(z) > 0.

We say that fooo f(x)dx is summable to L by the m-th iteration of weighted mean
method determined by the function ¢(z), or for short, (N, g, m) integrable to a finite
number L if

lim 7™ (z) = L.

T—r00 a

In this case, we write s(z) — L(N,q,m).

It is known that if the limit lim, .. s(z) = L exists, then lim, oo 7™ (z) = L
also exists. However, the converse of this implication is not always true. Some suitable
conditions together with the existence of the limit limy_, o ’Tém)({ﬂ), which is so called

Tauberian conditions, may imply convergence of limg—_ oo ().

In this paper, one- and two-sided Tauberian conditions in terms of the generating
function and its generalizations for (N, g, m) summable integrals of real- or complex-
valued functions have been obtained. Some classical type Tauberian theorems given
for Cesaro summability (C,1) and weighted mean method of summability (N, g) have
been extended and generalized.

Keywords: Tauberian conditions; weight function; summable integrals; finite interval.

1. Introduction

Let ¢ be a positive weight function on Ry := [0,00) which is integrable in
Lebesgue’s sense over every finite interval (0,z) for 0 < z < oo, in symbol: ¢ €
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L},.(Ry) such that Q(z) := [ q(t)dt # 0 for each z > 0, Q(0) = 0 and Q(x) — oo
as £ — oo. Given a real or complex-valued function f € L} (Ry), we define

s(z) := [, f(t)dt and loc

7O (@) = s(a), 7™ (2) = &x) / D (g0t (@ > 0,m = 1,2,..),
provided that Q(x) > 0.

For each integer m > 0, we define v((lm)(x) by

o™ () =1 o fom f((t)f)lgt)dt om=1
% o Va (t)q(t)dt ,m > 2.
The identity
(1.1) T(gm_l)(m) - Tém) (x) = v((zm)(x)

is known as the weighted Kronecker identity for the weighted mean method of
summability.
It is clear from (1.1) that

—Tq(m) (x) = vém) (x)

for each integer m > 0 (see [14]). Here, we call v((lm)(x) the generator of Témfl)(x)

for each integer m > 1.

We say that fooo f(z)dz is summable to L by the m-th iteration of weighted
mean method determined by the function ¢(z), or for short, (N, ¢, m) summable to
a finite number L if
(1.2) Tim 7im(z) = L.

It is obvious that (N,q, Ln) summability reduces to the ordinary convergence for
m = 0and (N, q,1) is the (N, ¢) method. If ¢(z) = 1 on R, then (N, g, m) method
is the Holder method of order m and (N, ¢, 1) method is the Cesaro summability
method (C,1).

It is well known that condition Q(x) — oo as x — o0 is a necessary and sufficient
condition that the existence of the integral

(1.3) /OOO s(z)dr =L

implies (1.2). That is, the (N, g, m) summability method is regular, where m is a
nonnegative integer. However, the converse of this implication is not always true.
Notice that some suitable condition on s(z) together with (1.2) may imply (1.3).
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Such a condition is called a Tauberian condition and resulting theorem is said to
be a Tauberian theorem.

Moricz [8] and Fekete and Mdricz [6] obtained one-sided and two-sided Taube-
rian conditions for the weighted mean method (I, q) of integrals. Following these
works, Totur and Okur [13] proved one-sided boundedness of v,go) (z) is a Tauberian
condition for the weighted mean method of summability (NV,q) of integrals. From
the fact that condition v((lo) () > —C implies slow decreasing of s(z), Totur and
Okur [13] generalized their first result and proved that slow decrease of s(z) is also
a Tauberian condition for (N, q) method. For a detailed study and some interesting
results related to Tauberian theorems for the weighted mean method of summabil-
ity, we refer the reader to Borwein and Kratz [1], Canak and Totur [2], Canak and
Totur [3], Canak and Totur [4], Ozsara¢ and Canak [9], Sezer and Canak [10], Tietz
and Zeller [11] and Totur and Canak [12], etc.

In this paper, one- and two-sided Tauberian conditions in terms of the generating
function and its generalizations for summable integrals by m-th iteration of weighted
means of real- or complex-valued functions have been obtained, respectively. Some
classical type Tauberian theorems given for Cesaro summability (C, 1) and weighted
mean method of summability (V,q) have been extended and generalized.

2. Main results

For the main results of the paper, we need the following definitions and notations.

Definition 2.1. ([7]) A positive function @ is called regularly varying of index

a>0if
(2.1) Jim. %((p;)) =p*, p>0.

It easily follows from Definition 2.1 that for all p > 1 and sufficiently large x,
P Q) 3

2(0*=1) 7 Qpz) —Q(x) ~ 2(p* —1)

and for all 0 < p < 1 and sufficiently large =z,
P Qlr) 3

21—=p*) = Q(z) = Q(pzx) ~ 2(1—p*)

(2.2)

(2.3)

We note that if (2.1) holds, then the following equivalent conditions are clearly
satisfied (see [5]):

e Q)
2.4 lim inf <1, for every p>1
(2.4) it p
and
(2.5) lim inf Qlpz) <1, forevery 0 < p<1.

B Q@)
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First, we consider real-valued functions and prove the following Tauberian the-
orems.
Theorem 2.1. Let (2.1) be satisfied. If a real-valued function f € Li . (R4) is
such that its integral function s (x) is (N,qJn) summable to L and vémfl) (x) is

one-sided bounded, then s (x) is (N, q,m — 1) summable to L.

Corollary 2.1. ([13]) Let (2.1) be satisfied. If a real-valued function f € L}, . (R4)

loc
is such that its integral function s (z) is (N, q,1) summable to L and vgo) (x) is one-

sided bounded, then s (x) converges to L.

Theorem 2.2. Let (2.4) be satisfied. If a real-valued function f € L} . (Ry) is

loc
such that its integral function s (z) is (N,q,m) summable to L and Tém_l) (z) is
slowly decreasing, then s (x) is (N, q,m — 1) summable to L.
Corollary 2.2. ([13]) Let (2.4) be satisfied. If a real-valued function f € Lj,, (Ry)
is such that its integral function s (z) is (N7 q, 1) summable to L and slowly decreas-
ing, then s (x) converges to L.

A real-valued function s(z) defined on R is said to be slowly decreasing if

(2.6) lim liminf min (s(¢) —s(z)) > 0.

p—1t xz—o0 xz<t<px
Note that condition (2.6) can be equivalently reformulated as follows:

. C e . _ > 0.
(2.7) p]iI{l_ hwn_l>l£f nin (s(z)—s(t) >0

Second, we consider complex-valued functions and prove the following Tauberian
theorems.

Theorem 2.3. Let (2.1) be satisfied. If a complez-valued function f € Li . (Ry)

loc

is such that its integral function s (z) is (N,q,m) summable to L and U((Im_l) (

bounded, then s (x) is (W, q,m — 1) summable to L.

x) i

Corollary 2.3. Let (2.1) be satisfied. If a complex-valued function f € Li,  (Ry)

loc
is such that its integral function s(x) is (W,q, 1) summable to L and v,(lo) (x) is
bounded, then s (x) converges to L.

Theorem 2.4. Let (2.4) be satisfied. If a complex-valued function f € L} . (Ry)

loc
is such that its integral function s (z) is (N,q,m) summable to L and Témfl) (x) is

slowly oscillating, then s (x) is (N, q,m — 1) summoable to L.

Corollary 2.4. Let (2.4) be satisfied. If a compler-valued function f € L. Ry)
is such that its integral function s (x) is (N,q, 1) summable to L and slowly oscil-
lating, then s (x) converges to L.
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A complex-valued function s(z) defined on Ry is said to be slowly oscillating if

(2.8) lim limsup max |s(t) —s(z)] =0.

p—1t 0o <t<p

Note that condition (2.8) can be equivalently reformulated as follows:

(2.9) lim limsup max [s(xz) —s(t)] =0.

p—17 xz—oo PT

3. An auxiliary result

The following two representations of s (x) — 7'(51) (z) will be needed in the proofs

of our main results.

Lemma 3.1. (/13])
(i) For p > 1 and sufficiently large x,

s@) =) =GB () (o) - ) (@)
- G0 /( (t) ~ s (@) q (1)t
(ii) For 0 < p < 1 and sufficiently large =,
s(@) =1 @) = Gl (o) (a) = oY )
+ MZ(S (x) —s(t))q(t)dt.

4. Proofs of main results

Proof of Theorem 2.1 Suppose that s (z) is (N, q, m) summable to L and
(m—1) (.Z‘)

o is one-sided bounded. By Lemma 3.1 (i), we have
A @) - @) = B (5 (o) = 7 (0)
- A -a® / (7m0 O -7 @) a e
= G (A o) = o) @)

I S d 1) () g
Q(PCC)—Q(:B)/ /dz Tq (2)dz | q(t)dt.
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Since Uémfl) (x) is one-sided bounded, we get

7m=1) () — 7(m) (g —Q (p2) (M) (o) — 70m) (g
@A @) S o g R en) -7 @)

+

O

)

&

1 1Q

O

O
~ \2

~

G0 gt (4 ) =7 @)

+ 0 (px)cl 15 jq (t)log g((;)) dt
(4.1) Q(p%(p%(x) (Tq(m) (pz) — 7™ (m)) + Clog %((p;)) .
By (2.2) and (N, ¢, m) summability of s(z), we have
(42) B Q(,s)(% (7 (pz) = 7 (2)) = 0.

Taking (4.2) into account in (4.1), we obtain

hﬂsolip (Témil) (z) — q(m) (JU)) < ligrﬂri)solip (C’ log %((j))) = C'log p“.
Letting p — 17 in the last inequality, we have
(4.3) lim sup (Tcgm*) () — r{m™ (g:)) <0.
Similarly, from Lemma 3.1 (ii), we have
M1 () ) (g = QT m) g m)
W@ - @) = G e (@ =7 (o)
1 x
+ gwmagm ) (- 0) a0
pT
= 0 —am (@ - o)
R A _m=1) (4 gs
¥ Q@_Q@@/(/Mq D (2)dz | ) at
pT t

Since vqul) (x) is one-sided bounded, we get

7(m=1 () — 7(m) (g —Q (pz) M (z) — M) (pz
@) =A@ 2 g (1 @) =i (om)
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- C 7 aq .
Q(m)—@(px>/(/ >d)q“>dt

q
Q(z
pT

_ Q (pz) 2m) () _ () (o
3w - apn (77 @ =7 )
. c _Qw
Q(l’)Q(px)p[q(t)l Sam”
_ QW) ) () — 20 () — Clop L)
(44 T - apm (0 @ =7 (pe) = Clo 2,
By (2.3) and (N, q, m) summability of s(z), we obtain
i QT )y m) () =
(45) o~ g (4 @ =7 em) =0
Taking (4.5) into account in (4.4), we obtain
h;IL-ILSo%p (Tém_l) (x) — Tém) (az)) > — lixrggéf (C log géj%) = —C'log p®.

Letting p — 17 in the last inequality, we have

(4.6) lim sup (Témfl) () — ém) (x)) > 0.

T—r00

Combining (4.3) and (4.6), we obtain s (z) is (N, q,m — 1) summable to L. [J

Proof of Theorem 2.2 Suppose that s (z) is (W7q,m) summable to L and
(m—1) (

7! z) is slowly decreasing. By Lemma 3.1 (i), we have
WD (@) =1 (@) = G () () i (@)
- m Z(Tgmﬂ () = 7" (2)) a (t)dt
< W%(% (7 (o) = 74 ()
- 9 am / 00, min (7" ) = 7" ) e
- o (A ) =i @)
(4.7) - min (T;m—D (t) — rlm=D (x)) .
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Taking the lim sup of both sides of (4.7), we get

lim sup (Tém_l) (x) — Tém) (m)) < limsup Q(Qﬂ (Tq(m) (px) — Tém) (l‘))

(4.8) —liminf min (Tém_l) (t) — Tém_l) (x)) .

rz—o0 r<ltlpx

By (2.4), we have

Q) Q) )T
0<hg{[l,bolin(px)—Q(x)_1+(hzn—l>£f Q@ —1) < 00.

Since s (z) is (N, ¢, m) summable to L, the first term on the right-hand side vanishes
in (4.8). From this, we obtain

lim sup (Témil) (x) — ’Tém) (x)) < —liminf min (Témil) (t) — T(Emfl) (x)) .

T—00 rz—o0 z<lt<px

Taking the limit of (4.8) as p — 11, we have

(4.9) lim sup (T(m_l) (z) — 7™ (x)) <0.

q q
T—00

Similarly, by Lemma 3.1 (ii), we have

rm=1 gy — 7(m) (3) = —Q(px) 7(m) () — (M) (pg
@ - @ = G g (@ = (o)

x

i m / (7D @) =7 (0) a0 e

= Q@;ngfpg(px) (7 (@) = 7™ (pm))
’ m / a() min (nf"V (@) ="V () d
- m (74 (@) =7 (o)

(4.10) * pxnﬁlgéx (Tém_l) (.’L‘) - Tém_l) (t)) )

From (4.10), we get
i (39 ) 40 > it ey (47 47 )

(4.11) +liminf min (Témfl) () — Témfl) (t)) .

r—o0 pr<t<z
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By (2.4), we have

imin M: (im‘ Q) — >_1
O o -t - P ) <

Since s () is (W, q, m) summable to L, the first term on the right-hand side vanishes
in (4.11). From this, we obtain

lim inf (Témfl) (z) — Tém) (x)) > liminf min (Témfl) (z) — Témfl) (t)) .

T—00 rz—o0 prltlz

Taking the limit of (4.11) as p — 17, we have

(4.12) limin (7"~ (2) = 7" (2)) > 0.

T—>00

Combining (4.9) and (4.12), we obtain s (z) is (N,¢,m — 1) summable to L. [J
Proof of Theorem 2.3 Suppose that s (z) is (N, q, m) summable to L and

v((lm_l) (z) is bounded. By Lemma 3.1 (i), we have

m=1) () _ +(m) (. Q (px) Fm) (oY — 2 (m) (4
@ -7 @] < Grn g [ e =7 @)

’ m / D () = @) 4 (1) e

S S | (o) - 7 ()|

pxr| t
v A _(m-1)
* Q(px)—@(ac)/ [ @l awar
(m

Since vy - (x) is bounded, we get

O P Ecvreod R B
c T a)
* Q(px)—Q(w)! w/mz)d”(t)dt
_ Q (px) M) () — 2 (m) (o
Q@ 7 )~ @)
C T, Q0
* Q(px)@<x>[q(t)1gQ<x>dt
Q (pz) Q (px)

(4.13)

IN

Tém) (pz) — Tém) (x)’ + Clog

Q(pr) — Q(x) Q)
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By (2.2) and (N, ¢, m) summability of s(z), we have

y Q (pr)

im

w0 Q (pz) — Q (z) I
Taking the lim sup of both sides of (4.13) gives

(pz) = 7™ (@)] = 0.

P
lim sup |7, (m D (z) — Tém) (x)‘ < lim sup <C log (px)) = C'log p®.

T—00 z—00 Q ()

Letting p — 17 in last inequality, we have

(4.14) lim sup‘ (m=1) () — Tém) (x)‘ <0.

T—00

Similarly, from Lemma 3.1 (ii), we have

" (@) =7 (@) < WPE’”\ ™ @) = (o)
N e /’ "D () = oD (0)] g (0 dt
Q (px)

) () = 7™ (pa)|

Q(z) = Q (px)

x

ow-aum |

pT

xT

d m—1
/57’; ) (2)dz

t

+ q(t)dt.

Since Uémfl) (x) is bounded, we get

W @) = @) < G 1 @) = 7 ()
t o _CQ(’OI),JZ t/mlﬂ(é))dz q(t)dt
— Gt [ @) = i ()
* 0D / o 0108 Gy
(4.15) Q(xcffpz‘ (m) (7) — 7{m) (px)‘—l—C’log g((;)).

By (2.3) and (W,p, m) summability of s(x), we have

Q02 ) ()| =
I p =g 1 ) = )] =0
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From (4.15), we get

lim sup Tém_l) () — Tém) (m)’ < lim sup (C log @ (x) ) = C'log p®.

Letting p — 17 in last inequality, we have

(4.16) lim sup ‘T(m_l) (x) — Tém) (x)‘ <0.

q
T—00

From either (4.14) or (4.16), we conclude s (z) is (N, g,m — 1) summable to L. [
Proof of Theorem 2.4 Suppose that s (z) is (W, q, m) summable to L and

7im=1 () is slowly oscillating. By Lemma 3.1 (i), we have
"D (@) - 7§ ()| = ngﬂfg@ﬂémwm»—émwmj
! Q@@lQ@yfﬁW”“*”WAV@V@W
< G| ) = rf @)
+ m qu (1) max (’T;mfn (£) — 7{m=1 (x)]) dt
< Q@%@%@ﬂﬁm@m—ﬂmuﬂ
(4.17) o max | (1) - 7Y (x)’ .

From (4.17), we get

limsup |71 (2) = 7™ ()| < limsup o

Tém—l) (t) . Tém—l) (1‘)‘ .

™ (pr) = 7™ (a)

(4.18) + lim sup maxgz<¢<px
Tr—r00

By (2.4), we have

. Qlpx) ( . Qlpr) )1
0<hflsogpQ(px)—Q(x) =1+ hrrgloréf e 1 < 0.

Since s () is (W, q, m) summable to L, the first term on the right side vanishes in
(4.18). From this, we obtain

lim su ‘T(mil) x) — 7™ (g ‘ < limsup max
x—)oop 4 ( ) 1 ( ) o z%mpigtgpw

D (1) = 7 (@)
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Taking the limit of (4.18) as p — 1T, we have

(4.19) lim sup ‘Tém_l) (x) — T(gm) (x)’ <0.

T—0o0

Similarly, by Lemma 3.1 (ii), we have

D (@) =1 @) = e 1 (@) = i) (o)
+ m Z 7m0 () = 7m0 () a (1) e
< m T§m> (2) = 7™ (pu)|
+ m / a(t) max (|rf"=) (@) 7" (1)) dt
< m 7 () — 7™ (px)’
(4.20) o max | (@) - o (t)‘.

From (4.20), we get

limﬁsup Tém_l) (x) — Tém) (x)’ < limﬁsup % Tq(m) (z) — Tq(m) (px)‘
(4.21) —|—linl>sup nax Tém_l) () — Tém_l) (t)’ .

By (2.4), we have

e Qr) Q@) T
0 <t g Lt ~ (1) <

Since s () is (N, q, m) summable to L, the first term on the right-hand side vanishes
in (4.21). From this, we obtain

lim su ‘T(m_l) z) — 7™ ( ‘ < limsup max
m—>oop 1 ( ) 1 ( ) - x%oopprtfx

7_ém—l) (CC) _ 7_(gm—l) (t) )
Taking the limit of (4.21) as p — 17, we have

(4.22) lim sup ‘Témil) (z) — Tém) (x)’ <0.

T—>00

From either (4.19) or (4.22), we conclude s (z) is (N, g,m — 1) summable to L. [
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5. Conclusion

In this paper, we introduce Tauberian conditions in terms of the generator and
its generalizations for summable integrals by m-th iteration of weighted means of
real- or complex-valued functions, respectively. Tauberian conditions for summable
double integrals by m-th iteration of weighted means of real- or complex-valued
functions will be illustrated in a forthcoming work.
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Abstract. In the present paper, we consider spacelike translation surfaces in 4-dimensio-
nal Minkowski space. We characterize such surfaces in terms of their Gaussian curvature
and mean curvature functions. We classify flat and minimal spacelike translation sur-
faces in E7.

Keywords: spacelike translation surfaces; Minkowski space; Gaussian curvature.

1. Introduction

A surface’s geometry consists of some properties like area, distance, angle and
curvature. The most important of these is curvature, which reveals the structural
differences between surfaces. Flat and minimal surfaces with zero Gaussian and zero
mean curvature have major significance in geometry. Especially, a minimal surface
is a surface that locally minimizes its area. In addition to the planes, catenoids
and helicoids, the appearance of minimal surfaces can also be observed in nature:
in the structures that animals build, in various plants and animal anatomies, etc.
In history, some mathematicians such as Riemann, Schwarz, Scherk, Weierstrass
and Enneper made major advances on minimal surfaces (see, [18]). During 1960s,
the pioneering work of Osserman influenced the majority of modern theories of
minimal surfaces in three dimensional spaces [17]. Minimal surfaces have also been
the subject of today’s work (see, [16]).

A special surface: Translation surface which is known as double curved in dif-
ferential geometry are base for roofing structures. The construction and design
of freeform glass roofing structures are generally created with the help of curved
(formed) glass panes or planar triangular glass facets. Especially, double curved sur-
face are made up of quadrilateral, that is four sided, facets. They lead to economic
advantages compared to triangular glass facets. Because of these advantages, trans-
lation surfaces are used to construct free form glass roofing structures [11]. Also,
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due to geometric property of these surfaces, they are used for Teichmiiller theory
in physics (see, [9]).

Translation surfaces can be parameterized locally as ¢(u,v) = (u, v, f(u)+g(v)).
In [4], Baikoussis and Verstraelen (1992) investigated the Gauss map of translation
surfaces with in 3—space. Particularly, in [19], H. Scherk introduced the special
translation surface named Scherk surface which is the only non flat minimal. Then,
these type of surfaces have been studied in Euclidean spaces by many geometers
with different perspectives (see, [1, 2, 7, 20]). Also, in [3], the authors characterized
the translation surfaces in the 3—dimensional Lorentz-Minkowski space.

In the present study, we consider a spacelike translation surface in Minkowski
4-space. We define the surface which locally can be written as a monge patch

P(u,v) = (u, v, fr(u) + 91(v), fa(u) + g2(v)),

for some differentiable functions, f;(u), g;(v), i = 1,2. We characterize such surfaces
in terms of their Gaussian curvature and mean curvature functions and give the
conditions for such surfaces to become flat and minimal.

2. Basic Concepts

The Minkowski 4—space denoted by E} is the space given by the Lorentzian inner
product
(z,y) = —z0Yo + T1Y1 + T2y2 + T3Y3.

Let S : ¢ = ¢(u,v) : (u,v) € D ( D C E?) be a spacelike surface in Ef, then (,)
induces a Riemannian metric on S. Thus, at each point p of a spacelike surface S,
the following decomposition is available:

i
El =T,S & T,S,
where the restriction of the metric (,) onto the normal space T, ;-S and 7,5 have
the signatures (1,1) and (2,0), respectively.

V and V indicate the Levi-Civita connections on E} and S. Suppose X and
Y be vector fields tangent to M and & be a normal vector field. The formulas of

Weingarten and Gauss decompose the vector fields Vx & and VxY into normal and
tangent components:

VxY = VxY +h(X,Y),

where h, D, and A¢ are the second fundamental form, the normal connection and
the shape operator, respectively [6].

The mean curvature vector field H of S can be calculated by H = %trh, i.e. given
alocal orthonormal frame {X, Y’} of the tangent bundle, H = 1 ((h(X, X) + h (Y,Y)).
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Let S : ¢ = ¢(u,v) : (u,v) € D ( D C E?) be a local parametrization on a
spacelike surface in Ef. The tangent space at an arbitrary point p = ¢(u,v) of S is
T,S = span{du, ¢}, where (¢y, py) > 0, (¢y, dy) > 0. The standard indications
E = {¢u,du), F = (du, dv), G = {(pv, d,) are used for the coefficients of the first
fundamental form

(2.1) T\ ) =EXN +2F \u+Gu?, M\ € IR.

[12] Since I (A, u) is positive definite, we set W = vV EG — F2. We choose a nor-
mal frame field {&1,&2} such that (&,&) = —1, (&,&) = 1, and the quadruple
{¢u.dv, &1, &2} is positively oriented in Ef. Then we have the following derivative
formulas:

v¢u¢u = ¢uu = F%l(bu + 1—‘%1(;5@ - 0%151 + 6%1527
(2'2) v¢u¢'[) = Quv = F%quu + F%Q(bv - 6%251 + C%2§2a
Vdnu ¢v = ¢vv = F%Z(bu + I%Q(bv - 05251 + 0325%

where I‘fj and cfj, (i,7,k = 1,2) denote Cristoffel symbols and coefficients of second
fundamental form, respectively. Then, these coefficients are given by

C%l = <¢uua§1> ) 6%2 = <¢uva§1> ) 6%2 = <¢’U’Ua§1> )

(23) c%l = <¢uu7§2> ’ 0%2 = <¢UU7§2> ) 0%2 = <¢UU7§2> :
[13] h represents the second fundamental tensor of the surface S, then
h<¢u7 ¢u) = _0%161 + 0%1527
(24) h(¢ua ¢v) = _61251 + 0%2527
h(¢v7 ¢v) = 76%251 =+ 63252-

The second fundamental tensor can be written as
(2.5) h(X,Y) = = (Ag, (X),Y) & + (Ag, (X),Y) &a.

[15] The component of H along a given normal connection Ni, denoted by Hy, is

tr(Agk)
2

called the expansion along &, i.e., Hy = (H, &) = and we obtain

G —2ckF + kB
2(EG — F?)

(2.6) Hy, =

With regard to the normal basis the mean curvature vector field H becomes

(2.7) H = —H& + Habo.

N
The norm of the mean curvature vector HH H is called the mean curvature of S. If

mean curvature vector of a surface is zero, then it is called minimal.
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Gaussian curvature of a regular patch ¢(u,v) can be expressed in terms of the
coefficients of the first and second fundamental forms as

2 2
(2.8) K= det(Ag,) + det(Ag,) _ —clichy + 1163y + (cla)” — (cfa)
' w2 EG — F? '

A surface S is said to be flat if its Gauss curvature vanishes. [5].

3. Spacelike Translation Surface in E$

The translation surface S determined by curves «, 3 : (a,b) — E3 is the patch
(3.1) S 6(u,v) = alu) + B(v).

It is the surface formed by moving « parallel to itself in such a way that a point of
the curve moves along 3 [8].

A surface that can be generated from two space curves by translating either one
of them parallel to itself in such a way that each of its points describes a curve that
is a translation of the other curve. For the spacelike surface S, both of the generator
curves a(u), B(v) are spacelike. These curves are defined by the parameterizations

a(w) = (u,0,f(u)),
/B(U) = (O,U,g(’l})),

where f(u) and g(v) are smooth functions. Thus, the representation of the surface
is

(3.2) o(u,v) = (u,v, f(u) + g(v)).
The natural frame {¢, ¢, } is given by
ou = (1,0, f'(u)),
by = (0’ 179/(0))'
Then it follows that the unit normal vector £ is given by
_ 1 r
S—W(f,fg,l)-
The curvatures of the surface in Minkowski 3—space are given by
f//g//
(f? +g? - 1)*

and
o (1 o f/2) g// + (1 *912) f//
2(f/2 +g/2 _ 1)%
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Theorem 3.1. [10] A translation surface parameterized by (8.2) in Minkowski
3—space has constant Gaussian curvature if and only if it is (a part) of a plane or
a generalized cylinder and thus, is a flat surface.

Theorem 3.2. [10] A spacelike translation surface in Minkowski 3—space param-
eterized by (3.2) has mean curvature zero if and only if it is (a part of) either a
spacelike plane or the surface of Scherk of the first kind which is parameterized by

o(u,v) = <u,v, 1 In

cosh(av)
a

sinh(au) ) with tanh?(au) + tanh?(av) < 1 and a € Ry.

4. Spacelike Translation Surface in E}

Definition 4.1. A surface can be determined by the curves «, 8 : (a,b) — Ef is
the patch

¢ : E?—E:
P(u,v) = afu)+B(v).

If the generating curves a(u) and B(v) are space curves has the parameterizations

a(u) = (u707f1(u)7f2(u))a
Blw) = (0,v,41(v), 92(v)),

then this surface is still called translation surface in Ef. Thus, the translation surface
is defined by the patch

(4.1) (u,v) = (u,v, fr(u) + g1(v), f2(u) + g2(v)).

Let the surface S be spacelike, then both of the generator curves a(u), 5(v) are
spacelike. The first partial derivatives of ¢(u,v) are given by

(4'2) Gu = (1,0,f1/(u),fé(u)),
o (0,1, 91 (v), g (1))

Hence, the coefficients of the first fundamental form of the surface as we can
find

&=
Il

(Dus bu) = =1+ (f1)? + (£2)°
(4.3) F = {¢u,d0) = f101 + f290
G = <¢’Ua¢v> = 1+(g,1)2+(g;)25
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where (, ) is Lorentzian inner product in E]. Since the first fundamental form
is positive definite, we set W = vV EG — F2.
The second partial derivatives of ¢(u,v) are expressed as

¢uu = (0,0,f{/(u), él(u))a
(44) Guv = (07 0,0, 0)7
vy = (070’91/(’0)’9&/(1]))'

It follows that chosen normal frame field {3, &5}

45 & = M(f{w),—g;(v),l,ox
]. ’ ’ ’ /
& = E(Afl(u)*sz(u)»Bgl(U)*Agz(v)a*BaA)’

where

= 1= (f)*+(a)",
= —fifo+ 9192
= 1—(f3)*+ (93)%
= AC- B

T Qw e
|

and by the use of (4.4) and (4.5), the functions cfj, (1,7, k =1,2) are given by

Ch = 5 C%z -9
VIA4] V4]
0%2 = C§2 =0,
Af// _ Bf//
(4.6) i = ﬁa
. Agg — By,
Cop = 7TD

Using Gram-Schmidt orthonormalization method for the spacelike vector fields
¢, and ¢,,, we get orthonormal tangent vectors

X = ﬂj
F
((bv_E(bu)-

SISES

(4.7) Yy =
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By the use of (2.3), (2.4), (2.5) and (4.7), the shape operator matrices can be written
as

1"

1 f// _ |
(48) A = }/ 12 w
o E\/|A] ﬂ;bF g, EQ‘;QJ‘{’FZ
" 17 _ Af//_Bfl/ F
o 1 Af) — Bf, (7W)
7 BJAD| | ~(ag-Bi)r <A92 ~Bg, )E2+(Afé'*Bf1’)F2
w W2

Theorem 4.1. Let S be a spacelike translation surface in E}. Then Gaussian
curvature of S is given by

"o "o "

K — 190~ (figo +91f,)B+ fr 95 A
W?2D ’

(4.9)

Proof. By the use of the equations (2.8) and (4.6), we get the result. O

Theorem 4.2. Let S be a spacelike translation surface parameterized by (4.1).
Then S is a flat surface if and only if it is (a part) of a plane or a generalized
cylinder given by

(410) ¢(u7 ’U) = (uv 07 fl(u) + ag, f2(u) + a2) + U(Ov ]-7 bh b2)
or
(4.11) é(u,v) = (0,v,91(v) + c1,92(v) + c2) +u(1,0,dy,dy),

where a; b;, ¢;,d; (i =1,2) are real constants.

Proof. Let S be a spacelike translation surface parameterized by (4.1). If the Gaus-
sian curvature of the surface is zero, then we get f/ =0, g/ =0, 0r ' =0,0r g/ =0
(¢ = 1,2). For the first case we obtain a plane. For the second and third case, we
get generalized cylinders with the parameterizations (4.10) and (4.11), respectively.
This completes the proof. O

Theorem 4.3. Let S be a spacelike translation surface with the parametrization
(4.1) in Ef. Then the mean curvature vector field is given by

NG+gE,  G(fyA-f B)+E(g,A—g,B)
2¢/[A|W2 2V ADW?

Proof. By the use of the equations (2.6), (2.7) and (4.6), we obtain the desired
result. [

(4.12) H= €+ &
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Proposition 4.1. Let S be a spacelike translation surface with the parametrization
(4.1) in Ef. Then S is a minimal surface if and only if

(4.13) —L = d e i=1,2
where ¢;, (i = 1,2) are real constants.

Proof. Let S be a spacelike translation surface with the parametrization (4.1). If S
is minimal, then the mean curvature vector field is zero, namely the components of

—
H are zero. From the equation (4.12), we get the result. [
Theorem 4.4. Let S be a spacelike translation surface in T with the parametriza-

tion (4.1). Then S is a minimal surface if and only if either S is a plane or the
functions f;(u), gi(v) are defined by

fi(u) = ﬁ (ln (cos \/&u) — bu) +ku d>0 i=1,2

or

filu) = _cfcficg (1n (cosh /JdJu) +bu) + ki, d <0 i=1,2
and o / ’
gi(v):_c%—l—c% (ln (cosﬁv)—ﬁ—bv)—l—lgv, 1=1,2

where d' positive and b,V ,c;,d, k;,l; are real constants.

Proof. Let S be a translation surface in Ef which satisfies the equation (4.13). Then
fi'(u) _ gi (v)
—L4 () + (fo(w)® 1+ (g(w)” + (g5(w)”

We know that the variables u and v are independent. Hence, left and right side of
the equation must be constant. Thus, we have

= C;.

(4.14) M) = = (=14 (f@)” + (f(w)?),

@) = e (14 (g (@)’ + (ga(w)°)

Suppose ¢; = 0, i = 1,2, then we obtain f;(u) = a;u + b; and g;(v) = ¢;v + d;. As
a result of this, M is a plane in Minkowski 4—space. Furthermore, we assume that
¢1 # 0, by dividing the equations (4.14) by the same equations for i = 1, we get

) gl e

= == i=12
{(w)  g/lv) «a

)
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Therefore
) = ),
o) = e,

and then

(4.15) fiw) = A+
dil) = i)+

where k; and [; are real constants for ¢ = 1,2 with k; = [; = 0. Consider the
equations (3.2) for i =1

Yw) = e (<14 (@) + (f5)°)
2 2
g0 = e (1+ () + (gh(w)’)
and substitute (4.15) into these equations. We have
cd+cd, .2
1w = - 101 2(f1)" =22k f] —er (K3 — 1),
cd+c3
giw) = T (0)" + 20kl + e (B+1).
Then taking
2 +c3
W) = p, g(v)=q, a=-"""2 o 2, b= caky,
c = cl(kg—l), b = cyla, c’zcl(lg—Fl),

we obtain the differential equations

d
ﬁ = —(ap®+2bp+c),
d
ch = (ag® +2Vq+¢),

or we can write

d 1

ﬁ = {(ap—l—b)z—&-ac—bg} ,

d 1

d7q = = [(aq +V) +ad — b’ﬂ .
v a

Put d = ac — b and d' = ac’ — b'?, then
d = ¢ (kg—l)—cg,

2
1
/2
d = ¢
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where d is constant and d’ is positive constant. Assume both of them are positive,
we get

—b—+/dtan (\/&U)

p o= filu)= - 7
‘- gz<v>=b/+ﬁ:an(m).

If d is negative, then

~b-+ /[d] tanh \du)

a

p=fi(u) =
Using these result and equality (4.15), the other functions are

filu) = (ftan (xf ) + b) ¥ kou, d>0,

1-|—

B(v) = 2 (Vdltan (Vi) =) + b, d >0,

Cl+62

or

fo(u) = (\/Etanh( |du)—b)+k2u d < 0.

Consequently, we have all the solutions

¢
filu) = ﬁ (1n (cos du) — bu) + kiu, d >0
or ..
fi(u) = —m (ln (cosh |d|u) + bu) +kiu, d<0
and o
. — _ 7 ’ / !
gi(v) a3 (ln (cos d v) +b U) +lov, d >0
fori=1,2 O

Example 4.1. The surface given by the parametrization
(4.16)  ¢(u,v) = (u,v, —3u + 2v — In (cosh 2u cos 3v) , —2u + v — 2 In(cosh 2u cos 3v)

is minimal in Minkowski 4—space.
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F1G. 4.1: 3D model obtained by the projection of Spacelike Minimal Surface (4.16)
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Abstract. In this study, firstly, we studied some properties of Zo-convergence. Then,
we introduced Zz-Cauchy and Z5-Cauchy sequence of double sequences of functions
in 2-normed space. Also, we investigated the relationships between them for double
sequences of functions in 2-normed spaces.
Keywords: Z,-Convergence, Z;-Cauchy, Double sequences of Functions, 2-normed
Spaces.

1. Introduction and Background

Throughout the paper, N denotes the set of all positive integers and R the set
of all real numbers. The concept of convergence of a sequence of real numbers has
been extended to statistical convergence independently by Fast [15] and Schoenberg
[36]. Gokhan et al. [20] introduced the notion of pointwise and uniform statistical
convergence of double sequences of real-valued functions. The idea of Z-convergence
was introduced by Kostyrko et al. [28] as a generalization of statistical convergence
which is based on the structure of the ideal Z of subset of N [15,16]. Gezer and
Karakus [19] investigated Z-pointwise and uniform convergence and Z*-pointwise
and uniform convergence of function sequences and they examined the relation
between them. Balaz et al. [5] investigated Z-convergence and Z-continuity of real
functions. Das et al. [7] introduced the concept of Z-convergence of double sequences
in a metric space and studied some properties of this convergence. Diindar and
Altay [8,10] studied the concepts of pointwise and uniformly Z,-convergence and
Z;-convergence of double sequences of functions and investigated some properties
about them. Furthermore, Diindar [13] investigated some results of Zy-convergence
of double sequences of functions. Also, a lot of development has been made about
double sequences of functions (see [9,11,14,30,34,40-42]).
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2010 Mathematics Subject Classification. Primary 40A30, 40A35, Secondary 46A70
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The concept of 2-normed spaces was initially introduced by Géahler [17,18] in
the 1960’s. Statistical convergence and statistical Cauchy sequence of functions in
2-normed space were studied by Yegiil and Diindar [43]. Yegiil and Diindar [44]
introduced concepts of pointwise and uniform convergence, statistical convergence
and statistical Cauchy double sequences of functions in 2-normed space. Also,
Yegiil and Diindar [45] introduced concepts of Zy-convergence and Zj-convergence of
double sequences of functions in 2-normed space. Recently, Arslan and Diindar [1,2]
inroduced Z-convergence and Z-Cauchy sequences of functions in 2-normed spaces.
Futhermore, there has been a lot of development in this area (see [3,4,6,26,27,29,
31-33,37-39)).

2. Definitions and Notations

Now, we recall the concept of density, statistical convergence, 2-normed space and
some fundamental definitions and notations (See [1,2,7,12,16,18-25,28,31, 35,43
45]).

Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm on X
is a function |-, || : X x X — R which satisfies the following statements:

(i
(ii

) ||z, y|]| = 0 if and only if 2 and y are linearly dependent.
)

(i) [lez, yl| = lafllz, yll, o € R.
)

lz,yll = lly, z||.

(V) o,y + 2] < [z, yll + ||z, 2|
The pair (X, ||-, -||) is then called a 2-normed space. As an example of a 2-normed
space we may take X = R? being equipped with the 2-norm ||z, y|| := the area of

the parallelogram based on the vectors x and y which may be given explicitly by
the formula ||z, y|| = [z1y2 — z2p1|; = = (21,22),y = (y1,92) € R*.

In this study, we suppose X to be a 2-normed space having dimension d; where
2 <d < oo.

Throughout the paper, we let X and Y be two 2-normed spaces, {f,}nen and
{gn }nen be two sequences of functions and f, g be two functions from X to Y.

The sequence of functions {f,}nen is said to be convergent to f if f,(z) —
f@)(I,-lly) for each z € X. We write f, — f(||-,.]ly)- This can be expressed by
the formula (Vy € Y)(Vz € X)(Ve > 0)(Ing € N)(Vn > no)||fu(z) — f(2),y| < e.

A family of sets Z C 2N ig called an ideal if and only if

(i) © € Z, (ii) For each A,B € 7 we have AUB € Z, (iii) Foreach A€ Z
and each B C A we have B € 7.

An ideal is called nontrivial if N ¢ 7 and nontrivial ideal is called admissible if
{n} € T for each n € N.

A family of sets F C 2N is called a filter if and only if
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(i) @ ¢ F, (ii) For each A,B € F we have AN B € F, (iii) For each A € F
and each B D A we have B € F.

7 is nontrivial ideal in N if and only if F(Z) ={M Cc N: (3A € IZ)(M =N\A)}
is a filter in N.

A nontrivial ideal Zo of N x N is called strongly admissible ideal if {i} x N and
N x {i} belong to Z, for each i € N.

Throughout the paper we take Z, as a strongly admissible ideal in N x N.

It is evident that a strongly admissible ideal is admissible also.

79 = {A C NxN: (3m(A) € N)(i,j > m(A) = (i,j) € A)}. Then Z9 is a
strongly admissible ideal and clearly an ideal Z, is strongly admissible if and only
if Ig C L.

The sequence of functions { f,,} is said to be Z-convergent (pointwise) to f, if for
every € > 0 and each nonzero z € Y A(e,z) ={n e N: ||f.(z) — f(x),z]| > e} €T
or Z— lim ||fn(x) — f(x),z]ly =0, for each € X. This can be expressed by the

n— o0
formula (Vz € Y) (Ve > 0) (3M € I) (Vno € N\M) (Vz € X)(Vn > ng) ||fu(z) —
f(z), 2| < e. In this case, we write f, =z f(||.,.]lv)-

The sequence of functions { f,,} is said to be Z*-convergent (pointwise sense) to f,
if there exists a set M € F(Z), (ie, N\M € Z), M ={m1 <mg < --- <my < ---},

such that for each z € X and each nonzero z € Y klim | frn (@), 2|l = || f(2), 2|| and
—00
we write Z* — lim [[fu(z), 2] = /@), 2l or fu 2+ 1|l ).

The sequence of functions { f,, } is said to be Z-Cauchy sequence, if for every £ > 0
and each © € X there exists s = s(e,z) € N such that {n € N: || f,(z) — fs(x), 2] >
e} € Z, for each nonzero z €Y.

The sequence of functions {f,} is said to be Z*-Cauchy sequence, if there exists
aset M = {m3 < mg < -+ < myp < ---} C N, such that the subsequence
{fm} = {fm,} is a Cauchy sequence, i.e., i lim || fom, () = fm, (%), 2]| = 0, for each

— 00

B

z € X and each nonzero z € Y.

An admissible ideal Z, C 2Y*N satisfies the property (AP2) if for every countable
family of mutually disjoint sets { E1, Ea, ...} belonging to Z,, there exists a countable
family of sets {Fy, Fy, ...} such that E;AF; € 9, i.e., E;AF} is included in the finite
union of rows and columns in N x N for each j € N and F = U;il F; € T, (hence
F; € I, for each j € N).

Throughout the paper, we let T, C 28%N be a strongly admissible ideal, X and
Y be two 2-normed spaces, {fmn}’(m,n)ENXN7 {gmn}(m,n)GNXN and {hmn}(m,n)GNXN
be three double sequences of functions, f, g and k be three functions from X to Y.

A double sequence {f,n} is said to be convergent (pointwise) to f if, for each
point x € X and for each ¢ > 0, there exists a positive integer ko = ko(x,€) such
that for all m,n > ko implies || fon(z) — f(2), 2|| < €, for every z € Y. In this case,
we write frn — (|| lv)-

The double sequence of functions {f,,,} is said to be Zy-convergent (pointwise
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sense) to f, if for every € > 0 and each nonzero z € Y/
Ae,2) = {(m,n) € N XN | () — f(@), 2] 2 2} € T,
for each x € X. This can be expressed by the formula
(VzeY) (Vo € X) (Ve > 0) (3H € Ip) (V(m,n) & H) || fmn(z) — f(2),2]| <e.
In this case, we write Zp — mlrllgoo | fron (@), 2|| = || f(2), ]|, or fmn =z, FUl-s-]lv)-

The double sequence of functions {f,;,} in 2-normed space (X, ||.,.||) is said
to be Zj-convergent (pointwise) to f, if there exists a set M € F(Zy) (H = N x

N\ M € Z,) such that for each € X, each nonzero z € Y and all (m,n) € M
lim [ (2), 2] = [£(@). 2] and we write T; — lim | fyn (@), 2l = /(). 2]

m,n— oo
or fmn —zz fII.-lly)-

Lemma 2.1. [45] For each x € X and nonzero z € Y,

T tim | fun(2). 2l = (@), 2] implies o — lim | fun(@). 2] = [1£(2). 2I|.

m,n—co

Lemma 2.2. [45] Let Iy C 2Y*N be an admissible ideal having the property (AP2).
For each x € X and nonzero z € Y,

T~ lim_||fun(a). 2]l = [|f (@) 2] implies T5 — tim | fun(2). 2] = [1£(2). 2I|.

m,n— oo

Lemma 2.3. [11] Let {P;}$2, be a countable collection of subsets of N x N such
that {P;}2, € F(Iy) for each i, where F(I3) is a filter associate with a strongly
admissible ideal Ty with the property (AP2). Then there exists a set P C N x N
such that P € F(Z3) and the set P\P; is finite for all .

Lemma 2.4. [45] For each x € X and each nonzero z € Y, If

T (@)l = 152l and T~ g (2),2] = lo(e), 2]
then

() T [ fon() + g 2), 21 = 11(2) + (2), 2],

() To— Il fun(e), 2] = [e.f (@) 2, € B,

(i6) To 1| fun(0) g (o). 2l = £ (2).02), 2]

3. Main Results

In this study, firstly, we studied some properties of Z-convergence. Then, we in-
troduced Zy-Cauchy and Zj-Cauchy sequence of double sequences of functions in
2-normed space. Also, were investigated relationships between them for double
sequences of functions in 2-normed spaces.
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Theorem 3.1. Let T, C 2YXN be a strongly admissible ideal with the property
(AP2). Then, for each x € X and each nonzero z € Y, following conditions are
equivalent

()= i _|fmn(2). 2] = 17(2). 2]

(ii) There exists {Ggmn(2)} and {hmn(2)} be two sequences of functions from X
to Y such that

Frn(®) = Gn (@) (@), T gn(e), 2l = 1 (2), 21 and. supp{nn ()} € T,
where supp hpmn(x) = {(m,n) € N x N: hy,,(x) # 0}.

Proof. (1) = (ii): Zo — lirg | frn (), 2| = || f(x), z||, for each 2z € X and each

nonzero z € Y. Then, by Lemma 2.2 there exists a set M € F(Z3) (i.e.,, H =
N x N\ M € I,) such that for each z € X, each nonzero z € Y and all (m,n) € M

m || fron (), 2] = [[f(2), 2.

m,n— oo

Let us define the sequence {gmn(x)} by

fmn(x)v (m’ n) € M’
(3.1) gmn(-'lj) = { f(l’), (m’ n) e N x N\M

It is clear that {gmn(z)} is a double sequence of functions and  lim  ||gmn(2), 2| =
m,n— oo

I f(x), z|| for each x € X and each nonzero z € Y. Besides let
(3.2) hmn(2) = frn(2) — gmn(x), (Mmyn) € Nx N
for each z € X. Since
{(m,n) e NXN: frn(z) # gmn(2)} CN XN\ M €Iy,
for each x € X, so we have
{(m,n) € N X N: hpp(z) # 0} € Is.

It follows that supp hmn(z) € Iz and by (3.1) and (3.2) we get fin(x) = gmn(x) +
hmn(2), for each x € X.

(ii)=(i): Assume that there exist two sequences {gmn} and {hmy} such that
(3.3) frn (@) = gmn(2) + hina(2), 1M ||gma(2), 2| = [|f(2), 2|
m,n— oo
and supphp, (z) = {(m,n) € N X N: hpp(z) # 0} € I
for each x € X and each nonzero z € Y. We show that Zo — lim || fin(2), 2|| =
m,n—00
I f(x),z|| for each x € X and each nonzero z € Y. Let

(3.4) M ={(m,n) e NXN: hp,(z) =0} =N x N\ supph,(x).
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Since supp hpn(z) = {(m,n) € N XN : hpp(z) # 0} € Io, then from (3.3)
and (3.4), we have M € F(Zy) and fin(z) = gmn(z) for (m,n) € M. Hence,
we conclude that exists a set M € F(Zz), (i.e., H =N x N\ M € Z,) such that
Clim_ | frun (@), 2] = (2, 2] and so

Iy = lim | frn(2), 2| = [|f(2), 2|

m,n— 0o

for (m,n) € M, each x € X and each nonzero z € Y. By Lemma 2.2 it follows that

Iy = lim || foun(2), 2| = [If(2), 2],

m,n— oo

for each x € X and each nonzero z € Y. This completes the proof. [

Corollary 3.1. Let T, C 2Y*N be a strongly admissible ideal having the property
(AP2). Then, Iy — liril | frmn (), 2|l = || f (), || if and only if there exist {gmn }
m,n— 00

and {hmn} be two sequences of functions from X toY such that
Foun(2) = (@) F o (2). 1m0 g (@), 2] = [|f(@). 2] and Ty Tim_ ||y (). 2] =0,
for each x € X and each nonzero z € Y.

Proof. Let T — Tim_||fuun(x). 2]l = [ f(2). 2] and {guun(2)} is sequence defined
m,n—00
by (3.1). Consider the sequence

for each x € X. Then, we have

im lgmn(2), 2] = [1f(2), 2]

m,n— oo

and since 75 is a strongly admissible ideal so

Iy — lim ||gmn(x),z||:||f(m),z||,

m,n—00
for each z € X and each nonzero z € Y. By Lemma 2.4 and by (3.5) we have

Iy — lim ||Ama(z), 2] =0,

m,n— 00
for each € X and each nonzero z € Y. Now, let
Fmn(T) = Gmn (T) + hinn (),

where

lm (g (2), 2l = [ f(2), 2] a0d To — T [[hya(), 2] = 0,
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for each € X and each nonzero z € Y. Since Z; is a strongly admissible ideal so

Iy — lim  ||gmn(2), 2] = ||f(z), 2|

m,n— oo

and by Lemma 2.4 we get

Zp — lim Hfmn(l‘)72’||=||f($),ZH,

m,n— o0

for each x € X and each nonzero z € Y. [

Remark 3.1. In Theorem 3.1 if (ii) is satisfied then the admissible ideal 7, need not
have the property (AP2). Since for each € X and each nonzero z € Y,

{(m,n) € NXN: ||hmn(x),2]| > e} C {(m,n) E NXN: hmn(z) # 0} € Iy,
for each € > 0, then

Zo— lim ||Amn(x), 2| =0.

m,n— oo

Hence, we have

I — mlirgoo Hfmn(x)v ZH = Hf(x)v ZH’
for each x € X and each nonzero z € Y.
Definition 3.1. A double sequence of functions {f,} is said to be Zy-Cauchy

sequence, if for every Ve > 0 and each z € X there exist s = s(e,x), t = t(e,2) € N
such that

{(m,n) € NXN: || frn(2) = fst(2), 2]| = €} € To,

for each nonzero z € Y.

Theorem 3.2. If {finn} is Io-convergent if and only if it is Zy-Cauchy sequence
in 2-normed spaces.

Proof. Assume that {f,,} is Zo-convergent to f. Then, for £ > 0

A (gz) - {(m,n) ENXN: |fon(@) — f(z), 2] > %} €Ty,

for each x € X and each nonzero z € Y. This implies that

A (%z) - {(m,n) ENXN: || fon(z) — f(2),2]| < g} € F(Iy).

for each z € X and each nonzero z € Y and thus A€ ( z) is non- empty So we can

€

2
select a positive integers k,1 such that (k,1) ¢ A(§,2) and || fu(z) — f(2),2] < §.
Now, we define the set

B(e, 2) = {(m,n) € NXN: || frn(z) = fru(@), 2]l > €},
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for each € X and each nonzero z € Y, such that we show that B(e, z) C A(§, 2).
Let (m,n) € B(g, z), then we have

€ < N fmn(@) = fra(@), 2l < [ fon(2) = f(2), 2l + | fr(2) — f(2), 2]
€
< Nfmn(2) = f(2), 2l + 3,
for each 2 € X and each nonzero z € Y. This implies that § < || frn(z) — f(2), 2|

and so, (m,n) € A(§,z). Hence, we have B(e,z) C A(5,2) and so {fmn} is Zo-
Cauchy sequence.

Conversely, assume that {f,,,} is Zo-Cauchy sequence. We prove that {fy,,} is
Zy-convergent. Let (g,4) be a strictly decreasing sequence of number converging to
zero since { fin } is Zo-Cauchy sequence, there exist two strictly increasing sequences
(kp) and (I,) of positive integers such that

A(ep(I?Z) = {(m7n) € N X N : Hfmn(z) - fk'plq(x)7ZH Z qu} € IQ? (paq = 172a )a
for each x € X and each nonzero z € Y. This implies that
3.6) O #{(m,n) e NXN:|[fmn(x) = fi,1,(x), 2]l < pq} € F(Z2),

(p,qg = 1,2,...), for each z € X and each nonzero z € Y. Let p,q, s and ¢ be four
positive integers such that p # ¢ and s # t. By (3.6), both the sets

Clepg,2) = {(m,n) € NX N | frun(z) = fipr, (), 2]l < €pg}

and
D(est,z) = {(m,n) € NXN: || fnn(2) = fio,1,(2), 2| < st}

are non empty sets in F(Zy), for each € X and each nonzero z € Y. Since F(Z)
is a filter on N x N, so

O £ Clepg, 2) N D(e, 2) € F(T).

Therefore, for each pair (p,q) and (s,t) of positive integers with p # ¢ and s # ¢,
we can select a pair (M q),(s,6), M(p,q),(s,t)) € N x N such that

||fmpqstnpqst (z) — fkplq (z), 2]l < Epq and ||fmpqstnpqst () = fra, (@), 2| < est,
for each x € X and each nonzero z € Y. It follows that
[ frpty (@) = fror, (@)s 2l < fimpgeinpged (2) = frp, (), 2]l

+anlpqstnpqst (:ZJ) - fk'slt (‘T)7 Z”
< gpgtes — 0,

as p,q,s,t — oo. This implies that {fx,i,} (p,q=1,2,...) is a Cauchy sequence and
therefore it satisfies the Cauchy convergence criterion. Thus, the sequence {fx,i, }
converges to a limit f (say) i,e.,

P,}Jigloo ”fkplqa'z” = f(x), 2|,
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for each z € X and each nonzero z € Y. Also, we have ¢,;, — 0 as p,q — o0, so for
each ¢ > 0 we can choose positive integers pg, o such that

3

13
(37) €poqo < 5 and ||fkplq - f(.’E),ZH < 9’ (fOT P > Dpo and q> qO)'

Now, we define the set
A(e,z) = {(m,n) e N N: | frn(z) = f(2), 2] = €},

for each € X and each nonzero z € Y. We prove that A(e,z) C A(gp,q,2)- Let
(m,n) € A(e, z), then by second half of (3.7) we have

e <l fun(@) = (@) 2l < fmn(@) = Frogtay (2): 2l + ity (2) = F(), 2]
< (@) = Syt (@), 21 + 5

for each x € X and each nonzero z € Y. This implies that

= < (@) = Fiygt, (@), 2]

and therefore by first half of (3.7)

€pogo < ”fmn(x) - fkpolqo (1')72'“,

for each € X and each nonzero z € Y. Thus, we have (m,n) € A(epyq,,2) and
therefore A(e, 2) C A(epyqes 2)- Since A(epyqo, 2) € L2 s0 A(e, 2) € Iy by property of
ideal. Hence { fx,1,} is Zo-convergent. [

Definition 3.2. A double sequence of functions { f,,,} is said to be Z3- Cauchy
sequence, if there exists a set M € F(Zy) (i.e., H=Nx N\ M € T,) and for every
e > 0 and each x € X, kg = ko(e,2) € N such that for all (m,n),(s,t) € M and
each z €Y

| frn () — fse(), 2] <,

whenever m,n, s,t > ko. In this case, we write

lim || fmn(2) = for(2), 2] = 0.

m,n,s,t—oo

Theorem 3.3. If double sequence of functions {fmn} is a I5-Cauchy sequence,
then it is Io-Cauchy sequence in 2-normed spaces.

Proof. Let {fmn} is a Z5-Cauchy sequence in 2-normed spaces. Then, by definition
there exists a set M € F(Zy) (i.e., H=N x N\ M € T,) and for every ¢ > 0 and
each x € X, kg = ko(g,2) € N such that for all (m,n), (s,t) € M and each z € Y

| frn(z) = fse(x), 2|| <,
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whenever m,n, s,t > kg. Then, for each x € X and nonzero each z € Y we have

Ale, 2)

{(m,n) € Nx N: || fon(z) — fa(2), 2[| > €}
C HUMN(({1,2,3,....(kg — 1)} x NYU(N x {1,2,3, ..., (ko — 1)}))]

Since Z is an admissible ideal, then
HUMNO(({1,2,3,...,(ko — D} x N)U (N x {1,2,3,..., (ko — 1)}))] € Zs.

Therefore, we have A(e, z) € Iy i.e., { fiun} is a Zo-Cauchy sequence. [

Theorem 3.4. IfZ; — lim |[fmn(x) — f(2),2|| =0, then {fmn} is Zo-Cauchy

m,n—
sequence in 2-normed spaces.

Proof. By assumption there exists a set M € F(Zy) (i.e., H=NxN M € Z,) such

that  lim || fn(z) — f(x),2]| = 0 for each € X and each z € Y. It shows that
m,n—oo

for each € > 0 there exists kg = ko(e,z) € N such that for each v € X, each z € Y

€

Hfmn(x) - f(x)a ZH < 5

for all (m,n) € M and m,n > kq. Since for each € > 0,

1fmn(@) = foe(@) 2l < Ml fmn(2) = f(2), 2] + [ fst(2) = (@), 2]
< %+g:s,

for each x € X, each z € Y and m,n, s,t > kg we have

ol ) — ), 2l =0,
i.e.,, {fmn} is a Z3-Cauchy sequence. Then, by Theorem 3.3 {f;,n} is Zo-Cauchy
sequence. []

Theorem 3.5. Let Iy be an admissible ideal with property (AP2) and a double
sequence of functions {fmn}. Then, the concepts To-Cauchy double sequence and
Z5-Cauchy double sequence of functions coincide in 2-normed spaces.

Proof. By Theorem 3.3 Z3-Cauchy sequence implies Zo-Cauchy sequence (in this
case Ty need not to have (AP2) condition).

Now, it is sufficient to prove that a double sequence { f,,,, } is a Z3-Cauchy double
sequence under assumption that {f,,} is a Zo-Cauchy double sequence. Let { finn}
is a Zy-Cauchy double sequence. Then, for every € > 0 and each x € X there exists
s =s(e, z),t = t(e, z) € N such that

A(g,z) ={(m,n) e NX N: ||frn(z) — fet(2), 2| > e} € Ty
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for each nonzero z € Y. Let
1 .
P = { () € NN ) = Fus (ool < F o (1= 1,220

where s = s(1), t = t(1). It is clear that

P; e .F(Iz), (Z =1,2, )

Since 7y has (AP2) property then by Lemma 2.3 there exists a set P C N x N such
that P € F(Zy) and P\P; is finite for all i. Now we show that

mmg{?ﬁm [ frn(z) = fst(x), 2[| = 0
for each x € X, (m,n), (s,t) € P and each nonzero z € Y. Let € > 0 and j € N such

that j > 2, if (m,n), (s,t) € P then P\P, is a finite set, so there exists k = k(j)
such that (m,n), (s,t) € P; for all m,n,s,t > k(j). Therefore, for each x € X

o (2) = foye, (@), 2 < % and || fur() — fu,r, (@), 2]) < %

for each nonzero z € Y and all m,n,s,t > k(j). Hence, for each z € X it follows
that

[fmn() = fse(@), 2] < | fon(@) = foj1; (), 2l + [ fse(@) = o2, (@), 2]

1 1 2

—t+t-==<e

J J
for all m,n,s,t > k(j) and each nonzero z € Y. Therefore, for any £ > 0 and each
x € X there exists k = k(e, z) such that for m,n,s,t > k and (m,n), (s,t) € P €
F(Zz)

| frnn () = fst(), ]| <e,

for each nonzero z € Y and so, the sequence {fn,} is a Z3-Cauchy sequence in
2-normed space. O
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Abstract. By the use of a classical result of Cartwright and Field, in this paper we
have obtained new refinements and reverses of Holder-McCarthy operator inequality in
the case of p € (0,1). A comparison for the two upper bounds obtained showing that
neither of them is better in general, has also been performed.

Keywords: Holder-McCarthy operator inequality; selfadjoint operator; Hilbert space;
nonnegative operator.

1. Introduction
Let A be a nonnegative operator on the complex Hilbert space (H, (-, -)), namely
(Az,z) > 0 for any « € H. We write this as A > 0.

By the use of the spectral resolution of A and the Holder inequality, C. A.
McCarthy [16] proved that

(1.1) (Az, )P < (APz,x), p € (1,00)
and
(1.2) (APx,z) < (Az,z)”, p€ (0,1)

for any x € H with ||z| = 1.
Let A be a selfadjoint operator on H with

(1.3) ml <A< MI,

where [ is the identity operator and m, M are real numbers with m < M.
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In [7, Theorem 3] Fujii et al. obtained the following interesting ratio inequality
that provides a reverse of the Holder-McCarthy inequality (1.1) for an operator A
that satisfies the condition (1.3) with m > 0

p
1 MP —mp

- (Az,2)",
pl/pql/q (M _ m)l/P (mMp _ Mmp)l/(l

(1.4) (APzx, x) < {

for any « € H with ||z| = 1, where ¢ =p/(p — 1), p > 1.
If A satisfies the condition (1.3) with m > 0, then we also have the additive

reverse of (1.1) that has been obtained by the author in 2008, see [4]
P 1 —1..]|2 -1 2]1/2
(APz,z) — (Az,2)" < 5p(M —m) [HAP z||” = (AP~ 1z, ) }
< 3p (M = m) (7= = )

and

1/2
(A2, 2) — (Az,2)? < dp (MP~1 = mrt) [ Az - (Az,2)]
< Ip(M —m) (MP~1 —mpr~1)
for any x € H with ||z|| = 1, where p > 1.

We also have the alternative upper bounds [4]

— p—1_,  p—1
oM m1>w(jf2mp/2m ) (Aw,z) (AP=12, ), (for m > 0),

Sp% (M —m) (Mpfl 7mp*1) (M)p/27 (for m > 0)

m

(APz z) — (Az,2)! <

N

and

(APz,z) — (A, x>p <p <\/M _ \/ﬁ) (M(p—l)/2 _ m(p—l)/2) [(Ax, ) <Ap—1x7x>]%
<p (m _ \/m) (M@=D/2 _ (p=1)/2) ppp/2

for any x € H with ||z|| = 1, where p > 1.

For various related inequalities, see [6]-[10] and [14]-[15].

We have the following inequality that provides a refinement and a reverse for
the celebrated Young’s scalar inequality

(1.5) ;y(l—u)nfsx{a)b} < (1-v)a+vb—a ™"V
1 (b—a)?
s =Y T

for any a, b> 0 and v € [0,1].
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This result was obtained in 1978 by Cartwright and Field [1] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

For new recent reverses and refinements of Young’s inequality see [2]-[3], [11]-
[12], [13] and [19].

By the use of (1.5). we have obtained new refinements and reverses of Hélder-
McCarthy operator inequality in the case when p € (0,1). A comparison for the
two upper bounds obtained showing that neither of them is better in general, has
also been performed.

2. Some Refinements and Reverse Results

‘We have:

Theorem 2.1. Letm, M be real numbers so that M > m > 0. If A is a selfadjoint
operator satisfying the condition (1.3) above, then for any p € (0,1) we have

p(l —p) m <A2£C,£L'> (1—p) <A2m,x>
(2.1) 5 M ((Am :c>2 -1 < o (Aw, ) (Azz)? 1
APz.x
<1 {aray

IA

_ A%z 2
p(;mp) <AZ‘,Z‘> (iAx,w)z o 1)

S p(l—p)M <<A2x,z> _ 1)

2 m <A$7$>2

for any x € H with ||z| = 1.

In particular,

1m <A2$,LE> (Az,x) <A2:v,a:>
(2.2) SM ((Aa:,x>2 -1 S B <<Aac,3c)2 - 1)

for any x € H with ||z| = 1.

Proof. If a, b € [m, M], then by Cartwright-Field inequality (1.5) we have

1 2 1— 1 2
(1 — — < (11— — PHP < (1 — —
5 p( p)(b—a)” <( p)a+pb—a PP < 5 p( p)(b—a)
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or, equivalently
1
(2.3) mp(lfp) (b* —2ab+a?*) < (1—p)a+pb—a* PP
1
om? (1= p) (b° = 2ab + a?),
for any p € (0,1).

Fix a € [m, M] and by using the operator functional calculus for A with mI <
A < MI we have

(2.4) ﬁp (1-p) (A% —=2aA+d*’I) < (1—p)al +pA—a'"PAP
1

i _ 2 _ 2
2mp(l p) (A* — 2a A+ a”I).

Then for any x € H with ||z|| = 1 we have from (2.4) that

(2.5) =0 (1 —p) ((A%z, 2) — 2a (Az, ) + a?)
<(1-p)a+p{Axr,x) —a*~P (APx,z)
< ﬁp(l —p) (<A2x,x> —2a (Ax,z) + a?),

for any a € [m, M].

If we choose in (2.5) a = (Az,z) € [m, M], then we get for any + € H with
lz]] =1 that

ﬁpu —p) (APe,2) — (Az,2)°) < (Az,2) —(Az,2)' 7" (AP, )
< p (1—p) ((A%2,2) — (A2, 2)%),

and by division with (Az,z) > 0 we obtain the second and third inequalities in
(2.1).

The rest is obvious. |

Remark 2.1. It is well known that, if mI < A < M I with M > 0, then, see for instance
[17, p. 27], we have
A2 2
(19 tmr)  (mt M)

for any « € H with [|z|| = 1, which implies that

(az) (M= m
0<) (Az, z)? ~ls AmM

Using (2.1) and by denoting h = 2 we get

(2.6) 0<y1— Az pU=p) gy
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and, in particular,

(2.7) (0<)1 -
for any € H with ||z|| = 1.

We consider the Kantorovich’s constant defined by
(h+1)?
4h

The function K is decreasing on (0, 1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K () for any h > 0.
Observe that for any h > 0

(2.8) K (h) =

, h> 0.

From (2.6) we then have

(Aa,z) pl-p),

(2.9) 01— i <

and, in particular,

1/2
<A a:,x> < 1

2.10 0<)1 - < -h[K (h)—-1],
(2.10) 0<) (o) g K (h) = 1]
for any x € H with ||z| = 1.
Also, if a, b > 0 then
b _(b—a)?
K(a>_1_ dab

Since min {a, b} max {a, b} = ab if a,b > 0, then

(b-a)® _ min{ab}(b—a)® _ 4min {a, b} [K (2) - 1]

max {a,b} ab
and (b—a)®  max{a,b}(b—a)’ b
min {a, b} B 7ab = dmax{a,b} {K (a) B 1]
and the inequality (1.5) can be written as
2v (1 — v) min {a, b} [K (Z) - 1} <(1-v)a+vb—a~"p

<2v(1—v)max{a,b} [K () —1]

for any a, b> 0 and v € [0,1].
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Theorem 2.2. Letm, M be real numbers so that M > m > 0. If A is a selfadjoint
operator satisfying the condition (1.3) above, then for any p € (0,1) we have

APz.x
(2.11) (0<)1— 5255

(Az,x)

1/2
<A2a:,x>
2+ <<Am>2 -1

<p(L—p)[K (h) = 1] |2+ (K (h) — 1)'"?]

<p(1—p) [K (h) — 1) (2+ La={aiflet)

<p(l—p)[K(h)—1]

for any x € H with ||z| = 1.

In particular, we have

<A1/2:L’,:c>

(2.12) (01— Gk

(Az,x)

} 1/2
<Aza:,:1:>
2+ ( (Az,z)? 1

[ (k) = 1] [2+ (K (h) = 1)'/?]

< % (K (h) — 1] (2+ (|A7(Ax,:v)l|:z:,z>)

< g [E(h)—1]

1
4

IN
=

for any x € H with ||z| = 1.

Proof. From (2.11) we have for any a, b > 0 and p € [0, 1] that

(2.13) (1—pla+pb—a'"P? <p(1—p)(a+b+[b—al) {K (a) - 1]
since 1
max {a,b} = §(a+b+ |b—al).

If a, b € [m, M], then 3 € [%, %] and by the properties of Kantorovich’s constant
K, we have

1§K(Z> §K<AW4L) = K (h) for any a,b € [m, M].

Therefore, by (2.13) we have
(I=pla+pb—a' " <p(l-p)(a+b+[b—a])[K (h)—1]

for any a, b € [m, M] and p € [0,1].

Fix a € [m, M] and by using the operator functional calculus for A with mI <
A < MI, we have

(2.14)  (1—p)al+pA—a " PAP <p(1—p)[K (h) — 1] (al + A+ |A—all).
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Then for any x € H with ||z]| = 1 we get from (2.14) that
(2.15) (1—-p)a+p(Az,z) — a'~P (APz, )
<p(1—p)[K(h)—1](a+ (Az,z) + (A —al|z,z)),

for any a € [m, M| and p € [0,1].
Now, if we take a = (Ax,x) € [m, M], where x € H with ||z|| = 1 in (2.15),
then we obtain
(Az,x) — (Az, )" P (AP, z)
<p(L=p)[K(h) =1] 2 (A2, 2) + (|A = (Az,2) |z, 2)) ,
which, by division with (Az,z) > 0 provides the first inequality in (2.11).
By Schwarz inequality, we have for x € H with ||z|| = 1 that

(|A—=(Az, ) I|z,x) < <(A — (Az,2) I)? x,x>1/2
— <(A2 —2(Az,z) A+ <Ax,x>2 I) x,x>1/2

1/2

(<A2x,x> - <Ax,x>2) ,

which proves the second part of (2.11).

Since

<A2x,x> (M—m)2 _

for x € H with ||z|| = 1, then the last part of (2.11) is thus proved. I

3. A Comparison for Upper Bounds

We observe that the inequality (2.9) provides for the quantity

AP
0<)1 - M, v € H with ||z =1,
the following upper bound
(3.1) By (p,h) = 2P () — 1),

2

while the inequality (2.11) gives the upper bound
(3.2) By (p,h) := p(1=p) [K () = 1] [2+ (K () = )?]

where p € (0,1) and h > 1.
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Now, if we depict the 3D plot for the difference of the bounds B; and Bs, namely

D (x’y) =B (y,x) — Bs (y,l‘)

on the box [1,8] x [0,1], then we observe that it takes both positive and negative
values, showing that the bounds Bj (p,h) and Bs (p,h) can not be compared in
general, namely neither of them is better for any p € (0,1) and h > 1.

1.

10.

11.

12.

13.

14.
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Abstract. The development of information technology increases its use in various
spheres of human activity, including healthcare. Bundles of data and reports are gen-
erated and stored in textual form, such as symptoms, medical history, and doctor’s
observations of patients’ health. Electronic recording of patient data not only facili-
tates day-to-day work in hospitals, enables more efficient data management and reduces
material costs, but can also be used for further processing and to gain knowledge to
improve public health. Publicly available health data would contribute to the devel-
opment of telemedicine, e-health, epidemic control, and smart healthcare within smart
cities. This paper describes the importance of textual data normalization for smart
healthcare services. An algorithm for normalizing medical data in Serbian is proposed
in order to prepare them for further processing (F1-score=0,816), in this case within
the smart health framework. By applying this algorithm, in addition to the normalized
medical records, corpora of keywords and stop words, which are specific to the medical
domain, are also obtained and can be used to improve the results in the normalization
of medical textual data.

Keywords: telemedicine; e-health; epidemic control; smart healthcare; medical data
mining.

1. Introduction

In medical information systems, a large amount of data is created and stored
every day. They allow storing of common information (number of patients ex-
amined by a doctor, consumption of materials, prescriptions, etc.), but they also
include medical reports that contain patient information such as anamnesis, diag-
nosis, symptoms, etc. These data collected daily should be used for analyzes and
predictions to improve medical information systems. Therefore, it is necessary to
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prepare and appropriately process this data. Well prepared data can be processed
for different purposes, for example in smart health services [1]. Smart health ser-
vices are important for improving the quality of services provided, the efficiency of
health services, etc. As such, they are considered the basis for the implementation
of smart medical IS as an indispensable part of the concept of smart cities [2], which
is becoming more and more relevant today. The fact is that the problem of organiz-
ing life and optimization, especially in big cities, is one of the current problems that
is being intensively solved. The goal is to provide a range of services that will make
life easier and cheaper. Healthcare occupies a significant place in this concept.

A smart city is a place where information and telecommunications technologies
are used to enhance traditional services. It is a city that connects physical infras-
tructure, information technology infrastructure, social infrastructure, and business
infrastructure to enhance the collective intelligence of the city. Within the smart
city, there are branches such as smart transportation, smart healthcare, energy effi-
ciency, smart technology and infrastructure, smart education, smart management,
and smart people. Smart healthcare is e-Health aimed at promoting public health
services in smart cities [1]. Smart healthcare uses technological innovations in the
health care system. As we mentioned before, part of the medical records could
be processed and used for the purposes of smart health and its services, such as
epidemic control, the visualization of vaccination data, disease prevention, a self-
diagnosis, etc.

The motivation for our paper is creating conditions for building smart health
services using text mining techniques. For the purposes of this paper, a corpus
that is containing 5,261 medical reports were created. In this paper, the aim was
to create the algorithms for deleting the non-relevant data from the input set of
medical data and preparing the relevant data for further processing. The relevant
data is purified from excessive words, punctuation marks and other data that did not
carry any informative value. Obtained redundant and keywords are remembered,
in order of using them in the normalization of new data.

The paper is organized in the following way. The second section describes related
researches. An overview of smart health services is given in the third section. The
fourth section describes the proposed smart health framework for epidemic control.
Next, the description of the data set and medical data are given to understand
the need for their normalization. The following section presents our approach to
normalization of medical data written in Serbian. Then the results of the application
of the proposed method on the above-mentioned medical corpus are given. Finally,
conclusions and directions for further research are given in the last section.

1.1. Related Work

Papers from our field of research can be divided into two groups. The first group
includes papers describing the normalization and processing of medical textual data
which is not written in the Serbian language. These papers present universal char-
acteristics of medical data and their normalization, which are independent of the
language.
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The differences between clinical and ordinary texts and problems related to
obtaining information from medical texts are described in [3]. In [4, 5], the methods
used in the normalization of electronic medical data are given. In the paper [6], one
way of classifying medical data and the application of neural networks in solving
this problem is described. Here are processed texts from the Internet that contain
a description of the health status of patients, the symptoms and the like. Paper
[7] proposes a method for normalizing symptoms written in the Chinese language.
A complete system that normalizes and extracts information from medical records
and its architecture is described in [8]. In [14] the characteristics of clinical reports
are presented, from the corpus of medical reports in Sweden taken from 2014-2015.

On the other hand, the methods described in the previous papers are not suffi-
cient to fully apply to the medical text in the Serbian language, and of course, do not
include lexical resources specific for the medical domain. The second group includes
papers dealing with the normalization of textual documents and their analysis in
the Serbian language, but even here the normalization was not carried out in clinical
texts. The papers [10, 11] give the description of the process of normalization of
informal documents in the Serbian language with the aim of faster searching. In [9]
is presented the normalization of text in Serbian language using n-gram analysis.
The specific language resources are needed for different data processing [12, 13].
Some steps from these methods can be used in the normalization of medical data,
but most of them need to be adapted. The structure of medical data (reports) and
their contents are much different from other types of text documents, so they need
to be adapted according to their specificities.

1.2. Smart Health Services and the Smart City

The smart city infrastructure includes physical infrastructure, information and
communication technology (ICT) infrastructure and services. Physical infrastruc-
ture is the part of a smart city including roads, railways, a water supply system etc.
ICT infrastructure consists of computer and information systems, networks, sensors
etc. so it is a link between the other two infrastructures of the smart city. It is
based on the Internet of Things (IoT) and Big Data [2, 15]. Service infrastructure
is based on physical infrastructure and can have some ICT components [1].

The application of mobile and ubiquitous computing enabled the collection of
data from the user’s environment. These data are contextual, and applications
using them are called context-aware applications [1]. The use of smartphones to
improve the health status of the user led to the formation of a new sub-feature in
electronic healthcare, which is mobile healthcare (m-Health). The synergy of mobile
and electronic healthcare with the concept of smart cities has come up with a new
term — smart healthcare (s-Health) [1].

M-Health and s-Health are subsets of e-Health, but they also have their in-
tersection. S-Health and m-Health differ in the source information they use, and
the flow of this information. For m-Health, the source information comes from the
users/patients, while in s-Health, besides this information, it uses the collective data
obtained from the infrastructure of the smart city. Regarding the difference in the
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data, it refers to the fact that after processing, the m-Health returns the response
to the user, and in the s-Health, the data are returned to the user, but also affect
the collective data of the smart city.

To better understand the flow of data from patients to the ICT infrastructure
of the smart city and back, some specific examples of services and their classifica-
tion are given. Most smart healthcare services can be classified into one of these
categories [16]:

e Services based on the collective intelligence of the city. They use data
collected from sensors located on the territory of a smart city and analyze the
obtained data for predictions for different purposes. Such service is suggesting
a route with less air pollution for users with a respiratory problem.

e Context-oriented services analyze the close user environment, based on
the image, the sound of motion detection, and so on. Examples are image
processing and analysis for detecting abnormal phenomena in the relevant
diseases. Motion detection is used for determining emotions, stress levels,
breathing etc.

e Services based on IoT devices - They also analyze the close user environ-
ment, over the wearable IoT devices. The examples are the measurement of
blood sugar, electrocardiogram of the heart, blood pressure and temperature
using IoT bracelets.

e Smart houses for patients are smart environment (home) care for the el-
derly and the chronically ill, using technology infrastructure (sensors, cameras,
wearable devices, and web services) to respect the wishes of patients to be at
home.

e Services based on crowdsourcing and medical data mining - Similar to
the first group of services, just with a large number of the original information
from a wider area, which may be from the outside of the territory of the city.
The examples are services for concluding in cases of measuring and obtaining
abnormal results in some diseases and for detecting depression levels through
crowdsourcing by comparing data from other users and using medical data
mining,.

The smart health framework which we are developing is based on medical data
mining and it is described in the next section.

2. The Smart Health Framework

Smart health services that can be created by analyzing patient history data are
smart health services based on medical data mining (Figure 2.1). They could be
displayed on a public health portal and would include the following reports:
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Fic. 2.1: Smart health framework for epidemic control

a) Report on how many people have a specific diagnosis daily in the city, as well
as on a weekly, monthly, and annual basis. Based on this service, the user
would be aware of the existence of the epidemic disease in his city and its
status, whether it took a significant hit depending on whether the number of
patients admitted day by day increased or decreased.

b) Reporting how many people have been diagnosed with a disease at a partic-
ular health station. Here a citizen could see how many people are ill in his
immediate area.

¢) Report on the presence of the disease in different age groups, where the citizen
could decide if he belongs to the riskier group.

d) Report on the most common symptoms in people diagnosed with the disease.
Here, a citizen could see the number of people who showed up with certain
symptoms and had a diagnosis of a disease whose epidemic was ongoing. In
this way, he could more easily recognize the symptoms and contact the doctor
himself if he had any or most of the symptoms.

All these services would help to keep the citizen up to date with the epidemic in
his place and take measures to avoid or treat the disease, and in this way the
consequences of the epidemic will be reduced.

The first three services require data analysis and visualization, which is not
demanding, while the fourth requires specific textual processing for proper symp-
tom extraction. Analyzing the anamnesis we used, we came across abbreviations,
misspellings, different word forms, and synonyms for the same symptoms. The
anamnesis should be cleansed of words that have no meaning, and the words of
significance should be reduced to the same form. Abbreviations should also be
processed and preserved. There are also negations of symptoms in anamnesis, so
the service would not show the true number of patients who have a symptom if
negation were not taken into account. Addressing these issues is a key motive and
contribution of this paper.
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3. The Data Set

The specificity of the language in which the report is written further compli-
cates the process of normalization. Corpora are required to identify the specifics
of medical reports. Medical records are sensitive to research because of the con-
fidentiality of the information they carry, so appropriate medical identification of
medical records must be made and all personal data of patients, as well as doctors,
are removed. There are several English-language corpora available such as: Infor-
matics for Integrating Biology the Bedside, BioScope Corpus and the Thyme corpus
[17]. There is no Serbian corpus in electronic form publicly available. We have used
about five thousand medical records written in the Serbian language from 32 outpa-
tients belonging to the Health Center Nis (DZ Nis), collected by the MEDIS.NET
information system. The medical reports were written by 169 different doctors.
This corpus is made by all ethical standards, with the de-identification of patients
and medical staff as well as maintaining links to the affiliation of multiple reports
to the same patient.

4. The Description of Medical Data

Medical reports are mostly generated by the hospital’s internal needs. Clinical
reports are needed for different stakeholders such as: medical staff to keep up with
day-to-day activities, patients to document their health status, clinical research
(medical researchers, pharmacists, epidemiologists, etc.), hospital management to
keep track of finances and inventory planning, budget etc. Medical reports may con-
tain numerical and textual information. Medical data is of mixed type (structured,
semi-structured and unstructured) and therefore requires more complex process-
ing that involves the existence of appropriate specialized lexical resources. The
structure part contains values of specific variables, so it is the easiest to process
(name, surname, year). The semi-structured part gives descriptive values for some
parameters, but the structure is still known (temperature, pressure and laboratory
analysis). The unstructured part consists of free text that the doctor gives and con-
sists of symptoms, history, observations, conclusions. Unstructured data contains
linguistically incomplete, informal and non-standard abbreviations which makes it
difficult for computer processing and analysis. For this, it is necessary to pre-process
the data before analysis to bring it into a standardized form.

Table 4.1 gives an example of a medical report that we are processing. In it,
we can identify the structural part containing the date of service, name of service,
diagnosis, diagnosis code, organizational unit in which the service was provided
and location of the service. Also, this report contains an unstructured section
consisting of an anamnesis. This part is more complex to process because it needs
to extract relevant data and transform it into a standardized format, suitable for
further processing.

Medical reports are most often written by doctors and nurses. Because of the
speed at which they are written, they often contain many errors. Very often, the
sentences are incomplete, for example, the auxiliary verbs are omitted as well as
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Table 4.1: An example of the used medical record

Date of the service

23-03-18

Name of the service

Re-examination of adults

Anamnesis

Pacijent dobio sinoc osip po kozi.
Makulopapulozna ospa po kozi
iza usiju, cela i spusta se na trup.
Vezikularni disajni sum

(en. The patient received a skin
rash last night. Maculopapu-
lar rash on the skin behind the
ears and forehead and going down
to the hull. Vesicular breathing
noise)

Diagnosis

Morbili — Measles

Diagnosis code

B05

The organizational unit of the
service

General medicine

Location of the service

Central building

the subject when it is obvious that the subject is the patient himself. Even the
attachments are rarely found in the medical data, only in the description of the
symptoms (e.g., fever, sweating, shortness of breath). An example is given in Table

4.2.

Such descriptions are concise and carry the most important information that,
in a sense, facilitates the processing of such text. In medical reports, every word
has more weight. In addition to deliberately omitting certain words, there are very
common mistakes and spelling mistakes such as:

e two words are merged, and instead of space is a letter,

Table 4.2: An example of incomplete sentences in anamnesis

Original anamnesis text

Serbian

English

“pecenje i svrab po celom telu, di-
fuzna ospa koja svrbi”

”Burning and itching all over the
body, diffuse wasp that itches”

Extended meaning

Pacijent ima pecenje i svrab po
celom telu u obliku difuzne ospa
koja svrbi

The patient has burning and itch-
ing all over the body in the form
of diffuse pox that itches
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e misspelled word,

e incorrect writing of diacritical symbols, (eg. izvestaj, etc.), and often writes
dj instead d,

e a misspelled or omitted letter often, or a letter of excess e.g. "kasljke” instead
of “kaslje”,

e there are abbreviations of medical, punctuation marks, brackets, numbers,
etc.

e x in anamnesis, (e.g. extremiteti).

e 7 and y mixed because of the keyboard.

When compared to other types of text according to Ehrentraunt and others [18],
twice as many spelling mistakes (10%) are found in medical reports than in manu-
scripts, newspaper articles, web articles, etc. This is not surprising given the time
limit they have for patient screening - average time due to scheduled appointments.

We often find abbreviations in medical reports. Abbreviations are ways of writ-
ing longer words without all the letters. It makes the text easier to write and read,
but only on the condition that the reader knows the meaning of abbreviations. The
problem is non-standardized abbreviations. Sometimes the same abbreviation can
have an ambiguous meaning (for example, feb. for February and febrile). It is often
the case that different abbreviations are used for the same term: shorten the tem-
perature differently (e.g. T*, t, temp, etc.); In addition to abbreviations, acronyms
are often used. Standardized acronyms are used in medical reports. However, there
may also be problems because not often do acronyms have more meaning, for exam-
ple: DIK is an acronym for pediatric infectious clinic (decija infektivna klinika) and
disseminated intravascular coagulation(diseminovana intravaskularna koagulacija),
EEG for the electroencephalography and the electroencephalogram, etc.

The interpretation of acronyms, in this case, is likely to be related to the specialty
of the physician who writes them or to the diagnosis. This association can be
processed manually but also by machine learning methods with the appropriate
corpus of data. Words that have a Latin or Greek root are common in medicine.
However, in recent decades, more and more English words have been used for which
there is no adequate translation into Serbian, so they are most commonly used in
their original form. This is especially striking when it comes to medical techniques,
medical devices, and certain surgical procedures. Depending on what the purpose
of further processing of medical texts is in normalization, it may be desirable to
simplify the litigants used in medical reports (e.g. pulmo — lung, hyperemia — the
increase of blood flow to different tissues in the body).

The occurrence of negation in medical texts is very common because it excludes
the existence of some symptoms that indicate disease. The presence of negation in
the report significantly affects the meaning of the report itself, given the structure of
the medical texts (short and concise). An example of the anamnesis with negation
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Table 4.3: An example of the anamnesis with negation

Serbian English

“Izbilo ga nesto po telu, pre dva “There was something on the
dana, temper. nema, ne kaslje, ne  body, two days ago, temper. no,
boli ga grlo” no cough, no pain”

is given in Table 4.3. The importance of the processing of negation in medical texts
is demonstrated by the existence of the English corpus BioSope with a radial report
in which the negation is manually marked as well as its scope of action [17]. For
Serbian, there are rules of negation that can significantly improve data processing
[19

5. The Applied Normalization Method

The method for normalizing medical reports that we propose consists of several
steps: tokenization, removal of stop words, processing of negation, removal of punc-
tuation, and cutting off into n-grams. The algorithm we applied to the described
data is shown in Figure 5.1.

D Negation
E Tokenization processing
= T -
# * «1 #
- *
== Abbreviation Deletion of Cutti ) . .
— processing stop words utting to n-grams Classification
Medical text

FiG. 5.1: Normalization of medical reports

Tokenization: In the first step of preparing a clinical text for further process-
ing, it is necessary to delete unnecessary elements (multiple blanks, dates, special
characters, etc.) from the anamnesis to identify the annotated words. The anam-
nesis were taken in the Serbian language using a Latin letter containing diacritical
symbols ¢, ¢, z, §, d, so in this step they are changed by the symbols cx, cw, zx,
sx and dx respectively, since x and w are not used in Serbian letter, and proposed
combinations are not found in corpus of diseases and related health problems (Ser-
bian and Latin version) [20]. This makes it easier to process diacritical symbols
because otherwise they will be transformed into special characters. In this step, the
abbreviation processing is also done. Abbreviations belonging to standard medical
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Table 5.1: Some of stop words from dictonary

Stop words Stop words
kakva (en. which) igde (en. where)
iako (en. although) ée (en. will)

abbreviations are generally acronyms and are capitalized. Non-standardized abbre-
viations specific to the Serbian language are separated and reduced to a single form
without a point at the end. Punctuation marks remain in this step, because of
their meaning in the processing of negation. When the reports are cleared in this
way, then they can be divided into words, that is, tokens, at the level of further
processing.

Deletion of stop words: The reports also contain words that are not meaningful,
and these words are called stop words. These words should be deleted from medical
records to reduce their scope and to retain only relevant information. By reducing
the volume of data, the speed of their further processing increases. Stop words are
usually adverbs, prepositions, pronouns, conjunctions, words and other words that
are not relevant for determining the meaning of the text. The process of removing
the stop word begins by creating a dictionary of stop words. The dictionary of stop
words in Serbian, which is the result of our previous research [9], contains 3117 stop
words. In Table 5.1, some words from this dictionary are given. Some words need
to be removed from the set of stop words because they represent medical abbrevi-
ations or abbreviations for chemical elements. Their processing will be performed
afterwards, considering whether the appropriate elements represent an abbreviation
or stop word (whether they are capitalized, do they appear with other keywords,
for example, ”se” can be the auxiliary verb, and Se is the value of selenium from
blood tests). Negation signals are also excluded from the set of stop words in order
not to lose information about the negation of the existence of some symptoms.

Negation processing: The specificity of medical reports is that they are written
in the third person and are concise, so that not all the negation signals appear.
From the negation signals in the processed corpus, next words were found: ne (en.
not), nije (en. it is not), nema (en. haven’t), bez (en. without) and ni (en. nor).
The extent of the action of this negation will be determined by the first non-stop
word following the negation signal to the punctuation mark, or if it does not exist
then it will be taken first before the negation signal to the punctuation mark. A
word in the negation range receives a prefix ne_ and the negation signal is deleted.
An example is given in Table 5.2. Punctuation marks can be removed after the
negation has been processed.

Cutting off to n-grams: Bearing in mind the richness of the Serbian language,
the presence of cases, phonetic changes, and changing verbs by person, gender and
number, it happens that words that carry the same meaning can be found in many
forms. Word-based grammatical rules would make this problem complex. Also, a
morphological dictionary of Serbian, which is not publicly available in electronic
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Table 5.2: An anamnesis after processing abbreviations and negations

Before processing \ After processing

Izbilo ga neSto po telu, pre dva | izbilo telu, dana, ne_temperaturu
dana, temper. nema , ne kaslje, | , ne_kasxlje, ne_boli grlo
ne boli ga grlo

form, would be necessary. So, we decided on a language-independent variant, which
is a cutting to n-grams. An n-gram is a subset consisting of n elements of a given
string. For example, the word "uciti” consists of the following n-grams: u-¢-i-t-i
(length 1), uc-¢i-it-ti (length 2), uci-¢it-iti (length 3), ucit-¢iti ( length 4) and uciti
(length 5). N-grams are obtained by moving the frame of length n, whose origin
can be in positions 1 to m —n + 1, where m is the length of the string [9]. By
analyzing the content of the n-gram, the correlation between the appearance of the
n-gram and the characteristics of the text can be noticed. N-grams are suitable
for use in the analysis of textual documents in natural languages, due to language
independence. N-gram analysis is a procedure applied to text, and its result is to
obtain a set of n-grams of a given length. In proposed method, we used n-grams
which length is 4 (4-grams). When cutting to 4-grams, the negation prefix is ignored
(ne_temperaturu is cut to ne_temp). This length was chosen as optimal because it
gives the best results for Serbian compared to the analysis of 3-grams and 5-grams
(it is compared in next section).

Classifying n-grams is required after normalization, where the n-gram is sorted
into keywords and stop words that are specific to the medical domain. Keywords
include symptoms that can be remembered for the appropriate type of illness, while
stop words are those that occur in all anamnesis, regardless of diagnosis. These
are the words that most commonly appear in medical reports ("uput”, ”doznaka”).
Since there are synonyms in keywords, they must be grouped. Classification is a
work that requires special attention and will be the subject of extensive research
in subsequent papers. Here, the classification is made in a simple way to show
the impact of normalization on the results. The classification was made by looking
for [20] n-grams among the symptoms and if they were found they are declared as
keywords for the appropriate type of illness. Those n-grams which are not found in
symptoms were declared as stop words in the medical domain.

6. Results and Discussion

After normalization over the described medical reports, the anamnesis was ob-
tained in the normalized form. Of the 5261 medical reports, 2112 contained text
in the non-structural section, while the rest contained only the structured section.
After ejecting numbers and stop words, there were 16606 words left to normalize.
The normalization with n-grams of lengths 3, 4, and 5 was performed, to determine
which n-gram size yields the best results. To compare results precision, recall, and
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Table 6.1: The results of different normalization methods

Normalization WN NWwW CNW Precision Recall F1-
method score
3-gram 16606 13011 10213 0.7850 0.6150 0.6897
4-gram 16606 10330 9488 0.9185 0.5714 0.7045
5-gram 16606 8472 7891 0.9314 0.4752 0.6293
Proposed 16606 13375 12232 0.9145 0.7366 0.8160
method

F1-score measures were used.

CNW
1 Precision = ——
(6.1) recision = —
CNW
(6.2) Recall = WN

(6.3) F1— score — 2 % Precision x Recall

Precision + Recall

Where CNW is the number of corectly normalized words, NW is the number of
normalized terms, and WN is the number of words to be normalized.

The normalization results are shown in Table 6.1 and the best Fl-score was
for 4-grams. From the table it can be seen that increasing the length of n-grams
increases the precision and the recall weakens. But for 3-grams the precision is
much lower, while for 5-grams the recall is smaller, and therefore their F1-score
is smaller compared to 4-grams. The precision for 3-grams of was expected to be
lower because if the word had a prefix, the root (as the carrier of its meaning) is
removed by normalization. Here, corectly normalized word is word which resulting
n-gram was a part of the semantic root, and this was compared to a manualy labeled
corpus.

Then we performed the proposed method as it is described in 5th section and the
obtained results are also given in the Table 6.1. It can be obtained that the proposed
method have best results for Fl-score (0.8160). This results are comparable with
methods for normalizing medical data in other languages ( in [7] F1-score=0.6562).
The words were reduced to 4-grams, and then counted in order to find their fre-
quency in the anamnesis. The anamneses are now remembered in purified form,
contain only relevant data and their volume has been reduced. Table 6.2 gives an
example of anamnesis before and after normalization.

Then the n-grams with the largest number of occurrences in medical histories
are divided into two groups, by meaning. The first group consists of keywords,
which are those words whose meaning is closely related to the disease and they are
shown in Table 6.3. Table 6.3 shows that the number of occurrences of symptoms
in the corpus varies significantly depending on the application of the normalization
method. So, if n-grams are searched in the corps, and abbreviations, synonyms and
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Table 6.2: An example of one normalized anamnesis

Before normalization After normalization

Kontrola: jos uvek ima malaksa-

lost, slabost,

Savet , kontrola 30. 3. 2018 kont mala slab save kont
Pacijent dobio sinoc osip po kozi. paci dobi osip kozxi maku ospa
Makulopapulozna ospa po kozi kozi usxij cwela spusx trup vezi
iza uSiju, ¢ela i spusta se na trup. disa sxum

Vezikularni disajni Sum

negation is not considered, we will not get the exact number of symptoms. Table
6.3 shows that the percentage of occurrence for some symptoms is significantly
increased (rash, because of synonyms and temperature, as it is often abbreviated).
There are also those symptoms whose occurrence is reduced (change, for example)
after the application of the proposed method, which is because they were found in
negation.

The second group consists of stop words whose meanings do not determine the
patient’s illness, and they can appear in any medical history or clinical document.
As the anamnesis is already in purified form without the stop words that are char-
acteristic of general documents, the stop words thus extracted refer to the medical
domain and can be stored to improve the results of normalization of new anamnesis
or documents. These are shown in Table 6.4. The most common occurring key-
words are related to symptoms of the disease (rash, temperature, cough, etc.) and
the most frequent stop words are medical terms that don’t indicate the patient’s
condition (appointment, report, etc.).

Therefore, this normalization can be used in the execution of statistics in the
control of epidemics. The simple example is given in Figure 6.1.

Symptoms

600
500
400
300
200
100 ———

0o —! Lo

mrash hyperemia cough temperature
F1a. 6.1: Statistics in the control of epidemics

If we compare the Table 6.3 with the chart (Figure 6.1), it can be concluded
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Table 6.3: The percentage of occurrence for the most occured keywords

N-gram  Simple Proposed Associated words Associated n-grams
4-gram method of synonyms
hipe 10.62% 12.07% hiperemija
(en. hyperemia)
kasx] 5.97% 6.63% kagalj kaga
(en. cough)
kozxi 5.40% 6.01% koza koze, kozn, kozi
(en. skin)
licu 7.34% 10.89% lice lica, lice
(en. face)
morb 17.90% 17.85% morbili
(en. morbili)
ospa 13.92%  25.76% ospa osip
(en. rash)
prom 5.16% 5.02% promena
(en. change)
pulm 14.16%  13.92% pulmo
telu 10.89%  12.74% telo (en. body) tela, telu, telo
temp 8.43% 18.32% temperatura
(en. temperature)
zxdre 12.36%  12.41% 7drelo (en. pharynx)
Table 6.4: The most occured stop words
n-gram  The percentage of occur-  Associated words
rence in the anamnesis
Kont 21.77% kontrola (en. appointment)
Izve 13.01% izvestaj (en. report)
Bolo 11.36% bolovanje (en. sick leave)
Dana 10.46% dan (en. day)
Dozn 9.28% doznaka (en. remittance)
Uput 7.00% uput (en. refer)
Nala 5.73% nalaz (en. finding)
Preg 5.30% pregled (en. examination)
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that more information can be extracted to make the symptoms more accurate. For
example, skin, face, body are mentioned in the table, which are the rash provi-
sions. This means that the joint occurrence of n-grams in the anamnesis could
be determined in order to obtain phrases, which will be the subject of the further
research.

7. Conclusion

This paper outlines how medical reports in an electronic form stored daily can be
used, as well as problems that can be encountered in their analysis and processing.
The importance of text normalization for smart health services was demonstrated
and a way to normalize clinical textual information written in Serbian was presented.
In the experimental part, the results of the application of the proposed algorithm for
normalization over the anamnesis collected using the MEDIS medical information
system are presented. The described method extracts relevant data from medical
reports so that it can be used for a variety of purposes, including public health and
other smart healthcare services. The data stored in a purified form can be used
for further processing. Applying the proposed method over the collected data, we
obtained the Fl-score (0.816). Since there is no adequate method in the Serbian
language for comparison, compared to the methods for normalizing medical data
in other languages [7], the proposed method produces good results. In this way,
a corpus containing the stop words for a medical domain in the Serbian language
can be formed, which can be used for processing medical text for various purposes.
The subject of our further research will be the classification of medical terms and
the labeling of entities in medical records and their application in smart healthcare
services.
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Abstract. In this paper, we have studied existence and uniqueness of solutions for a
coupled system of multi-point boundary value problems for Hadamard fractional differ-
ential equations. By applying principle contraction and Shaefer’s fixed point theorem
new existence results have been obtained.

Keywords: multi-point boundary value problems; Hadamard fractional differential
equations; Shaefer’s fixed point theorem.

1. Introduction

Differential equations of fractional order have proved to be very useful in the study
of models of many phenomenons in various fields of science and engineering, such
as: electrochemistry, physics, chemistry, viscoelasticity, control, image and signal
processing. For more details, we refer the reader to [3, 5, 6, 7, 11, 12, 13, 14, 16,
18]. There has been a sign cant progress in the investigation of these equations
in recent years, see [3, 8, 17, 18, 19]. More recently, a basic theory for the initial
boundary value problems of fractional differential equations has been discussed in
[1, 3, 14, 16, 20, 22]. On the other hand, existence and uniqueness of solutions
to boundary value problems for fractional differential equations has attracted the
attention of many authors, see for example, [16, 17, 19] and the references therein.
Moreover, the study of coupled systems of fractional order is also important in
various problems of applied nature [2, 9, 10, 15, 24, 25]. Recently, many people have
established the existence and uniqueness for solutions of some fractional systems,
see [9, 10, 21, 23, 25] and the reference therein. In the last few decades, much
attention has been focused on the study of the existence and uniqueness of solutions
for boundary value problems of Riemann-Liouville type or Caputo type fractional
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differential equations, see [21, 23, 24, 25]. There are few papers devoted to the
research of the Hadamard fractional differential equations; see [2].

In this paper, we study the existence of solutions for a Hadamard coupled system
of nonlinear fractional integro-differential equations given by:

Doz (t) = fi (t,y(t),D%y (1)), 1 <a<2,te1,T],
DBy (t) = fo(t,x(t), Dz (t)),1 < B < 2,t€[1,T],

z(1) =0, 2(T) = 3L MilPz () =0,

where 0 < a—1, < f—1;p,q¢>0; 1 <n;,& < T and D*, DP, D and D? are the
Hadamard fractional derivatives, I? and I¢ are the Hadamard fractional integrals
and fi, f2 are continuous functions on [1, 7] x R2.

The rest of this paper is organized as follows. In section 2, we present some
preliminaries and lemmas. Section 3 is devoted to existence of solution of problem
(1.1). In section 4 an examples are treated illustrating our results.

2. Preliminaries

This section is devoted to the basic concepts of Hadamard type fractional calculus
will be used throughout this paper [13].

Definition 2.1. The fractional derivative of f : [1,00] — R in the sense of
Hadamard is defined as:

(2.1) Def(t)= ﬁ (ti)n/: <log z)nal fis) ds,n—1<a<n,

where n = [a] +1, [a] denotes the integer part of the real number a and log(t) =
loge(t).

Definition 2.2. The Hadamard fractional integral operator of order v > 0, for a
continuous function f on [1,00[ is defined as:

t a—1
(2.2) °f ) = %[ (log z> ffj)ds,a >0,

where I' (a) == [ e “u®"1du.
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Lemma 2.1. Let a > 0. Then
(2.3) I1*D%x )+ Z ¢i (logt)* ™",
where ¢; € R,i=0,1,2,...,n,n = [a] + 1.

We give also an auxiliary lemma to define the solutions for the problem (1.1).

Lemma 2.2. Let g € C([1,T],R), the solution of the boundary value problem

(2.4) {D%(t)zg(t),1<a§2,te[1,T],
' z (1) =0,2(T) = 372 XilPz (ns)
is given by:
{E fl ( s)a ' g(S)d
(log t)*~ i Oter 1 g(s)
(2.5) e [r<a+p) S ( ?) £ds
_I‘(a f1 (log + ) ‘(sS)ds}’
where
1
(2.6) 1=

(log )" r(p+a) iy A (log )

Proof. As argued in [13], for ¢; € R,i = 1,2, and by lemma 3, the general solution
of equation of problem (2.4) is given by

(2.7) z(t) = I’(l)/l (log Z) Y (SS) ds + ¢1 (log )" + ¢; (logt)* 2.

(07

Using the boundary conditions for (2.4), we find that ¢y = 0.

For ¢, we have

i i (log L)* ! 2 ds 4 ¢ (log T)a*1
i p—1 g(s o'« +a—1
= Fo [ (log )T 9l g 4 pINed ST\, (log )T

which gives

(2.8)

Th)a+p71 @ds

¢ = F(a+p) fl ' (

(2.9) (log T)* " — il Z;T A; (log )"
F(a) f1 (log ) g(ss)ds

- a— I'(x m a—
(log T)* " — iy o7y Ai(log )P+t

Substituting the value of ¢; and ¢y in (2.7), we get (2.5). O
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3. Main Results

Let us introduce the spaces X = {z: 2 € C'([1,T]),D%z € C([1,7])} and
Y ={y:yeC (LT]),D% € C([1,T))}
endowed with the norm ||z[|y = ||z|| + || Dx||; with

[zl = sup |z (¢)|, [[D7z]| = sup [D7z(t)],
te[1,T) te(1,T)

; with

and |lylly = |lyll + || D]

|D6yH: sup |D6y(t)}.

lyll = sup |y (t)],
te[1,T) te[1,T]

)

Obviously, (X, |.|[y) and (Y,].]ly) are a Banach spaces. The product space
(X x Y, H(x,y)HXXy) is also Banach space with norm ||(z,9)|| vy = |zl x + |¥lly -
Let us now introduce the quantities:

Ny = (loa 7)* (log T)>~1 (Z:’;l X (log )P+ n (logT)f‘> ,

- T'(at+l) [A| T'(p+a+1l) T'(a+1)
N, = QosT)*"7 | D(a)(logT)*—""1 (537 Ai(logni)* ™" | (log7)®
2= T(a—0o+1) T(a—0o)|A] T'(atp+1) T(at1) )
N, — (ogT)? | (logT)°~! o ni(log€)®t | (logT)?
3= T(B+1D) [A] T(B+g+1) r(B+1) )
N, = (QogT)"~° | T(B)(ogt)” 071 (37, pilog€)H | (logT)”
47 T(B-0+1) T(B=3)[A] T(B+q+1) INCESO A
which
A~ 1
- -1 N m -1’
(log 7)™ — ik S0 Ay (log i)
and )
A =

-1 m —-1°
(log T)'B - I‘(Fq(f)ﬁ) 2 i1 Mi (log fz‘)qﬂa

We list also the following hypotheses:

H1) The functions fi, fo :[1,7] x R2 = R are continuous.
(

(H2) There exists a nonnegative continuous functions a;,b; € C ([1,7T]),i = 1,2
such that for all ¢ € [1,T] and (x1, 1), (z2,72) € R?, we have

|f1 (taxlayl) - fl (tax23y2)| <a (t) |£C1 _:C2| + b1 (t) ‘yl _y2|7
|f2 (tﬂxlvyl) - f2 (taxZuy2)| < az (t) |fE1 —IE2| +b2 (t) ‘yl _y2|7

with
w1 = SuPeq1 7] @1 (1) ,w2 = supsepy, 7y b (1),
W1 = SUP¢e[1,1] 42 (t), w2 = supeq1,1) b2 (t)-
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(H3) There exists a nonnegative functions /; (¢) and Is (¢) such that
[f1 @tz y)| <1 (@), |f2(t 2z,y)| <l2(t) for each t € [1,T] and all x,y € R,
with
L1 = Ssup ll (t),LQ = Sup l2 (t) .
te[1,7T] te(1,T]

Our first result is based on Banach contraction principle:

Theorem 3.1. Suppose that the hypothesis (H2) holds.
If

(31) (Nl +N2) (w1 +WQ)+(N3+N4) (W1+’(ﬂ2) <1,
then the boundary value problem (1.1) has a unique solution on [1,T)].

Proof. Consider the operator ¢ : X x Y — X x Y defined by:

(3.2) b (x,y) (t) := (pry (), doz (1)), t € [1,T],
where

o) = i i (log 1) A2l
o Lot TR [ (log 1) L2 g

B-1 s,x(s 7x(s
I‘(ﬁ) fl (10 7) Ja( ()D ())ds}.

and
b (8) = iy [ (log 2) " et )D”x(s))ds
ﬁ+q
(34) logt)B |: F(Zqiélq fl i IOg 51) Mds
B+q—
logt > i f s,x(s),D%x(s
S

We shall prove that ¢ is contraction mapping.
Let (z,y),(x1,y1) € X X Y. Then, for each ¢ € [1,T], we have:
(3.5)
a—1 [fi(s, ,D° 1(s,91(s),D%y1

(logT)Q 1 2 A N
[A] I'(p+a)

+
fm (o m)a+;n 1 |f1(s.9(s),D%y(s))— fl(s,yl(s),D5y1(s))|dS
T

( )a 1| f1(s,9(5),D%y(s)) - fl(svyl(s)ﬁDéyl(S)”ds

S
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Thanks to (H2),we obtain
|P1y (t) — D1y (¢)]

1t tya—1 willy=yill+wa || D°y—Dui |
< W Ji (lo ;) s ds

(3.6) (log T)* 1 ; S atp—1 willy—yill4wa || D°y—D’y ||
= A F(p+a) fl ( T) s ds
a=1 willy—y1||+ws || D°y—D’y1 ||
fl ( s) s ds.
Consequently,

|p1y (t) — P11 (}:)l
(log T)* (logT)*~* (Y7 Xi(log ;)P+e (logT)*
= [F(i-ﬁ-l) + g\A| TlatptD) r(i+1) } (w1 +w2)

x (ly =l + || D’y — D°y1]])

which implies that

1 (1) — ¢1 ()|l < N1 (w1 +w2) (ly — wull + || D%y — D?

)

D1y (1) — D drya ()] ) )
a—o—1 |f(s,y(s),D°y(s))—f(swy1(s),D (s)
< oty fy (log )77 MO .2l

T'(a) (log )* =7~ )
(3.7) T Ta-oar %
fl‘l, ( 7]@)0‘+p71 |fl(svy(5))Déy(S))7fl(S)yl(s)7D(sy1(S))|ds

S S

F(a+p)
+F(o¢ fl ( s
By (H2), we have

|D 1y (t) — D drya (¢)]
< (og )7 (witws) (ly=v1ll+[| D"y—D w1 [)

)a 1 |f1(9y(9) D° (s))

S

(s ,y1<s),my1(s))d8] _

(3.8) L T(e)(logT)*7 Ry fﬂ) Ai(logni)®*P | (logT)*
T T(a—o)A] T(atp+I) Ia+1) ) (@ +ws)

< (ly =l + | D%y — Dy |) .

Hence,
| D1y (t) — D7 pry1 (1)
N
(log 7)*~7 | T()(logT)*“~1 (37, Ai(logm:)* ™" | (log T)*

(3.9) < [p(a,g+1) + T(a—0o)[A] ( 11“(a+p+1) I(a+1) )} x

(w1 +ws2) (ly — yull + || D%y — DPyul]) -
Therefore,

(3.10)  [D%¢1y (t) — D7¢ryy (t)| < Na (wi +w2) (ly — wall + || D’y — D)) -

Consequently,

(3.11)  |[D%¢1 (y) — D7¢1 (y1)|| < Na (w1 + w2) (ly — vl + || D%y — D)) -
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By (??) and (3.11), we can write

(3.12) [l61 () — é1 (y1)llx < (N1 4 Na2) (w1 +w2) (ly — 1]l + || D%y — DOyal]) -

With the same arguments as before, we have
(3.13) |92 (x) = @2 (z1)lly < (N3 + Na) (@1 +@2) (| = 21| + [[D7z = D71 ]) .

And by,(3.12) and (3.13), we obtain

31ay _ 0@y oLyl
< [(N 4 Vo) (w1 4+ w2) + (N + Vo) (@1 + w2 | (2 = 21,5 = 91) ey -

Thanks to (3.1), we conclude that ¢ is contraction. As a consequence of Banach
fixed point theorem, we deduce that ¢ has a fixed point which is a solution of the
coupled system (1.1). O

The second main result is the following theorem:

Theorem 3.2. Assume that the hypotheses (H1) and (H3) are satisfied.
Then, the coupled system (1.1) has at least a solution on [1,T].

Proof. We shall use Scheafer’s fixed point theorem to prove that ¢ has at least a
fixed point on X x Y. It is to note that ¢ is continuous on X X Y in view of the
continuity of f; and fo (hypothesis (H1)).

Now, We shall prove that ¢ maps bounded sets into bounded sets in X x Y :
Taking r > 0, and (z,y) € B, B, := {(z,y) € X XY ||(2,9)| x«y < 7}, then for
each t € [1, T} we have:

a—1 |fi1(s,y(s),D%y(s)
o O] < 5 (1o S> [lere) Do) g
ogt)* 1 i — s,y(s),D%y(s
(3.15) +(1 g|j\)\ a+p fl ( nsl)aﬂ) Al )s " ))|d5

a—1 |fi(s,y(s),D°y(s
+F(a) fl ( s) Mds

S

Thanks to (H3), we can write

(3.16)
1 sup 1 (t)
o1y (1) < wy Jy (log 1) =—ds
sup U1 (t)
log)°~1 | 7 A atp—1 jey
(Ogm)\ |:F(aJ1rp) " (log ) el ds
sup 1 (1)

+ﬁ flT (log ;)a ! L —ds| .

(logT)* | (logT)*~" (3%, Xi(logn)**? | (log )™
< itelgh (1) [F(Eiﬂ) + Og‘Al ( 11"(a+p+q) F(()i+1) )] .
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Therefore,
oim W) . )
. (logT)® | (logT)*~ ™A (log 7)) | (log T)®
< Ly [l 4 Goe ! (R lonn)™ | Qa7 e [1,7).
Hence, we have
(3.18) l[¢1 (W) 1 .
. log T)* log T)*~ > Xi(logny)* TP log T)* o
<Ly [(r(i+)1) + ( NCETEsy Lexts )} = LNy
On the other hand,
p 1 t log L a—oc—1 |f(s,y(s),D6y(s))|
‘D ¢1y (t)| S I'(a—o) fl (Og s) s ds
T(a)(logt)* 1 | X" N\ i atp—1 |f 5:9(s),D°y(s)
+ (ggafa))m\ {r(aip) Ji" (log ™) 5 s Nas

T a—1 [f1(s,y(s),D%y(s)
by i (o ) IR 200 |

By (H3), we have,

(3.19) < [, [QoeD)*=7 | I(a)(og T|)€—Jﬂqilly (tz;f;l Ai(log n)*t? | (log T)®
< {r<a—a+1> T T Ta—o)Al ( T(atpt1) T(a+1) )} :

Consequently we obtain,

(3.20) D¢y ()| < LiNy,t € [1,T].

Therefore,

(3.21) [D7¢1 (y)|| < L1N2.

Combining (3.18) and (3.21), yields

(3.22) 1 (W)llx < L1 (N1 + Na).

Similarly, it can be shown that,

(3.23) lf2 (2)lly < L2 (Ns+ Na).

It follows from (3.22) and (3.23) that

(3.24) ¢ (2,9l x xy < L1 (N1 + N2) 4 Ly (N5 + Na).

Consequently

(3.25) ||¢('ray)||X><Y < 0.
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Next, we will prove that ¢ is equicontinuous on [1,T] : For (z,y) € B,, and t1,t3 €
[1,T], such that ¢; < t5. Thanks hypothesis (H3), we have:

o1y (t2) = o1y ()] < b [} ((og )™ = (log 2)°7") Las

F
+FL 3 i :12 (logt—2)a_1 lds’
+ I(Jl) (logt1)“~ lx(logtg)a L %:(aer) flz (log n,)a+p 1 1ds
—riy Ji (log L) Lds.
Thus,
(3.26)
o1y (t2) = ay (1) < ok [ " ((1log )" — (log 2)"") L
5 |7 (10 2)° 7" Las|
+ Iy |Sost) " Cogt) ™ | (R uConn) ™" el

and using (H3),we obtain:

|D7 ¢y (t2) — D7y (t1))] ) )
(3.27) < ﬁ( ! ((1og )"~ (log 2) """ Lds|
(log t2)a ot 1ds‘

Hence, by (3.26) and (3.27),we can write

Ly
+ T'(a—o)

o1y (t2) — o1y (1) x < %

I ((0g )™ = (log 2) ") Las|

+it [ (1o )" L]
(log t1)*~ 1 —(log t2)*~ X Ai(log )P (log 7)™
(3.28) +L; B A : 11‘(a+p+1) F(a+1))
. a—oc—1 a—oc—1
s | (<1og LT~ (log 2) 777 Las|
a—oc—1
+F(o¢ o) f (10 ) %ds
1 Lil(a) | (logt1)* ™7~ ! —(logty)*—7 1 (E;’;lAi(logni)a+P (1ogT)a)
T'(a—0o) A T'(a+p+1) T'(at+1) )
With the same arguments as before, we get
(3.29)
|12 (t2) — ¢ (t1)]]y o o
tl - -
< ot | I (s 27— (g ) ) s

(log )’8_1 %ds‘

(logtl)ﬁ '—(log t)? (Z&m(log&:)ﬁ*" (logT)B)
A T'(B+q+1) T(B+1)

o ((log%v’*‘” ~ (log 2)" ") Las|

_5—
)7 s

+ Lo

+ ity

+m ’ t
LyI'(B) (105tl)ﬁ_é_lf(logtz)ﬁ_{s_l
T T(5-9) x

S, pi(log &) te + (log T)*#
T(B+q+1) T(B+1) ) -
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Thanks to (3.28) and (3.29), we can state that ||¢ (z,y) (t2) — ¢ (z,y) (t1)| x vy —
0 as to — t1 and by Arzela-Ascoli theorem, we conclude that ¢ is completely
continuous operator.

Finally, we shall show that the set €2 defined by

(3.30) Q={(z,y) € X xY,(z,y) = po (x,y),0 < p <1},

is bounded:

Let (z,y) € Q, then (z,y) = p¢ (z,y), for some 0 < p < 1. Thus, for each
€ [1,T], we have:

(3.31) z (t) = pory (1), y (1) = ppo (1)
Then

t a—1 |f1(sw(s),Dy(s)
Lia (1) Sﬁfl( 5) [hloate) Do) 4
(log T)~~* i a+p—1 |f1(s,y(s),Dy(s)
(3.32) +‘ Al F(a+p) fl ( s) ol s )|d3

a—1 |f1(sy(s),D°y(s)
+Fo¢)f1( s) M(l

S

Thanks to (H3), we can write

a—1
%|$(t)| = I‘(a f1 ( ¢ ﬁ) lds

a— s : S\ atp—1

(333) 1(10|8A7|1) |: r‘(aer) fl log ni ) p— 1d

gy Sy (log 7)™ Lds] .

Therefore,
(log T)> | (logT)*~* /3™ Ni(logm:)* TP | (log T)®

(3.34) |z (1) < pLilviy + 4 ar— (5ot Dy arD))]
Hence,
(3.35) | (t)| < pLiN.
On the other hand,

11D7% (1))

t a—o—1 |f(sy(s),Dy(s)

< gy Ji (o 1) MO 20 g
3.36 I'(a)(logt)*— o1 | oM i \at+p—1 |f ,y(S)D y(s)
(3:36) + (F)Eoﬁg))w F(a+p 7 i (log %) hie Las

a—1 |fi(s,y(s),D°y(s)
+Fa)fl ( s) Md
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By (H3), we have

L1D7g (1)

O < [ + TR (B )]

Therefore,

(3.38) < D7 ((lo)g‘T)a 7 T(@)(logT)*" 7~ (o™ Xi(logn:)* TP | (log T)®
pL { Fa—ofD) T T(a—o)[A| ( T(atpr1) T(atl) )} :

Thus,

(3.39) ID° (@)]] < pLi N,

From (3.35) and (3.39) we get

(3.40) z]lx < pL1 (N1 + Na).

Analogously, we can obtain

(3.41) lylly < pLa (N3 + Na).

It follows from (3.40) and (3.41) that

(3.42) (2, 9)llxxy < p[Ly (N1 + Na)+ Lo (N3 + Na)J.

Hence,

(3.43) 16 9y < o0.

This shows that the set € is bounded.

As a consequence of Schaefer’s fixed point theorem, we deduce that ¢ has at
least a fixed point, which is a solution of coupled system (1.1). O

4. Examples

Example 4.1. Let us consider the Hadamard coupled system:

\Dzym‘

5 _ 1 ly(t)]
sz(t)  8(t+2)2 <1+y(t) + (1+‘D2

‘ )—l—cos 1+t+t%),te[l,e,

t)
(4.1) D3y (1) = ST (Sln|x )+ H—t sin | D3z (¢ )D +In(2+1¢7),t € [L,e],
z (1 )—om 2020(5) + 12x<§)+£ 2a(D),
a 4
y(1) =0,y(e) = 3I3a(}) + 215x(3) + LI5a(3),
For this example, we have for ¢ € [1, €]
_ z| ty| .
filt,z,y) = S(tiQ)z (ﬂﬂz‘ + zmi\y\)) +cos(1+t+1t%), z,y €R,

fo(t,z,y) = m (sin |x| + H;rtz sin |y|) +1n (2 + t2) , z,y € R.
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Taking z,y,z1,y1 € R,t € [1,¢€], then:

lfr (t2,y) = fi (821, 90)| < gz |2 — 2| + m ly =l
f

|fo (82, y) = fo (8,20, 91)] < 557z |2 — x1|+2t0%+t2)|y—y1\.
So, we can take
1 t

BT B T
and

2
az(t) = g5, ba(t) = ~ehtlss.

It follows then that

1 1
W1 = SUPyeqy ] A1 (t) = 73> W2 = SUDP¢c[1,¢] by (t) = im >,
e+e

@1 = SWPep ) G2 (1) = 7775 @2 = SWreq e b2 (H) = nrey

Ny =1,3234, N, = 1,5028, N3 = 1,3153, N, = 1,4974.

and A = 1.0246, A = 1.020,
(N1 + Na) (wn +w2) + (N3 + Ny) (w1 + w2) =0,3054 < 1.

Hence by Theorem 5, then the system (4.1) has a unique solution on [1, ¢

Consider the following coupled system:

Example 4.2.
sin( |y(¢)|+|D4y(t)
Dix(t) = (yt2+5’t+21y ) telel,
; cos( |z(t)|+|D5 x(t)
» e
v (1) = 0,2 (e) = 813 () + 713 (3) + 117 (3)
y(1)=0,y(e) =515 () + 515 (3) +§1° (5) -
Then, we have
sin(ly(t)|+| D% y(1)
fl (t’x7y): (yt2+5|t+21y D,%yERv
cos( |z(t)|+|D5 x(t)
f2(t,z,y) = ( t2+t+|20,r |),m,y€R-

Let 2,y € Rand t € [1,¢]. Then

|1 (29| < mmss e (6 2,9)| < mrison
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So we take

- 1 - L
1y (t) = mab (t) T 2 4t+207

Then
L, =0,1250, Ly = 0,0154.

Thanks to Theorem 6, the system (4.2) has at least one solution on [1,€].

1.

10.

11.

12.

13.

REFERENCES

M. R. Ali, A.R. Hadhoud and H.M. Srivastava: Solution of fractional Volterra-Fredholm
integro-differential equations under mized boundary conditions by using the HOBW
method. Advances in Difference Equations. Article ID 115, (2019), 1-14.

. B. Ahmad, S.K. Ntouyas: A fully Hadamard type integral boundary value problem of

a coupled system of fractional differential equations. Fract. Calc. Appl. Anal. 17(2),
(2014), 348-360.

. A. Anber, S. Belarbi and Z. Dahmani: New existence and uniqueness results for frac-

tional differential equations. Analele Stiintifice ale Universitatii Ovidius Constanta Se-
ria Matematica. Vol. 21(3), (2013), 33-41.

. C.Z. Bai and J.X. Fang: The existence of a positive solution for a singular coupled

system of nonlinear fractional differential equations. Applied Mathematics and Com-
putation. 150(3), (2004) 611-621.

. D. Delbosco, L. Rodino: FExistence and uniqueness for a nonlinear fractional differential

equation. J. Math. Anal. Appl. 204, 3(4), (1996), 429-440.

. K. Diethelm, N.J. Ford: Analysis of fractional differential equations. J. Math. Anal.

Appl. 265(2), (2002), 229-248 .

. K. Diethelm, G. Walz: Numerical solution of fraction order differential equations by

extrapolation. Numer. Algorithms. 16(3), (1998), 231-253,

. M. Houas, Z. Dahmani, M. Benbachir: New results for a boundary value problem for

differential equations of arbitrary order. International Journal of Modern Mathematical
Sciences. 7(2), (2013), 195-211.

. M. Houas, Z. Dahmani: New results for a coupled system of fractional differential

equations. Facta Universitatis (NIS) Ser. Math. Inform. 28(2),(2013), 133-150.

M. Houas, Z. Dahmani: New results for a system of two fractional differential equations
involving n Caputo derivatives. Kragujevac J. Math. 38 (2014), 283-301.

A.M.A. El-Sayed: Nonlinear functional differential equations of arbitrary orders. Non-
linear Anal. 33(2), (1998), 181-186.

V. Gafiychuk, B. Datsko, and V. Meleshko: Mathematical modeling of time fractional
reaction-diffusion systems. Journal of Computational and Applied Mathematics. 220(1-
2), (2008), 215-225.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo: Theory and applications of fractional dif-

ferential equations. North-Holland Mathematics Studies, 204, Elsevier Science B.V.
Amsterdam, 2006.



85

6 M. Houas and K. Ould Melha

14. V. Lakshmikantham, A.S. Vatsala: Basic theory of fractional differential equations.

15.

16.

17.

18.

19.

20.

21.

22.

Nonlinear Anal. 69(8), (2008), 2677-2682.

J. Liang,Z. Liu, X. Wang: Solvability for a couple system of nonlinear fractional differ-
ential equations in a Banach space. Fractional Calculus and Applied Analysis. 16(1),
(2013), 51-63.

F. Mainardi, Fractional calculus: Some basic problem in continuum and statistical
mechanics. Fractals and fractional calculus in continuum mechanics. Springer, Vienna.
1997.

S.K. Ntouyas: Ezistence results for first order boundary value problems for fractional
differential equations and inclusions with fractional integral boundary conditions. Jour-
nal of Fractional Calculus and Applications. 3(9),(2012), 1-14.

I. Podlubny, I. Petras, B.M. Vinagre, P. O’leary, L. Dorcak: Analogue realizations of
fractional-order controllers. Fractional order calculus and its applications. Nonlinear
Dynam. 29(4),(2002), 281-296.

M.U. Rehman ,R.A Khan and N.A Asif :Three point boundary value problems for
nonlinear fractional differential equations. Acta Mathematica Scientia 2011,31B(4),
1337-1346.

H. M. Srivastava, A.M. A. El-Sayed and F. M. Gaafar: A class of nonlinear boundary
value problems for an arbitrary fractional-order differential equation with the Riemann-
Stieltjes functional integral and infinite-point boundary conditions. Symmetry. 10(10),
(2018), 1-13.

X. Su: Boundary value problem for a coupled system of nonlinear fractional differential
equations. Applied Mathematics Letters. 22(1),(2009, 64-69 .

I. Tejado, B. M. Vinagre, O.E. Traver, J. Prieto-Arranz and C. Nuevo-Gallardo: Back
to basics: Meaning of the parameters of fractional order PID controllers. Mathemat-
ics.7(2019), Article ID 533, 1-10.

23. J. Wang, H. Xiang, Z. Liu: Positive solution to nonzero boundary values problem for

a coupled system of nonlinear fractional differential equations. International Journal of
Differential Equations. Article ID 186928, 12 pages, 2010.

24. W. Yang: Positive solutions for a coupled system of nonlinear fractional differential

equations with integral boundary conditions. Comput. Math. Appl. 63,(2012), 288-297.

25. Y. Zhang, Z. Bai, T. Feng: FEuxistence results for a coupled system of nonlinear

fractional three-point boundary value problems at resonance. Comput. Math. Appl.
61,(2011) 1032-1047.

Mohamed HOUAS
Laboratory FIMA, UDBKM, University of Khemis Miliana, Algeria
houasmed@yahoo.fr

Khellaf OULD MELHA
Department of Mathematics
University of Chlef, Algeria

k.ouldmelha@univ-chlef.dz



FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 35, No 3 (2020), 857-872
https://doi.org/10.22190/FUMI2003857S

FIXED POINT THEOREMS USING IMPLICIT RELATION IN
PARTIAL METRIC SPACES

Gurucharan Singh Saluja

(© by University of Nis, Serbia | Creative Commons Licence: CC BY-NC-ND
Abstract. This paper aims to establish some C using implicit relation in the frame-
work of complete partial metric spaces, and also, to obtain other well-known results
as corollaries to the result. The results presented in this paper extend and generalize
several results from the existing literature to the setting of more general metric spaces
and contraction conditions.
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1. Introduction and Preliminaries

Let (X, d) be a metric space and let S: X — X be a self-mapping.
(7) A point x € X is called a fixed point of S if z = Sz.

(79) S is called contraction if there exists a fixed constant 0 < r < 1 such that
(1.1) d(S(x), S(y)) < rd(z,y)

for all z,y € X. If X is complete, then every contraction has a unique fixed point
and that point can be obtained as a limit of repeated iteration of the mapping at
any point of X (the Banach contraction principle). Obviously, every contraction is
a continuous function. The Banach contraction mappings principle is the opening
and vital result in the direction of fixed point theory. Subsequently, several authors
have devoted their concentration to expanding and improving this theory (see, e.g.,
[6, 7, 15, 16, 22, 23, 24]).

Matthews ([12, 13]) launched the notion of partial metric space and proved
equivalent result of Banach’s theorem in such spaces. Afterwards, a multitude of
results was obtained in these spaces (see, e.g., [2, 3, 9, 10, 15, 18, 20, 21]). Also,
the concept of PMS provides to study denotational semantics of dataflow networks
[12, 13, 17, 19].
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Matthews [12] introduced the notion of partial metric spaces as follows:

Definition 1.1. ([12]) Let X be a nonempty set and let p: X x X — R be a
function satisfy

(p1) z =y < p(z,z) = p(z,y) = p(y,y),

(p2) p(z,z) < p(z,y),

(3) p(z,y) = p(y, ),

(p4) p(z,y) < p(z,2) +p(z,y) — p(2,2),

for all z,y,z € X. Then p is called partial metric on X and the pair (X, p) is
called partial metric space.

It is clear that if p(z,y) = 0, then from (pl) and (p2) we obtain z = y. But
if £ = y, p(x,y) may not be zero. Various applications of this space has been
extensively investigated by many authors (see [11], [18] for details).

Example 1.1. ([4]) Let X = R*" and p: X x X — R" given by p(z,y) = max{z,y} for
all z,5y € RT. Then (R*,p) is a partial metric space.

Example 1.2. ([4]) Let X = {[a,b] : a,b € R,a < b}. Thenp([a7 b], [c, d]) = max{b,d} —

min{a, c} defines a partial metric p on X.

Remark 1.1. ([8]) Let (X, p) be a partial metric space.

(al) The function das: X x X — R* defined as das(z,y) = 2p(z,y) — p(z, ) — p(y,y)
is a (usual) metric on X and (X, da) is a (usual) metric space.

(a2) The function ds: X x X — R" defined as ds(z,y) = max{p(z, y)—p(z, ), p(z, y)—
p(y,y)} is a (usual) metric on X and (X, ds) is a (usual) metric space.

Note also that each partial metric p on X generates a Tj topology 7, on X,
whose base is a family of open p-balls {B,(z,¢) : € X,e > 0} where By(z,¢) =
{ye X :p(x,y) <p(z,z)+e} forall z € X and € > 0.

On a partial metric space the notions of convergence, the Cauchy sequence,
completeness and continuity are defined as follows [12].

Definition 1.2. ([12]) Let (X, p) be a partial metric space. Then

(b1) a sequence {z,} in (X,p) is said to be convergent to a point z € X if and
ounly if p(z, z) = limy— 0 p(Tn, ),

n i i i m,n o0 mo n i
(b2) a sequence {z,} is called a Cauchy sequence if lim,; — oo P(Tm, Tn) exists
and finite,
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(b3) (X, p) is said to be complete if every Cauchy sequence {z,} in X converges
to a point x € X with respect to 7,. Furthermore,

i p(&m, 2n) = L p(an, 2) = p(z, ).
(b4) A mapping F': X — X is said to be continuous at x¢ € X if for every e > 0,
there exists 6 > 0 such that F(Bp(xo, 5)) C B, (F(:vo), 5).

Definition 1.3. ([14]) Let (X, p) be a partial metric space. Then
(c1) a sequence {z,} in (X,p) is called 0-Cauchy if lim,, p—so0 P(Tm, Zn) =0,

(c2) (X,p) is said to be 0-complete if every 0-Cauchy sequence {z,} in X con-
verges to a point x € X, such that p(z,x) = 0.

Lemma 1.1. ([12, 13]) Let (X,p) be a partial metric space. Then

(d1) a sequence {x,} in (X, p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X, dpr),

(d2) (X, p) is complete if and only if the metric space (X,dnr) is complete,

(d3) a subset E of a partial metric space (X, p) is closed if a sequence {x,} in
E such that {x,} converges to some x € X, then z € E.

Lemma 1.2. ([1]) Assume that x,, = z as n — oo in a partial metric space (X, p)
such that p(z,z) = 0. Then lim, oo p(Tn,y) = p(z,y) for everyy € X.

Now, an implicit relation has been introduced to investigate some fixed point
and common fixed point theorems in partial metric spaces.

Definition 1.4. (Implicit Relation) Let ¥ be the family of all real valued con-
tinuous functions : Ri — Ry, for four variables. For some h € [0,1), we consider
the following conditions.

(rl) For z,y € Ry, if y < ¢Y(z,z,y, %), then y < hz.

(r2) For z € Ry, if y <4(0,0,y, %), then y = 0.
(r3) For x € Ry, if y < (y,0,0,y), then y = 0, since h € [0, 1).

The purpose of this paper is to establish some fixed point and common fixed
point theorems in the setting of partial metric spaces using implicit relation. The
results of findings extend and generalize several results from the existing literature.
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1.1. Main Results

In this section, some fixed point and common fixed point theorems shall be
proved using implicit relation in the framework of partial metric spaces.

Theorem 1.1. Let (X,p) be a complete partial metric space and let T: X — X
be a mapping satisfying the inequality

p(Tz,Ty) < zlf{p(aay),p(x,T$)7p(y,Ty),

%[p(w’ Ty) + p(y, Tw)]}7

for all x,y € X and some v € V. Then we have

(a) If ¢ satisfies the conditions (r1) and (r2), then T has a fized point. Moreover,
for any xg € X and the fixed point z, we have

(1.2)

n

1-h

p(Tn, 2) < ( )p(l’o,TiEo)-
(b) If 9 satisfies the condition (r3), then T admits a unique fized point.

Proof. (a) For each zp € X and n € N, put x,, 41 = T'z,,. It follows from (1.2) and
(p4) that

P(@n, tny1) = p(Tep—1,Tzy)
< w{p(en-1,20),p(En-1, 1), p@n, Tan),
%[ (zn—lyTxn) +p(93men—1)]}
< e{p@a1,20) P01, 20), (0, T0r),
S P01, 2 s) + P 2]}
< d){p(xn—lamn)ap(xn 17In) p(znaxn-',-l)a
%[p(mnfl,wn) +p(Tn, Tnt1) — p(xn,:vn)]}
S T/J{p(@"n—hxn)ap(l‘n 171‘71) (xnaxn-i-l)a
(13) S (a1, 0) + plan, 70 11)]

Since v satisfies the condition (r1), there exists h € [0,1) such that
(14) p(xna-rnJrl) S hp(‘%‘nfla-rn) S hnp(aj07x1)~
Set A, = p(xp, Tnt1) and A,—1 = p(xy—1,2,), then from (1.4), we obtain

Ap < hA,_1 <h*A, 5 <--- < h"A,.



Fixed Point Theorems Using Implicit Relation. .. 861

Now, we show that {z,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.4), we have

P(@n, Tm) < p(@n, Tpg1) + P(@ng1, Tog2) + o+ P(Tngm—1, Tm)
(g1, anrl) — p(Tp2, xn+2> - p(SL‘ner,l, $n+mfl>
Rp(xo, 21) + " p(ag, z1) + - + A" T p(xg, 21)
= h"[p(zo, 1) + hp(zo, x1) + -+ - + K™ 'p(wo, 1))
= h"1+h+--+h" 1A

1— et
= hn( 1—h )AO'

Taking n,m — oo in the above inequality, we get p(xy, Tm,) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus by Lemma 1.1 this sequence will also
Cauchy in (X, dps). In addition, since (X, p) is complete, (X, dys) is also complete.
Thus there exists z € X such that z,, — z as n — oco. Moreover by Lemma 1.1,

(1.5) p(z,2) = lim p(z,20) = lHm_ p(an, &m) =0,
implies
(1.6) nl;rréo dy(z,25) = 0.

Moreover, taking the limit as m — oo we get

n

P(@a,2) < (77 Jplar, o).

It implies that

n

p(Txy,z) < (1 h)p(x(tho).

Now, we show that z is a fixed point of T. Notice that due to (1.5), we have
p(z, z) = 0. By using inequality (1.2), we get
p(anrlvTZ) = p(Tmn,Tz)

< ¢{p(en, 2),p(en, Ton), p(z T2),
1

5[P(@n, T2) + p(=.T2)]}

¢{P(=’Em z),p(xn,xnﬂ)m(z, TZ)7

S 1P, T2) + (2, 70 )]}

Note that ¢ € ¥, then taking the limit as n — co and using (1.5) and Lemma 1.2,
we get

p(z,Tz) < w{O,O,p(z7Tz), %p(z,Tz)}.



862 G.S. Saluja

Since 1 satisfies the condition (72), then p(z,7%) < h.0 = 0. This shows that
z=Tz. Thus z is a fixed point of T

(b) Let z1, 22 be fixed points of T with z; # zo. We shall prove that z; = z5. It
follows from equation (1.2) and (1.5) that

p(z1,22) = p(Tz1,T2)
>~ w{p(zb22)7P(217T21)ap(22,TZ2)7

A

Il
<=
— =
=
—~
I
—
I\
N
— . —

s
—~
I
—
N
)
N
s
—~
N
[
IS
]
=

Since 1) satisfies the condition (r3), then we get

hp(z1,22)

p(z1,22) <
= p(z1,22) =0, since 0 < h < 1.

This shows that z; = z5. Thus, the fixed point of T" is unique. This completes the
proof. [

Theorem 1.2. Let Ty and Ty be two self-maps on a complete partial metric space
(X,p) and

p(Thz, Toy) < w{p(x,y)m(%Tﬁ),p(y,sz),

p(z, Toy) + p(y, T1z) }

(1.7) y

for all x,y € X and some ¢ € V. Then Ty and Ty have a unique common fixed
point in X.

Proof. For each zp € X. Put zo,4+1 = Tizo, and xgp40 = Tozon41 for n =
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0,1,2,.... It follows from (1.7), (p4) and Lemma 1.1 that

p($2n+1, 1’2n) = p(Tle2n7 TzIzn—l)

A

< ¢{P($2m Ton—1), P(T2n, T1T2n), P(T2n—1, To®2n—1),

P(@on, Toxan—1) + p(xan—1,T122n) }
2

T/){p(lbn, xzn—l), p(l‘zn, $2n+1),p($2n—17 $2n)7

D(Zan, Tan) + D(T2n—1, Tant1) }
2

1/1{]7(9327” x2n—1)ap(x2n7 z2n+1)7p('r2n—17 IQn)a

IN

p($2n717 xQn) +p(x2n7 $2n+1) - p(xva 55271) }
2

1/J{P($2m x2n71>7p(x2n7 x2n+1)7p(x2n717 xQn)a

IN

(1.8) P(T2n—1,T2n) 42-]?(96‘27“ Ton41) }

Since 1 satisfies the condition (r1), there exists h € [0, 1) such that

(1.9) P(@2n41, T2n) < hp(@2n, T2n—1) < B*"p(z1,70).

Now, we show that {x,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.9), we have

P(Tn, Tm) < P(@n, Tng1) + P(Tng1s Tug2) + 0 F P(Tngpm—1, Tm)
—P(Znt1, Tnt1) — P(@Tnt2, Tnt2) — - — P(Tntm—1, Trntm—1)
R"p(xo, x1) + h" T p(zg, 21) 4+ - 4+ BT p(zg, 1)
= h"[p(xo,x1) + hp(xo, 21) + - - - + B p(x0, 21)]

RM[L+h+ -+ "™ p(zg, x1)

L -

Taking n,m — oo in the above inequality, we get p(xy,, Tm) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus, by Lemma 1.1 this sequence will also
Cauchy in (X, dps). In addition, since (X, p) is complete, (X, dys) is also complete.
Thus there exists u € X such that x,, — u as n — oo. Moreover by Lemma 1.1,

(1.10) plu,u) = lim pu,en) = N pan, &m) =0,
implies
(1.11) lim dps(u,z,) = 0.

n—00
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Now, we have to prove that w is a common fixed point of T} and T,. For this,
consider

p(@ong1, Thu) = p(Tizo,, Thu)

IN

¢{p(x2na U),P($2m Tlen)ap(ua Tlu)v

p(x2n, Thu) + p(u, T1T2y,) }
2

w{p(x?ru Z‘),p(l'Qn, x2n+1)ap(u7 Tlu)7

(T2, Thu) + p(u, T2 41) }
5 )

Note that 1) € ¥, then using (1.10), Lemma 1.2 and taking the limit as n — oo, we
get

) p(u,Tlu)).

p(u7Tlu) S w(OaOaP(U,Tw 2

Since 1 satisfies the condition (r2), then p(u,Tiu) < h.0 = 0. This shows that
u = Thu for all w € X. Similarly, we can show that u = Thu. Thus, u is a common
fixed point of 77 and T5.

Now, to show that the common fixed point of 7} and 75 is unique. For this,
let ' be another common fixed point of T} and T5, that is, Tiu' = Thu' = v’ with
u’ # u. Then we have to show that v = v'. Tt follows from equation (1.7) and
(1.10) that

p(u,u’) = p(Tyu, Tou')
w{p(’uﬂ ul)7p(ua Tlu)a p(u/a TQU/),

p(u7 TQUI) + p(ul7 Tlu) }
2

= %/f{p(uv u'),p(u, u),p(u’, u/)a

p(U»U);p(%U)}

= UJ{P(% u'),0,0, p(u, u’)}

IN

Since 1) satisfies the condition (r3), then we get

plu,v') < hp(u,u)
= plu,u’) =0, since 0 < h < 1.

Thus, we get u = u’. This shows that u is the unique common fixed point of T}
and T5. This completes the proof. [
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Theorem 1.3. Let T and Ty be two continuous self-maps on a complete partial
metric space (X,p) and

(T Tyy) < w{p(e.y)ple, T"0),p(y, T3y),
Ty Tm
(1.12) p(z, zy);p(y, i x)}

for all x,y € X, where m and n are some integers and some ¢ € V. Then Ty and
Ts have a unique common fized point in X.

Proof. Since T7" and T3 satisfy the conditions of Theorem 1.2. So 77" and 73" have
a unique common fixed point. Let z be the common fixed point. Then, we have

TMz=z=T(T{"2) =Tiz
= T (Thz) =Thz.

If Tz = zp, then T{" 29 = z9. So, T1z is a fixed point of T7". Similarly, To(T9'z) =
T5z. Now, using equation (1.12) and Lemma 1.1, we obtain

p(=Tiz) = p(T7"2 T (Th2)
< o{p(Te)p(, I72), p(Ta2, T (T12)),
p(szlm(le)) —I—p(T127T1mZ) }
2
Ql){p(Z7T12),p(Z,Z),p(le,T12)7

p(z,Thz) + p(Thz, 2) }
2
(z,Thz) +p(z,T12) }
2

A

= ’l/){p(Z,TlZ),O7O,p

= ¢{P(27T12),0707P(Z,T12)}~
Since v satisfies the condition (r3), then we get
p(Z,T1Z) < hp(Z,le)
= p(z,T1z) =0, since0 < h < 1.
Thus, we have z = Ty z for all z € X. Similarly, we can show that z = Tbz. This
shows that z is a common fixed point of 77 and T5. For the uniqueness of z, let
2z’ # z be another common fixed point of 77 and T5. Then clearly z’ is also a

common fixed point of 77" and T3 which implies 2’ = z. Hence T} and T» have a
unique common fixed point. This completes the proof. [

Theorem 1.4. Let {F,} be a family of continuous self mappings on a complete
partial metric space (X,p) satisfying

p(Fox, Fgy) < @b{p(x7y),p(af7Fam),p(y,ng),

p(x, Fpy) + p(y, Fax))
2

(1.13)
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for a,B € U with a # 5 and x,y € X. Then there exists a unique u € X satisfying
Fou=wu foralla e V.

Proof. For xg € X, we define a sequence as follows:
Toan41 = Fpxon, Ton42 = Fﬁx2n+17 n=0,1,2,....
It follows from (1.13), (p4) and Lemma 1.1 that

p($2n+1, x2n) = p(Faxm, Fﬁxznq)

IN

w{l’(%m x277,—1)ap(x2n7 FaxQn)ap(xQn—la FﬁxQn—l)a

p(anv Fﬁx2n71) +p($2n—1, FaxZn) }
2

= 1/J{P(332m$2n71)7p($2m!E2n+1)ap($2n7173«”2n),

p(l‘2n, Jan) + p(x2n—17 $2n+1) }
2

w{p(ﬂhn, -77271—1)’ p($2n, $2n+1)7p(x2n—17 -T2n)a

IN

P(ZTon—1, Tan) + D(T2n, Tont1) — P(T2n, Tan) }
2

1/J{p($2n, x2n71)7 p(xzn, $2n+1),p($2n717 an);

IN

(1.14) P(T2n—1,T2n) —;—p(mgm Tont1) }

Since 1) satisfies the condition (r1), there exists h € (0, 1) such that

(1.15) (@041, T2n) < hp(@2n, Tan—1) < B*"p(z1,20).

Now, we show that {x,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.15), we have

P(@n,Tm) < P(Tny Tng1) + P(Tnt1; Tng2) + 00+ P(Tntm—1, Tm)
—p(anrh mn+1) - p(xn+2v mn+2) - p(anrm,l, xn+m71)
< R'(zo,x1) + W p(xo, 1) + - + AT p(xg, 21)
W [p(wo, 1) + hp(zo,x1) + - - + K" ' p(w0, 71)]
= h"1+h+-+h" plzg,21)

< h"(%)p(%,xl)-

Taking n,m — oo in the above inequality, we get p(xy,, x,,) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus, by Lemma 1.1 this sequence will also
Cauchy in (X, dys). In addition, since (X, p) is complete, (X, dys) is also complete.
Thus there exists v € X such that z,, = v as n — co. Moreover by Lemma 1.1,

(1.16) p(v,0) = lim plv,z,) = lim  plan,a) =0,

li
n,m—
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implies

(1.17) lim dps(v,z,) = 0.

n— oo

By the continuity of F, and Fpg, it is clear that F,v = Fgv = v. Therefore v is a
common fixed point of F,, for all o € W.

In order to prove the uniqueness, let us take another common fixed point v’ of
F, and Fj where v # v'. Then from equation (1.13) and (1.16), we obtain
p(v,v') = p(Fav, Fa')
< w{p(v.v). pv, Fav). p(v', Fv'),

p(v, Fpv') +p(v’7Fav)}
2

= 1/1{27(07 ’Ul),p(’U, ’U),p(’Ul, U’),

p(vvv);p(v,v)}

= w{p(v, v"),0,0, p(v, v')}.

Since v satisfies the condition (r3), then we get

hp(v,v')

p(v,v") <
= p(v,v") =0, since 0 < h < 1.

Thus, we get v = ¢’ for all v € X. This shows that v is a unique common fixed
point of F, for all « € ¥. This completes the proof. [

Next, we give analogues of fixed point theorems in metric spaces for partial
metric spaces by combining Theorem 1.1 with ¢ € ¥ and ¢ satisfies conditions
(rl), (r2) and (r3). The following corollary is an analogue of Banach’s contraction
principle.

Corollary 1.1. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tx, Ty) < ap(z,y)

for all z,y € X, where a € [0,1) is a constant. Then T has a unique fixed point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with t(uq,us, us,us) = auy for
some a € [0,1) and all uy, ug, us,uy € Ry. O

The following corollary is an analogue of R. Kannan’s result [7].
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Corollary 1.2. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tz, Ty) < blp(x,Tz) + p(y, Ty)]

for all z,y € X, where b € [0, %) s a constant. Then T has a unique fized point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with ¥ (uq, u2, us, us) = b(us + us)
for some b € |0, %) and all uy,ug,us,us € Ry. Indeed, ¥ is continuous. First, we

have ¢ (x, z,y, %) =b(z+y). So, if y < Y(z,z,y, %), then y < (%b)z with

(ﬁ) < 1. Thus, T satisfies the condition (r1).
Next, if y < 1(0,0,y, %) = b(0 +y) = by, then y = 0, since b < 3 < 1. Thus, T
satisfies the condition (r2).

Finally, if y < ¢(y,0,0,y) = b.0 =0, then y = 0. Thus, T satisfies the condition
(r3). O

The following corollary is an analogue of S. K. Chatterjae’s result [6].

Corollary 1.3. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tx, Ty) < clp(x, Ty) + p(y, Tz)]

for all x,y € X, where ¢ € [0, %) is a constant. Then T has a unique fized point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with ¢ (uy, us, us, uq) = cuy for
some ¢ € [0,1) and all uy,ug,us,ugs € Ry. Indeed, ¢ is continuous. First, we

have ¥(z, z,y, %) = c(%) So, if y < ¢(x,x,y, %), then y < (ﬁ)x with

<Qic) < 1. Thus, T satisfies the condition (r1).

Next, if y <(0,0,y, %), then y = 0 since ¢ < 1. Thus, T satisfies the condition
(r2).

Finally, if y < ¢(y,0,0,y) = cy, then y = 0 since ¢ < 1. Thus, T satisfies the
condition (r3). O

The following corollary is an analogue of S. Reich’s result [16].

Corollary 1.4. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tx, Ty) < Ly p(w,y) + Lo p(x, Tx) + Lz p(y, Ty)

for all x,y € X, where Ly, Lo, L3 > 0 are constants with L1 + Lo + L3 < 1. Then
T has a unique fized point in X. Moreover, if Lz < %, then T is continuous at the
fixed point.
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Proof. The assertion follows using Theorem 1.1 with ¢ (uy, ug, us,uq) = Liu +
Lous + Laus for some Ly, Lo, L3 > 0 are constants with Ly + Ly + L3 < 1 and

all uy,us,uz,uy € Ry. Indeed, 1 is continuous. First, we have 9 (z,z,y, "”TW) =

Lix+ Loz + Lgy. So, if y < ¢(z,z,y, ‘TT“’), then y < (Lll%LLS?)x with (Lll%LL;) <1.
Thus, T satisfies the condition (r1).

Next, if y <(0,0,y,%) = L1.0 + L2.0 + L3.y = L3y, then y = 0 since Lg < 1.
Thus, T satisfies the condition (r2).

Finally, if y < (y,0,0,y) = L1.y + L2.0+ L3.0 = L1y, then y = 0 since L < 1.
Thus, T satisfies the condition (r3). O

Example 1.3. Let X = [0,1]. Define p: X x X — R" as p(z,y) = max{z,y} with
T: X — X by T(xz) = 5. Clearly (X,p) is a partial metric space. Now, let z < y. Then
choose r = % and y = 1, we have p(Tz, Ty) = ¥, p(x,y) =y, p(z,Tx) = =, p(y, Ty) = v,
p(mva) =T, p(y7 T:Ij') =Y.

(i) Now, we consider

p(Tz,Ty) =

wl

< ay,
or a > % If we take 0 < a < 1, then T satisfies all the conditions of Corollary 1.1. Hence,

applying Corollary 1.1, T" has a unique fixed point. Here it is seen that 0 € X is the unique
fixed point of 7.

(ii) Now, we consider

p(Tx,Ty) =

wl

<b(z+y),
putting x = % and y = 1 in the above inequality, we get

< 5b,

Wl
| o

or b > %. If we take 0 < b < %, then T satisfies all the conditions of Corollary 1.2. Hence,
applying Corollary 1.2, T" has a unique fixed point and the unique fixed point T"is 0 € X.

(iii) Now, we consider

p(Tz,Ty) =

wl

<clz+y),
putting x = % and y = 1 in the above inequality, we get

<56

W =
N W

or ¢ > %. If we take 0 < ¢ < %, then T satisfies all the conditions of Corollary 1.3. Hence,

applying Corollary 1.3, T has a unique fixed point and it is 0 € X.



870 G.S. Saluja

(iv) Now, we consider

p(Tz, Ty) =

wle

< Ly + Lox + L3y,

putting x = % and y = 1 in the above inequality, we get

1 1
— <L —L L
3S 1-1-2 2 + Ls,
Ifwetake(l)L1:%,ngéandLg,:O(Z)Ll:%,LQZOamdng%amd(i’))leo7

Lo = i and L3z = %, then T satisfies all the conditions of Corollary 1.4. Hence, applying

Corollary 1.4, T has a unique fixed point and it is 0 € X.

Open Question: Can we extend the results for graphic contraction as defined
in Younis et al. [22, 23, 24]?

2. Conclusion

In this paper, we have established some fixed point and common fixed point the-
orems using implicit relation in the framework of complete partial metric spaces,
and also obtained the well-known Banach contraction principle, Kannan contrac-
tion, Chatterjae contraction and Reich contraction as corollaries to the result. The
results extend, unify and generalize several results from the existing literature to
the setting of a more general class of metric spaces and contraction conditions.
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Abstract. A Boolean function is a function f : Z2 — {0, 1} and we denote the set of all
n-variable Boolean functions by BF,,. For f € BF), the vector [W¢(ao), ..., Ws(azn—1)]
is called the Walsh spectrum of f, where Wy (a) = X:IEV(—I)’I(”)@‘“”7 where V,, is the
vector space of dimension n over the two-element field F». In this paper, we shall
consider the Cayley graph I'; associated with a Boolean function f. We shall also find
a complete characterization of the bent Boolean functions of order 16 and determine
the spectrum of related Cayley graphs. In addition, we shall enumerate all orbits of the
action of automorphism group on the set BF,,.

Keywords: Boolean function; Walsh spectrum; Cayley graph; automorphism group.

1. Introduction

Suppose V,, is the vector space of dimension n over the two-element field F'5, namely
the set of all n-tuples of elements in the field F's and & denotes the addition operator
over both F'5 and the vector space V,,, where V,, is the vector space of dimension n
over the two-element field F5. A Sylvester-Hadamard matrix of order 2" denoted
by H, is defined recursively as

1 1

(1.1) Ho=1, Hy = [ L

:|,...,Hn_H1®Hn_1, n:1,2,...

where ® denotes to Kronecker product or Tensor product.

For two vectors a,b € Z%, where a = (a1, ..., a,) and b = (b1, ..., by),
we define their scalar product as a-b = a1b1 ® ... ® apb,. A Boolean function
f on n-variables is a map from V,, to Vi. Suppose the vectors vy = (0,0,...,0),
v = (0,0,...,1),...,0en 1 = (1,1,...,,1) are ordered by lexicographical order. The
(0,1) sequence (f(vo), f(v1),..., f(van—1)) is called the truth table of f and BF,
denotes the set of all n-variable Boolean functions.

Received November 13, 2019; accepted February 04, 2020
2010 Mathematics Subject Classification. Primary 06E30; Secondary 05C30
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2. Walsh spectrum of Boolean functions

For the Boolean function f, the support of f denoted by Qf is Qf = {x €
7%, f(x) = 1}. The Walsh transform of an n-variable Boolean function f is an
integer valued function Wy : V,, — [-2",2"] defined by

Wiu) = > fla)(=1)"".

z€F}

For the Boolean function f, the vector [W¢(0),..., W¢(2" — 1)] is called the Walsh
spectrum of f, see [4,7,15,16]

Consider the Cayley graph I'y = Cay(Z3,y), the vertex set of the Cayley
graph T'; is V;, and two vertices u,v € V,, are adjacent if and only if f(u ®v) = 1.
This means that E; = {(u,v)|u,v € V,,, f(u® v) = 1}. Since for every a € V,,
a ®a = 0, one can verify that for Oy C V,,, we have x = —x € Qy. We denote
this class of Cayley graphs constructed by a Boolean function as B-Cayley graphs.
In Appendix I, all Boolean functions of order 16 (where [Q2¢| = 2) and the spectra
of B- Cayley graphs are given. In Appendix II, the characterization of Boolean
functions in terms of spectrum of B-Cayley graph I'f associated with f is given. In
[5], it is proved that for given Boolean function f, the Walsh spectrum of B-Cayley
graph Cay(Z35,y) is equal with H,,.f. For example, let f = [1,0,0,1] be a Boolean
function. Then the Walsh spectrum of B-Cayley graph Cay(Z3,y) is

1 1 1
-1 1 -1
1 -1 -1
-1 -1 1

= [02,27].

— ===
_— o O =

For g = [1,1,1,1] we have H,.g = [03,4] and for h = [0,0,1,1] we have H,.h =
[—2,02,2.

Theorem 2.1. Let f be a Boolean function whose related B-Cayley graph 'y is a
bipartite reqular graph with exactly three distinct eigenvalues and -2 is the smallest
eigenvalue. Then f € F, and f = (0,1,1,0).

Proof. Suppose f satisfies in above conditions. We can suppose the spectrum of I'y
is Spec(Ty) = {[—2]™, [M]™2,[A2]™2}. Since, I'y is bipartite, Ay = 0 and A\ = 2,
see [6]. On the other hand, T'y is regular and so mg = m; = 1. If A, ..., A, are
eigenvalues of a graph, it is a well-known fact that Y., A? = 2m. This implies that
2m = 8 and so m=4. Since I'y is 2-regular, it is isomorphic with the cycle graph
Cy4. In addition, suppose V,, = {00,01,10,11} is the set of vertices of a square as
depicted in Figure 2.1. Then we have 00 + 01 = 01 € Qf and 11 4 01 = 10 € €.
Hence, f(00) = f(11) = 0 and f(01) = f(10) = 1 which yields that f=(0,1,1,0). O

Example 1. Suppose V5 = {000, 001,010,100,011,101,110,111}. If ¢ = 110 and f
= (0,0,0,0,1,1,1,10), then the related Walsh spectrum is reported in Table 1.



On the Cayley Graphs of Boolean Functions 875

0 () |

1 e 1 1

F1a. 2.1: The labeling of vertices of a square.

Table 2.1: The Walsh spectrum of f = (0,0,0,0,1,1,1,10).

v |ax | f | fl@)®ax | (1)) W(f)(a)
000 0 [0 0 1
01| 0 [0 0 1
010 | 1 [0 1 -1
100 1 |0 1 -1 0
o1t | 1 |1 0 1
1011 |1 0 1
110 0 |1 1 -1
110 |1 1 -1

3. Coloring the B-Cayley graphs

Let G be a group and X a nonempty set. An action of G on X is denoted by
(G|X) and X is called a G-set. It induces a group homomorphism ¢ from G into
the symmetric group Sx on X, where ¢(g)z = gz for all z € X. The orbit of z
will be indicated as 2¢ and defines as the set of all ¢(g)z, g € G. Suppose g is a
permutation of n symbols with exactly A; orbits of size 1, Ay orbits of size 2, ...,
and A, orbits of size n. Then the cycle type of ¢ is deﬁned as 1M 2722 pAn,
Let G = Z% and f € BF, is a Boolean function. In [17] it is showed that the
automorphism group Aut(G) acts on the set BF, as follows:

Vo, € 25, a € Aut(G) : f(x;) = f(a(z;)).

Hence, the conjugacy class of f under this action can be computed directly from
the definition and it is [f] = fA"E) = {f*: a € Aut(G)}.

Let z1, 2, ..., z, be distinct colors. Denote by Ci, ,, the set of all functions f:
{1, 2, ..., m} ={z1, z2, ..., 2, }. The action of pe §,, induced on C,, ,, is defined
by p(f) = fop~™', f € Cp . Treating the colors z1, za, ..., =, that comprise

the range of f € C,, . as independent variables the weight of f is W(f)=ILf(¢).
Evidently, W(f) is a monomial of (total) degree m. Suppose G is a permutation
group of degree m, é:{ﬁ:peG}, p is as defined above. Let pi, po,...,p: be the
distinct orbits of G.The weight of p; is the common value of W(f), f€p;. The sum
of the weights of the orbits is the pattern inventory
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Wal(z1, 22, .., 2,) = Zw(pz)

i=1

Theorem 2 [14]. (Pdlya’s Theorem) If G is a subgroup of Sy, then the pattern
inventory for the orbits of C,, , modula G is

1
Wal(z1, o, .. xp) = 1G] Z MEOP pC®) | N Cm),
peG

where M, = o8 +25+.. . +2F the k* power sum of the a’s, and (C'1(p),. . .,Cm(p))
is the cycle type of the permutation p. We now introduce the notion of cycle index.
Let G be a permutation group. The cycle index of G acting on X is the polynomial
Z(G,X) over @ in terms of in determinates z1, 2, ..., 2, t = |X|, defined by

t
(3.1) 7(G, X):L Z |C|Hxici(gc),

‘G| CeConj(G) i=1

where Conj(G) is the set of all conjugacy classes of G with representatives go € C.

Let us consider the number of ways of assigning one of the colors green or blue
to each corner of a square. Since there are two colors and four corners there are
basically 2* = 16 possibilities. However, when we take account of the symmetry
of the square we see that some of the possibilities are essentially the same. For
example, the first coloring, as in Figure 2 is the same as the second one after
rotation through 180°.

F1a. 3.1: Two indistinguishable colorings.

From above, we regard two colorings as being indistinguishable if one is trans-
formed into the other by symmetry of the square. It is easy to find the distinguish-
able colorings (in this example) by trial and error: there are just six of them, as
shown in the Figure 3.

Now consider a n bead necklace. Let us each corner of it to be colored green or
blue. How many different colorings are there? One could argue for 2". For example,
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LI

Fic. 3.2: The six distinguishable colorings.

if n = 4 and the corners are numbered 0,1,2,3 in clockwise order around the necklace,
then there are only 6 ways of coloring the necklace RRRR, BBBB, RRRB, RBBB,
RRBB and RBRB, see Figure 4. On the other hand, all colorings RBBB, BRBB,
BBRB, BBBR are in the same class. We say that they are equivalent. In other
words, the number of all non-equivalent colorings is six. This relation introduces
an equivalence relation. All equivalences are

{BBBB},

{BBBRY},{BBRB} ,{BRBB},{RBBB},
(3.2) {BBRR},{BRRBY},{RBBR},{RRBB},

{BRBR},{RBRB},

{BRRR},{RBRR},{RRBR},{RRRBY},

{RRRR} .

1T I

—® 0—0 00—

1T I
® O L

F1G. 3.3: Distinguish colorings of 4 bead necklace.

Hence, any Boolean function can be considered as a coloring of a hyper cube by two
colors 0 and 1. The different colorings yields that there are 22 Boolean functions
on n variables.

Definition 3.1. Consider the Boolean function f and B-Cayley I'y = Cay(Z3, Q).
Then f is permutational symmetric (PS) if and only if for any (z1, ..., 2,) € V,,
we have f(a(z1,...,2,)) = f(x1,...,2,), for any a € Aut(Ty).

Note that there are 2n different input values corresponding to a function. From
the above definition, it is clear that for PS functions, the function f possesses the
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same value corresponding to each of the subsets generated from the automorphism
group. As example, for n = 4, one gets the following partitions:

{(0,0,0,0)},

{(0,0,0,1)},{(0,0,1,0)},{(0,1,0,0)},{(1,0,0,0)},

{(0,0,1,1)},{(0,1,1,0)},{(1,0,0,1)},{(1,1,0,0)},
(3.3) {(0,1,0,1)},{(1,0,1,0)},

{(0,1,1, 1)}, {(1,0,1, 1)}, {(1,1,0,1)}, {(1, 1, 1,0)},

{(1,1,1, 1)},

Therefore, there are six different subsets which partition the 16 input patterns
and any 4-variable PS Boolean function can have a specific value corresponding to
each subset. If we replace in Eq.(3.3) 0 by R and 1 by B, then all above partitions
are corresponded to the different colorings of the 2-cube or cycle C4 as given in
Eq.(3.2). Hence, there is a 1-1 correspondence between non-equivalent colorings of
a n-cube and 4-variable PS Boolean functions. Let us denote

Ap(z1,. . zn) = {fla(z1,...,2,)) = f(z1,...,20): € Aut(Ty)}

that is, the orbit of (z1, ..., #,) under the action of Aut(I'y) on V,,. It is clear that
An(x1,...,2,) generates a partition in the set V,,. Let A\, = |Ay(z1,...,2,)|. Tt
is clear that there are 2*» number of n-variable PS Boolean functions. Let T 7 is
B-Cayley graph constructed by given Boolean function f. From Polya’s Theorem,

we get that
t
1
)\n: |C‘ QCi(gC)
Ay, 2 911
onj(G) 1=l

in which every variable in Eq. (3.1) is replaced by 2. Hence, we proved the following
theorem.

Theorem 3.1. For given Boolean function f, the number of PS Boolean functions
18

t
1
)\n: C 201(!]0)
Awry . 2 Ol

CeConj(G)  i=1

4. Application in chemistry: Enumeration of hetero-fullerenes

Enumeration of chemical compounds has been accomplished by various methods.
The Polya-Redfield theorem [14] has been a standard method for combinatorial enu-
merations of graphs, polyhedra, chemical compounds, and so forth. Combinatorial
enumerations have found a wide-ranging application in chemistry, since chemical
structural formulas can be regarded as graphs or three-dimensional objects, see
[9]. Ghorbani et al. in a series of papers in [1-3,10-12] enumerated the number of
hetero-fullerenes with different orders.
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The fullerene era was started in 1985 with the discovery of a stable Cgg cluster
and its interpretation as a cage structure with the familiar shape of a soccer ball, by
Kroto and his co-authors, see [8,13]. The well-known fullerene, the Cgp molecule, is a
closed-cage carbon molecule with three-coordinate carbon atoms tiling the spherical
or nearly spherical surface with a truncated icosahedral structure formed by 20
hexagonal and 12 pentagonal rings. Such molecules made up entirely of n carbon
atoms and having 12 pentagonal and (n/2 — 10) hexagonal faces, where n # 22 is
a natural number equal or greater than 20, see [22-30]. As an application of Polya-
Theorem in fullerenes, in Appendix III, the number of hetero-fullerenes of molecule
Cegp is given.
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Boolean functions of order 16 where 2y = 2 and spectra of their B-Cayley graphs.
0,

f:=[1,1,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0] Spec(G):=[ 2,
f:=[1,0,1,0,0,0,0,0,0,0,0,0,0, 0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,1,0,0,0,0,0,0,0,0,0,0,0, 0] Spec(G):=[ 2,
f:=[1,0,0,0,1,0,0,0,0,0,0,0,0, 0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,1,0,0,0,0,0,0,0, 0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0] Spec(G):=[ 2,
f:=[1,0,0,0,0,0,0,1,0,0,0,0,0, 0,0, 0] Spec(G):=[ 2,
f:=[1,0,0,0,0,0,0,0,1,0,0,0,0,0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0] Spec(G):=[ 2,
f:=[1,0,0,0,0,0,0,0,0,0,1,0,0, 0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,0,0,1,0,0,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0] Spec(G):=[ 2,
£:=[1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1] Spec(G):=[ 2,

£:=[0,1,1,0,0,0,0,0,0,0,0,0,0,0,0, 0] Spec(G):=[
£:=[0,1,0,1,0,0,0,0,0,0,0,0,0,0,0, 0] Spec(G):=[
£:=[0,1,0,0,1,0,0,0,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0] Spec(G):=
f:=[0,1,0,0,0,0,1,0,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,1,0,0,0,0,0,1,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,1,0,0,0,0,0,0,1,0,0,0,0,0,0,0] Spec(G):=
f:=[0,1,0,0,0,0,0,0,0,1,0,0,0,0,0, 0] Spec(G):=
£:=[0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0] Spec(G):=
£:=[0,1,0,0,0,0,0,0,0,0,0,1,0,0,0,0] Spec(G):=
f:=[0,1,0,0,0,0,0,0,0,0,0,0,1,0,0, 0] Spec(G):=
£:=[0,1,0,0,0,0,0,0,0,0,0,0,0,1,0,0] Spec(G):=
£:=[0,1,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0] Spec(G):=
f:=[0,1,0,0,0,0,0,0,0,0,0,0,0,0,0, 1] Spec(G):=
£:=[0,0,1,1,0,0,0,0,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,0] Spec(G):=
f:=[0,0,1,0,0,1,0,0,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,0,1,0,0,0,1,0,0,0,0,0,0,0,0, 0] Spec(G):=
£:=[0,0,1,0,0,0,0,1,0,0,0,0,0,0,0,0] Spec(G):=
f:=[0,0,1,0,0,0,0,0,1,0,0,0,0, 0,0, 0] Spec(G):=
£:=[0,0,1,0,0,0,0,0,0,1,0,0,0,0,0, 0] Spec(G):=
£:=[0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0] Spec(G):=
f:=[0,0,1,0,0,0,0,0,0,0,0,1,0,0,0, 0] Spec(G):=
£:=[0,0,1,0,0,0,0,0,0,0,0,0,1,0,0,0] Spec(G):=
£:=[0,0,1,0,0,0,0,0,0,0,0,0,0,1,0,0] Spec(G):=
£:=[0,0,1,0,0,0,0,0,0,0,0,0,0,0,1,0] Spec(G):=

0,

2
0
2
0
2
0
2
0,
2
0
2
0
2
0

S O NN O O NN O O NN O O

2,

0,
0,
2,
2,

0
0
2
2
0
0
2
2
0
0
2

, 0,2,
,0,0,2 2,
, 0, 2,
) 2, 2,
2, 0,
2,2,
, 2,0,
, 0,0,
, 0,2,
, 0,0,
, 0,2, 2,0,
2,0,0,-2,2,0,0,-2, 2,0,
2,-2,0,0,2,-2,0,0,2,-2,0,0,2,-2,0,0]
[2,0,2,0,0,-2,0,-2,20,2,0,0,-2,0,-2]
[2,-2,2,-2,0,0,0,0,2 -2,2,-20,0,0,0]
[2,0,0,-2,0,-2,2,0,2,0,0,-2,0, -2,2 0]
[2,-2,0,0,0,0,2 -2, 2 -2,0,0,0,0,2,-2]
[2,0,2,0,2,0,2,0,0,-2,0,-2,0,-2,0,-2]
[2,-2,2, -2,2, -2,2,-2,0,0,0,0,0,0,0,0]
[2,0,0,-2,20,0,-2,0,-2,2,0,0,-2,2, 0]
[2,-2,0,0,2,-2,0,0,0,0,2,-2,0,0,2 -2]
[2,0,20,0,-2,0,-2,0,-2,0,-2,2,0,20]
[2,-2,2-2,0,0,0,0,0,0,0,0,2, -2, 2,-2]
[2,0,0,-2,0,-2,2,0,0,-2,2,0,2,0,0,-2]
[2,-2,0,0,0,0,2, -2,0,0,2,-2,2 -2,0,0]
[
[
[
[
[
(
[
[
(
[
[
=

2,0, 2,0,
2,2, 0,0,
2,0,0, 2,
0,0, 0, 0,
0, 2,

2,0,
2,2,
2,0,
0,0,
0, 2,
0,0,
0, 2,
2,2,

2,
2,

)

2
2
2
2
2
0
0
0
0
0
0
0

)

0,

2

0
2
0
2
0
0
2
0
2
0
2
0
2

s

)

)

2,0,-2,0,2,0,-2,0,2,0,
2,2,0,0,0,0,-2,-2, 2,2,
2,0,0,-2,0,2-2,0,2,0,
2,2,-2,-2,0,0,0,0, 2,2,
2,0,-2,0,0,2,0,-2,2,0,-2,0,0,2,0,-2]
2,2,0,0,2,2,0,0,0,0,-2,-2,0,0,-2, -2 ]
2,0,0,-2,2,0,0,-2,0,2-2,0,0,2 -2,0]
2,2,-2,-2,2,2,-2,-2,0,0,0,0,0,0,0, 0]
2,0,-2,0,2,0,-2,0,0,2,0, -2,0,2,0,-2]
2,2,0,0,0,0,-2,-2,0,0,-2,-2,2,2,0,0]
2,0,0,-2,0,2,-2,0,0,2-2,0,20,0,-2]
2,2,-2,-2,0,0,0,0,0,0,0,0,2,2,-2,-2]

2,
0,

0
2
2
0
0
0
0,
2
2
0
0
2
2
0

0,2,0,2,0]
0,2,2,0,0]
,2,2,0,0, 2]
,2,0,0,0,0]
,0,0,2,0, 2]
,0,0,0,2 2]
,2,0,2,2,0]
,0,0,0,0,0]
2,0,2,0, 2]
,2,0,0,2 2]
,0,0,2,2 0]
,0,2,2,2 2]
,2,2,0,2,0]
,2,2,2,0,0]
,0,2,0,0, 2]
,-2,2,0,0,-2]

-2,0,2,0,-2,0]

0,
0,

0,0,0,-2,-2]
-2,0,2,-2,0]

-2,-2,0,0,0,0]
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f=[0,0,1,0,0,0,

f=[0,0,0,1, 1,0,
f=[0,0,0,1,0,1,
f=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,
f:=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,
f:=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,
f:=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,
f=[0,0,0,1,0,0,

f:=[0,0,0,0,1,1,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f:=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f=[0,0,0,0,1,0,
f:=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f:=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f:=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f=[0,0,0,0,0,1,
f:=[0,0,0,0,0,1,
f=[0,0,0,0,0,0,
f:=[0,0,0,0,0, 0,
f=[0,0,0,0,0,0,
f=[0,0,0,0,0, 0,
f=[0,0,0,0,0, 0,
f=[0,0,0,0,0,0,
f=[0,0,0,0,0, 0,
f:=[0,0,0,0,0,0,
f=[0,0,0,0,0,0,
f=[0,0,0,0,0, 0,

L. Pourfaraj and M. Ghorbani

0,0,0,0,0,0,0,0,0, 1
0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0
1,0,0,0,0,0,0,0,0,0
0,1,0,0,0,0,0,0,0,0
0,0,1,0,0,0,0,0,0,0
0,0,0,1,0,0,0,0,0,0
0,0,0,0,1,0,0,0,0,0
0,0,0,0,0,1,0,0,0,0
0,0,0,0,0,0,1,0,0,0
0,0,0,0,0,0,0,1,0,0
0,0,0,0,0,0,0,0,1,0
0,0,0,0,0,0,0,0,0, 1
0,0,0,0,0,0,0,0,0,0
1,0,0,0,0,0,0,0,0,0
0,1,0,0,0,0,0,0,0,0
0,0,1,0,0,0,0,0,0,0
0,0,0,1,0,0,0,0,0,0
0,0,0,0,1,0,0,0,0,0
0,0,0,0,0,1,0,0,0,0
0,0,0,0,0,0,1,0,0,0

Spec(G):=[
[

Spec

Spec(G

(G
Spec(G
Spec(G
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):

Spec(G

Spec(G
Spec(G):
Spec(G):
Spec(G

Spec(G

Spec(G
Spec(G):
Spec(G):

2,2,2

Spec(G):=[ 2, 0, 2,
0,0,0,0,0,0,0,0, 1, 0] Spec(G):=[ 2, 2, 0,
0,0,0,0,0,0,0,0,0,1 ] Spec(G):=

2,0,-2,0,0,2,0,-2,0,2,0,-2,2,0,-2,0]
2,0, 0,
2,-2,0,0,0,0,-2,2,2,-2,0,0,0,0,-2,2]
2,0,-2,0,0,-2,0,2,2,0,-2,0,0,-2,0, 2]
2,-2,-2,2,0,0,0,0,2,-2,-2,2,0,0,0,0]
2,0, 0,
2,-2,0,0,2,-2,0,0,0,0,-2,2,0,0,-2, 2]
2,0,-2,0,2,0,-2,0,0,-2,0,2,0,-2,0, 2]
2,-2,-2,2,2,-2,-2,2,0,0,0,0,0,0,0, 0]
2,0, 0,

2,0,-2,-2,0,2,0,0,2,0,-2,-2,0]

2,2,0,0,2,0,-2,-2,0,0,-2,-2,0]

2,0,-2,-2,0,0,-2,-2,0,2,0,0, 2]

2,-2,0,0,0,0,-2,2,0,0,-2,2,2,-2,0,0]
2,0,-2,0,0,-2,0,2,0,-2,0,2,2,0,-2,0]
2,-2,-2,2,0,0,0,0,0,0,0,0,2 -2, -2, 2]
2,0, 2,
2,2, 0,
2,0, 0,
2,2, 2,
2,0, 2,
2,2, 0,
2,0, 0,
,2,-2,-2,-2,-2,0,0,0,0,0,0,0,0]

0,-2,0,-2,0,2,0,2,0,-2,0,-2,0]
0,-2,-2,0,0,2,20,0,-2,-2,0,0]
2,-2,0,0,-2,2,0,0,2,-2,0,0,-2]
2,0,0,0,0,0,0,0,0,-2,-2,-2, -2
0,0,-2,0,-2,0,20,2,-2,0,-2,0]
0,0,0,-2,-2,0,0,2,2,-2,-2,0,0]
2,0,-2,-2,0,0,2,2,0,-2,0,0,-2]

0,-2,0,-2,0,0, 2,
0,-2,-2,0,0,0,0,
2,-2,0,0,-2,0, 2,

0,2,0,-2,0,-2]
2,2,0,0,-2, -2]
2,0,0,-2,-2,0]

1,0,0,0,0,0,0,0,0,0] Spec(G):=[ 2, 0,0, -2, -2, 0, 0,2, 2,0, 0,-2,-2, 0, 0, 2 ]
0,1,0,0,0,0,0,0,0,0] Spec(G):=[ 2, -2, 0, 0,-2,2,0,0,2,-2,0,0,-2,2,0,0]
0,0,1,0,0,0,0,0,0,0] Spec(G):=[2, 0, 2,0, 0,2,0,2,0,-2, 0, -2, -2, 0, -2, 0 ]
0,0,0,1,0,0,0,0,0,0] Spec(G):=[ 2, -2, 2,-2, 0, 0,0, 0, 0, 0, 0, 0, -2, 2, -2, 2 |
0,0,0,0,1,0,0,0,0,0] Spec(G):=[ 2, 0,0, -2, 0, 2,-2, 0,0, -2, 2, 0,-2,0,0, 2]
0,0,0,0,0,1,0,0,0, 0] Spec(G):=[ 2, -2, 0, 0, 0, 0, -2, 2, 0, 0, 2, -2, -2, 2, 0, 0 |
0,0,0,0,0,0,1,0,0,0] Spec(G):=[2, 0, 2, 0, -2, 0, -2, 0, 0, -2, 0, -2, 0, 2, 0, 2 ]
0,0,0,0,0,0,0,1,0,0] Spec(G):=[ 2, -2, 2, -2, -2, 2,-2, 2,0, 0,0,0,0,0,0, 0]
0,0,0,0,0,0,0,0,1, 0] Spec(G):=[ 2, 0,0, -2,-2,0,0, 2,0,-2,2,0,0, 2,-2,0]

0,0,0,0,0,0,0,0,0, 1
1,1,0,0,0,0,0,0,0,0
1,0,1,0,0,0,0,0,0,0
1,0,0,1,0,0,0,0,0,0
1,0,0,0,1,0,0,0,0,0
1,0,0,0,0,1,0,0,0,0

Spec(G):
Spec(G):
Spec(G):
Spec(G):

Spec(G

Spec(G

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
0,0,0,0,0,0,0,1,0,0]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

vvvvvuvv\_/vv\_/vv\_/vuvvuvv\_/vv\_/vu\_/vuvv\_/vv\_/vv\_/vuvv

1,0,0,0,0,0,1,0,0, 0] Spec(G):=[ 2, 2, 0,
1,0,0,0,0,0,0,1,0, 0] Spec(G):=[ 2, 0, 0,
1,0,0,0,0,0,0,0,1, 0] Spec(G):=
1,0,0,0,0,0,0,0,0, 1] Spec(G):=
0,1,1,0,0,0,0,0,0, 0] Spec(G):=[ 2, 0, 0,

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[2, 0,0,
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
=

2,-2,0,0,-2,2,0,0,0,0,2, -2,0,0,-2, 2]
2,0,-2,0,-2,0,2,0,2,0,-2,0,-2,0,2,0]
2,2, 0,
2,0, 0,
2,2,-2,-2,0,0,0,0,0,0,
2,0,-2,0,0,-2,0,2,0, 2,

0,0,0,2,20,0,-2, -2,-2,-2,0,0]
-2,0,-2,2,0,0,2,-2,0,-2,0,0,2]
0,0,-2,-2,2, 2]
0,-2,-2,0,2,0]
0,-2,-2,0,0,0,0,-2,-2,0,0,2,2]
-2,-2,0,0,2,0,2,-2,0,0,-2,2,0]

2,2,-2,-2,-2,-2,2,2,0,0,0,0,0,0,0,0]
2,0,-2,0,-2,0,2,0,0,2,0,-2,0,-2,0, 2]

2,0,2,20,0,-2,-2,0,-2,0,0,-2]
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f=[0,0,0,0,0,0,0,1,0,1,0,0,0,0, 0,0
f=[o0,0,0,0,0,0,0,1,0,0,1,0,0,0,0,0
f=[o0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0
f=[0,0,0,0,0,0,0,1,0,0,0,0,1,0,0,0
f=[o0,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0
f=[o0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,0
f=[0,0,0,0,0,0,0,1,0,0,0,0,0,0,0, 1
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f:=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f:=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0, 0,0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,

1,1,0,0,0,0,0,0
1,0,1,0,0,0,0,0
1,0,0,1,0,0,0,0
1,0,0,0,1,0,0,0
1,0,0,0,0,1,0,0
1,0,0,0,0,0,1,0
1,0,0,0,0,0,0, 1

0,
0,
0,
0
0,
0,
0,

1,1,0,0,0,0,0
1,0,1,0,0,0,0
1,0,0,1,0,0,0

1,0,0,0,0,1,0
1,0,0,0,0,0,1

07

f=[0,0,0,0,0,0,0, 0,0, O,
f=[0,0,0,0,0,0,0,0, 0, O,
f=[0,0,0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0, 0,0, O,

f=[0,0,0,0,0,0,0,0, 0,0, 0,
f=[0,0,0,0,0,0,0,0,0,0, 0,
f=[0,0,0,0,0,0,0,0, 0,0, 0,
f=[0,0,0,0,0,0,0,0, 0,0, 0,
f=[0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,0
f=[o0,0,0,0,0,0,0,0,0,0,0,0,1,0,1,0
f=[0,0,0,0,0,0,0,0,0,0,0,0,1,0,0, 1
f=[0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0
f=[0,0,0,0,0,0,0,0,0,0,0,0,0,1,0, 1

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
,1,0,0,0,1,0,0] Spec(G):
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

1,1,0,0,0,0
1,0,1,0,0,0
1,0,0,1,0,0
1,0,0,0,1,0
1,0,0,0,0, 1

Spec(G):
Spec(G):=
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):=

Spec(G):

Spec(G):=
Spec(G):
Spec(G):
Spec(G):=
Spec(G):
Spec(G):
Spec(G):
1,1,0,0, 0] Spec(G):
1,0, 1,0, 0] Spec(G):
1,0,0,1, 0] Spec(G):
1,0,0,0, 1] Spec(G):
Spec(G):
Spec(G):
Spec(G):
Spec(G):

Spec(G):
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=[2,-2,0,0,0,0,2,-2,0,0,-2,2,-2,2,0,0]

=[2,0,-2,0,0,2,0,-2,0,-2,0,2,-2,0,2,0]

=[2,-2,-2,2,0,0,0,0,0,0,0,0, -2, 2,2, -2]

=[2,0,0,2,-2,0,0,-2,0,-2,-2,0,0,2,2,0]

=[2,-2,0,0,-2,2,0,0,0,0,-2,2,0,0, 2, -2 ]

=[2,0,-2,0,-2,0,2,0,0,-2,0,2,0,2,0,-2]

=[2,-2,-2,2,-2,2,2,-2,0,0,0,0,0,0,0,0]

=[2,0,2,0,2,0,
=[2,2,0,
=[2,0,0,2,2,0,
=[2,2,2,
=[2,0,2,
=[2,2,0,
=[2,0,0,2,0,2,

=[2,0,0,-2,2,0,0, -2,

=[2,-2,0,0,2,-2,0,0,

=[(2,0,2,0,0,-2,0, -2,

=[2,-2,2,-2,0,0,0,0,

[2,0,0,-2,0,-2,2,0,

=[2,-2,0,0,0,0,2, -2,

=[2,0,-2,0,2,0,-2,0,

=[2,2,0,0,0,0,-2,-2,

=[(2,0,0,-2,0,2,-2,0,
=[2,2,-2,-2,0,0,0, 0,

=[2,0,-2,0,0,2,0, -2,

=[2,0,0,2,0,-2,-2,0,

=[2,-2,0,0,0,0,-2, 2,

=[2,0,-2,0,0,-2,0, 2,

=[2,-2,-2,2,0,0,0,0,

=[2,0,2,0,-2,0,-2,0,

=[2,2,0,0,-2,-2,0,0,

=[2,0,0,2,-2,0,0,-2,

=[2,0,0,-2,-2,0,0,2,

=[2,-2,0,0,-2,2,0,0,

-2,

-2,

-2,

2,0,-2,0,-2,0,-2,0,-2,0]
0,0,-2,-2,0,0,-2,-2,0,0]
0,2,-2,0,0,-2,-2,0,0,-2]
0,0,-2,-2,-2,-2,0,0,0,0]
0,2,-2,0,-2,0,0,-2,0,-2]
2,2,-2,-2,0,0,0,0,-2, -2

2,0,-2,0,0,-2,0,-2,-2,0]

0,0,2,-2,0,0,2]
2,0,0,-2,2,0,0]
0,-2,0,0,2,0,2]
2,-2,2,0,0,0,0]
0,0,2,0,2 -2,0]
2,0,0,0,0,-2,2]
0,2,0,-2,0,2,0]
-2,0,0,0,0,2,2]
0,0,2,0,-2,2,0]
-2,2,2,0,0,0,0]
0,2,0,0,-2,0,2]
0,0,-2,0,2,2,0]
2,0,0,0,0,2, -2]
0,2,0,0,2,0,-2]
2,2,-2,0,0,0,0]
2,0]
0,0]
2,0,0,2]
0,0,2, 2,0,0,-2]

,0,0,2,-2,0,0]

f=[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 1] Spec(G):=[2, 0, -2, 0, -2, 0, 2, 0,-2,0, 2,0, 2,0,-2,0]
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Appendix II: All Boolean functions of order 16.
Boolean function f Eigenvalues
(0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0) -2% 08 2%
(0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0) -112 31
(0,1,1,0,1,0,0,0,0,0,0,0,0,0,0,0) -32,-16,16 32
(0,1,0,0,1,1,0,0,0,0,0,0,0,0,0,0) -112 3%
(0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0) -26.0% 22 42
(0,1,1,0,0,1,1,0,0,0,0,0,0,0,0,0 -42 012 42
(0,1,1,0,0,0,1,0,0,0,0,0,0,1,0,0 -4,-22.062%1 4
(0,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0 -32-18,1% 52
(0,1,1,1,1,0,0,0,1,0,0,0,0,0,0,0 -32-18,1% 52

(0,1,1,1,1,0,0,0,1,0,0,0,0,0,0,0

-33-15,1132 5

(0,1,1,0,1,0,0,1,0,1,0,0,0,0,0,0

-5,-3-161535

)

)

)

)

)

)
(0,1,0,1,1,0,0,0,1,0,0,0,0,0,1,0) -3°,1105
(0,1,1,1,1,1,0,0,1,0,0,0,0,0,0,0) -4,-2505 2246
(0,1,1,1,1,0,0,0,1,0,0,0,1,0,0,0) 29266
(0,1,1,1,1,0,0,0,1,0,0,0,0,1,0,0) -4% .23 22056
(0,1,0,0,1,0,1,0,1,0,1,0,0,1,0,0) -6,-23,08,23 6
(0,1,0,0,0,0,1,1,0,0,1,1,1,0,0,0) -26.0%,62
(0,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0) -114 72
(0,1,1,1,1,1,1,0,1,0,0,0,0,0,0,0) -32-17,1%,5,7
(0,1,1,1,1,1,0,0,1,1,0,0,0,0,0,0) -5,-11133 7
(0,1,1,1,1,1,0,0,1,0,1,0,0,0,0,0) =31 1511327
(0,1,1,1,1,1,0,0,1,0,0,0,0,0,0,1) -5,-32,-1°163 7
(0,0,0,0,0,0,0,0,1,0,1,1,1,1,1,1) 717177
(0,1,1,1,1,1,1,1,0,1,0,0,0,0,0,0) -27,07,6,8
(0,1,1,1,1,1,1,0,1,1,0,0,0,0,0,0) -4,-250°22 48
(0,1,1,1,1,1,1,0,1,0,0,0,0,0,0, 1) -43.011 4.8
(0,1,1,1,1,1,0,0,1,1,0,0,0,0,1,0) -6,-2707,23 8
(0,1,0,1,1,0,1,0,1,0,1,0,0,1,0,1) -8,011.8
(0,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0) -33 18,1559
(0,1,1,1,1,1,1,0,1,0,1,1,0,0,0,0) -31-151332 9
(0,1,1,1,1,1,1,0,1,1,0,0,0,0,1,0) -5,-3%2,-15,15.3,9
(0,1,1,0,1,0,1,1,1,0,1,1,0,0,0,1) -36,199
(0,1,1,0,0,1,1,1,1,0,0,1,1,0,0,1) 718169
(0,1,0,1,1,1,1,0,1,1,0,1,0,0,0,1) -3519,9
(0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0) -4,-26.092,4,10
(0,1,1,1,1,1,1,0,1,1,0,1,0,1,0,0) -21095 10

)

(0,1,1,1,1,1,1,0,1,1,0,0,0,0,1,1

-6,-2%,0%,22 10

(0,1,1,1,1,1,1,0,1,0,1,0,1,0,0 ,1)

-4%2 -2%.05,23.10

(0,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0) -5,-11232 11
(0,1,1,1,1,1,1,1,1,1,1,0,1,0,0,0) -37-15113 11
(0,1,1,1,1,1,1,0,1,1,1,0,0,0,1,1) -5,-32,-1616.11
(0,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0) -4,-25052,12
(0,1,1,1,1,1,1,0,1,1,1,0,0,1,1,1) -43,012 12
(0,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0) -33-181%113
(0,1,1,1,1,1,1,1,0,1,1,1,1,1,1,1) -27.0%,14
0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1) -17515




On the Cayley Graphs of Boolean Functions

Appendix III: The number of Cgg_ By molecules.

k,60 — k Number of hetero-fullerenes Cgo_ 1 By
0,60 1

1,59 1

2,58 37

3,57 577

4,56 8236

5,55 91030

6,54 835476

7,53 6436782

8,52 42650532

9,51 246386091

10,50 1256602779

11,49 5711668755

12,48 23322797475
13,47 86114390460
14,46 289098819780
15,45 886568158468
16,44 2493474394140
17,43 6453694644705
18,42 15417163018725
19,41 34080036632565
20,40 69864082608210
21,39 133074428781570
22,38 235904682814710
23,37 389755540347810
24,36 600873146368170
25,35 865257299572455
26,34 1164769471671687
27,33 1466746704458899
28,32 1728665795116244
29,31 1907493251046152
30,30 1971076398255692
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Abstract. Functions defined in the form “g : N — [0, 00) such that lim,— g(n) = 00
and lim, o % = 0” are called weight functions. Using the weight function, the
concept of weighted density, which is a generalization of natural density, was defined
by Balcerzak, Das, Filipczak and Swaczyna in the paper “Generalized kinsd of density
and the associated ideals”, Acta Mathematica Hungarica 147(1) (2015), 97-115.

In this study, the definitions of g-statistical convergence and g-statistical Cauchy
sequence for any weight function g are given and it is proved that these two concepts are
equivalent. Also, some inclusions of the sets of all weight gi-statistical convergent and
weight go-statistical convergent sequences for gi,ge which have the initial conditions
are given.

Keywords: weight functions; natural density; statistical convergent sequences.

1. Introduction

In [5], Fast introduced the concept of statistical convergence. In [15], Schoenberg
gave some basic properties of statistically convergence and also studied the concept
as a summability method. After this works many Mathematician have used these
concept in their studies [8, 9, 10, 11]. In [2, 3|, the authors proposed a modified
version of density by replacing n by n® where 0 < a < 1. In [1], the authors
defined a more general kind of density by replacing n® by a function g : N — [0, 00)
with lim, o g(n) = co. In this paper, we will study the weighted g-statistically
convergence concept.

Let K be a subset of natural numbers. Natural density of K is defined by
1
0(K) = lim —|K(n)|

n—o00 N,

where K(n) = {k < n : k € K} and the vertical bars denotes the number of
elements of K(n).
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Let g : N — [0,00) be a function with lim,,_, g(n) = co. Let us remember that
the definition of density of weight g(n).

Definition 1.1. The density of weight g defined by the formula

dg(A) = lim [A(m)

n—oo g(n

for AC N1, 4].

After the study [1], the concept of g-density was applied to various problems
related to sequences and interesting results were obtained in [4, 7, 12, 13, 14].

Basically in this study, it will be shown that the results given in [6] can be
re-examined by using g-density.

In this paper, we are concerned with the subsets of natural numbers having
weight g(n) density zero. To facilitate this, we have introduced the following nota-
tion: If z is a sequence such that x; satisfies property P for all k& except a set of
weight g(n) density zero, then we say that xj, satisfies P for (weight g almost all k)
and it is denoted by (g — a.a.k) for simplicity.

Definition 1.2. Let x = (x}) be a real valued sequence. z is weight g-statistical
convergent to the number L if for each € > 0

<n: - >
o ksniln -z
n—oo g(n)

ie, |ty — L| <e (g— a.a.k). In this case we write g — st — limxy = L.

C’;t denotes the set of all weight g-statistical convergent sequences.
If we take the function g(n) = n we obtain the usual statistical convergence.

It is clear that every convergent sequence is also weight g-statistical convergent.
But the converse is not true in general.

Example 1.1. Let us define the function g(n) = 2n and the sequence as

Then |k < n:xzy # 0] < /n. So, g — st — limxy, = 0.

Theorem 1.1. If the sequence (x,) is weight-g-statistical convergent to L then
there is a set K = {k1 < ko < ...} such that dg(K) = dy(N) and lim,,—, zg, = L.
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Proof. Let us assume that g — st — limay, = L. Take K; :== {n € N: |z, — L| < 1},
(i =1,2,...). Then by definition we have dy(K{) = 0 and it is clear that dy(K;) =
dy(N), (i =1,2,...). Also it is easy to control that

(11) .. C Kﬁ,l CK,Cc..CcKyCK,;

Let {Tj}jen be a strictly increasing sequence of positive real numbers. Let
choose an arbitrary number a; € K;. By (1.1) we can choose an element ay € Ko,

as > ay such that for each n > as we have 122(53) > Ty. Moreover choose ag > ao,
as € K3 such that for each n > a3 we have 123(753) > T3. If we proceed in this way

we obtain a sequence a; < as... < a; < ... of positive integers such that

g(n)

(1.2) a; € K;, (1=1,2,...) and >T;

foreachn > a;,1=1,2, ...

Let us establish the set K as follows: each natural number of the interval [1, a4]
belong to K, moreover, any natural number of the interval [a;,a;+1] belongs to K
if and only if it belongs to K; (¢ = 1,2,...). From (1.1) and (1.2) we have

gn) = g(n)

> T,

for each n, a; <n < a;41. By last inequality it is clear that d,(K) = oo.
Let € > 0, and choose ¢ such that % < e. Let n > a;, n € K. There exists a

number ¢ > i such that a; < n < a;11. But from the definition of K, n € K;. Thus
|z, — L| < % < % < e. Hence, lim, ,oc g, = L. O
Remark 1.1. The converse of Theorem 1.1 is not true.
Example 1.2. Let us consider the sequence

(@) = 1, k=n?

TR0,k #£n?
and g(n) = n'/4. 1t is clear that the set K = {k: k =n?n c N} CN has the property
dg(K) = co. But g — st — limay # 1.

Let us note that every statistical convergent sequence is also weight-g-statistical
convergent to the same number. But the converse of this situation is not true.

Example 1.3. Let ay = 22k7 and

a2k, M € |Ak,Ak+1 k=1 2, ...
9(n) ::{ 1 o n<)74. ’



890 A.A. Adem and M. Altinok

Let Ay :={n € N:ap <n < 2ar} and A := Uk>1Ax. Let us take account the sequence

|1, neA,
=0, n¢ A

It is clear that %ak < |Ak| < ak. Let us check that z, - 0(st). If we put my = max Ay,
we obtain

|{k§n:\mk70|26}|:|{k§n:mk€A}|:ﬂ>|Ak|>ﬁ 1

n n mr . mg 2ax 4

for all kK > 1.

Moreover, g — st — lim z; = 0. For sufficiently large n, we have

Hk<n:lzpx—0[>e} _ Hk<n:zxeA} _ |Al
g(n) - g(n) ~ g(n)
a g9(mx)
< Ay
a2k a2k

Definition 1.3. Let x = (x}) be a real valued sequence. z is weight g-statistical

Cauchy sequence if for each ¢ > 0 there exists a natural number N = N(g) such

that L < -
kSl —an] 2l

0,
ie, |zr—zn| <e (g—a.a.k). In this case we write z is weight g-Cauchy sequence.

Lemma 1.1. The following statements are equivalent:
(i) x is a weight g-statistically convergent sequence,
(ii) x is a weight g-statistically Cauchy sequence,

(#ii) = is a sequence for which there is a convergent sequence y such that xrj = yi
(9 — a.a.k).

Proof. (i) = (i) Let us assume that x is a weight g-statistical convergent sequence.
Suppose € > 0 and g — st —limz = L. Then |z, — L| < § (g9 — a.a.k) holds.

£

5, then we have

If we choose a natural number N such that |[xy — L| <

£

5 (9 — a.a.k).

£
|xk—xN|<|xk—L|+|xN—L|<§+

Hence, z is a weight g-statistical Cauchy sequence.

(i) = (#4) Let us assume that x is a weight g-statistical Cauchy sequence.
Choose N (1) such that the interval I = [zy(1)—1, 25 (1) + 1] contains z, (g —a.a.k).
Also apply (ii) to choose M such that I’ = [zar — 3,2 + 3] contains zj, (g—a.a.k).
We claim that

I, = INI contains z (g — a.a.k),
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for
{k<n:ap¢INl'}={k<n:zp¢I}U{k<n:xp¢I}.
Thus,
lim L\{k<naj gInI'} <
nooe g(n) - -
1 1
< lim —H{k<n: I lim —{k <n: I'}| =o0.

So, I is closed interval of length less than or equal to 1 and contains z, (g — a.a.k).

Now we continue by choosing N (2) such that I” = [zx(2) — §,Zn(2) + 3] contains
zx (g — a.a.k), by the previously argument Iy = I} N I"” contains xy (g — a.a.k),
and I has length less than or equal to % Proceeding inductively we construct

a sequence{l,,}2°_; of closed intervals such that for each m, I,,11 C I, and
the length of I, is not greater than 2'=™ and zy € I,, (g — a.a.k). From the
Nested Interval Theorem there is a number « such that a = NY_,1,,. If we use
xi € I, (g — a.a.k), we can choose an increasing positive sequence {7}, }5°_; such
that

(1.3) L

g(m)

Next define a subsequence z of x consisting of all terms xzj, such that k > T} and if
T < k < Tppyq then ay & I,

Now define the sequence y by

_ a, if xy is a term of z,
Yk T, otherwise.

Then limy, = «; for , if ¢ > ﬁ > 0 and k > T,, then either xj is a term of z,
which means yy = a or y = a1, € I, and |y — a| < length of I,,, < 21=™. We also
assert that xy = yx (g — a.a.k). To confirm this we observe that if T,,, < n < Tp11
then

{(E<n:yp#Fwp} C{k<n:azp & Ln}

so from (1.3)
1
g9(n)

1 1

is obtained. Thus, the limit as n — oo is 0 and z = yi (9 — a.a.k).

Kk <n:ye#ae}| <

(#i) = (i) Let us assume that xp = yr (¢ — a.a.k) and limy, = L. Suppose
¢ > 0. Then for each n,

{k<n:lzg— L >e} C{k<n:ap Ayt U{k<n:ly, — L| > ¢}
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from the assumption lim y, = L, the second set contains a fixed number of integers,
say [ = I(g). So,

1
Hk<n:|lzpy—L| >} < lim —

. 1
lim ——
n—o0 g(n)

l
+ lim — =0
because zp = yr (9 — a.a.k). Hence, |z — L| < ¢ (9 — a.a.k). So, the proof is
complete. [

Corollary 1.1. Let x be a real valued sequence. If g— st —limxy, = L, then x has
a subsequence y such that limy, = L.

2. Inclusion Between Two g — st—Convergence

Let G denotes the set of all functions g : N — [0, 00) satisfying the condition
g(n) — oo and ﬁ — 0. In this section, we will introduce some inclusions between

various g € G.

Lemma 2.1. Let g1,92 € G such that there exist M, m > 0 and kg € N such that
m < % < M for all n > kq. Then C’Sf(m) = C;;(Z‘)

Proof. Suppose the sequence z is weight g;-statistical convergence to L. This im-
plies that for each € > 0

lim {k<n:|zp—L| > e} _

0.
n—oo 91 (n)

Together with the fact that Z;EZ; < M, this implies that

{k<n:lox —Ll>e}| - {k<n:lop - L] > e}
Mga(n) - g1(n) '

for all n > kg. This implies

<n: — > <n: — >
o MBSl =Dzl S o= L2 el
n—00 Mgo (n) n—00 g1 (n)

From the hypothesis we obtain

lim {k<n:|zp— L] > e} _

0.
n—oo g2 (n)

Thus, the sequence z is weight go-statistical convergent to L. So, C$(x) C Csk(x).
We can prove the iclusion C5!(z) C C5t(x) by similar way. O
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Lemma 2.2. For each function f € G there exists a nondecreasing function g € G
such that C3'(x) = C3*(x). Moreover,

(2.1) g(n) < f(n)

for all m € N.

Proof. If f is nondecreasing, it is nclear. Otherwise, define the related function
g : N — [0,00) as follows. Let a3 = min{f(n) : n € N}, i1 = max{i e N: f(i) = a1}
and g(i) = a1 for 0 < i < iy. Next, let ag = min{f(n) : n > i1}, i = max{i € N :
f(@) = a2} and g(i) = ag for i1 < i < ia. Rest of the function g is established by
induction.

Obviously, the function ¢ is nondecreasing and g(n) — co. By the construction,
g(n) < f(n), for all n € N. Hence 70 < g(ny for all n which implies that o5 - 0.
Thus g € G.

Let (z,,) be a weight g-statistical convergent sequence to L. So, for each € > 0

Mkl L)
n—oo g(n)

holds. From (2.1) we have following inequality

{k <n:|zy— L| > e} < Hk <n:lz, — L| > e}
f(n) - g(n) '
If we take limit when n — oo we obtain f — st — limxzy = L. Thus, the inclusion
st st
cgt Cc O
By construction, for each n € N there exist m > n such that g(n) = g(m) =

f(m). Suppose that x,, » L (g — st). Then there exists a, where a € RT U {400}
and an inreasing sequence (n;) of indices such that

lim {k<mi:lop—L>e}|

a > 0.

For each ¢ € N we can find m; > n; such that g(n;) = g(m;) = f(m;). Hence

(k< miloe— L > e} _ [k <mi: oy — L] > <)

g9(ni) - f(ms)
holds. So, x, - L (f —st). O

Lemma 2.3. Let f € G be such that % — o0, L,e real numbers with € > 0.

7o)

Then there exists a sequence () such that <‘ s bounded but not

convergent to zero.
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Proof. Firstly, let us assume that f is nondecreasing. Take to the smallest non
negative integer, ko, such that for n > kg, f(n) > 2. Let us define a set A C
N\{0,1,2,...kg — 1} inductively, deciding whether n > ko should belong to A or not.
Let n ¢ A for all n < kg. Suppose that n > kg and then we have defined A(n). If

}fn(i)l‘) < 1 then let n € A. Otherwise, let n ¢ A. So, we construct the set A. From

this construction and the condition f(n) — oo, A is infinite.

We assert that N\ A is also infinite. Let us assume that it is finite and choose
ng € N such that n € A for all n > ng. Then, we have

n —ng |A(n)]
D) = fin+1)

for all n > ng. But this is impossible because of the assumption

<1

(=
Now, we will show that "?((”))I < 2 for each n > kq. It is clear that if n = kg it is

true. Suppose that ‘A(("))‘ < 2 for a fixed n > kq.

— 0Q.

It I‘&(Z)ll) < 1, we have
A+ D[ [A(n)| 1
fln+1) fln+1) © f(n+1)
Am| 1
fln+1) = f(n)
< 1+%<2

If }?(Z)ll) > 1, then n ¢ A and so,

A+ D] A@] _ A _,

fln+1)  fln+1) 7 f(n)

Now, let us define a sequence (x,) as follows:

_fn neA
T =L n¢A

where L € R is a fixed number. It is clear that the sequence (w) is

(n)

bounded from the first part of this proof.

[{k<n:|lzi—L|>e}|
fn)

For this aim consider any n > ky. We will find m > n such that % > 1. If

[A(n)]

fn)

Then I?(7:)1|) > 1 and so, f((m))‘ > 1. Thus, the sequence (W) is not

convergent to 0.

Now, we will show that the sequence ( ) is not convergent to 0.

> 1, put m := n. Otherwise, choose the smallest m > n such that m € N\ A.
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Now, let us back to the general case where f € G need not be nondecreasing.
Then we assume the associated function g € G from Lemma 2.2. Note that (”) —

oo since m > f(n) for all n and f( j — 00 By the above reasons we obtain the

respective set A for g. Thus, "3((”))‘ - 0 and the sequence ("3(("))‘) is bounded. Then

% — 0, and the sequence (%) is bounded since g(n) < f(n) for

allneN. O

Theorem 2.1. If g1, g2 belong to G such that 2
If g € G and — oo then Ci'(x) C C**(x).

EZ% — oo then Ct(x) € Cst(x).

(n)

Proof. To prove the first claim note that the inclusion C}¥(z) C C5!(x) follows from
Lemma 2.1. Set f := ,/g1.g2. Then

(2.2) tim S0 gy 200

n—oo gy (n) T nSoo f(n)

Also we have

n__.n 92(’”)—)00

gi(n)  g2(n) g1(n)
So f(n) =,/ W;(n) — 00. Hence f have the assumption of Lemma 2.3. Take the

sequence (z,,) obtained in this lemma. Then z,, € Cgl(z) but z,, ¢ C3f(z). Indeed,
using (2.2) we have

Hk <n:lxg— L| > e} _ Hk<n:lzy—L|>e}| f(n)
g2(n) f(n) “92(n)

M) is bounded from Lemma 2.3. Thus, z, € Cs!(z).
f(n) neN 92

To prove that x,, ¢ Cs*(x) observe that

— 0

because <

{k<n:lex—Li>e}|  [{k<n:lo—Ll>e}| f(n)
g1(n) f(n) g1(n)
So, &, ¢ C3(x) because w - 0, and f((”)) — oo from (2.2).
If we take go(n) = n, for all n € N, second assertion proved easily from the same
way. [

Corollary 2.1. Let 0 < a < B <1 and gi(n) = n®, go = nP forn € N. Then
Cet(x) € Csl(x).

Example 2.1. Let
n, forevenn e N

91(”):{ Vn, foroddn €N
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g1(n)
g2(n)
C:t(z). Indeed, construct a nondecreasing function g € G such that C;'(z) = Cit (z

),
according to the method used in the proof of Lemma 2.1. Then it follows from simple
calculations that g is given by

(n) = vn+1 forevennéeN
g\n) = v/n for odd n € N.

and g2(n) = v/n for n € N. It is clear that, limsup,,_, = oco. However, Cit(z) =

Obviously, % < g92<(”73) < 2for all n > 1. Therefore, by Lemma 2.1 we have C;;t(x) = C;f (z).

Theorem 2.2. There exists a function g € G such that Cst is different from C3L,
with 0 < o < 1.

Proof. Let ai and g(n) defined as in Example 1.3. Let Ay := {n € N : agq41 —
(ak+1)1/4 <n < aps1} and A = Up>2A4. Let us take account the sequence

R necA
"1 0, néA

It is clear that 2 (ax41)'/* < |By| < (aks1)'/%. Let us check that g—st—lim zy, #
0. For k£ > 0 we have
[{k < agy1 —1: |z — 0] > e} > 3|Byl > 1 ars) 1

glary1 — 1) ~oglar) T (app)Vt 4

so, g — st — lim zy, # 0. Furthermore,
{k < arqa s Joe — 0] > e}| < (an)* + (ar41)"* < 2(ax11)"*
and so,

[{k < ansr : |oe =0 > e}| _ 2(anpa)*

=2 V12 50, (k—
(ak+1)1/3 (ak+1)1/3 (ax+1) » { )

holds.

Now, fix any n > 4 and choose a unique k € N such that n € [ag,ap+1). If
n< gy — (ak+1)1/4 then

(k<niloe—0l2e) (k<o —0]> <}
nl/3 B nl/3

[{k <n:l|zp — 0] > e} ~1/12

= (@)1 < 2ay) 0

If agy1 — (ak+1)1/4 <n < ag41 then for b > a > 0, the function

+
f@) = gy ©20
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is increasing, thus

(k< nlee—0> e}l _ (k< ap :[ax— 0] > )]
nl/3 = (arq1)'/3

So, z, € C% 5 (x).

Now, let 0 < v < 1, @ # %. If a < % then from Corollary 2.1 C3% C C*t s and
C\Cst # O because C5N\C*% , # @. If o > 3 then C3L\C5F # (. By the same
way we can show that z, € C*'\C:*. So C3' C C*'. [
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