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NEW RESULTS ON SEMICLOSED LINEAR RELATIONS
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Abstract. This paper has triple main objectives. The first objective is an analysis of
some auxiliary results on closedness and boundedness of linear relations. The second
objective is to provide some new characterization results on semiclosed linear relations.
Here it is shown that the class of semiclosed linear relations is invariant under finite and
countable sums, products, and limits. We have obtained fundamental new results as
well as a Kato Rellich Theorem for semiclosed linear relations and essentially interesting
generalizations. The last objective deals with semiclosed linear relation with closed
range, where we have particularly established new characterizations of closable linear
relation.

Keywords: Semiclosed linear relation, Closable, Countable sums and products, Limits,
Kato Rellich Theorem, Closed range.

1. Introduction

Let H be a complex Hilbert space with its scalar product and associated hilber-
tian norm denoted by (.;.) and ||.||, respectively. A linear relation or multivalued
linear operator T is a linear mapping with linear domain D(T) C H, that as-
signs to each & € D(T) a nonempty set Tz = {y : (z,y) € G(T)} C H. If Tz
never contains more then one element, then T is (single-valued) linear operator
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on H. Note that G(T') is the graph of T and it is a subset of H x H defined by
G(T) ={(z,y) € Hx H:2 € D(T),y € Tx}. The range R(T) of T is defined as
the union of all Tz, z € D(T'). The null space N'(T') and the multivalued part T'(0)
of the linear relation T are respectively defined by

N({T)={zreH:(z,0) e G(T)} and T(0) ={y € H : (0,y) € G(T)}.

If N(T) = {0} (resp. R(T) = H), we say that T is injective (resp. surjective). If
T is injective and surjective, we say that it is a bijection. Let LR(H) denotes the
space of all linear relations on H.

Proposition 1.1. [3/,/11] Let T € LR(H). Then:

N(T) x {0} = G(T') N (H x {0});
{0} x T(0) = G(T) N ({0} x H);
HxR(T)=G(T) + (H x {0});
D(T) x H=G(T)+ ({0} x H).

For every T' € LR(H), there exists a relation T-! € LR(H) called the formal inverse
of T defined by G(T~1) = {(y,z) : (x,y) € G(T)}. Obviously,

DT =R(T), R(T™") =D(T), N(T™") = T(0) and T~'(0) = N(T).
The adjoint T* of T is defined by
G(T*) ={(y, ) : (v,y) = (u, z) for some (u,v) € G(T)}.

If S and T are two relations in LR(H), then the sum S + T and the product ST
are also relations in LR(H) and they are respectively defined by:

GS+T) = {(z,u+v):(z,u) e G(S) and (z,v) € G(T)}
G(ST) = {(z,y): (z,v) € G(T) and (v,y) € G(S) for some v € H}.

The identity relation defined on a nonempty subset M of H will be denoted by Ij;.

For all T € LR(H), let Qr denote the natural quotient map from H onto
H/T(0) where T(0) is the closure of T'(0). Note that the quotient map Qr is used
to extend the definition of the operator norm to the linear relations class. Clearly
Ts = Q7T is a linear operator with D(Ts) = D(T). T is called a linear operator
part (or a single valued part) of T. For « € D(T), ||Tx| = ||Tsx| and the norm of
T is defined by ||T'|| = ||T5||. A relation T is said to be continuous if ||T|| < co. If T
is continuous with D(T") = H, then we say that T is bounded. Given two relations
S, T € LR(H), we say that T is an extension of S if

Tips) = 5.

Clearly, if T is an extension of S, then G(S) C G(T). However, the converse is not
true in general only if 7'(0) = S(0).
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One main reason why linear relations are more convenient than operators is
that one can define the inverse, the closure, the conjugates and the completion for
a linear relation without any additional condition on the relation. See for example
[3] and [1] for interesting works on linear relations.

We investigate in this paper the notion of semiclosed linear relations on Hilbert
and Banach spaces, also called paracomplete linear relations by Alvarez and Wilcox
in [2]. Paracomplete subspaces in Banach spaces were studied in the papers [4],
[5], [10] and others. The notion of a semiclosed, or almost closed or quotient,
operator introduced in [6], [7], [8] and [12] can be naturally generalized to linear
relations. The class of semiclosed linear relations is closed under addition, product,
inversion, restriction, and limits. We give some interesting new characterizations
of these relations and we obtain certain interesting generalizations of results on the
closedness, boundedness, product and some of semiclosed linear relations. Finally
we establish a certain number of results concerning the closedness of R(T) where
T is a semiclosed linear relation by using Neubauer’s Lemma. The structure of
this work is as follows. Throughout Section 2, we give some auxiliary results on
linear relations, sometimes purely algebraic and topological, which are required in
the sequel. In section 3, we define and obtain several properties of semiclosed linear
relations via the concept of selection or single valued part of a linear relation in
Hilbert spaces. A linear relation with semiclosed multivalued part is semiclosed if
and only if it has a semiclosed selection. We considered the case where a semiclosed
linear relation is closed, closable or bounded. Restriction, inverse, adjoint, finite
sum, product and iteration of semiclosed linear relations are also studied as well as
a Kato Rellich Theorem for semiclosed linear relations. Finally, in Section 4, we
investigate semiclosed linear relations with closed range which gives in particular a
new characterization of closable linear relations.

2. Some auxiliary results on linear relations

We commence with a recollection of some preliminary properties required in the
sequel.

A relation T' € LR(H) is said to be closed if its graph is closed in H x H. The
closure of T' is the relation T' € LR(H) defined by G(T') = G(T'). Hence, T is closed
ifT=T.

Lemma 2.1. [3]/ Let T € LR(H). Then, T is closed if and only if Ts is closed
linear operator and T(0) is a closed subspace of H.

Let Hr denote the vector space D(T') endowed with the graph inner product (.,.)r
of T defined by

<5€,y>T = <1’,y>H + <T'raTy>H for T,y € D(T)

Clearly, Hr = Hr,, also Hy is norm isomorphic to G(T') when T is a linear operator.
Thus, we have:
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Proposition 2.1. Let T be a densely defined linear relation on H with T(0) is
closed, then T is closed if and only if Hy is complete.

Proof. One only has to see that Hr = Hp, which is norm isomorphic to the closed
graph G(Ts) in H x H/T(0). O

Proposition 2.2. IfT is a closed relation. Then T is assimilable to a continuous
relation from Hrp into H.

Indeed, let i : Hp < H be a linear operator defined by:
D(i) = Hy and i(z) = « for all z € Hyp.

(i is an injection mapping from Hp onto H). Now we need to show that the relation
T is of a finite norm:

. EVI
| |(Ti)e) e AT it 17 < oo
=20 el = ooty Tl iy — | 1 1

z€HT T zeD(T) 1 ifHTH = 400

Corollary 2.1. IfT is continuous such that D(T') and T'(0) are closed, then T is
closed.

A linear relation 7 is said to be closable if T is an extension of T

Lemma 2.2. [3]/ Let T € LR(H). The following properties are equivalent:
1. T is closable;
2. T(0) =T(0);
3. Ts is closable and T(0) is closed.

Proposition 2.3. If T is closable linear relation, then D(T) = D(T) and T is

continuous on D(T).

Proof.

B m = D(Ts) = D(Ts) = D((T)s) = D(T)

Hence D(T') is closed and using the closed graph theorem for linear relations (3]
Theorem II1.4.2) we obtain that T is continuous. [

3. Main results on semiclosed linear relations

3.1. Characterization of semiclosed linear relation
A linear subspace M of a Hilbert space H is called semiclosed if there exists a
norm ||.||as such that (M, ||.||as) is complete and continuously embedded in H, i.e,
llz]| < Allz|lar for any € M.

In the two following theorems, we collect some well known characterizations and
properties of semiclosed linear subspaces in a Hilbert space H.
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Theorem 3.1. [9] Let M be a linear subspace of H. The following statements are
equivalent:

1. M is semiclosed subspace of H.
2. M s the range of a bounded operator on H.
8. M is the range of a closed operator on H.

4. M is the domain of a closed operator on H.

Theorem 3.2. [11] Let M, N be two linear subspaces of H. Then:

1. M and N are semiclosed subspaces of H if and only if M x N is a semiclosed
subspace of H x H.

2. If M and N are semiclosed subspaces of H, then M + N and M NN are also
semiclosed subspaces of H.

3. Neubauer’s Lemma: If M, N are semiclosed subspaces and both of M + N
and M NN are closed, then M and N are closed in H.

A semiclosed linear relation can also be characterized by means of semiclosed
subspaces.

Definition 3.1. A linear relation T' € LR(H) is said to be semiclosed on H if its
graph G(T') is semiclosed in H x H.

Let SC(H) denote the set of all semiclosed linear relations on H.

Corollary 3.1. Let T € SC(H). Then, D(T),N(T),R(T) and T(0) are semi-
closed sets in H.

Proof. The proof follows immediately from the proposition 1.1 and the theorem
3.2. O

A linear operator A is called a selection (or single valued part) of T if
T=A+T-T and D(A) =D(T).

In particular, a linear operator is a selection of itself. The singlevalued part T of a
linear relation T is a natural selection of T', nevertheless, T' admits other selections.

Proposition 3.1. [3] Let A be a selection of T. Then

1. R(T) =R(A) +T(0). However, this sum may not always be direct.
2. G(A) N ({0} x T(0)) = {0} x {0}.
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3. G(T) = G(A) + ({0} x T(0)).
One of the basic results of this paper is the following:

Theorem 3.3. Let T be a linear relation with T(0) semiclosed in H. Then, T is
semiclosed linear relation if and only if T has a semiclosed selection.

Proof. Let T be a semiclosed linear relation, then T'(0) is semiclosed in H. Let P
be the linear projection defined on R(T') such that N (P) = T'(0). Then we have in
one hand,

PT(0) = {0}, i.e PT is a linear operator satisfying R(PT)NT(0) = {0}.
In the other hand, we have for all y € Tx:
Tzx=y+T(0)=Py+ (I — P)y+T(0)=PTz+T(0).

Hence, T'= PT+T —T and G(T) = G(PT) + ({0} x T(0)). Thus T'= PT & T(0),
therefore PT is a semiclosed selection of T'.

Conversely, let A be a semiclosed selection of T. Then T'= A+ T — T, where
T — T is a linear relation defined by:

G(T — T) = {0} x T(0).

Since G(T') = G(A) + ({0} x T'(0)) we obtain, G(T') is semiclosed in H x H, hence
T is semiclosed linear relation. [

The Proposition 1.8 of [2] is now an immediate consequence of the Theorem 3.3,
where the authors supposed that T'(0) is closed. Indeed, it is shown in [2] that
if T € LR(H) with T(0) closed, then T is semiclosed if and only if T, = QT
is semiclosed. The theorem 3.3 generalizes this situation where T'(0) is considered
only semiclosed.

So, since Hy, = Hyp, combining the definition 2 in [12] and Proposition 1.8 of [2], we
deduce the following characterization result which is in fact, a natural generalization
of Theorem 4.2 of [13].

Proposition 3.2. Let T € LR(H) with T(0) closed. Then T is semiclosed if and
only if there exists a inner product (.,.) such that Hr = (D(T),(.,.)) is complete,
Hy — H and T is continuous from Hy to H. Hr is called the auziliary Hilbert
space of T.

Similarly, if T" is a linear relation on a Banach space F with closed multivalued part,
then we say that T is semiclosed on E if and only if there exists a norm ||.||7 on
D(T) such that Ex = (D(T), ||.]|r) is a Banach space continuously embedded in E
and T is continuous from E7 to E.

Some essential characterizations on semiclosedness of linear relations are given
below.



New Results On Semiclosed Linear Relations 467

Proposition 3.3. Let T € SC(H) such that both of D(T) and T(0) are closed,
then T is bounded.

Proof. We have from the theorem 3.3, that T is semiclosed linear operator with
D(Ts) = D(T). Thus, there exists an inner product (.,.) on D(T) such that the
Hilbert space Hy, = Hr = (D(T),(.,.)) is continuously embedded in H and T
is bounded from Hyp, to H. Since D(T) = D(Ts) is closed, we obtain D(T) = H
and T is bounded on H. Hence, T is bounded linear relation with 7'(0) closed.
Consequently, T" is bounded closed linear relation. []

Obviously, every closed linear relation is semiclosed. Nevertheless, there exists
semiclosed linear relations which are not closed. Indeed, the fact that 7" is semiclosed
linear relation prove that 7'(0) is a semiclosed subset in H, however T'(0) is not
necessarily closed. Consequently, T is not necessarily closed.

The following proposition gives an important case of semiclosed linear relations
which are not closed on H, especially when D(T) and R(T') are semiclosed subspaces
but non closed.

Proposition 3.4. Let T € SC(H), then T~'T and TT~! are also semiclosed
relations on H.

Proof. The result follows immediately from the facts, TT~! = Ir(ry +T(0) and
T-'T = ID(T) + T_l(O). O

It may be very important to note that there exists some closable linear relations
which are not semiclosed and there exists some semiclosed linear relations which are
not closable. Hence, one can confirm that there is no relation in terms of inclusion
between the set of semiclosed linear relations and the set of closable linear relations.
To clarify this situation, let us consider the two following original examples:

Example 3.1. The space E = C ([a, b]) of continuous complex valued functions on [a, b],
equipped with the norm ||z, = sup |z(t)|, € E, is a Banach space. Consider:

te[a,

Tz = /m(t)dt, z(t) € E
with the polynomials P as its domain. 7' is a linear relation on F,
T0)={ye E:(0,y) eG(I)} =C

where G(T) = {(z,y) e Ex E:x € D(T) =P, y € Ta} is the graph of T. In particular,
T(0) is closed in E since on the complex constant polynomials the norm ||.||_ and the
absolute value are equivalent. Furthermore,

T =T, +T(0)

where the operator linear part T of T' is given by:

Toa(t) = / "yt
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with domain D(Ts) = D(T) = P, Tsx is the primitive function of  which vanishes at the
point t = a.

T is a closable linear relation on E since T'(0) is closed in E and T is closable on E.
Indeed, let (zn)nen be a sequence in D(T') such that (,)nen and (T2, )nen are uniformly
convergent to 0 and y respectively, then necessarily y = 0.

In fact, T is closable but not semiclosed linear relation on E, since T is a non-semiclosed
linear operator on F.
Assume that T is semiclosed, then there exists a Banach space E; such that the graph

G(Ts) ={(z,Tsx) : x € P, Tsx € Po}, Po={y € P:y(a) =0}

of T is closed in E; x E. Thus, G(T%) is a complete metric space. However, G(T5) is also
the union of countably many finite-dimensional subspaces and is thus of first category. By
Baire’s theorem, complete metric spaces are of second category, which is a contradiction.
Thus, the operator Ts with domain P is not semiclosed.

Example 3.2. Consider over the space C([0,1]) of all continuous functions on [0, 1]
equipped with its usual norm, the linear operators 7' and S defined by: T = di with

T
domain D(T) = C*([0,1]) and Sf(x) = f(0)g(z) domain D(S) = C([0,1]) where g # 0 is
arbitrarily fixed in C(]0, 1]). Since T is closed and S is bounded, the product ST defined by

STf = %(O)g(x) with domain D(ST) = D(T) is a semiclosed linear operator on C([0, 1]).

Indeed, it is shown in [12] that the sum and the product of two semiclosed linear operators
—n
is also semiclosed. Now let f,(z) = —%, Then, for all n € N*, f, € D(ST), for all
—2n

x € [0,1], | fa(x)]® = € 5— — 0 and |fn(z)|* €1 with 1 € L*([0,1]). Using the Lebesgue’s
n

dominated convergence theorem, we obtain

n—-+oo

1 1
lim / | fr ()P da = / lim | fo(z)>dz = 0.
0 0 n—-+oo
. dfn
Hence, (fn)n converge to 0 in C([0,1]). In other hand we have ST f,, = E(O)g =g#0.

Or, (0, g) can not be in the graph of any linear operator, so ST is not closable.

3.2. Restriction, inverse and adjoint of semiclosed linear relations

Theorem 3.4. Let T € SC(H). Then for all semiclosed subspace M of D(T), the
restriction Typr of T' to M is a semiclosed linear relation on H.

Proof. Let T € SC(H), then T(0) is semiclosed set in H and there exists a semi-
closed selection A of T such that T=A+T —T.

Then we have: Tjps = T, Tp(0) = T(0) and for all z € M, T2z = Ajppx+T(0)
where Ajy is the restriction of A to M. Hence, G(T|ar) = G(Ajnr) + ({0} x T'(0))
is semiclosed subspace of H x H because Ay is semiclosed linear operator on H.
This complete the proof. [

Proposition 3.5. T € SC(H) < T~! € SC(H).
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Proof. Assume that T' € SC(H) and let J = ( (1) (1)

on H x H. Then J is a semiclosed operator on H x H. Clearly, J(G(T)) = G(T1).
Since T' is supposed semiclosed, we obtain Jig(r) is semiclosed operator. Hence,
R(Ji(ry) = G(T™') is a semiclosed subspace of H x H. [

be a linear operator defined

Corollary 3.2. Let T € SC(H). The range and inverse range of any semiclosed
subspace of H by T is semiclosed in H.

Proposition 3.6. Let T € SC(H), then T* € SC(H).

Proof. Tt follows immediately from the fact that G(T™) = [J(G(T ))}L where J =
0 —i
< i 0 > - U

3.3. Finite sum, product and iteration of semiclosed linear relations

Theorem 3.5. Let S, T be two semiclosed linear relations and o € C*. Then:
S+ T, ST and oT are semiclosed linear relations on H.

Proof. Let A and B be two semiclosed selections of S and T respectively. Since
(S+T)(0) = S(0)+T(0) is semiclosed subset of H, it will be sufficient to show that
S + T has a semiclosed selection in order to prove that S + T is semiclosed linear
relation. Recall that the domain Dy of S+ T is Dy = D(T) N D(S) and let Sip,
and Tjp, be respectively the restrictions of S and T' to Dy. Then we have, from
the above proposition, for all x € Dy:

(S+T)x=Sp,z+Tp,x = Ap,z+S(0)+ Bp,x+T(0)
= (Ap, + Bip, )z + (S +T)(0).

This implies that:
S+T=[Ap, +Bp ] +[(S+T)—-(S+T)].

Thus, Ajp, + Bjp, is a semiclosed selection of S+ T. Hence, S+ T' is semiclosed
linear relation.
Let us denote by Dy the domain of ST. Then, Dy = T1(D(S)) and for all
x € Dy we have:
STz = S(Tx) = ABx + ST(0).

Hence, AB is a semiclosed selection of ST because both of A and B are semiclosed
operators. On the other hand, we have ST(0) = S(T'(0)) is a semiclosed subset of
H. Therefore, ST € SC(H).

O
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This theorem provides the affirmative answer to the question formulated in [2] about
the semiclosedness of product of two semiclosed linear relations and generalizes
largely the Propositions 1.10 and 1.11 of [2].

Corollary 3.3.

1. If S, T are closed relations, then T+.S and T'S are semiclosed linear relations.

2. If T is a semiclosed relation such that R(T) C D(T) and n € N*, then T™ is
also semiclosed relation.

3. The set of semiclosed linear relations is the smallest class closed under sum
and product.

3.4. Kato Rellich Theorem for semiclosed linear relations

In this paragraph, we give a new result about semiclosed linear relations which is
a consequence of the Kato-Rellich theorem about relatively bounded (respectively
relatively compact) linear operators. Before stating the theorem we shall make some
definitions.

Definition 3.2. [3] Let S,T € LR(H). Then, S is said to be T—bounded if
D(T) c D(S) and there exists a constant ¢ > 0 such that

[S(@)I| < ezl + [T(x)[]) for all 2 € D(T).

If S is T—bounded, then the inf of all numbers b > 0 for which a constant a > 0
exists such that
[S(2)|| < allz|| +bl|T(z)||, = € D(T),

is called the T—bound of S.

Theorem 3.6. Let S,T € LR(H) such that S(0) C T(0). If T(0) is closed and S
18 T—bounded with T—bound less than 1, then

S+TeSCH)&TeSC(H).

Proof. We just have to note that S(0) C T'(0) implies that (S + T)(0) = T(0) and
then the theorem follows immediately from the Theorem 7 of [12] and the Theorem
3.60f[13. O

3.5. Limit and infinite sum of semiclosed linear relations

Let T, and S,, be two indexed collections of semiclosed linear relations on a Hilbert
space H, with ¢ > 0 and n € N. Suppose that T. and S,, have the same multivalued
part 7 (0) which is assumed to be closed and independent of € and n and let H, and
G, be respectively the auxiliary Hilbert spaces of T, and S,,. Assume that there
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exists two Hilbert spaces K; and K3 continuously embedded in E. and E,, for all
e > 0, n € N, respectively such that for all x € K3, sup ||T.z|| < +oo and for all
e>0

N
x € Ky, sup || Z Spz|| < 400 for every N € N. Then the following result holds.
N
n=0

Theorem 3.7. If all of the above assumptions are satisfied, then:
1. the linear relation T defined by Tx = lir% T.x with the domain
E—

D(T) = {z c (m D(T5)> NKi: gg% T.x exists in H} 1s semiclosed on H,

e>0
—+o0
2. the linear relation S defined by Sx = Z Snx with the domain
n=0
D(S) = {J; € (ﬂ D(Sn)> NKs: Z Spx exists in H} is semiclosed on H.
neN n=0

Proof. 1. First note that T(0) = T(0) is closed and let us define on D(T) the
following inner product:

(Qf,y) = <x7y>K1 + gl_I}(l)<T5:E7T€y>H
= <$,y>K1 + <T$7TZ/>H

and let Hp = (D(T),(.,.)). Since K1, H and H. are Hilbert spaces and T
is semiclosed for all ¢ > 0, then Hrp is complete. In fact, let (x,), be a
Cauchy sequence in Hr, then (x,), converges to « in Ky, H and H., hence

T € ﬂ D(T.) | N K; and from the semiclosedness of T, we obtain: T.z,

e>0
converges to T.x for all € > 0. Since (z,,), is a Cauchy sequence, there exists

A > 0 such that:
lznllar = (337179571)1/2 <A
and
e, = tim ool + lm lm [Tl <25
Hence, x € Hr.
Let > 0. Then, by the assumption Slifo)HTEf”H < 400 on K; and the
e

uniform boundedness principle, there exists j € N such that for all n,m > j
and € > 0,

« «
||33n - xm”HT < — and ||Te$n - Taxm”HT < Ao
2 2
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Moreover, we have

1/2
lon — ally = ngrgmnzn el +lim T [T, - Ter,|

< 5(1+)\2)1/2-

Consequently, Hr is a Hilbert space, continuously embedded in H and T
is continuous from Hp onto H. Thus, we have from Corollary 3.2, T is

semiclosed.
+o00o
2. Let Sz = Z Sy with domain
n=0
D(S) = {x € (ﬂ D(Sn)> NKs: Z S,z exists in H} .
neN n=0

Define Sy = ZS with domain D(Sy) = <ﬂ D(S > N K. Then, Sy is

n=0
semiclosed linear relation with closed multivalued part and auxiliary Hilbert

space Hg, = (D(Sn), (.,.)sy) Where
(x7y)SN = <xay>K2 + <SN(E,SNy> for all T,y € D(SN)

“+oo
Obviously, Sz = 7; Shr = NE)IEOO Syx and
D(S) = {z € (N(JND(SN)> NK,: NETM Sy exists in H} .

Hence, we have from the first assertion and the fact that S(0) = 7(0), S is
semiclosed linear relation on H.

O

4. Semiclosed linear relation with closed range

There are many important applications of the closedness of the range in the spectral
study of differential operators and also in the context of perturbation theory, we
have investigated in this section semiclosed linear relations with closed range.

Theorem 4.1. Let T € SC(H). Then R(T) is closed if and only if R(T) @ N is
closed for some semiclosed subspace N in H.

Proof. Tf R(T) is closed in H, it is then sufficient to choose N = {0} to have the
stated result.

Conversely, suppose that there exists an semiclosed subspace N of H such that
R(T) ® N is closed in H. Since T € SC(H), then by virtue of the Corollary 3.1,
R(T) is always a semiclosed subspace of H. Therefore, by the assertion 3 of the
Theorem 3.2 R(T') is closed in H. O
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In fact, semiclosed linear relations with closed null space and closed range in H
are closed linear relations on H.

Theorem 4.2. Let T € SC(H) such that N(T) and R(T) are closed in H, then
T is a closed linear relation.

Proof. Like T € SC(H), then the graph G(T') of T is semiclosed in H x H. Moreover,

we have:

(H x{0}) + G(T) = H x {0} + {0} x R(T),
(H x{0})NG(T) = N(T) x {0}.

These two subspaces are closed in H x H. Using the assertion 3 of Theorem
3.2, we deduce that G(T) is closed in H x H and consequently T is a closed linear
relation on H. [

Theorem 4.3. Let T € SC(H) such that R(T) is closed in H. Then:
G(T) = G(T) + (NTT) x {0}).

Proof. G(T) is semiclosed, H x {0} and H x {0} + G(T) = H x {0} + {0} x R(T)
are closed subspaces of H x H. Let’s put

+G(T) N (H x {0}) = G(T) + N(T) x {0}
+ N(T) x {0}.

Hy = G(T)
= G(T)

Hj is semiclosed in H x H and
Hy+Hx{0} CHx{0}+G(T)=H x{0}+{0} x R(T) C Hy+ H x {0} .

Thus, Hy + H x {0} is closed and by virtue of Neubauer’s lemma we find that
Hy is in fact a closed subspace of H x H. On the other hand,

G(T) C Hy C G(T),
so what Hy=G(T). O

In the following, we will exploit the above result to give a new characterization of
closable linear relations. Recall that a linear relation 7' is said to be closable if and
only if T(0) is closed and Ty is closable. Hence, if T is supposed semiclosed on H
with 7°(0) closed, then Ty is also semiclosed in H, in addition, if we assume that
R(Ts) is closed we obtain from the above theorem:

GT)) = G(T) + (NTT,) x {0}).
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Theorem 4.4. Let T € SC(H) such that T(0) and R(T) are closed in H. Then,

T is closable if and only if N(T)ND(T) = N(T).

Proof. Firstly, note that if T'(0) is closed, then N(T') = N(Ts). Let T be closable
(i.e Ts is closable) and € N(T) N D(T) = N(Ty) N D(Ty), then there exists
a sequence (z,)nen in N(Ts) that converges to x in H. So, (x —z,) — 0 and
Ts (x — z) = Tsx — Tsz, from where Tsz = 0 and z € N'(Ts) = N(T).

Conversely, let (0,y) € G(Ts) = G(Ts) + (N(Ts) X {O}) Then there is z €

D(T,) and t € N(Ts) such that z +¢ = 0 and Tsz = y. Therefore, x = —t €
N(Ts)ND(Ts) = N(Ts) and y = Tsx = 0. Which means that G(T) is the graph of
a linear operator, ie Ty is closable on H. Hence T is closable linear relation []J
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Abstract. In this paper, a new iterative method for solving convex minimization prob-
lems over the set of common fixed points of quasi-nonexpansive and demicontractive
mappings is constructed. Convergence theorems are also proved in Hilbert spaces with-
out any compactness assumption. As an application, we shall utilize our results to solve
quadratic optimization problems involving bounded linear operator. Our theorems are
significant improvements on several important recent results.
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1. Introduction

Let H be a real Hilbert space, K be a nonempty subset of H. Amap T : K — K
is said to be Lipschitz if there exists an L > 0 such that

(L.1) [Tz —Ty| < Lllz —yl, Yo,y € K,

if L <1, T is called contraction and if L = 1, T is called nonexpansive.

We denote by Fixz(T) the set of fixed points of the mapping T, that is Fiz(T) :=
{z € D(T) : x = Tx}. We assume that Fiz(T) is nonempty. If T' is nonexpansive
mapping, it is well known Fiz(T) is closed and convex. A map T is called quasi-
nonexpansive if ||Tz — p|| < ||z — p|| holds for all x in K and p € Fiz(T). The
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476 T.M.M. Sow

mapping T : K — K is said to be firmly nonexpansive, if
1Tz —Ty|* < |z = y|* = l(z — y) — (T = Ty)|]%, Va,y € K.

A mapping T : K — H is called k-strictly pseudo-contractive if there exists k € [0,1)
such that

1Tz = Ty|* < |z - y|* + kllz —y — (Tz = Ty)||*, Y,y € K.

A map T is called k-demi-contractive if Fiz(T) # @ and for k € [0,1), we have
| Tz —p||* < ||z — p||* + k||x — Tz|]?, V2 € K, p € Fix(T).
We note that the following inclusions hold for the classes of the mappings:

firmly nonexpansive C nonexpansive C quasi-nonexpansive C k-strictly pseudo-
contractive C k-demi-contractive.

The function T in the following example is k-demi-contractive mapping but is not
a k-strictly pseudo-contractive mapping.

Example 1.1. Let H =R and K = [-1,1]. Define T: K — K by
2zsin(l), z#0

(1.2) Tz =
0 z=0.

Clearly Fiz(T) = {0}. For z € K, we have

2 1
[Tz -0 = \ga:sin(g)|2
2
< \§$|2
< faf?
< |z =0 + klz — Tz|® Yk €[0,1).

Thus T is k demi-contractive for k € [0,1). To see that T' is not k strictly pseudo-
contractive, choose x = % and y = %, then

Tz = Ty[* > o —y* + ke —y — (Tz - Ty)|*.
Hence, T is not k strictly pseudo-contractive mapping for k& € [0, 1).

The function T in the following example is k-demi-contractive mapping but is not
not quasi-nonexpansive.

Example 1.2. Let f be a real function defined by f(z) = —z? — z; it can be seen that
f:[=2,1] — [-2,1]. This function is demicontractive on [—2,1] and continuous. It is
not quasi-nonexpansive and is not pseudocontractive on [—2,1] (check for instance the
condition of pseudocontractivity for z = —1.5 and y = —0.6).
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For several years, the study of fixed point theory for nonlinear mappings has at-
tracted, and continues to attract the interest of several well known mathematicians
(see, [9, 10, 13, 4]).

Interest in the study of fixed point theory for nonlinear mappings stems, per-
haps, mainly from its usefulness in real-world applications such as Game Theory
and Market Economy and in other areas of mathematics, such as in Non-Smooth
Differential Equations and Differential Inclusions, Optimization theory.

Let K be a nonempty, closed convex subset of H. The nearest point projection
from H to K, denoted by Pk assigns to each x € H the unique Pxz with the

property
[ — Pra| < lly — x|

for all y € K. It is well known that Px satisfies

(1.3) (x —y, Pxx — Pxy) > | Pxx — Py
for all y € H and

(1.4) (Pkz—y, 2— Pgz) >0

for all z € K and y € H.

An operator A : K — H is called monotone if
<A$_Ayﬂx_y>H207 anyEKa

A is called k-strongly monotone if there exists k € (0, 1) such that for each 2,y € H
such that

(Az — Ay, x —y)m > kllz —yl*.

An operator A : H — H is said to be strongly positive bounded if there exists a
constant ¢ > 0 such that

(Az,2)g > c||z||?, Vo€ H.

Remark 1.1. From the definion of A, we note that strongly positive bounded linear
operator A is a || A||-Lipchitzian and c-strongly monotone operator.

Definition 1.1. Let H be a real Hilbert space. A function g : H — R is said to
be a-strongly convex if there exists a > 0 such that for every x,y € H with x # y
and 3 € (0,1), the following inequality holds:

(1.5) 9(Bz + (1= B)y) < By(z) + (1= B)g(y) — allz — yl|>.
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Lemma 1.1. Let H be a real Hilbert space and g : H — R a real-valued differen-
tiable convex function. Assume that g is strongly convex. Then the differential map
Vg : H — H is strongly monotone, i.e., there exists a positive constant k such that

(1.6) (Vg(z) —Vg(y),x —y) > kl|z — y|* Yo,y € H.

Consider the following constrained optimization problem: Let H be a real Hilbert
space. Given a convex objective function ¢ : H — R and T : H — H be a
nonexpansive mapping such that Fiz(T) # O, the problem can be expressed as

Minimize g(x)
(1.7)
subject to x € Fix(T).

Optimization problem for a convex objective function over the fixed points set of a
nonexpansive mapping have been and will continue to be one of the central prob-
lems in nonlinear analysis and is one of the central issues in modern communication
networks. Numerous applications in computer vision, machine learning, electronic
structure computation, system balancing and robot manipulation can be considered
as solving optimization problems. Recently, many iterative algorithms for solving
these problems have been proposed, see [6, 2, 5, 11, 8] and the references therein.

Very recently, H. Tiduka [7] motivated by the fact that convex optimization prob-
lem for a strictly convex objective function over the fixed point set of a nonexpan-
sive mapping includes a network bandwidth allocation problem, which is one of
the central issues in modern communication networks, he proposed a fixed point
optimization algorithm for solving Problem (1.7).

Algorithm 1.1. Step 0. Choose xy € H arbitrarily, set Ao C (0,1) ag,C (0,1],
and dy = —Vg(xo) arbitrarily and let n :== 0. Step 1. Given xz,, € H and d,, € H,
choose A, C (0,1), o, C (0,1] and compute x,11 € K as

1.
(1.8) { Tnt1 = QnZo + (1 — ap)yn.

Step 2. Choose Bp4+1 € (0,1] and compute the direction, dp+1 € H, by
dnJrl = _vg(xn) + 5n+1dn-
Update n :=n+1 and go to Step 1.

Under suitable conditions, he proved that {z,}nen in Algorithm 1.1 weakly con-
verges to a unique solution to Problem (1.7).

Motivated by above results and the fact that the class of demicontractive map-
pings properly includes that of quasi-nonexpansive, strictly pseudocontractive map-
pings, we consider the following convex minimization problem : Let K be a nonempty,
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closed and convex subset a real Hilbert space H. Given a convex objective function
g : K — R be a differentiable, k-strongly convex real-valued function. Suppose
the differential map Vg : H — H is L-Lipschitz. Let T3 : K — K be a A
demicontractive mapping and 75 : K — K be a quasi-nonexpansive mapping such
that I' := Fiz(Ty) N Fiz(Tz) # . In the present paper, our main purpose is to
solve the minimization problem:

(1.9) find z* € T such that g(z*) = Hli%‘l g(x).
e

We denote the set of solutions of Problem (1.9) by €.

2. Preliminaries

We start with the following demiclosedness principle for nonexpansive mappings.

Lemma 2.1. [1] Let K be a closed convex subset of a real Hilbert space H. Let
T : K — K be a nonexpansive mapping such that F(T) # @. Then I — T 1is
demiclosed at origin.

Lemma 2.2. [3] Let H be a real Hilbert space. Then for any x,y € H, the following
inequalities hold:
lz +yl* < ll2[* + 2(y, @ + y).

1A+ (1= Nyl* = Al + @ = NIyl = @ = Az —yl*, X € (0,1).

Lemma 2.3. [12] Assume that {a,} is a sequence of nonnegative real numbers
such that any1 < (1 — ap)ay, + ano, for all n > 0, where {a,} is a sequence in
(0,1) and {on} is a sequence in R such that

= 1 < 1 =
(a) Zoan oo, (b) limsup o, <0 or Z |onom| < oco. Then nh—>Holo ay = 0.

n—oo n=0
Lemma 2.4. [1}] Let K be a nonempty, closed convex subset of a real Hilbert
space H. Let A : K — H be a k-strongly monotone and L-Lipschitzian operator

with k > 0, L > 0. Assume that 0 < n < i—@ and T = 17( — %”) Then for each
te (O,min{l, %}), we have
11 = tnA)z — (I — tyA)l| < (1 — tr)|z — yll, Y,y € K.

Lemma 2.5. [9] Assume K is a closed convex subset of a Hilbert space H. Let
T: K — K be a self-mapping of K. If T is a k-demicontractive mapping, then the
fized point set Fix(T) is closed and convez.

Lemma 2.6. Let K be a nonempty, closed convex subset of a normed linear space
E. Let g : K — R a real valued differentiable convex function. Then x* is a
minimizer of g over K if and only if * solves the following variational inequality
(Vg(z*),y —x*) >0 for ally € K.
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Remark 2.1. By Lemma 2.6, z* € Q if and only if z* solves the following variational
inequality problem :

(2.1) (Vg(z"),z" —p) <0, Vp eT.

We denote the set of solutions of variational inequality problem (2.1) by VI(Vg,T).

3. Main Results

In this section, we present our explicit iterative method for solving (1.9).

Lemma 3.1. Let H be a real Hilbert space. Let K be a nonempty, closed conver
subset of H and g : K — R be a differentiable, k-strongly convex real-valued func-
tion. Suppose the differential map Vg : K — H is L-Lipschitz. Let Ty : K — K
be a A-demicontractive mapping and To : K — K be a quasi-nonexpansive mapping
such that T':= Fix(Ty) N Fix(Tz) # O. Then, VI(Vg,T) is nonempty.

Proof. Set 7 and 7 two real numbers such that 0 < n < %’2 and 7 = n(k — %")

Let ty be a fixed real number such that tq € <O,min{1, %}) We observe that
Pr(I —tynVyg) is a contraction. Indeed, for all z,y € K, by Lemma 2.4, we have

(I —tonVg)z — (I —tonVg)yl|
(1 —to)[lz — yl|.

Banach’s Contraction Mapping Principle guarantees that Pr(I — tgnVyg) has a
unique fixed point, say x1 € H. That is, 1 = Pr({ — tgnVg)z1 . Thus, in view of
inequality (1.3), it is equivalent to the following variational inequality problem

| Pr(I —tonVg)x — Pr(I — tonVg)y||

[VANVAN

(Vg(z1),z1 —p) <0, VpeT.

By using Remark 2.1, we have x; € . This completes this proof. O

We show the main result of this paper, that is, the strong convergence analysis for
Algorithm 3.1.

Algorithm 3.1. Step 0. Take {a,} C (0,1), {6,},C (0,1), {Bn} C (0,1), and

n > 0 arbitrarily choose x¢ € K; and let n := 0.
Step 1. Given x,, € K, compute ,411 € K as

Zn = O0pxn + (1 —0,) 112y,
(31) Yn = ﬁnzn + (]- - ﬁn)TZva

Tpt1 = Px (I —nanVg)yn,
Update n:=n+ 1 and go to Step 1.
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Now we perform the convergence analysis for Algorithm 3.1.

Theorem 3.1. Assume that I—Ty and I — Ty are demiclosed at origin. Suppose
that {an}, {0,} and {ﬁn} are the sequences such that:

(z)nh_{réoanzo Zan—oo
(13) 0, €)X, 1], hm 1nf(1 —0,)(0, — ) >0 and lim inf 3, (1 — B,,) > 0.
Assume that 0 < n < LQ, then, the sequence {x,} deﬁned by Algorithm 3.1 converges

strongly to a unique solution of Problem (1.9).

Proof. Firstly, we prove that the sequences {z,} and {y,} are bounded. From
Lemma 3.1, we have VI(Vg,T') is nonempty. In what follows, we denote z* to
be the unique solution of VI(Vg,T'). Without loss of generality, we can assume

oy € (O,mz’n{l ,%}) where 7 = n(k — M) Let p € T. By using (3.1) and

Lemma 2.2, we have

Onlln _pH2 + (1= 0,) | Th2y, — p||2
—0,(1 = 0,)|| vz, — ]2

lon=pl? = [Buen —p) + (0= 00)Trn )|

Using the fact that 77 is A-demi-contractive, we obtain

||Zn _pH2 < Hn“xn _pH2 + (1 - on) (Hxn —p||2 + >‘||T1'n - 337LH2)
—0,(1 = 0,)|| vz, — ]2
< lan — sz = (1= 0,)(0n — M| Thzy — xn”z

Since 6,, €]\, 1], we have,

(3:2) e = < Il =5

Hence, we obtain

lyn =2l = NBnzn + (1 = Bn)T2zn — pl
< Bn”zn _p” +(1_ﬁn)”T22n_pH
< lzn =l

By using inequality (3.2), we have

(3.3) lyn — 2l < 20 — 2| < |20 — |-

From (3.1), Lemma 2.4 and inequality (3.3), we have

lznt1 =2l = [Px(I —annVg)yn —pl|
(1 = 71an)||zn — pll + anllnVa@)|l
” ||77V9(p)||\JL

b 7_ .

IN

IN

max {||z, — p
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By induction, it is easy to see that

”}, n>1

nVy(p
i~ pl) < ma {zg — ], VP

Hence {z,} is bounded also are {y,} and {Vg(z,)}.
Consequently, by Lemma 2.4 and inequality (3.2), we obtain

lzni1—pI* < I = 1anVg)(yn — p) — annVg(p))|I?
< azllnVa®)I? + (1 — 7an)?(lyn — p|?
+2an (1 = 7ai) [nVg(P) | lyn — pl|
< aallnVa®)IIP + (1 = 7o )?|lzn — pl1?

—(1 = 7an)*(1 = 03) (O — N[ T12n — 20|
+2an (1 = 7an)[[nVy(p)|lllzn — pl-
Thus,
(1= 7an)*(1 = 0,)(On = M| T1an = zal® < llwn = plI* = 2nsa — pl* + o3IV (p)*
+2an (1 = 7an) [0V g(D)lll|l2n = pl
Since {zy} is bounded, then there exists a constant C' > 0 such that
(34) (1- Tan)2(1 —0,)(0n — N[ T2y — anQ < _pH2 = [[#ns1 — pH2
+a,,C.

Now we prove that {x,} converges strongly to 2*. We divide the proof into two
cases.

Case 1. Assume that the sequence {||z,, —p||} is monotonically decreasing sequence.
Then {|lx,, — p||} is convergent. Clearly, we have

(3.5) Tim [l = plI? = s = plI?] =0,

It then implies from (3.4) that

(3.6) lim (1 —6,)(0, — \)|| Tz, — x,,|* = 0.
n— oo
Since li_>m inf(1 — 6,,)(6,, — X) > 0, we have
(3.7) lim ||, — Thiz,|| = 0.
n—oo

Observing that,

||Zn - T'nH = ||0nxn + (1 - on)Tlfrfn - xn”
10nxn + (1 = 0p) Ty — Opan — (1 — 0y)2y]]
(1 - en)HTlmn - wnH

Tz, — 0]

IN
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Therefore, from (3.7) we get that

(3.8) 20 — zall = 0.

lim
n—oo

Next, we prove that limsup(Vg(z*),z* — x,). Since H is reflexive and {z,} is
n—-+o0o

bounded, there exists a subsequence {x,;} of {x,} such that z,, converges weakly
to a in K and

limsup(Vg(z*),z* —x,) = lim (Vg(z™), 2" — x,,)).

n—-+4oo Jj—+4o0

From (3.7) and I — Ty is demiclosed, we obtain a € Fiz(77). From Lemma 2.2, the
fact that T5 is nonexpansive and (3.3), we have

yn — sz = [|Buzn + (1 = Bn) T2z —p||2
Bullzn — sz + (1= Bn)|[T22n _pH2 = (1= Bn)BnllT2zn — Zn||2

< ”zn *p”z - (1 - ﬁn)ﬂn”TQZn - Zn||2
Hence,
[ns1 —pII° < I = annV)yn — pl?
< (I = annV9) (yn — p) — aunVa(®)|?
< arllnVe@)I* + (1 — an7)|lyn — plI?
+2an (1 = an7)[[nVa(@)|lyn — pl|
< a2 lInVgp)I” + (1 = an7)? ||z — pl?
_(1 - anT)Q(l - /BTL)/BHHTQZTL - Zn||2
+20, (1 — an7)|InVa)lllzn — |-
Thus, we get

(1= an7)?Bn(l = Bu)|T2zn — 2l < |z — plI? = [|20g1 — plI* + 07 InVg(p)|?
(3.9) 20, (1 — an7)InVa()lllzn — |-

Since {x,} is bounded, then there exists a constant B > 0 sucht that

(310) (1= an7)?Bu(l = o)l T22n — 2zul® < lzm — plI* = llns1 — pII* + o B.
It then implies from (3.10) and (3.5), that

(3.11) Jim B (1= B,) [Toz, — 2]l = 0.

Since nhﬁngo inf 8,,(1 — B,) > 0, we have

(3.12) lim ||z, — Taz,| = 0.

n— oo
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Since z,; — a, it follows from (3.12) and Lemma 2.1, we have a € Fiiz(T3). There-
fore, a € T'. On the other hand, by using z* solves VI(Vg,T'), we then have

limsup(Vg(z*),z" —z,) = lim (Vg(z"),2" —zy,)
J—-+oo

n—-+oo

= (Vg(z*),2" —a) <0.
Finally, we show that x,, — z*.
(I =nanVg)yn — 2", Tpy1 — *)
(I =nanVg)yn — " + 0o, Vg(z*) —nanVg(z*), Tpi1 — %)
(1 = annVg)(yn — 2")[[[Tns1 — 27| + an(nVg(2"), 2" — 2py1)
(1 — a7 ||zn — %)% + 200,(Vg(x*), 2% — 2 p1).

g — 272

INIA NN

From Lemma 2.3, its follows that z,, — z*.

Case 2. Assume that the sequence {||z, — z*||} is not monotonically decreasing
sequence. Set B, = ||z, — z*||? and 7 : N — N be a mapping for all n > nq (for
some ng large enough) by 7(n) = max{k € N: k <n, Br < Bgi1}.

We have 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and
B (n)y < Br(n)+41 for n > ng. From (3.4), we have

2
(]— - ar(n))(ar(n) - )\)‘ Lr(n) — Tlxr(n) < aT(n)C'
Since 0,(,,y €]\, 1], we have
2
(3.13) nll_}II;o SL',,-(n) — Tl.%‘,r(n) =0.

By same argument as in case 1, we can show that z,(,) and y,(,) are bounded in
H and limsup (Vgz*, 2" — 2,(,))) < 0. We have for all n > no,

7(n)—+oo
0 < ||x‘r(n)+l_m*H2_||x7'(n)_x*||2 < Qr(n) [—T||a:7(n)—x*||2—|—277<Vgx*, 33‘*—33‘7(“)+1>],
which implies that
* 2/’7 * *
HxT(n) - ||2 < 7(Vgx , L — x'r(n)+1>~
Then, we have

. k2 —
nlLH;OHxT(n) Z H 0.

Therefore,
lim B‘r(n) = lim BT(n)+1 =0.

n—oo n— o0
Furthermore, for all n > ng, we have B, (,,) < B ()41 if n # 7(n) (that is, n > 7(n));
because B; > B, for 7(n) +1 < j < n. As consequence, we have for all n > ny,

0<B,< maX{BT(n), B‘r(n)+1} = Brin)41-

Hence, lim B, = 0, that is {z,} converges strongly to z*. This completes the
n—oo

proof. O
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We now apply Theorem 3.1 for solving convex optimization problems over the set
of common fixed point of two nonexpansive mappings without demiclosedness as-
sumption.

Theorem 3.2. Let H be a real Hilbert space and K be a nonempty, closed conver
subset of H. Let g : K — R be a differentiable, k-strongly convex real-valued function
and suppose the differential map Vg : K — H is L-Lipschitz. Let Ty : K — K and
T : K — K two nonempansive mappings such that I’ := Fix(T1) N Fix(T) # O.
Assume that 0 <n < 5. Let {x,} be a sequence defined iteratively from arbitrary
xg € K by:

Zn = Opxy, + (1 — 0,) 112y,
(3.14) Yn = Bnzn + (1 — Bn)Tazn,

Tnt1 = Pr(I =100V g)yn,
Suppose that {a, }, {E)n} and {B,} are the sequences such that:
(i)nlingoanzo Zan* 00,

(#) 0, €]0,1], and hm inf 8, (1 — B,) > 0. Then, the sequence {z,} defined by
(8.14) converges strongly to a minimizer of g over Fix(Ty) N Fix(Ty).

Proof. Since every nonexpansive mapping is quasi-nonexpansive and 0-demicontractive.
The proof follows Lemma 2.1 and Theorem 3.1. [

We apply Theorem 3.1 for solving the following quadratic optimization problem:
1
(3.15) find x* € T such that g(x*) = milglg(x), where g(x) = §<Ax,x>.
S

Theorem 3.3. Let H be a real Hilbert space and K be a nonempty, closed convex
subset of H. Let A : K — H be strongly bounded linear operator with coefficient
k>0. LetTy : K — K be a A-demicontractive mapping and Ty : K — K be a
quasi- nonempansive mapping such that T := Fix(Ty) N Fix(Ty) # O. Assume that
0<n< HAH . Let {z,} be a sequence defined iteratively from arbitrary xo € K by:

Zn = O0pxn + (1 —0,) 112y,
(3.16) Yn = Pnin + (1 - 6n)TQZm

Tp+1 = PK(I - UOZnA)yn,

Assume that I —Ty and I — Ty are demiclosed at origin. Suppose that {a,}, {0,}
and {B,} are the sequences such that:
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(7) nh_}rgo apn =0, Zoan = o0,

(1) 0, €]\, 1], and li_)m inf 8,(1 — B,,) > 0. Then, the sequence {x,} defined by
n (oo}

(8.16) converges strongly to a solution of problem (3.15).

Proof. The proof follows Theorem 3.1 and Remark 1.1 with Vgx = Az. O
Now, we give some remarks on our results as follows:

(1) Our results improve many recent results using fixed point optimization algo-
rithm to approximate minimizers of convex functions over the set of common fixed
points of nonlinear mappings.

(2) Our results are applicable for solving variational inequality problems involving
strongly monotone and Lipschitzian operator and fixed point problems involving
quasi-nonexpansive and demicontractive mappings.
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Abstract. In this paper, we study one dimensional fractional Dirac type systems which
include the right-sided Caputo and the left-sided Riemann-Liouvile fractional deriva-
tives of the same order o, € (0,1). We investigate the properties of the eigenvalues
and the eigenfunctions of this system.
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1. Introduction

It is well known that classical calculus is based on integer order differentiation
and integration. Fractional calculus generalizes integrals and derivatives to non-
integer orders. The subject has a long history. Since 1695, many mathematicians,
among them Liouville, Riemann, Leibniz, Grunwald, Letnikov Riesz and Caputo,
have studied this subject. Fractional calculus has important applications to many
real-world phenomena studies in engineering, chemistry, mechanics, physics, finance,
etc. There is an extensive literature on this subject, see for example [9, 10, 16, 17,
19, 20, 22, 23, 24] and references therein.

Recently, the study of boundary value problems for fractional Sturm-Liouville
equations recently has attracted a great deal of attention from many researchers. In
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[4], the authors investigated some basic spectral properties of the fractional Sturm-
Liouville problem with Generalized Dirichlet conditions. They proved that this
problem has an infinite sequence of real eigenvalues and the corresponding eigen-
functions form a complete orthonormal system in the Hilbert space Ls|a,b]. In [11],
the authors studied the properties of the eigenfunctions and the eigenvalues of the
regular Generalized Fractional Sturm-Liouville Problem. In [6], the authors stud-
ied the fractional Sturm-Liouville problem associated with the Weber fractional
derivative of order a.. In [15], the authors proved existence of strong solutions for
the space-time fractional diffusion equations. Using the method of separating vari-
ables, they solved several types of fractional diffusion equations. Klimek et al. [13]
studied to the regular fractional Sturm—Liouville eigenvalue problem. By apply-
ing the methods of fractional variational analysis, they proved the existence of a
countable set of orthogonal solutions and corresponding eigenvalues. Klimek and
Argawal [12] defined some fractional Sturm-Liouville operators and introduced two
classes of fractional Sturm—Liouville problems namely regular and singular frac-
tional Sturm—Liouville problems. They investigated the eigenvalue and eigenfunc-
tion properties of this classes. Bag [2] gave the theory of spectral properties for
eigenvalues and eigenfunctions of Bessel type of fractional singular Sturm-Liouville
problem. Bag and Metin [3] studied a fractional singular Sturm-Liouville opera-
tor having Coulomb potential of type. Klimek and Blasik [14] studied a regular
fractional Sturm-Liouville problem with left and right Liouville-Caputo derivatives
of order in the range (1/2,1). They proved that it has an infinite countable set
of positive eigenvalues and its continuous eigenvectors form a basis in the space of
square-integrable functions. Rivero et al. [21] studied some of the basic properties of
the fractional version of the Sturm-Liouville problem. Zayernouri and Karniadakis
[27] studied new classes of the regular and singular fractional Sturm—Liouville Prob-
lems and obtained some explicit forms of the eigenfunctions.

While the theory of fractional Sturm-Liouville equations is well developed, the
literature involving fractional Dirac system is scarce. In [7], Ferreira and Vieira
derived fundamental solutions for the fractional Dirac operator which factorizes the
fractional Laplace operator. In [8], the authors obtained eigenfunctions and fun-
damental solutions for the three parameter fractional Laplace operator defined via
fractional Liouville-Caputo derivatives. They also obtained a family of fundamental
solutions of the corresponding fractional Dirac operator. In [5], the author proved
Lieb-Thirring type bounds for fractional Schrédinger operators and Dirac operators
with complex-valued potentials. In [1], the authors studied a regular g-fractional
Dirac type system. In the present paper, we consider the fractional Dirac type
system defined by

(o D))+ (70 0 ) (0)=a(2m)

where p, r,w; and ws are real-valued continuous functions defined on [a, b] and w; (z) >
0, Vo € [a,b], (i=1,2), A is a complex spectral parameter. If we take a@ — 1
in this system, then we get the one dimensional Dirac type system. This system
is one of the basic models of one-dimensional quantum mechanics. For example, a
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relativistic electron in the electrostatic field Q (x) is described by the system

0o -4 Q(x) — 2 ka1 A
dz h -
wy (3 TF )@ (TRAT o0 e ) i@ @
where ¢ > 0 is the velocity of light, k € Z\ {0}, Q(x) is a spherically symmetric
potential, m > 0 is the mass of the particle ([26]). Basic properties of the one
dimensional Dirac systems have been considered in [18], [26], [25] and the references
therein.

2. Preliminaries

In this section, we provide some basic definitions and properties of the fractional
calculus theory. These concepts and properties can be found in [20],[16],[22],[10],
and references therein.

Definition 2.1. (see [20]) Let 0 < o < 1 and f € Lj(a,b). The right-sided
and left-sided Riemann-Liouville integrals of order « are given by the formulas,
respectively

(2.1) (L= f)(z) = ﬁ f(s)(s—x)* 'ds, x<b,

f(s)(@—s)"""ds, x> a,

Qe 8 R — o

(2.2) (I3 ) (@) =ty
where I' denotes the gamma function.

Definition 2.2. (see [20]) Let 0 < a < 1 and f € L; (a,b). The right-sided
and respectively left-sided Riemann-Liouville derivatives of order a are defined,
respectively, as follows

(2.3) (Dy-f)(x) =-D(L,=°f) (), z <,
(2.4) (D2 f)(x) =D(I}7f) (2), = > a.

Analogous formulas yield the right-sided and left-sided Liouville-Caputo derivatives
of order «, respectively:

(2.5) (“Dp-f) (x) = (I=*(=D)f) (z), = <b,
(2.6) (“D2f) (x) = (I'1°Df) (2), = >a.

Property 1: Let f,g € CJa,b]. Then, the fractional differential operators de-
fined in (2.3)-(2.5) satisfy the following identities:

b b

@7 ) / f () Dgg () da = / g(@)° D f (2)dx — f (2) =g (z) |’

a a
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b

(2.8) zz/} %) D2, g (x th—lﬁﬂ@CDﬁf(ﬁm+f() Lag @) ).

a

Property 2 (see [11]): Assume that a € (0,1), 8 > «, and f € C|a,b]. Then
the relations

“f (@) = f(2),

(2.9) fl@)  =f()
(2.10) wqﬁﬂw =I07%f (@),
(2.11) fl@) =17f(x),

Db Ib f(z) = f(x)

(2.12) DL f(x) = f(x)

hold for any z € [a,b]. Furthermore, the integral operators defined in (2.1)-(2.2)
satisfy the following semi-group properties:

(2.13) I, =1
(2.14) Iy =rth

Now, we introduce convenient Hilbert space L2 ((a,b); E) (E := C?) of vector-
valued functions using the inner product

(f,9) = [ fi(@)g (@) (z) da
+ff fg(x)ng (z) dx,

o= ()00 (55,

fi,g9i and w; are real-valued continuous functions defined on [a,b] and w; () >
0, Vz € [a,b], (1=1,2).

where

3. Main Results

In the present section, our goal is to study the fractional Dirac type system which
includes the right-sided Liouville-Caputo and the left-sided Riemann-Liouvile frac-
tional derivatives of same order c. Throughout this section, we assume « € (0,1).

Let
w=(o ) ()00 ) ()
_( °Dyyatp (@)
< Dy +1(2)y2 )’
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where y = < h1 ) . With this notation, we consider the fractional Dirac type

Y2
system:
(3.1) Ty = dwyy, a <z <b< oo,
where y) = < z)‘l , p, r are real-valued continuous functions defined on [a, b], w (z) =
A2
w1 (x) 0 . .
0 ws () ) w; are real-valued continuous functions defined on [a, b] and w; () >

2
0, Vz € [a,b], (i=1,2), Xis a complex spectral parameter and boundary condi-
tions

(3.2) anl, “yxi (a) + aroyre (@) =0,
(3.3) ag1 117 %Y1 (b) + azzyra () =0,
with a2, + a?, # 0 and a3, + a3, # 0.

Theorem 3.1. The operator T := w™ 'Y generated by fractional Dirac type system
(FD) defined by (3.1)-(3.8) is formally self-adjoint on L2 ((a,b); E) .

Proof. Let y(.),z(.) € L?*((a,b); E). Then, we have

(Ty, =) — (y, T2) = [P (D2 +7 () yo) Zada

+f (°Dg-ys +p(z)y1) Zida

— fab Y2 (Dg‘+ 21+ 7 (x) ZQ)de'

— [Py (CDg 2z + p (2) 1) da
- f: (Dg+y1)72d;v+f (°Dyyo) z1da

~ [} v2(Dg 21)da [} 1 (ODf z2)de
Since
Sy (CDg-ye) Fwnde = [} ys (D, 21 )wrdo
— |12 O) T2 (6) = w2 (@) 121 (a)]
and

I 91(Dg z5)de = [ (DS y1) Zada

— [227([))];:“% (b) — 22 (a)22 (a )Il+ 1 (@ )}
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we get
(34) (Ty7 Z) - (y7 TZ) = [ya Z]b - [ya Z]a 3
where [y, 2], = 2o (x)IiI y1 () — y2 () I;I‘le (z). We proceed to show that the

equality (Ty, z) = (y,Tz) for any y(.),2(.) € L*((a,b); E). From the boundary
conditions (3.2) and (3.3), we get [y, 2], = 0 and [y, 2], = 0. Consequently,

(3.5) (Ty,z) = (y,Tz).

This completes the proof. O
Lemma 3.1. All eigenvalues of the FD system defined by (3.1)-(3.8) are real.

Proof. Let p be an eigenvalue with an eigenfunction z (x) . From the equality (3.5),
we get

(3.6) (Tz,2) = (2,Tz2) = (z,u2) =T (z,2).
On the other hand,
(3.7) (Tz,z) = (puz,2) = p(z,2).

It follows from (3.6) and (3.7) that

IU/(ZVZ) :ﬁ(Z,Z), (M_ﬁ) (Z,Z) =0.
Since z (x) # 0, we get u = Ti.
Lemma 3.2. If u1 and po are two different eigenvalues of the FD system defined

by (3.1)-(3.3), then the corresponding eigenfunctions 6 and n are orthogonal in the
space L2 ((a,b); E).

O

Proof. Let u; and po be two different real eigenvalues with corresponding eigen-
functions 6 and 7, respectively. From (3.5), we obtain

(T0,n) =(0,Tn), (116,n) = (0, p2n) , (11 — p2) (0,1m) = 0.

Since py # po, we obtain that 6 (z) and 7 (x) are orthogonal in L2 ((a,b); E). O

Now let y(x) = ( z; Eg ), z(z) = ( zl (z) ) € L?((a,b); E). Then, we
define the Wronskian of y (z) and z (z) by

W (y,2) () = 1,7 y1 (2) 22 (x) = 1,521 (2) g2 (@)
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Theorem 3.2. The Wronskian of any solution of Eq. (3.1) is independent of x.

Proof. Let y (z) and z (z) be two solutions of Eq. (3.1). By Green’s formula (3.4),
we have

(Ty,z) - (yaTZ) = [yaz]b - [yﬂz]a'

Since Ty = Ay and Tz = Az, we have

(Ayv Z) i(yv AZ) = [ya Z]b - [y’ Z]a )
()‘ - )‘) (y’ Z) = [y7 Z]b - [y7 Z]a :

Since A € R, we have [y, 2], = [y, 2], = W (y,Z) (a) , i.e., the Wronskian is indepen-
dent of xz. O

Corollary 3.1. Ify(x) and z(x) are both solutions of Equation (3.1), then either
W (y,z)(x) =0 or W (y,z)(x) #0 for all z € [a,b].

Theorem 3.3. Any two solutions of the equation (3.1) are linearly dependent if
and only if their Wronskian is zero.

Proof. Let y (z) and z(x) be two linearly dependent solutions of Equation (3.1).
Then, there exists a constant ¢ > 0 such that y (x) = ¢ z (x) . Hence

cI'T%% (2) ez (2)

W (y,2) = () v (2) ' = f‘: 2 (z) 2 (@)

IliJr z1 () 22 (x)

o

Conversely, the Wronskian W (y, z) = 0 and therefore, y (z) = cz (x), i.e., y (x) and
z (z) are linearly dependent. [
Before proceeding further, we need the following auxiliary functions.
We introduce the function ¢ (z) := < g‘};}ggg > . Further, the general solution
[

of the equation Ty =0, i.e.,

(3 F)(2)-
Dy, 0 o

is given by
_ [ &®(a,a,7)
QZ} - < 52 ) 9
where
a—1
(3.8) ® (a,a,x) = (z—a)

I'(e)
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Lemma 3.3. Let
A= aj1a12 — ai1a21

and
(3.9) Y (y) = {V — A}y,

where V (z) = ( pgx) r(()x) ) . Assume A # 0. Then on the space Cla,b], the

FD system defined by (3.1)-(3.3) is equivalent to the integral equation
yx (z) = —MY (y) + A(z) T + B (z) Z,

where the coefficients M, A, T, B and Z are

0o I«
Mo = ( 0 T )
Ix 0
Q2822 p (o, a, T
A(l’) = ( A_CL21<CL12 ) ) )
A
T = =1 Y1 (Y) |e=as

— 412921 P (o, a,
B(x) = ( A GQIAGEI ) ) )

Z =10 Y2 (Y) la=bs
and the function ® («,a,x) is defined in (3.8).
Proof. Using fractional composition rules and (3.9), we can rewrite the equation

(3.1) as follows:
T [yx (z) + MYx (y)] = 0.

Thus, we get
Yx (x) + MY, (y) — ( &9 (?27(1,2) > 7
(3.10) ya (z) = —MY) (y) + ( S® (?2’ @) ) .

Now, we shall connect the coefficients §; (i = 1,2) to the values a;; (¢,j =1,2) in
the boundary conditions (3.2)-(3.3). From the equation (3.10), we obtain

Ky (z) = ~KMY} (y) +K< 51@(?2’“:”) ) ,
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It o
0 1

L% N _ (0 I Ij:“[&@(a,a,x)})
( o )‘ (I,?- 1)““’”( & ’

( 1,7 % ) _ ( 1, Y2 (y) )+ ( & )
Yr2 —I" Y1 (y) & )7

By virtue of (3.2) and (3.3), we conclude that

where K = < ) . Then we have

ie.,

I’ %ya1 (a) =&,

L% (0) = =12 Yz (y) |a=b +&1,
a2 (@) = —=I Y1 (Y) |o=a +E2,
yx2 (b) = &o.

This leads to the system of equations

a11é1 +a12e = a2T

a2161 + axds = anZ.

Since A # 0, the solution for coefficients &;,7 = 1,2 is unique:

g _ ai1(a2eT—a22)

1 = A )

g _ a21(a11Z—a12T)
2 - A .

We have finished the proof of the lemma. [

Now, we prove the existence and uniqueness of eigenfunction of the regular FD
system defined by (3.1)-(3.3). In the next result, we use the following notation:

A= [A@)e, B=1B@)lc, S =l (@)le,

where ||.||, denotes the supremum norm on the space C ([a, ], E) .

Theorem 3.4. Leta € (0,1) and assume A # 0. Then unique continuous function
yx for the regular FD system defined by (3.1)-(8.3) corresponding to each eigenvalue
obeying

1
Sp+ Ald(a)llg + B(b—a)

(3.11) [V =M <

exists and such eigenvalue is simple.
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Proof. Let us define the mapping L : C ([a,b], E) = C ([a, b], E) by
Lf=—MY; (f)+ A(0) T+ B ()7

Now, we show that the equation (3.1) can be interpreted as a fixed point condition
on the space C ([a,b], E) . Using the following estimate

||Y>\ (9) — Y (h)Hc <llg— h”c HV - )\W”c )
we conclude that

ILg — Lhllc < g =hlc IV = AwlcSe+ Allg — Rl ¢ (a)llc
+B((b—a)lg—"hlcV =l
=V = wllcllg = hllc (s + Allé (a)lc + B (b —a))
=1llg—hllc,

where IT = ||V — Mwl| (Sg + A|¢ (a)|| o + B (b — a)) . By the condition (3.11), the
mapping L is a contraction on the space C ([a,b], E) so it has a unique fixed point.
Therefore, such eigenvalue is simple. [
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with some modifications, based on an important theory of Hiroshi Kunita. This is the
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1. Introduction

The notion of flow in the deterministic case for ordinary differential equations has
been studied by Blagovescenski and Freindlin [11]. Under stronger assumptions of
regularity of coefficients, such solutions determine a stochastic flow of diffeomor-
phisms. This question was discussed under variety of assumptions by Baxendal
[12], Bismut [6], Elworthy [3], Kunita [2], Malliavin [4] and others. See also Kunita
[13] for extensive literature on the subject. While the method of Bismut and Ku-
nita, is primarily an extension of the original one of Blagovescenski and Freindlin on
using Kolmogorov extension theorem, the original method of Elworthy [3] is based
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on using theory of stochastic integration on some appropriate Hilbert manifold of
diffeomorphisms. These method originated from a similar approach in the deter-
ministic case (but still in the framework of Hilbert manifolds) by Ebin and Marsden
[14], see also Ebin [15].

The notion of the stochastic flow associated with a stochastic differential equa-
tion has been studied by several authors, e.g. Elworthy [3], Malliavin [4], Tkeda-
Watanabe [5], Bismut [6]. In this work, we are interested in the stochastic flow
generated by the so-called -model, it is one-default model which gives the condi-
tional law of a random time with respect to a reference filtration. This models are
widely applied in modeling financial risk and price valuation of financial products.

Precisely, it is proved in [1] that, for any continuous local martingale Y, for any
Lipschitz function f on R null at the origin, there exists a probability measure Q
and a random time 7 > 0 on an extension of (2, F,P), such that the survival prob-
ability of 7, i.e., Q[r > t|F] is equal to Z; for ¢t > 0. In the last reference, it has
also been shown that there exists several solutions and that an increasing family of
martingales, combined with a stochastic differential equation, constitutes a natural
way to construct these solutions, which means that X' = Q[r < |F],0 < u,t < 00
satisfies the following stochastic differential equation :

—As

4t

dX; = X, (—16
Xu=z

() :

where the initial condition x can be any JF,-mesurable random variable.

The main result of this paper is to prove the homeomorphism property of the
stochastic flow generated by the stochastic flow associated with the f-equation based
on Hiroshi Kunita theory, but we impose the following hypotheses:

The first hypothesis:

We keep the same naturel model, but we assume that all the processes indicated
in the f-equation take real values. Thus, we impose that the coefficients of this
equation are Lipschitz continuous.

The second hypothesis:

We always assume the hypothesis mentioned in [1], which denoted that the stochas-
t A
e—As

tic integral / T

u S

dNs, u <t < 00, exists and defines a local martingale.

Remark 1.1. With these assumptions, we recall that the solution of the f-equation is
continuous according to the article [7].

Remark 1.2. It is reported here that the H. Kunita theory appearing in Section 2 was
done for multidimensional processes. Therefore, to obtain our result in the one-default
model, it suffices to apply the unidimensional version of the It6’s formula.
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2. The stochastic flow of stochastic differential equation

This section is borrowed from [2].

Let G(z),...,Gy(z) be continuous mappings from R? into itself and M}, ..., M]
be continuous semimartingales defined on a probability space (Q,F,P;F;). Here
F:,0 <t < oo is an increasing family of sub o-fields of F such that AcsoFiy. = Fy
holds for each ¢. Consider an Ito stochastic differential equation (SDE) on R%;

(2.1) g = G;(&)dM]
j=1

A sample continuous Fy-adapted stochastic process & with values in R? is called a
solution of (2.1), if it satisfies

d t ‘
(2.2) gt:gO+Z/ G (Es)dM?
j=1"0

where the right hand side is the Ito integral.

Concerning coefficients of the equation, we will assume in this section that they
are Lipschitz continuous, i.e., there is a positive constant L such that

1 1 d
|G (2) — Gi(y)| < Llz —yl, Vz,y € R

holds for all indices 4, j, where G;- (z) is the i-th component of the vector function
G;(x). Then for a given point = of R%, the equation has a unique solution such that
& = 0. We denote it as & (x) or & (x,w). It is continuous in (¢, ) a.s. In fact, the
following proposition is well known.

Proposition 2.1. [8). & (x,w) is continuous in [0,00) x R for almost all w.
Furthermore, for any T > 0 and p > 2, there is a positive constant KI(JI% such that

(2.3) Elgi (@) = &) < K (I =yl + 1t —s|)
holds for all x,y of R* and t,s of [0,T].

We thus regard that for fixed ¢, & (-, w) is a continuous map from R into itself for
almost all w. The purpose of this section is to prove that map & (-, w) is one to one
and onto, and that the inverse map & !(-,w) is also continuous.

Theorem 2.1. [2]. Suppose that Gy, ...,G, of equation (2.1) are Lipschitz con-
tinuous. Then the solution map & (-,w) is a homeomorphism of RY for all t, a.s.
w.

Remark 2.1. In case of one dimensional SDE, Ogura and Yamada [9] has shown the
same result under a weaker condition, using a strong comparison theorem of solutions. In
fact, if coefficients are Lipschitz continuous on any finite interval (local Lipschitzan) and
if they are of linear growth, i.e., |G;(z)| < C(1 + |z|) holds for all  with some positive C,
then the solution & (-, w) is homeomorphism for any ¢ a.s.
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Remark 2.2. The (local) Lipschitz continuity of coefficients is crucial for the theorem.
Ogura and Yamada [9] has given an example of one dimensional SDE with o-Holder
continuous coefficients (% < a < 1), which has a unique strong solution but does not have
the ”one to one” property.

Remark 2.3. It is enough to prove the theorem in case that M}, i = 1, ..., r satisfies the
properties below: Let M7 = Bf + AZ be the decomposition of semimartingale such that
Btj is a continuous local martingale and AZ is a continuous process of bounded variation.
Let < B? >, be the quadratic variation of Bf. Then it holds for each j and Vs < t,

(2.4) Al —Al<t—-s,<B > —-<B ><t-s, Vs<t

In the following discussion, condition (2.4) is always assumed. We will first show the
“one to one” property. Our approach is based on several elementary inequalities.

Lemma 2.1. [2]. Let T > 0 and p be any real number. Then there is a positive
constant Kz(f% such that Y,y € R? and Vt € [0,T),

(2.5) El¢(z) — &(y)P < K le —yP, VYz,yeRY, Vte[0,T]

The above lemma shows that if © # y then &(x) # &(y) holds for all ¢ a.s. But
it does not conclude that & (-,w) is ”one to one”, since the exceptional null set
Nz y = {wl|éi(x) = &(y) for some t} depends on the pair (z,y). To overcome this
point, we shall prove the following lemma.

Lemma 2.2. [8]. Set

1
(26) 1Y) = G —aw)

Then ni(x,y) is continuous in [0,00) x {(z,y) € R?¥ |z # y}.

The above lemma leads immediately to the ”one to one” property of the map & (-, w)
for all ¢ a.s. We shall next consider the onto property. We first establish

Lemma 2.3. [2]. Let T > 0 and p be any real number. Then there is a positive
constant Kz(??% such that

(2.7) E(1+ |&(2)?)? < K1+ |2, Vo eRY vt e[0,T]

Remark 2.4. Tt holds (1 + |z|*) < (1 + |z])? < 2(1 + |2|?). Therefore, inequality (2.7)
implies

(2.8) E(1+ |&(2)])* < 2 KCH(1+ |))*

Now taking negative p in the above lemma, we see that |&(x)| tends to infinity in
probability as x tends sequentially to infinity. We shall prove a stronger convergence.
We claim
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Lemma 2.4. [2]. Let R4 = R?U{oo} be the one point compactification of R?. Set

1

. d
0= TEEG) ifzek

if r=00
Then ny(x,w) is a continuous map from [0,00) x R¥ into R a.s.

Lemma 2.5. [2]. Define a stochastic process €, on R? =R U {oco} by

3 { 3169 if v eR?

&) = 00 if v =00
Then €,(x) is continuous in [0, 00) x RY,

Now the map ¢, is a homeomorphism of R, since it is one to one, onto and continu-
ous. Since oo is the invariant point of the map £,, we see that & is a homeomorphism
of R%. This completes the proof of Theorem 2.2.

3. Main result

In our model and with the assumptions set out in Section 1, we show the homeomor-
phic property of the solution of the f-equation by applying the lemmas introduced
by H.Kunita presented in the previous section. We take e = p and 8 = p — n with
p >0, we have for u < s <t:

th < e_AS >st+/thf(Xs_(1_Zs))dY;

Xp@ =+ [ X (-

u

We know that the quantity f(Xs — (1 — Zs)) is bounded because f is a Lipschitz

function, but as we do not know a priori if the quantity (— ) is finite or not,

1—Zs
we introduce the stopping time 7, = inf{¢,1 — Z; < %} . Therefore, we assume the
process X instead of X:

- - —Ay - -
dXt = Xt(—#dNt +f<Xt—(1—Zt))d)/t) 5 Such as Xt = Xt, Vit S Tp, N E
— LtAT,
N.

3.1. Proof of the one to one property

In this part, we will apply the lemma 2.1 to the one-default model. So if z =y the
inequality is clearly satisfied for any constant K ;T. We shall assume x = y. Let €
be an arbitrary positive number and:
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oz = inf{t > 0, [ X{(x) - X{(y)| < &}

denote A, = X(z) — X*(y), and we shall apply Itd’s formula to the function
f(2) = |z|P. Then it holds for ¢ < &;

Xg(x)H/:Xs( 6A> st+/uthf (Xr(pzs))dys

a 1- ZS/\T”

~ ~ e_At
dX(z) = X, (—

T e (Xi-(1-2) dl@)

Kt - e[ ol = [ X (%20 - %1w) »

) (- ) A+ Kol (Kule) - (1= ) v -
) ( ] _ZA) aN, + X, 0)f (Xow) - (1 - 2,)) dYSr

—Ag

(Tt - %) (-1 ) v

(@ (X - 1-2)) - X1 (X - (- 2,))) av]

w3 [ 5 (ke - Xew)
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~ ~ p ~ ~
K@) - Xe)| — e -yl =1+,
we start with I;:

T _ af u v U

I, = / 9 (X (z) — X{ (y)) X

— A,

(Rt - %) (- ) v

(XA@f(XA@—wl—ZQ)—Xwa(Xxw—(k—%ﬁ)d%}

Noting
V(XD) = Ko@) f (o) - (1= 2))
V(XY = Xw)f (R - (- 20)
such that
V(&) - V(XY < L|Xs - %]
and
of -1
we put
L=I'+1?
such that

—A

i = [H (5w - xw) (3 - %) (15— ) ax.

7= [ 2 (xew) - %) (V) - V) av,

For I, [ , we have:

O (fr(0) - X0() (R = %)| < Wl | Ruto) - Kot
< bl [Ke@) - K|
Therefore
It < —Xxwrdsx/i—lf;u dN,
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Noting
t —A,
Qi = / —%dNS, it is a local martingale according to hypothesis 1. (so
 LsA\Th
called the hypothesis Hy (C) [1]). So

X - Xs(y)‘pds

For I?, we have:
t

ESM@/
of

o (Br@ - %) (VEH - VED)| < Bllep LK) - X))

IN

p

PIL| %) - Xuy)

IN

Therefore

)N(s(sc) — Xs(y) ds

t
I} < |P|L/
u

A)—&@W@+mi/

)| ds @i+ 1) u

‘p
So, we have

A

t

IN

|P|Qt Xo(2) = X(y)| ds

‘,,

IN

Therefore, we have

p

ds

t
(3.1) ]ELMEsuMQM%+Ex/EL&M4mfxg%@>

Next,

{(Xs(a:) - X)) (—162A> aN, + (V(X2) - V(XD) dy;} 2

=3 [ 24 (e - xxw)
o

“XJM—V@@DZ<—1EZMH)2M%dNy%GNXQ—WNX@Ydmdm

~ ~ e_AS - S Sy
#2(Rulo) - ) (-2 ) (VD) - 7)) anvave |
Noting .J; = % [jtl + JE + J?} such that:

ﬁ:LgZQw@<@@y4&m—x@fﬁwi@%fwwm
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B=2 [ 54 (%) - X2(0) (%) - £ (-1 ) (780 - VD) v,

and note that

For J! we have

T (%2 - K2) x (Xuw) - X)) | <

922

< Ipllp - 11 [ % (@) - X(w)

Therefore

~ ~ P t e_AS 2
Xs(x)_Xs(y)‘ ds/ (—ﬁ> dNgdN

The hypothesis 1. is always assumed, so

t
J¢ < Ipllp — 1|/

t

X, (z) — X(y)| ds

~ p
3t < bl - 1% | |

u

For J2 we have

92 f

o (e - X)) < (V0D - 7G| < oo - 01222 (R20) - K20)”

~ ~ ~ g
< Ipllp — 11 2| Xo(2) - X, (o)

So

t

72 < |p||p—1|i2/ X(a) - Xuly)|| ds

u

‘p
For .J? we have

g—f (X2(@) — X)) x (Xuo) - Zolw)) (V(XD) - V(XD) ‘
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< |po - 1272 (Ri0) - Xol) L (Kulo) - X))

-/ - P
< |op = DI (Xolo) - Xo)'|
The hypothesis 1. is always assumed, so

t p

Jfgz\pup—umt/ Xo(z) - Xo(y)| ds

u

Therefore

J, = % [j,} +J2 4 jﬂ

t p

X, (z) — Xs(y)| ds

(o) = Xoly)| ds + pllp— 1/ 2 |

u

-1 5 [*
Ji= g Il - 112 [

+ﬂmm—ﬁwiQ{/ de%—fxwpd%

u

t

| - - - P
3 < Slellp = 11@ + 12 [ |Xete) - X ds
Therefore b
~ 1 =9 t ~ ~ p
(62 [Ble| < 5ol - 1@+ L7 [ B[R0 - 2w ds
u

Summing up these two inequalities 3.1 and 3.2, we obtain
U U p ~ i Y v p
B|X5. @) - Xt )] <l ol + 6, [ E[Ruo) - Xut0)][ds

where C'p is a positive constant.
By Gronwall’s inquality, we have:
~ p ~
E | X0 (1) = Xiho ()| < K2 |z —ylP, u<t<oo

such that
K2 o —yP = exp (Cpu)

Letting ¢ tend to 0, we have:

U U b ¢ (2) P
E Xt/\a'(x) - Xt/\o'(y) < Kp,u |£E - y|
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where o is the first time such that X¥(z) = X!(y). However, it holds o = oo a.s,
since otherwise the left hand side would be infinity if p < 0. The proof is complete.

The above lemma shows that if 2 # y then X¥(x) # X*(y) holds for all ¢ a.s.
But it does not conclude that X;(.,w) is one to one, since the exceptional null set
N,y = {w/X{(x) = X}*(y) forsome t} depends on the pair (x,y). To overcome this
point, we shall apply the lemma 2.2.

In this case we have:

_ t —A, t _
Xt“(:c)::c—l—/Xs(_ € )st“‘/Xsf (XS—(l—ZS))dYS
u 1- Zs/\‘rn u
- [ e—As 1 ~
X =i+ [ X, (—1_Z5A7n)dNS+LXSf (% -(-2))av,
N t —As t _
Xt =v+ [ X (- )avs [ Rf (R-a-z))a,
u SATy, u
[ e—hs i ~
X =i+ [ X (—1 . )dzvs+/ Ko (X- (- 2))av,
u - SATy, u
Putting
- 1
nt(xvy) a o u T
| X3 (z) — X¢ ()
1
ﬁt'(xlvy/) = 0= &
| X3 (=) — X (v')]
So .

|ﬁt($7y) - ﬁt'(x/,y/ﬂp = ‘ — - — _

1

p 1 P ~ ) )
Pz - - . Kn(a) — Ko@) + [ K2(y) — Ko
2 (e Trw) <|Xzf<x/>— ﬁ(y’)l) 1K) = Xl 413 0) - X2 )P

By Holder inequality

N

Elije(w,y) — v (', )" < 27 (B(7e(z, )" )G (', 5') 7)) * x
- - 3 N N 1
(1% - £2OP) + (B0 - K6 P)
By lemme 2.1 and proposition 2.1, we have
E (@, ) — iie (o', ) < Cprlo—ylPla’ /|77 (o —a'P + ly — /PP + 2}t — #]%)

< Cprd = (Jo =o'l 4y —y/1P + 20t - ¢)})
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if |z —y| > 4 and " — | > 5, where C~’p7T is a positive constant. Then by Kol-

mogorov theorem 2.1, 7;(x,y) is continuous in [0, T] x {(z,y)/|z —y| > 6}. Since
T and ¢ are arbitrary positive numbers, we get the assertion. The proof is complete.

_ The above calculus leads immediately the one to one property of the map
X}(.,w) for all t a.s. We shall next consider the onto property.

3.2. Proof of the onto property

In this part we will apply the lemmas 2.3, 2.4, and 2.5 to our model.

Let T' > 0 and p any real number:

Xtw=ot [ %, (—%) st+Lthf (% -(1-2)av.

u - Zs/\‘rn

dXo(z) = X, (_mdm ny (Xt — i — Zt)) dY})
We shall apply Ité’s formula to the function f(z) = (1 4 |2]?)?. It holds

1) - 1@ = [ 5 (Re1w)

[Xs(x) <—%> AN, + X,(z) f ()h(x) - (1~ Zs)) dYs] +

: / O (2@ [Xsu) <—1—A> AN, + X, (@) (Xu(w) - (1 - 2.) dYsr

- ZS/\Tn
f(X¥(z)) — f(z) = I + J; such that

—As

= [ (%) » [ (-1 ) e+ Ko (Rato) = 1= 20) )

(3

hi=g [ 5 (xe@) X (—%) AN, + X.(o)f (Xole) - (1 - 2.) dYsr

For I;, we have
_As

q- [ U (xvw)x [Xsm (—f) AN, + X @) (o) = (1= 2.)) dYs]

- ZS/\Tn

i=f I (%2) Rute) (_1> v U (x2w) Kuw)f (Kulo) - (1 - 20)) av.

- ZS/\Tn

= I;l + I? such that

i- U (x0) Kulo) (—T) aN,
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t

72 Of ( su . N

7= [ o (Rr) S (%@ -0 - 20) av,

- 0
For I}, note of =2pz(1+|2/*)P~! and the hypothesis 1. is always assumed, so

0z
- U (x2w) £l (—I_ZA) an,

() 2@

IN

2p| || (1+]22)"""

2|p| (1 + ’Xs(w)f)p

X, (@)

IN

Therefore . )
~ ~ 2
zie [ (1+|w@f) o
For I?, we have
- YOf /- - N
2 _ a] u (1 —
= [ 5 (Rrw) K@r (%) - (- 20) av.

Noting

Let K be a positive constant such that

1
2

V(XD < K (1+|X(@)2)

8f U % 7 (YT 2\P—1 5 % 2 3
L (R2@) Xl < VED| < 20l (4 ) R (1418007
~ ~ P
< 2K (141X @)
So ,
Bk [ (141X @F)" ds
Therefore

I, < 2|p|Qt/ut <1+‘)~(S(m)‘2)pds+2p|ﬁ'/ut (1+|X5(1~)‘2)pd8
< 2ol (@ +K) /t (1+1%.()P)" as

u

‘We have

t
(3.3) ‘Eft

< 2l (@ + K) [ B (14 %)) ds

u
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Next, for J;, we have

-3/ O (%2~ [X’s(x) ( A) AN, + X, (@) (Xie) - (1 - 2) dYs} 2

; 1- ZS/\Tn

t a2f ~ - e*As 2 ~  ~
/—(X?(m))x X, ()2 (‘12) AN, AN, + V(X*)2 dY,dY,
u — 4LsA\T,

e s

R
Noting J; = 5 [Jtl Ty JE}, such that
no [0 (g 2 (—— Y anaw
= [ G () < Ko (-7 ) avan
t 02 N o
2= [ 54 (Xr@) x V(X av.ay,

- t } ~ o—As o
_ 9T (gu X)) [ ——5 ) V(X7) dNdY,
= [ Gh (%) x X0 (- ) VD)
and note that
o2 - -
O —ap (1) ap(p— 1) 221+ el

Then for J! we have

Jl = /ut 2275 (X;(x)) x X(x)? (:ZAW)Z dNdN,
% ( ~g(95)) x Xy(x)?] < ‘(2]3 (1+ |z|2)pf1 +4p(p—1) z2(pl + \Z|2)p72) Xs(x)2’
< 2ppl2(p-1)+1) (1 + ‘X’S(x)f)

Therefore

_ t ~ 2\ P t 2
g2l o=+ [ (1 @) o [ () avan,
u u A

By hypothesis 1., we have

Jh<20plm-1)+1) @ / (1 i ‘f(s(a:)‘z)pds

u
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For JZ, we have

Je= [ 04 (Rr@) x vixep avay,

%(X;‘(m)) x VX2 < (20 (14 12P)" 7 +4p (o — 1) 201+ |2P)r?)
K2 (1 + ‘Xs(a:)r)‘
< 20pl2(p—-1)+1)K? (H]i{s(x)f)p
Therefore

J2<20p|2p—1) +1) K2 /t <1 + ‘Xs(w)r)pds

u

For J?, we have

—A,

7 ! a2f U % € (7 ( YT
J3 = z/u 5z (XS (x)) x Xs() (_1—Zw) V(X®)dN,dY,

IA
/N
[\
=
—
—_
+
Y
v
~—
T
—
+
=~
=
—
=
|
—_
~—
N
™)
—
—_
+
x
]
~—
T
]
N—

A
[\
=
~
3
|
=
+
=
=
N
—_
+
D
w
B
(v}
N———
S|

The hypothesis 1. is always assumed, so

B < allep-0+ K [ (1+[x0f) as

u

Therefore
- 17- - -
Jo=5 [Jtl + JE+ JE’}

B=g [ee-rn e [ (1 |fe]) a

t (1 + ’Xs(x)r)pds
Haplep-D+DEQ

(ool

Ji < Ipl2p—1) +1) (Qt +f(>2[ (1 + ‘Xs(x)r)pds

2o <2<p—1>+1>f<2/

u
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So

2 t 2\ P
(3.4) ‘Ejt‘ < llemp—1)+1) (ka) /u]E<1+‘)~(s(x)‘ ) ds

Summing up these two inequalities 3.3 and 3.4, we obtain

t

E (1 + |5(S(3;)|2)p < (1+]a?)? + const x / E (1 + |Xs(x)|2)p ds

u

By Gronwall’s inequality, we have
~ P ~
E(1+1%,@)F)" < (1+[22)" x exp (Cp)

such that .
- - p
Cp = const X / E (1 + \Xs(g:)|2> ds

and
K}, =exp (Cp,u>
So, we have the inequality of the lemma 2.3
~ P ~
E(1+ X @)P) <K, (1+ )"
Now, taking negative p in the above calculus, we see that ’f(t(x)‘ tends to infinity
in probability as x tends sequencially to infinity. We shall prove a stronger conver-

gence.

Let R = R U {oc} be the one point compactification of R. Set

- t oA t ~
X (x):x+/u X, (—1_Zm>dNS+/u X.f (XS—(l—ZS))dYS
L itremr
(@) =4 1+ [Zia)
0 ifz =00

Evidently 7:(x) is continuous in [0,00) x R. Thus just to prove the continuity in
the vicinity of infinity. Suppose p > 2. It holds

~ P

K@) - X, ()

e () = s (W)[” < e ()77 ()"

By Holder inequality, proposition 2.1 and lemma 2.3, we have
PR 1 - - N
Eli(2) = is@)l” < (Ed(@)™)® (Eds(y)™)* (EX(2) - X))

< Copr (L4 ]al) P (L4 lyl) 7P (lz —ylP + ]t = s[2)

A
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if t,5 € [0,7] and z,y € R, where C, 1 is a positive constant. Set

Z—z
x
Since
|z —yl <L 1’
A+ [T +1[y)) ~ |z y
We get the inequality
1 1

Define

Then the above inequality implies

Elii(@) = @) < Cpr (lo =yl + 1t =5 ) 0 £ 0,y #0

In case y = 0, we have ~
Elni(2)[" < Cp,r |z[?

Therefore 7j;(z) is continuous in [0, 00) x R by Kolmogorov’s theorem. This proves
that 7:(x) is continuous in [0, 00) x neighborhood of infinity.

So, define a stochastic process X; on R = RU {0} by

S X,(z) ifzreR
Xt(x):{oot() if x=o00

Then X,(x) is continuous sur [0,00) x R by the previous lemma. Thus, for each
t > 0, the map X;(.,w) is homotopic to the identity map on R. Then X;(.,w)
is an onto map of R by a well known homotopic theory. Now, the map X; is a
homeomorphism of R, since it is one to one, onto and continuous. Since oo is the
invariant point of the map X;, we see that X; is a homeomorphism of R. This
completes the proof of theorem 2.1.

REFERENCES

1. M.JEANBLANC, S.SONG: Random times with given survival probability and their
F-martingale decomposition formula. Stochastic Processes And their Applications
121 2010-2011.

2. H.KUNITA: On the decomposition of solutions of stochastic differential equations.
Proceeding of the LMS Symposium on Stoch.Diff. Eqs. Durham, Juillet 1980.

3. K. D. ELWORTHY: Stochastic dynamical systems and their flows. stochastic anal-
ysis ed. by A.Friedman and M. Pinsky, 79-95, Academic press, New York, 1978



518

10.

11.

12.

13.

14.

15.

F. Benziadi

P. MALLIAVIN: Stochastic calculus of variation and hypoelliptic operators. Kyoto,
Conference, 1976, Wiley 1978, 195-263.

. N. IKEDA-S. WATANABE: Stochastic differential equations and diffusion processes.

forthcoming book.

J. M. BISMUT: Flots stochastiques et formula de Ito-Stratonovich généralisée.
C.R. Acad. Sci. Paris, t. 290, 10 mars 1980.

F.BENzIADI, A.KANDOUCI: The application of Kolmogorov’s theorem in the one-
default model. Journal of Mathematical Sciences and Applications E-Notes, 4
(2),2016,71-78.

D. W. STROOCK-S. R. S. VARADHAN: Multidimensional diffusion processes, 1979,
Springer-Verlag, New York.

Y. OGURA-T. YAMADA: On the strong comparison theorem of solutions of
stochastic differential equations, to appear.

FATIMA BENZIADI, ABDELDJABBAR KANDOUCI: Homeomorphic property of the
stochastic flow of a natural equation in multi-dimensional case. Communications
on Stochastic Analysis, 11 (4),2017,457-478.

BLAGOVESCENSKI YU. N., FREINDLIN M.I: Some properties of diffusion processes
depending on parameter, Soviet Maths., 2, 633-636 (1961).

BAXENDALE, P: Wiener processes on manifolds of maps, Poc. Royal Soc. Edin-
burgh, 87A, 127-152 (1980).

KunNitA, H: Stochastic flows and stochastic differential equations, Cambridge
University Press (1990).

EBIN, D., MARSDEN, J: Groups of diffeomorphisms and the motion of an incom-
pressible fluid, Ann. of Maths. 94, no. 1, 102-163 (1970).

EBIN, D: The manifold of Riemannian metrics, in Preceedings of Symposium in
Pure Mathematics, v. XV, Global Analysispp, pp. 11-40, AMS, Providence 1970.



FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 36, No 3 (2021), 519 - 528
https://doi.org/10.22190/FUMI200930038M
Original Scientific Paper

SOME NEW IDENTITIES FOR THE SECOND COVARIANT
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Abstract. In this paper, we have studied the second covariant derivative of Riemannian
curvature tensor. Some new identities for the second covariant derivative have been
given. Namely, identities obtained by cyclic sum with respect to three indices have
been given. In the first case, two curvature tensor indices and one covariant derivative
index participate in the cyclic sum, while in the second case one curvature tensor index
and two covariant derivative indices participate in the cyclic sum.

Keywords: covariant derivative, curvature tensor, Riemannian manifold, second order
identity

1. Introduction

The Riemannian curvature tensor R;mn is very important in Riemannian mani-
fold, especially when studying the theory of general relativity and quantum gravity
(see [1, 8, 23]). Knowledge of the properties of curvature tensor is of great impor-
tance when studying the manifolds mentioned. Some other geometric object can
be defined using curvature tensor, for example Ricci curvature tensor, scalar curva-
ture, Weyl tensor, etc. In the articles [2, 3, 20], the curvature tensor was studied at

various mappings and transformations (see also the monographs [4] and [7]).
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Initially, the idea was to use three indices in cyclic sum, and thus some of the
properties of the Riemannian curvature tensor were proved (the first and the second
Bianchi identities). The idea of a cyclic sum was continued in the paper [6], but
in the summation four indices were used: two indices of curvature tensor and two
indices of covariant derivative. In the present aricle we have given the new identities
for cyclic summing of the second covariant derivatives with respect to three indices.
We will see that one of these identities implies Lovelock differential identity.

2. Preliminaries

Let us consider the Riemannian manifold (M, g), where M, is N-dimensional
manifold and ¢ is a symmetric metric tensor. The Christoﬁel symbols of the first
kind I'; ;. and the Christoffel symbols of the second kind I %1 of Riemannian mani-
fold are deﬁned as

1
(2.1) L= 5 (gij,k —Gjk; T gki,j) ,

(2:2) it = 9"yt = 597 (pik = 9ikp + Iiws)

where g, and g% is the covariant and contravariant metric tensor, respectively.
Hereinafter, the coma (,) denotes partial derivative.

In the general case, the partial derivative of a tensor is not always a tensor, and
therefore the term covariant derivative is introduced. We will use the semicolon (;)
for a covariant derivative in a Riemannian manifold. The covariant derivative with
respect to the Christoffel symbols F;k is defined as

1. la 1P1a+1 AA A p
(2.3) th A k_t j37k+zt Fp Zt ]cx 1PJat1- jBFjak’

where t;l 3;‘3 is an arbitrary tensor. The Riemannian curvature tensor R of a
Riemannian manifold is obtained based on Ricci identity
(2.4)
A B
11...14 _401...%4 _ 11 fo—1DPla+1---1A Pig o 1. ¥4

tjlij;mﬂ tj1'-~jB§7lm - Zth JB Rpmn : :t ]a 1PJa+1---JB Rjam’f”

p=1 p=1
where

0 _ 1 % P % P 1T

(25) R]mn ij n an m + F]7rzrpn F]nrpm

Also, the Riemannian curvature tensor can be expressed in the form
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where [ij] denotes alternation without division with respect to the indices ¢ and j
(for example, pj) = Gij — aji). For Ricci identity, we will use the notation below

(27) ti,l"'i,A _ tzl _ tzl

Ji.-.iBimn ]Bynm ]B,[mn]

The Riemannian curvature tensor has the following properties

1. R}, = —Rj,.,, (anti-symmetry)

2. Cyc R, =0, (the first Bianchi identity)
jmn

3. Cycl R},,,.., = 0, (the second Bianchi identity)

where C'ycl is the cyclic sum by indices j, m, n.
jmn

The covariant curvature tensor of a Riemannian manifold is defined as

ijmn

and has the following properties:

L Rijmn = =Bjimn = = Bijnm

3. CyCl RZJmn - O {Oé,ﬂ ’Y} C {Z ]7m TL}
afy

4. Cyc R0, = 0.
mnu

Oswald Veblen showed that the following identity
(2.9) R! — R + R ~ R =0,

jmn;u mju;n unm;j nuj;m

is correct [21].

Theorem 2.1. [6] For the curvature tensor R% the identity

jmn

(210) Cy6l R]mn uv CyCZ R]pm nuv R;muanv + R;angmu
mnuv mnuv

1s valid.

By contracting by indices ¢ and v in equation (2.10), one obtains the Lovelock
differential identity (see [6])

(2.11) Cycl ijn pu=—Cyc R Jmn R,,,
mnu mnu
. . . _ p
where ij is the Ricci curvature tensor, i.e. Rj R]mp
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Theorem 2.2. [22] The covariant curvature tensor of a Riemannian manifold
satisfies the identity

(212) Rijmn;[uv] + Rmnuv;[ij] + Ruvij;[mn] =0.

Definition 2.1. The Riemannian manifold (M, g) is symmetric Riemannian
manifold if a curvature tensor satisfies

(2.13) R: =0.

Fmn;u

The Riemannian manifold (M y, g) is semi-symmetric if a curvature tensor satisfies

3. Results

In this section, we will present new results for the cyclic sum of the second
covariant derivatives of Riemannian curvature tensor.

Let us consider the second Bianchi identity

(3.1) Cycl R: =0.

Fgmn;u
mnu
By covariant derivative of this equation by index v we get the equation

(3.2) Cycl R

Jgmn;uv
mnu

=0.

In the same way, we have the following identities

(3.3) Cycl R;muwn =0, Cycl R;mvmu =0.
muv muvn

Summing the obtained expressions (3.2) and (3.3), we have equation

0 = Cycl R: + Cycl R + Cycl R;

jmn;uv jmusvn muinu
mnu muv mon
3.4 _ pi i i i i i
( ) - ijn;uv + Rjnu;mv + Rjum;nv + iju;vn + Rjuv;mn + ijm;un
+ ij'u;nu + ijn;mu + Rjnm;vu'

From here, using every third addend from the previous equation, we get the identity

(3.5) Cycl R;mn;uv + Cycl R;nu;mv — Cycl R! =0,

Jmn;vu
nuv nuv nuv

(3.6) Cyel (R i) + R ) = 0.

nuv
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If we consider the Ricci identity (2.4) for R¢

s [uy]> 11O €quation (3.6) we obtain

(3.7)  Cyc (R, R., — RYn R

jmn’  puv pmn= Vjuv
nuv

~ R, RE.., — R, RE+ R ) =0.

jpn- tmuv jmp- nuv Jjnu;mu

Since that Cycl RP,,, = 0 (the first Bianchi identity), it follows

nuv
nuv

(38) Cn:ggl R;'nu;m'u = - CT:%SZ (RﬁmnR;Juv - R;)mnR?uu - R;anfnuv) ’

ie.

(3.9) Cyel Ry, = Cycl (R RSy + Ry RE — RYREL) -
nuv nuv

After changing the indices n — m, u — n, m — u, we obtain

(3.10) Cyc Ry = Cycl (R, RY, + RS, RE — RE R

J jnu jpm Jum =" Vpnv
mnuv
and with this we have proved the following theorem.

Theorem 3.1. Let (My,g) be a Riemannian manifold. The Riemannian curva-
ture tensor satisfies the identity
(3.11) Cycl R: = Cycl (R} RY

Fmn;uv jnuv
mnv mnuv

+Ri R —RP R,

jpm Jum™ “pnv

where Cycl is the cyclic sum with respect to the indices m, n, v.
mnuv

Corollary 3.1. Contraction by indices i and u in equation (3.11) gives the Love-
lock differential identity (2.11).

Proof.
?ngl(;l R_Zj)mn;pv = ?n?if)l (st)pm ;TL’U + R?st;TLU - jmeZS)’rL’U)

= Cycl (fRi’mp Jsm)) + Cycl (R?stfmv — jmeé’nv)

(312) mnuv . mnv . .
= - Cﬂtgf}l Rsm jnu + ?n%f}l (Rﬁ‘)stpnv - R?stpnv)
=—CycR,, ;fm),

ie.

(3.13) ggﬁl R e = — %zﬁl RY Ry
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If we add an expression — Cycl R = 0 to the equation (3.6), then we have

nuv

jnu um

the following consequence.

Corollary 3.2. The Riemannian curvature tensor satisfy the identity

nuv

where [ij] denotes alternation without division with respect to the indices i and j.

After applying Ricci identity, the previous equation takes the form

Cyd( ]mnR;mv R;mnRguv - R;anfnuv + R?nuR;ZDmv
(3.15) mnv
7 Y4 7 7 —
- anuR]mv - ijuRfLmv - RjnpRgmu) 0.

Based on Theorem (3.1) we have the consequence.

Corollary 3.3. In a semi-symmetric Riemannian manifold the following identity

(3.16) Cycl (R, RY,, + RS, Rb, —RY R ) =0.

pum*¥jnv jpm~*tunv Jjum™ “pnv
mnuv

holds.

Proof. Given the fact that in semi-symmetric Riemannian manifold the following is
valid

(317> R;mn uv R;mn sou)
i.e.
(3.18) %ﬁl imnuw ?n%l imnvu

and since Cycl R:

jmn;vu

= 0 (the second Bianchi identity), it follows that the left
hand side of equatlon (3.11) is equal to zero, thus completing the proof. [

Corollary 3.4. The equation (3.16) is valid in symmetric Riemannian manifold.

Below we present the result obtained by cyclic sum of the second covariant
derivatives of curvature tensor, when one curvature tensor index and two covariant
derivative indices participate in the cyclic sum.
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Theorem 3.2. Let (My,g) be a Riemannian manifold. The Riemannian curva-
ture tensor satisfy the following identity

jmnuv jmn,uv jmmn,p- uv jmn= uv,p
nuv

Cycl R, = Cycl (C”: —R: +R. TP +RE T

(3.19) — RS Ry + Ry Bori + R, +R! B

Jmn* uvp psn muv] pmMSs nuv] jps— nuvm

_ pP st
Z( J1PJ3 J;UU lesngJBuvp>>7

where
C_;mnuv = C]lnbnu U+Cfmnu pv C;Zmnu Ju C;pnu mu lenbpu nv Ojlnmp uv?

C(jlmnu R;mnu + iju no ]1 j7 j2 =m, j3 =n,

and Cycl is the cyclic sum with respect to the indices n, u, v.
nuv

Proof. First, we have identity
Cycl R: =R + R:

jmn;uv jmn;uv jmu;vn + R;mv inu
nuv
= Bimnia) o T Bjmuio) o+ (Bimoin)
Further, we get the following equation

(R;mn u) (Rzmu v) (R;mv n) =

D 7 7 7 7

( Jgmmn; u)’ + R]mn U pv Rpmn MO ]v R]pn JU mv R]mp MO nv R]mn P uv
P i % P %

( jmu; 'u) + Rgmu ;U pn - Rpmu v Jn - iju v mn R]mp v un iju D vn
7 D 7 7 7 7

(R]mv n) + ijv n pu Rpmv n Ju ijv s mu ijp n vu R]mv P nu

After developing the remaining covariant derivatives on the right hand side of equal-
ity and grouping expressions using basic operations for the Ricci calculus, we get

P i i %
CyCZ ijn suv T CyCZ < jgmn,uv + C]mnu pv Cpmnu Jvu ijnu muv ijpu nv

nuv nuv

—R: e +rd T! R R +R. AL —&—Rl AP

Jmp,n= uv Jmn= uv,p gmn= uvp pmn*-juv Jpnt Tmuv
% P £l _ PP s _ pP 81 i sp
+ ijpAnu'u smnB]uvp stanuvp R]manuvp + Rpsanuv]

7 2 sp
+ Rpms nuv] + ijanuvm)

where
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i _ T P T D i DL _ TP T P T
Ajmn - ij,n + anFpm + anrpj’ Bjmnu - Fngnu + anqu7
% . 7] g
ijnu - ijn,u + iju,n'

If we introduce notation

Ci — +cob T¢ —C' TP —C. TP —C. TP —C. TP

jmnuv jmnu,v jmnu™ pv pmnu= ju jpnu~ mv jmpu™ nv jmnp: uv?

the previous equation takes the form

i _ i i i [ 2 5Y p P 7
Cyd ijn;uv - Cyd <ijnuv iju,m) + ijnpruv ijp,nruv + ijnruv,p
nuv nuv
_ pPp i i P 7 p 7 P P s
ijnRuvp + Rpm,nAjuv + ijnAmuv + ij,pAnuv RsmnBjuvp
_ D S _ pp s1 7 sp 7 sp 7 sp
stanuvp ijanuvp + Rpsanuvj + Rpmanuvj + ijanuvm>

and, from here, after rearranging, we obtain identity (3.19). This ends the proof. O

4. Conclusion

The first part of the Results section was devoted to the result we obtained by
cyclic sum with respect to two indices of curvature tensor and one index of covari-
ant derivative, i.e. Cycl Rj,,,.,,- Due to anti-symmetry property of Riemannian

mnuv

curvature tensor R;, . the result we got has a simple form. Following the identity

(3.11) obtained, we also listed three consequences implied by Theorem 3.1. In the

second part of Results section, we present the cyclic sum Cycl R%,,,,..,., over known
nuv

quantities, i.e. Riemannian curvature tensor and Christoffel symbols of the second
kind.

For further research, one can observe cyclic sum of the second covariant deriva-
tives in other manifolds, as the curvature tensor is an interesting geometric object
in other manifolds [25], as well as in studying various mappings and transformations
in other manifolds (see [5, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 24, 26, 27]).
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1. Introduction

In geometrical analysis, a differentiable manifolds endowed Lorentzian metric having
signature (—, 4,4+, -+, 4) is a absolutely fascinating topic in Lorentzian geometry.
Matsumoto [19] popularized the study of Lorentzian para-contact manifolds with
Lorentzian metric. Ikawa and Erdogan [16] discussed Lorentzian Sasakian manifold.
In [38], Yildiz et al. studied Lorentzian a-Sasakian manifold and Lorentzian /-
Kenmotsu manifold studied by Funda et al. in [37]. After that, Pujar and Khairnar
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[22] have initiated the notion of Lorentzian trans-Sasakian manifolds and studied
some basic results with some of its properties. Before that, Pujar had initiated
the study of J-Lorentzian a—Sasakian manifolds and d-Lorentzian S—Kenmotsu
manifolds ([22], [23]). In [11], De also studied properties of curvatures in Lorentzian
trans-Sasakian manifolds which is closely related to this subject.

The interplay between manifolds and indefinite metrics is of interest from the
overview of physics and relativity. In 1969, Takahashi [32] introduced the notion of
almost contact metric manifolds equipped with pseudo-Riemannian metric. These
indefinite almost contact metric manifolds and indefinite Sasakian manifolds are
known as (e)-almost contact metric manifolds [36]. The concept of (e)-Sasakian
manifolds was initiated by Bejancu and Duggal [3]. De and Sarkar [9] studied the
notion of (€)-Kenmotsu manifolds. Shukla and Singh [25] extended the study to (e)-
trans-Sasakian manifolds with indefinite metric. The semi-Riemannian manifolds
has the index 1 and the structure vector field £ is always a timelike. This motivated
the Tripathi et al. [33] to introduce (¢)-almost para contact structure where the
vector field ¢ is spacelike or timelike according to (¢) =1 or (¢) = —1.

If M has a Lorentzian metric g, that is, a symmetric non degenerate (0, 2) tensor
field of index 1, then M is called a Lorentzian manifold. Since the Lorentzian metric
is of index 1, Lorentzian manifold M has not only spacelike vector fields but also
timelike and lightlike vector fields. This difference with the Riemannian case give
interesting properties on the Lorentzian manifold. A differentiable manifold M has
a Lorentzian metric if and only if M has a 1-dimensional distribution. Since odd
dimensional manifold is able to have a Lorentzian metric. Inspired from the previous
results, Bhati [1] developed the notion of §-Lorentzian trans-Sasakian manifolds.

On the other hand, in 1982, Hamilton [14] introduced that the Ricci solitons
move under the Ricci flow simply by diffeomorphisms of the initial metric, which
means they are stationary points of the Ricci flow is given by

(1.1) % = —25(q).

Definition 1.1. A Ricci soliton (g, V, \) on a Riemannian manifold is defined by
(1.2) Lyg+25+2X=0,

where S is the Ricci tensor, Ly is the Lie derivative along the vector field V' on
M and X is a real scalar. Ricci soliton is said to be shrinking, steady or expanding
according as A < 0, A\ =0 and A > 0, respectively.

If the vector field V is the gradient of a potential function ¢ , then g is called a
gradient Ricci soliton and equation 1.2 assumes the form VViy = S + Ag.

The roots of contact geometry lie in differential equations as in 1872 Sophus Lie in-
troduced the notion of contact transformation as a geometric tool to study systems
of differential equations. This subject has manifold connections with the other fields
of pure mathematics, and substantial applications in applied areas such as mechan-
ics, optics, phase space of dynamical system, thermodynamics and control theory.
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In 1925, Levy [17] obtained the necessary and sufficient conditions for the exis-
tence of such tensors. Later on, R. Sharma [24] initiated the study of Ricci solitons in
contact Riemannian geometry. Bagewadi et al. [15] extensively studied Ricci soliton
in almost (¢, d)-trans-Sasakian manifolds. In 2009, Cho and Kimura [8] introduced
the notion of n-Ricci solitons and gave a classification of real hypersurfaces in non-
flat complex space forms admitting n-Ricci solitons. In addition, n-Ricci solitons
with various structures have been studied by various geometers such as Calin and
Crasmareanu [7] and Blaga ([4], [5]). Recently, Venu at al. [35] study the n-Ricci
soliton in trans-Sasakian manifold. The first author of the paper also studied some
properties of n-Ricci solitons on (e, §)-trans-Sasakian manifold and normal almost
contact manifolds which is merely connected to this topic (for more details see [27],
[28], [29], [30], [31]). Therefore, it is natural and interesting to study #-Ricci soliton
on é-Lorentzian trans-Sasakian manifolds. In this paper, we derive the condition for
a 3 dimensional §-Lorentzian trans-Sasakian manifold whose metric as an n-Ricci
soliton and derive expression for the scalar curvature.

2. Preliminaries

Let M be an §-almost contact metric manifold equipped with J§-almost contact
metric structure (¢, &,7,¢,0) consisting of a (1,1) tensor field ¢, a vector field &, a
1-form 7 and an indefinite metric g such that

(2.1) ¢ =X +n(X)E n€) =-1, nop=0, ¢ =0,

(2.2) g(¢X,9Y) = g(X,Y) + (X)), n(X)=109(X,§), 9(§, &) =9,

for all X,Y € M, where ¢ is such that 62 = 1 so that 6 = 1. The above structure
(¢,€,1,9,0) on M is called the j—Lorentzian structure on M. If § = 1 and this
is usual Lorentzian structure [34] on M, the vector field £ is the timelike that is
M contains a timelike vector field. In [34], Tanno classified the connected almost
contact metric manifold. For such a manifold the sectional curvature of the plane
section containing £ is constant, say c. He showed that they can be divided into
three classes. (1) homogeneous normal contact Riemannian manifolds with ¢ > 0.
Other two classes can be seen in Tanno [34].

Gray and Harvella [13] introduced the classification of almost Hermitian man-
ifolds, there appears a class Wy of Hermitian manifolds which are closely related
to the conformal Kahler manifolds. The class Cs & C5 [13] coincides with the class
of trans-Sasakian structure of type («, ). In fact, the local nature of the two sub
classes, namely Cg and C5 of trans-Sasakian structures are characterized completely.

An almost contact metric structure on M is called a trans-Sasakian [21] if
(M x R, J,G) belongs to the class Wy, where J is almost complex structure on
M x R defined by

7 (x0g) = (600 - ven )
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for all vector fields X on M and smooth functions ¥ on M xR and G is the product
metric on M x R. This may be expressed by the condition

(2:3) (Vx@)Y = ag(X,Y)§ = n(Y)X) + B(g(6X,Y)§ = n(Y)¢X)

for any vector fields X and Y on M, V denotes the Levi-Civita connection with
respect to g, « and 8 are smooth functions on M. The existence of condition (2.3)
is ensure by the above discussion.

With the above literature now we define the d-Lorentzian trans-Sasakian mani-
folds as follows.

Definition 2.1. A §-Lorentzian manifold with structure (¢, &, 1, g, d) is said to be
d-Lorentzian trans-Sasakian manifold of type («, 3) if it satisfies the condition

(24)  (Vxo)Y = a(g(X,Y)§ = on(Y)X) + B(g(¢X,Y)§ — on(Y)pX)
for any vector fields X and Y on M.

If § = 1, then the §-Lorentzian trans-Sasakian manifold is the usual Lorentzian
trans-Sasakian manifold of type («, ) [11]. §-Lorentzian trans-Sasakian manifold
of type (0,0), (0, 8) («,0) are the Lorentzian cosymplectic, Lorentzian S-Kenmotsu
and Lorentzian a-Sasakian manifolds respectively. In particular if « = 1, f = 0 and
a = 0, 8 = 1, the §-Lorentzian trans-Sasakian manifolds reduces to J-Lorentzian
Sasakian and §-Lorentzian Kenmotsu manifolds respectively.

From (2.4), we have

(2.5) Vx§=d{-ad(X) - B(X +n(X)E},
and
(2.6) (Vxn)Y = ag(¢X,Y) + Blg(X,Y) + dn(X)n(Y)].

In a é-Lorentzian trans-Sasakian manifold M, we have the following relations:

(27)  R(X,Y)E = (o + 5%)(Y)X — n(X)Y]+ 2a8[n(Y)$X — n(X)oY]
H[(Ya)pX — (Xa)oY + (YB)¢*X — (XB)¢?Y]

(2.8) S(X,€) = [((n—1)(a® + B%) — (€B)n(X) + 8((pX)a) + (n — 2)6(X B),

(2.9)  QE=0d(n—1)(a®+ %) — (£8))€ + d¢(grada) — 6(n — 2)(gradp),

where R is curvature tensor, while @ is the Ricci operator given by S(X,Y) =

g(QX,Y).

Further in an §-Lorentzian trans-Sasakian manifold, we have
(2.10) 0¢(grada) = §(n — 2)(gradp)

and
(2.11) 208 — §(éa)) = 0.
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By using (2.7) and (2.10), for constants « and 3, we have

(2.12) R(&,X)Y = (o + 5%)[0g(X, Y )& — n(Y)X],
(2.13) R(X,Y)¢ = (o + B*)n(Y)X - n(X)Y],

(2.14) N(R(X,Y)Z) = 6(a® + 5)[g(Y, Z)n(X) — 9(X, Z)n(Y)],
(2.15) S(X,€) = [((n = 1)(a® + %) — 6(68)In(X),

(2.16) Q¢ =[(n—1)(o” + B%) — (€B)]¢.

An important consequence of (2.5) is that £ is a geodesic vector field
(217) Ve = 0.

For arbitrary X vector field, we have that

(2.18) dn(¢,X) =0.

The &-sectional curvature K¢ of M is the sectional curvature of the plane spanned
by £ and a unit vector field X. From (2.13), we have

(2.19) K¢ = g(R(¢, X), €, X) = (o® + %) = 6(£).

It follows from (2.19) that &-sectional curvature does not depend on X.

3. n-Ricci solitons on (M, ¢,&,n,g,9)

Fix h a symmetric tensor field of (0,2)-type which we suppose to be parallel with
respect to the Levi-Civita connection V that is VA = 0. Applying the Ricci com-
mutation identity [12],

(3.1) V2WX,Y; Z,W) - V?h(X,Y;W,Z) =0
we obtain the relation
(3.2) MR(X,Y)Z, W)+ h(Z,R(X,Y)W) =0.

Replacing Z = W = £ in (3.2) and using (2.7) and also use the symmetry of h, we
have

(3.32(0” + %) (Y )A(X, €) — n(X)A(Y, )] + 26[(Y a)h(¢X, ) — (Xa)h(¢Y,€)]

+20[(Y B)h(¢* X, €) — (XB)M(9?Y, €)] + daBn(Y)h(¢X, ) — n(X)h(4Y,E)].
Adopting X = ¢ in (3.3) and by virtue of (2.1), we turn up

(3.4)—2[(0¢ax — 2a8]h(9Y, €) +2[(a® + %) = 8(EA) (Y )A(E, €) — h(Y,€)] =
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By adopting (2.11) in (3.4), we have

(35) [(a® + B%) = (ERNM(Y ) (€, €) — h(Y,€)] = 0.
Suppose (a? + 32) — §(£B) # 0, it results
(3.6) h(Y,§) = n(Y)h(&,€).

Now, we call a regular J-Lorentzian trans-Sasakian manifold with (a? + %) —
8(¢8) # 0, where regularity, means the non-vanishing of the Ricci curvature with
respect to the generator of J-Lorentzian trans-Sasakian manifolds.

Differentiating (3.6) covariantly with respect to X, we have
B.NVxh)(Y, &) + h(VxY, &) + h(Y,Vx) = [09(VxY.,§) + 0g(Y, Vx&]h(&,€)

+n(YV)[(Vxh)(Y, &) + 2h((Vx§, §)].
By adopting the parallel condition Vh = 0, n(Vx§&) = 0 and by the virtue of (3.6)
in (3.7), we get
h(Y,Vx§) = g(Y, Vx&h(&,€).

Now adopting (2.5) in the above equation, we turn up

(38)  —ah(Y,¢X) + Boh(Y, X) = —ag(Y,¢X)h(£,£) + Bog(Y, X)h(&, €).
Replacing X = ¢X in (3.8) and after simplification, we turn up

(3.9) h(X,Y) = 69(X,Y)h(&,8),

which together with the standard fact that the parallelism of h implies that h(&, )
is a constant, via (3.6). Now by considering the above equations, we can gives the
conclusion:

Theorem 3.1. Let (M,¢,£,m,9,6) be an §-Lorentzian trans-Sasakian manifold
with non-vanishing &-sectional curvature and endowed with a tensor field h € T(TS(M))
which is symmetric and ¢-skew-symmetric. If h is parallel with respect to V then it

s a constant multiple of the metric tensor g.

Definition 3.1. Let (M, ¢,&,1n, g, ) be an §-almost contact metric manifold. Con-
sider the equation

(3.10) Leg+2542Mg+2um®n =0,

where L¢ is the Lie derivative operator along the vector field &, S is the Ricci

curvature tensor field of the metric g and A and p are real constants. Writing L¢g
in terms of the Levi-Civita connection V, we obtain:

(311) 25(X,Y) = —g(Vx&Y) — g(X, Vx&) = 209(X,Y) — 2un(X)n(Y),

for any X,Y € x(M).

The data (g,&, A\, ) which satisfies the equation (3.10) is said to be n-Ricci
soliton on M [5]; in particular if 4 = 0 then (g, &, \) is Ricci soliton [5] and its called
shrinking, steady or expanding according as A < 0, A =0 or A > 0 respectively [5].
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Now, from (2.5), the equation (3.10) becomes:
(3.12) S(X,Y) = —=(A+B0)g(X,Y) + (86 — p)n(X)n(Y).

The above equations yields

(3.13) S(X, &) = —(A+ pn(X)
(3.14) QX = —(A+ B0)X + (B0 — p)§
(3.15) Q¢ =—-(A+p)

(3.16) r=-An—(n—1)85 — u,

where r is the scalar curvature. Of the two natural situations regarding the vector

field V' such that V' € span {¢} and V L&, we investigate only the case for V = ¢&.
Our interest is in the expression for L¢g 4+ 25 4+ 2un ® . A direct computation

gives

(3.17) Leg(X,Y) = 2B0[g(X,Y) + n(X)n(Y)].

In 3-dimensional §-Lorentzian trans-Sasakian manifold the Riemannian curvature
tensor is given by

RX,Y)Z =g(Y,2)QX — g(X,2)QY + S(Y,2)X — S(X, Z)Y
—3l9Y. 2)X - g(X, 2)Y].

Putting Z = ¢ in (3.18) and using (2.7) and (2.8) for 3-dimensional é-Lorentzian
trans-Sasakian manifold, we get

(3.18) (0 + %) (Y)X = n(X)Y]+ 28[(Y) X — n(X)gY]
+[(Ya)pX — (Xa)oY] + (Y B)¢* X — (X B)§?Y]
= [(a® + %) = (€A)]In(Y) X — n(X)Y]
+on(Y)QX — on(X)QY —d[((¢Y)a) X + (Y 5)X]

Hl(GX)a)Y + (XB)Y].
Again, putting Y = £ in the (3.19) and using (2.1) and (2.11), we turn up
(319) QX =[5 +(68) — (> + 8% X + [ +(68) — 3(a® + 8%) | m(X)&.
From (3.20), we have

(3.20) S(Y) = [5+(68) - (2 + 8% g(X.Y)
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r
+ |5+ (€8) = 3(a* + 8] an(X)m(Y).

Equation (3.21) shows that a 3-dimensional d-Lorentzian trans-Sasakian manifold

is n-Einstein.

Next, we consider the equation

(3.21) X, Y) = (Leg)(X,Y) +25(X,Y) + 2un(X)n(Y).

By using (3.17) and (3.21) in (3.22), we have

(3.22) MX,Y) = [r—4(a® + 5%) +285] g(X,Y)

+ [8(a? + 8%) = 288 — r] on(X)n(Y) + 2un(X)n(Y).
Setting X =Y = ¢ in (2.3), we turn up
(3.23) h(€,€) = 2[26(a” + 2) — 2u].
Now, (3.9) becomes
(3.24) h(X,Y) = 2[26(a? + B%) — 2u)dg(X,Y).

From (3.22) and (3.25), it follows that g is an 7-Ricci soliton.
Therefore, we can state as:

Theorem 3.2. Let (M, $,£,n,9,0) be a 3-dimensional 0-Lorentzian trans-Sasakian
manifold, then (g,&, 1) yields an n-Ricci soliton on M.

Let V' be pointwise collinear with £. i.e., V = bf, where b is a function on the
3-dimensional d-Lorentzian trans-Sasakian manifold. Then

g(VxbE,Y) +g(Vybs, X) +25(X,Y) + 2Xg(X,Y) + 2un(X)n(Y) = 0
or

bg((Vx&,Y) + (X0)n(Y) + bg(Vy &, X) + (Yb)n(X)

F25(X,Y) + 22g(X, Y) + 2un(X)n(Y) = 0.
By using (2.5), we obtain

b(~badX — BS(X + n(X)E.Y) + (X0)n(Y) + bg(—SagY — B3(Y +n(¥)E, X)

+(YO)n(X) +25(X,Y) 4+ 2 g(X,Y) + 2un(X)n(Y) =0

which yields
(3.25) —2bB6g(X,Y) = 2b3n(X)n(Y) + (Xb)n(Y)



n-Ricci Solitons and gradient Ricci solitons... 537
+(Y0)n(X) +25(X,Y) 4+ 2 (X, Y) + 2un(X)n(Y) = 0.

Replacing Y by £ in (3.26), we get
(3.26)  (Xb) + (€b)n(X) +2[2(a” + B%) — (§8) + A + p — 2bB3]n(X).
Again putting X = £ in (3.27), we obtain

b= —2(a” + %) + (€8) — A — p + 2b83.
Plugging this in (3.27), we get

(Xb) +2[2(® + %) — (£8) + A+ p — 2030]n(X) = 0

or

(3.27) db=—{A+p— (£8) +2(a® + B%) — 2085} 1.

Applying d on (3.28), we get {\+ p — (£8) + 2(a® + %) — 2b36} dn. Since dn # 0
we have
(3.28) A — (€B) + 2(a® + B%) — 2086 = 0.

Equation (3.29) in (3.28) yields b as a constant. Therefore, from (3.26), it follows
that

S(X,Y) = —(A+2b80)g(X,Y) + (2086 — p)n(X)n(Y),

which implies that M is of constant scalar curvature for constant 256. This leads
to the following:

Theorem 3.3. If in a 3-dimensional d-Lorentzian trans-Sasakian manifold the
metric g is an n-Ricci soliton and V' is positive collinear with &, then V is a constant
multiple of & and g is of constant scalar curvature provided Bd is a constant.

Ranking X =Y = ¢ in (3.9) and (3.21) and comparing, we get
(3.29) A= —2(a?+ %) — (€B) + p — 2bB6 = —2K¢ — pu.
From (3.16) and (3.30), we obtain

(3.30) r=6(a? + B%) — 3(£B) — 286 + 2u.

Since A is a constant, it follows from (3.30) that K is a constant.

Theorem 3.4. Let (g,&, 1) be an n-Ricci soliton in (M, ¢,£,7,9,9) a 3-dimensional
0-Lorentzian trans Sasakian manifold. Then the scalar A + p = —2K¢, r = 6K¢ +

2u — 3(€6) — 2bB6.

Remark 3.1. For u =0, (3.30) reduces to A = —2K¢, so Ricci soliton in 3-dimensional
0-Lorentzian trans-Sasaakian manifold is shrinking.
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Example 3.1. Consider the three dimensional manifold M = {(m,y,z) S Rg\z #* 0|}7
where (z,y, z) are the Cartesian coordinates in R?® and let the vector fields are

-0 o _Z0)0
T 200 2T 20y BT T2 92

where eq, eo, e3 are linearly independent at each point of M. Let g be the Rieman-
nain metric defined by
gler,e1) = gles, €2) = gles, e3) = =6, gle1, e3) = glez, e3) = g(e1, e2) =0,
where § is such that 62 = 1 so that § = £1.

Let n be the 1-form defined by n(X) = dg(X, &) for any vector field X on M,
let ¢ be the (1,1) tensor field defined by  ¢(e1) = e2, ¢(e2) = —e1, ¢(e3) = 0.
Then by using the linearity of ¢ and g, we have ¢*X = —X + n(X)¢, with £ = e3.
Further g(¢X,¢Y) = g(X,Y) + on(X)n(Y) for any vector fields X and Y on M.
Hence for e3 = &, the structure defines an (§)-almost contact structure in R®.

Let V be the Levi-Civita connection with respect to the metric g, then we have

29(VxY,Z) = Xg(Y.Z)+Yg(Z,X)—Zg(X,Y)—g(X,[Y, Z])
—g(Y, [X’ Z]) +9(Z7 [X’ Y]),

which is know as Koszul’s formula. Now we have

(%) Q)

Ve, e3 = - e Ve,e3 = e Ve, e2 =0,

by using the above relation, for any vector X on M, we have
Vx€=d[-adpX — B(X +n(X)E)],

where o = % and 8 = f%. Hence (¢,&,1,g,0) structure defines the -Lorentzian
trans-Sasakian structure in R3.
Here V be the Levi-Civita connection with respect to the metric g, then we have

(9) Q)

le1,e2] =0, [e1,es] = - le2, e3] = - e

due to g(er,ez) = 0. Thus we have

(%)

Ve e3 =—-——e1+ez, Vger3=0
z
0 )
v€2€1 = 0, VBQeg = —Qez, v€2€3 = —%62 —e1 ve3€1 =0
z
1)
Vegse2 =0, Veg,€3 = —%el + es.

The manifold M satisfies (2.5) with o = L and 3 = f%. Hence M is an é-Lorentzian

z
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trans-Sasakian manifolds. Then the non-vanishing components of the curvature ten-
sor fields are computed as follows:

(%) (0)

R(e1,e3)es = et R(es,e1)es = —— e,

()

R(ea, e3)es = 2 R(es, e2)es = ——er.

From the above expression of the curvature tensor we can also obtain

(9%)
S(er,e1) = S(ez,e2) = S(es,e3) = Sl
since g(e1,e3) = g(e1,e2) = 0.
Therefore, we have
(6)
S(ei,ei) = ?g(eivei)a
fori =1,2,3, and o = %, 8 = —i. Hence M is also an Finstein manifold. In

this case, from (3.11), we find A = (1;25) and p = g, the data (g,&, A, 1) is an
expanding 7n-Ricci soliton on (M, ¢,£,n, g).

4. Gradient Ricci Solitons in 3-dimensional §-Lorentzian

trans-Sasakian manifold

If the vector field V' is the gradient of a potential function v then g is called a
gradient Ricci soliton and (1.2) assume the form

(4.1) VYV = 5 + Ag.

This reduces to
(4.2) Vy Dy = QY + \Y,

where D denoted the gradient operator of g. From (4.2) it follows
(4.3) R(X,Y)Db = (VxQ)Y — (VyQ)X.
Differentiating (3.20) we get

a1y wx = T nxe) - (& -0+ 82)(allow, X)

+Bg(W, X) — 6Bn(X)n(W)) + n(X)Vwé.

In (4.4) replacing W = &, we obtain

(4.5) (Ve@)X =
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Then we have

(4.6) 9(VeQ)X — (VxQ)(,6) = gl

Using (4.6) and (4.5), we obtain
(4.7) g(R(§, X) Dy, §) = 0.
From (2.12), we find
g(R(E,Y)D, &) = (a® + 52)(g(Y, Dv) — n(Y)n(Dy)).
Using (11.7), we get

(a® + B82)(g(Y, D) — n(Y)n(Dy)) = 0

(@® + B%)(g(Y, Dy) — n(Y)g(De,€)) = 0,

or

(9(Y, DY) — g(Y,&)g(D,§)) =0,

which implies

(48) D= (E0)¢, since  a®+ B2 £ —3(¢B).
Now, using (4.8) and (4.2), we get

S(X,Y) + Ag(X,Y) = g(Vy D, X) = g(Vy (§¥)€, X)
= (¥)9(Vy& X) + Y (E)n(X)
= (§Y)g(—bagY —6BY — 6Bn(Y)E, X) + Y (§¢)n(X)
(49)  S(X,Y) 4+ Mg(X,Y) = =ba(§)g(eY, X) — 3B8(EY)g(Y, X)

—0BEY)n(Y)n(X) + Y (§)n(X).
Putting X = ¢ in (4.9) and using (2.15) we get

(4.10) S(Y,€) + M(Y) = Y (§) = [\ + 208 +2(a” + 52 — 8(&8))]n(Y).
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Interchanging X and Y in (4.9), we get

(411)  S(X,Y)+M(X)Y) = —da(&)g(Y,6X) —8(Ed)g(X,Y)
—0B(EY)n(Y )n(X) + X (EY)n(Y).

Adding (4.9) and (4.11) we get

(4.12) 25(X,Y) +2Xg(X,Y) = =20B(£)g(X, Y) + Y (§)n(X)

—20B(&L)n(X)n(Y) + X (EP)n(Y).
Using (4.10) in (4.12) we have

(413) S(X,Y)+M(X,Y) = —0B(EY)[9(X,Y) = n(X)n(Y)]

+HA+ 08 +2(a? + 52 = 6(€8))In(X)n(Y).

Then using (4.2) we have

(4.14) VyDy = =6B(&)(Y —n(Y)E)
+HA+ 8 +2(a” + 52 = 6(€6)In(Y)E.

Using (11.14) we calculate
R(X,Y)Dy =VxVyDy —VyVxDy—Vxy) Dy
(4.15) = —0BX(§Y)Y +0BY (§) X

=Y (§¢)n(X)E + 06X (§)n(Y)E
HA+ 38+ 2(a® + 52 = S(E/(Vxn) (Y)E — (Vyn) (X))

+A 38+ 2(a” + 52 = 3(EANI((VxE)NY)E — (VyEn(X)).
Taking inner product with £ in (4.15), we get
(4.16) 0= g((X,Y)D9,€&) = 20a[A + 65 + 2(a” + 52 — 6(£8))]g(4Y, X).
Thus we have 25a[\ + 53 + 2(a? + 8% — 6(¢8))] = 0.
Now we consider the following cases:
Case (i) 6a =0, or

Case (i) [\ + 08+ 2(a® + 52— 6(£8))] = 0,
Case (1) a =0 and [\ + 33 + 2(a® + 52 — 6(£B))] = 0.

541
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In this case, we have the following;
Case (i) If & = 0, the manifold reduces to a é-Lorentzian S-Kenmotsu manifold.

Case (ii) Let [N+ 68+ 2(a® + 82 — §(€B))] = 0. If we use this in (4.10) we get
Y (&y) = —=0B(&Y)n(Y). Substitute this value in (11.12) we obtain

(4.17) S(X,Y) + Ag(X,Y) = =65(84)g (X, Y) = 2667 (X)n(Y).

Now, contracting (4.17), we get

(4.18) P+ 3\ = —303(E) — 208,
which implies
(4.19) (€)= — +_L+i

If r = constant, then (£¢) = constant = k(say). Therefore from (4.8) we have
Dy = (&¢)€ = k€. This we can write this equation as

(4.20) g(Dy, X) = kn(X),

which means that di(X) = kn(X). Applying d this, we get kdn = 0. Since dn # 0,
we have kK = 0. Hence we get Dy = 0. This means that 1) = constant Therefore
equation (11.1) reduces to

S(X,Y) =2(a” + 52— 6(¢6))9(X. Y),

that is M is an Einstein manifold.
Case (iii) Using a = 0 and [\ + 68+ 2(a? + 82 — 6(£B))] = 0. in (4.10) we obtain
Y(&y) = —=08(§Y)n(Y). Now as in Case (ii) we conclude that the manifold is an
Einstein manifold.

Thus we have the following :

Theorem 4.1. If a 3-dimensional §-Lorentzian trans-Sasakian manifold with con-
stant scalar curvature admits gradient Ricci soliton, then the manifold is either a d-
Lorentzian B-Kenmotsu manifold or an Einstein manifold provided o, B = constant.

In [9], it was proved that if a 3-dimensional compact connected trans-Sasakian
manifold is of constant curvature, then it is either a-Sasakian or S-Kenmotsu. Since
for a 3-dimensional Riemannian manifold constant curvature and Einstein manifold
are equivalent, therefore from the Theorem 3 we state the following:

Corollary 4.1. If a compact 3-dimensional 6-Lorentzian trans-Sasakian manifold
with constant scalar curvature admits Ricci soliton, then the manifold is either §-
Lorentzian a-Sasakian or d-Lorentzian -Kenmotsu.
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Also in [13], authors proved that a 3-dimensional connected trans-Sasakian manifold

is

B

locally ¢-symmetric if and only if the scalar curvature is constant provided a and
are constants. Hence, from Theorem 3 we obtain the following:

Corollary 4.2. If a locally ¢-symmetric 3-dimensional connected §-Lorentzian
trans-Sasakian manifold its admits gradient Ricci soliton, then manifold is either

J-

A

Lorentzian B-Kenmotsu or Einstein manifold provided «, 8 = constant.
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D,-HOMOTHETIC DEFORMATION AND RICCI SOLITIONS IN
THREE DIMENSIONAL QUASI-SASAKIAN MANIFOLDS

Tarak Mandal

Department of Mathematics, Jangipur College,
Murshidabad, Pin-742213, West Bengal,India

Abstract. In the present paper, we have studied curvature tensors of a quasi-Sasakian
manifold with respect to the D,-homothetic deformation. We have deduced the Ricci
soliton in quasi-Sasakian manifold with respect to the Dg,-homothetic deformation.
We have also proved that the quasi-Sasakian manifold is not &-projectively flat under
D,-homothetic deformation. Also, we give an example to prove the existance of quasi-
Sasakian manifold.

Key words: Quasi-Sasakian manifold, D,-homothetic deformation, Ricci soliton, Weyl
projective curvature tensor.

1. Introduction

In 1967, D. E. Blair [1] introduced the notion of quasi-Sasakian structure to
unify Sasakian and cosymplectic structures. The Riemannian curvature tensor of
three dimensional quasi-Sasakian manifold is given by [10]

9(Y, 2)[(5 = B)X + (35 = HIn(X)E +n(X)(dgrads)

— dB6X)E] ~ 9(X. 2)[(5 —~ BIY + (387 — (Y )¢

+ n(Y)(dgrads) — dB(6Y)E] +[(5 — A)g(Y. 2)

r

+ (36° - 2nY)n(Z) = n(Y)dB(¢Z) — n(Z)dB(¢Y )] X
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— 15— B)9(X, 2) + (357 = SIn(XIn(Z) = n(X)dB(62)

— N(2)dBGX)Y — Slg(Y. 2)X — g(X, 2)Y),

where 3 is a function on the manifold. In the paper [2], U. C. De and A. K. Mondal
have proved that £8 = 0. In a quasi-Sasakian manifold, if we consider g is a non-
zero constant, then the manifold becomes (3-Sasakian and if 8 = 1, the manifold
becomes a Sasakian manifold.

The notion of D,-homothetic deformation was introduced by Tanno [11] in 1968.
In paper [8], H. G. Nagaraja, D. L. Kiran Kumar and D. G. Prakasha have stud-
ied D,-homothetic deformation of (k,u)-contact metric manifolds. Nagaraja and
Premalatha have studied D,-homothetic deformation of K-contact manifolds in the

paper [9].

Ricci soliton was introduced by Hamilton [4] which is the generalization of the
Einstein metrics and is defined by

(Lxg)(Y, Z) +25(Y, Z) + 20g(Y, Z) = O,

where, Lx denotes the Lie-derivatives of Riemannian metric g along the vector
field X, A is a constant, S the Ricci tensor of type (0,2) and Y, Z are arbitrary vec-
tor fields on the manifold. A Ricci soliton is called shrinking or steady or expanding
according as A is negative or zero or positive. Ricci solitons on three dimensional
almost contact manifolds have been studied by several authors. For instance, U. C.
De and A. K. Mondal studied Ricci solitons on three dimensional quasi-Sasakian
manifolds [2]. S. K. Hui and colaborators have investigated Ricci solitons and their
generalizations on some classes of almost contact manifolds. For details see [5], [6],
[7].

In this paper we would like to study some properties of quasi-Sasakian manifold
with D,-homothetic deformation.

The paper is organized as follows: In Section 2, we have discussed some prelim-
inaries. In Section 3, we give an example of quasi-Sasakian manifold to prove the
existance of the said manifold. In Section 4, we deduced some curvature properties
of quasi-Sasakian manifold with respect to the D,-homothetic deformation. In Ses-
tion 5, we study the Ricci soliton in quasi-Sasakian manifold with respect to the
D,-homothetic deformation. In the last Section, we have derived the & projective
curvature tensor under D,-homothetic deformation.

2. Preliminaries

Let M be a (2n + 1)-dimensional manifold endowed with an almost contact
metric structure (¢,&,n,g), where ¢ is a tensor field of type (1,1), £ is a vector
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field, n is a 1-form and g is the Riemannian metric on M such that [10]

¢*(X) = -X +n(X)E, () =1
As a consequence, we get the following:
¢ =0, g(X,&) =n(X), n(¢X)=0,
90X, 9Y) = g(X,Y) = n(X)n(Y),
9(¢X,Y) = —g(X,9Y), g(¢X,X)=0,
(Vxn)(Y) =g(Vx¢&,Y),

for all vector fields X, Y on (M)
Let @ be the fundamental 2-form of M defined by

O(X,Y) = g(X, ¢Y),

for all X, Y on M. M is said to be quasi-Sasakian if the almost contact structure
(¢,€,m, g) is normal and the fundamental 2-form ® is closed i.e., d® = 0 [1]. The
normality condition gives that the induced almost complex structure of M x R is
integrable or equivalently, the torsion tensor field N = [, ¢] +2£ ® dn vanishes iden-
tically on M, where [X, Y] is the Lie bracket. The rank of a quasi-Sasakian structure
is always an odd integer [1] which is equal to 1 if the structure is cosympletic and
it is equal to (2n + 1) if the structure is Sasakian.

For a three-dimensional quasi-Sasakian manifold, we have [2]

(2.1) Vx§=-poX,

(2.2) (Vxo)(Y) = B(9(X,Y)§ —n(Y)X),

(2.3) (Vxm(Y) = —Bg(¢X,Y),

(2.4) R(X,Y)E = —(XB)oY + (YB)oX + B {n(Y)X —n(X)Y},

S(LY) = (5 - 290X, Y) + (38° = Dm(X)n(Y)
— n(X)dB(GY) — n(Y)dB(9X),

QX = (5 )X+ 68 - (X
— 0(X)(ggradB) — dB(9X),
(2.5) S(X,€) = 28%(X) - dB(6X).

The Weyl projective curvature tensor P of type (1,3) on a Riemannian manifold
(M, g) of dimension (2n + 1) is defined by [3]

P(X,Y)Z = R(X,Y)Z — %[S(Y, Z)X - 8(X, Z)Y),

forall X, Y, Z € x(M).
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3. Example of quasi-Sasakian manifold of dimension three
This example is constructed by following U. C. De and A. K. Mondal in the
paper [2].

Let us consider the manifold M = {xy, x5, 23 € R® : 23 # 0} of dimension 3,
where {21, z9,23} are standard co-ordinates in R3. We choose the vector fields

0 0 0 0

€1 = 75— €2 =5 — +2157— €3 =
81‘1 ’ afL‘g (9.1‘3 ’ (9303 ’

which are linearly independent at each point of M, we get

le1,e2] =e3, le1,e3] =0, [ea,e3]=0.

Let g be the Riemannian metric defined by g(e;, e;) = dij, for all 4,j = 1,2, 3.
Let V be the Riemannian connection and R the curvature tensor of g. The 1-form
7 is defined by 1(X) = g(X, e3), for any X on M, which is a contact form because

nAdn # 0.
Let ¢ be the (1, 1)-tensor field defined by

pler) = ez, ¢(e2) = —e1, ¢(ez) =0.

Then we find
nles) =1, ¢*X =—X +n(X)es,

for any vector fields X, Y on M. Hence (¢, e3,7, g) defines an almost contact metric
structure on M.

Using Koszul’s formula, we obtain

1 1
veleQ - 5637 Vele3 - 7562; V€263 - 5617
1 1
Ve,e1 = 58 Ve,e1 = 562 Ve,e2 = €1

and the remaining V.,e; = 0, for all 7,5 = 1,2,3. Thus we see that the structure
(¢, e3,m, g) satisfies the formula Vxes = —¢X for 8 = —%.

Hence the manifold is a three dimensional quasi-Sasakian manifold with the con-
stant structure function 5.
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Also, from the definition of curvature tensor, the expressions curvature tensor
are given by

3 1
R(ei,ez)er = —ea, R(er,e2)ea = ——e1, R(er,ez)er = ——es,
4 4 4
1 1
R(ez, e3)es3 = 1 R(eq,e3)es = 160 R(ea,e3)es = aie:

and the remaining R(e;,e;)e, =0, for all i, 7,k = 1,2, 3.

4. D,-homothetic deformation

Let (M, ¢,&,7,g) be a 3-dimensional quasi-Sasakian manifold. A D,-homothetic
deformation is defind by

(41) Q;:Qb, 5:257 1 = an, §:ag+a(a*1)77®77a

with a being a positive constant [8].

If M(¢,&,m,g) is a quasi-Sasakian manifold with Riemannian connection V
and V be the connection of the D,-homothetic deformed quasi-Sasakian mani-
fold M(¢,&,7,g) which is calculated from V and g. Then the relation between the
connections V and V is given by

(4.2) VxY = VxY + (1 - a)p(Y)eX +n(X)sY],

for any vector fields X, Y, on M.

The Riemannian curvature tensor R of M(¢,&,7,g) is given by
(4.3) R(X,Y)Z =VxVyZ-VyVxZ—-Vixyv|Z
Using (2.1), (2.2), (4.1) and (4.2) in (4.3), we get

R(X,Y)Z = R(X,Y)Z+(1-a)Blg(X,Z)n(Y)E
g(Y, Z)n(X)€ — 29(¢X,Y)pZ — g(¢ X, Z)pY
+ 9(oY, 2)pX —2n(Y)n(Z2) X + 2n(X)n(Z2)Y]
(4.4) — (1 —a)?’m(X)m(2)Y —n(Y)n(2)X].

Therefore,

R(X,Y,Z,W) = R(X,Y,Z,W)+ (1—a)B[g(X, Z)n(Y)n(W)
— gV, Z)n(X)n(W) —29(¢X,Y)g(¢Z, W)
- 9(¢X,2)g(¢Y, W) + g(¢Y, Z)g(¢ X, W)
= 29(X,W)n(Y)n(Z) +29(Y, W)n(X)n(2)]
(4.5) - (1=a)*[g(Y,W)n(X)n(Z) — g(X,W)n(Y)n(2)],



552 T. Mandal
where R(X,Y, Z,W) = g(R(X,Y)Z,W) and R(X,Y,Z,W) = g(R(X,Y)Z,W).

Let, {e;},(i = 1,2,3) be the orthonormal basis of the tangent space of the
manifold. Putting X =W = ¢;, in (4.5) and summing over i, we get

S5(v,z) = S(Y,2)+2(1—a)Blg(Y,Z) - 3n(Y)n(Z)]
(4.6) + 2(1—a)’n(Y)n(2).

From which,

QY = QY +2(1 - a)B(Y = 3n(Y)§) + 2(1 — a)*n(Y)§,

From (2.2) and (4.2), we get

(Vx@)Y = (Vx@)Y — (1 —a)n(Y)p*X.
Also, from (2.1) and (4.2), we obtain

(4.7) Vb= = Z “Oux.

Thus, from (2.3), (4.1), (4.2) and (4.7), we get

(Vx0)Y =a’(1—a~ B)g(¢X.Y).

Thus, we can state the following o
Theorem 4.1. For a D,-homothetically deformed quasi-Sasakian manifold M (¢, €, 7, §),
the followings hold

R(X,Y)Z = R(X,Y)Z+(1-a)Blg(X,Z)n(Y)¢

— 9V, Z)n(X)§ — 29(pX,Y)9Z — g(¢X, Z)pY
9(oY, Z)pX — 2n(Y)n(2)X + 2n(X)n(Z)Y]
- (1=a)’(X)n(2)Y —n(Y)n(Z2)X].

_|_

S(Y,z2) = S(Y,Z)+2(1-a)Blg(Y,Z) - 3n(Y)n(Z)]
+ 2(1—a)*n(Y)n(2).
QY = QY +2(1 - a)B(Y = 3n(Y)€) + 2(1 — a)’n(Y)¢,
(Vx9)Y = (Vx9)Y — (1 —a)n(Y)d*X.
l—a-p

V€= pX.

(Vxn)Y =a*(1—a—B)g(¢X,Y).
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5. Ricci soliton in three dimensional quasi-Sasakian manifold with
respect to the D,-homothetic deformation
Let M(¢,&,7,9) be a Dy-homothetically deformed quasi-Sasakian manifold of
dimension 3. A Ricci soliton (g, V, ) is defined on M (¢,€,17,g) as
(5.1) (Lvg)(X,Y) +25(X,Y) + 225(X, Y) =0,

where Ly g denotes the Lie derivative of Riemannian metric g along a vector field
V', S is the Ricci tensor of type (0,2) on M(¢,&,7,3).

Let us suppose that the vector field V' is the Reeb vector field £ on M (¢, &, 7, g).
Then from (5.1), we have

(5.2) (Leg)(X,Y) +25(X,Y) + 20G(X,Y) = 0.

Now, from (2.1) and (4.2), we have

(5.3) _—

Therefore, from (4.1), (5.2) and (5.3), we get

(5.4) S(X,Y)=-Xg(X,Y).
Putting Y = Z = £ in (4.6), we get
(5.5) S(& & =2(B+a—1)%

Putting X =Y = ¢ in (5.4) and using (5.5), we get

2(6+a—1)?
a
Thus we can state the following
Theorem 5.1. If a D,-homothetically deformed quasi-Sasakian manifold of di-
mension three admits Ricci soliton, then the Ricci soliton is shrinking.

6. ¢&-projective curvature tensor on quasi-Sasakian manifold with
respect to D,-homothetic deformation

Definition 6.1. The &-projective curvature tensor of type (1,3) on a quasi-
Sasakian manifold of dimension (2n+1) with respect to D,-homothetic deformation
is given by [8]

P(X,Y)E = R(X, V)~ - [S(V.O)X — S(X.E)Y],
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for any X, Y on M. -
A quasi-Sasakian manifold of dimension n is said to be {-projectively flat with re-
spect to the D,-homothetic deformation if P(X,Y)¢ = 0.

The Weyl projective curvature tensor P of a three dimensional quasi-Sasakian
manifold under D,-homothetic deformation is defined by [8]

(6.1) P(X,Y)Z = R(X,Y)Z — =[S(Y, Z2)X — 8(X, Z)Y].

w\»—*

Interchanging X and Y ,we get
_ _ 1 _
(6.2) P(Y,X)Z:R(Y,X)Z—§[S(X,Z)Y—S(Y,Z)X}.

Adding (6.1) and (6.2), we get by using the property R(X,Y)Z = —R(Y, X)Z
P(X,Y)Z+ P(Y,X)Z = 0.

Also, from (6.1) by using first Bianchi identity R(X,Y)Z+R(Y,Z)X +R(Z, X)Y =
0, we get
P(X,Y)Z+P(Y,Z)X + P(Z,X)Y =0.

Thus the Weyl projective curvature tensor under D,-homothetic deformation in
a quasi-Sasakian manifold is skew-symmetric and cyclic.

Using (4.1), (4.4) and (4.6) in (6.1) , we get

p(Xa Y)Z = R(Xv Y)Z + (1 - a)ﬁ[g(X7 Z)H(Y)S
— g(Y, Z2)n(X)€§ —29(X,Y)0Z — g(¢X, Z)pY
+  9(8Y, 2)pX —2n(Y)n(Z)X + 2n(X)n(2)Y]
- (1—a)’n(X)m(2)Y —n(Y)n(Z)X]
— SIS(Y.Z2)X +201— a)B{e(Y, Z)X — 3n(¥)n(2)X)
+ 201 —a)(Y)n(2)X — S(X,Z2)Y
= 2(1=a)B{9(X, 2)Y = 3n(X)n(Z2)Y'}

(6.3) - 2(1—a)*n(X)n(2)Y].

Replacing Z by & in (6.3), using (2.4), (2.5) and (4.1), we get

PX,Y)E = T[(~(XP)0Y + (Y5)6X) + 5 (~(0XB)Y + (6 5)X)].

Thus we can say -
Theorem 6.1. The &-projective curvature tensor on a D,-homothetically deformed
quasi-Sasakian manifold of dimension 3 is given by
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PX,Y)E = L[(~(XA)0Y + (Y5)9X) + 5(~(0XB)Y + (6 5)X)].

and the manifold is not &-projectively flat with respect to the D,-homothetic de-
formation.
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LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS
IN ARROWHEAD FORM

Ivana Jovovié

University of Belgrade, School of Electrical Engineering, 11000 Belgrade, Serbia

Abstract. This paper deals with different approaches for solving linear systems of the
first order differential equations with the system matrix in the symmetric arrowhead
form. Some needed algebraic properties of the symmetric arrowhead matrix are proposed.
We investigate the form of invariant factors of the arrowhead matrix. Also the entries of
the adjugate matrix of the characteristic matrix of the arrowhead matrix are considered.
Some reductions techniques for linear systems of differential equations with the system
matrix in the arrowhead form are presented.

Keywords: Arrowhead matrices, Linear systems of differential equations, Partial and
total reductions of non-homogeneous linear systems of first order operator equations

1. Introduction

Arrowhead matrices are an important type of matrices occurring in wide area
of applications. They are popular subject of research related with mathematics,
physics and engineering. Some important problems like computing eigenvalues and
eigenvectors of arrowhead matrices [9, 2, 21], solving inverse eigenvalue problems
[15, 28, 25, 24], computing the inverse of arrowhead matrices [7, 26, 4], and solving
symmetric arrowhead systems [5] have been considered by various authors over the
last four decades. Arrowhead matrices are often an essential tool for the computation
of the eigenvalue problems for large and sparse or tridiagonal matrices [22, 6, 8, 29, 23].
Arrowhead matrices arise in the description of modelling of radiationless transitions
in isolated molecules [1], oscillators vibrationally coupled with a Fermi liquid [3]
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and quantum optics [19]. One can also find arrowhead matrices in the models of
telecommunication systems (MIMO) [27, 14] and neural networks [18], as well as in
robotics and in modern control theory. Motivated by wide applications of arrowhead
matrices we are interested in solving linear system of differential equations with the
system matrix in the symmetric arrowhead form.

In our previous papers we have considered a partial and a total reduction of non-
homogenous linear systems of the first order operator equations with system matrix
in an arbitrary form. In [16] the idea was to use the rational canonical form to reduce
such a system to an equivalent partially reduced one. The partially reduced system
obtained in this fashion consists of higher-order linear operator equations in one
variable and first-order linear operator equations in two variables. Another method
for solving a linear systems of operator equations, which does not require a change of
basis, is discussed in [17]. Obtained totally reduced system consists of higher order
operator equations which only differ in the variables and in the non-homogeneous
terms. In [12] and [11] we have considered a partial and a total reduction of linear
systems of operator equations with the system matrix in the companion form. Papers
[12, 11, 10] and [13] expand our research to non-homogeneous linear systems of
operator equations involving more than one operator.

This paper deals with both types of reductions, a partial and a total, of linear
systems of the first order differential equations with the system matrix in the
arrowhead form. We will look more closely at the form of invariant factors of the
arrowhead matrix, which we will use for partial reduction. The adjugate matrix of
characteristic matrix of the arrowhead matrix presented as polynomial with matrix
coefficients will be used to establish the form for the totally reduced system.

In what follows we propose some important properties of arrowhead matrices,
and we will start with definition of the arrowhead matrix.

2. Some properties of symmetric arrowhead matrices

A matrix B € R"*" is called a symmetric arrowhead matrix if it has a form

a1 b2 bg N bn,1 bn
bg as 0 N 0 0
b3 0 as ... 0 0
(2.1) . .
bn,1 0 0 cee Qp_—q 0
| by 0 0 ... 0 a,

It is a symmetric matrix obtained by bordering the diagonal matrix with a row and
a column with the same elements. The characteristic polynomial of the arrowhead
matrix B is

(2.2) Ap(\) =det\ - B) = [[(A—ai) = >_ 07 J[ A—ay).
i=1 i=2 j=2
J#
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This formula can be easily derived by expanding the determinant of the matrix
Al — B by the first row. The proof of this can be found in [20] and therefore it is
omitted here. We denote by di, 0 < k < n, the coefficient of the term of degree
n — k of the characteristic polynomial Ag(A). Therefore, we have

d()zl7 dlz—zn:ai, dgzZaiaj—Zn:bf and
i=1 =2

1<i<j<n

dy, = (1) Z @iy Qjy -+ - Q Z b2 Z Wiy Qg -+ - iy,

1<ip<io<...<ipx<n 2 <1 <i2<...<ik-—2<n

for 3 <k <n.

Suppose that as > ag > ... > a, and b; # 0, for 2 < i < n. Then by Cauchy’s
Interlacing Theorem the eigenvalues A; of the matrix B, 1 < ¢ < n, are distinct.
Moreover, if A\y > Ao > ... > A,, then Ay > a2 > Ay > a3 > ... > a, > \,. For
more details, we refer the reader to [24]. If for some i, 2 < ¢ < n, b; = 0, then qa; is
eigenvalue of the matrix B. If the number of repetition of the element a; along the
diagonal except on the position (1, 1) of the matrix B is k;, then the element a; is
an eigenvalue of the matrix B with algebraic multiplicity at least k; — 1. The result
follows directly from the equation (2.2), since (A — a;)*~! is a factor of Ag(\). If
the matrix B is of the form

i ay b2 v bz—l bil biki bz-‘rk bn—l bn i
bo as ... 0 0o ... O 0 - 0 0
bici 0 a—1 0 0 0 0 0
it 0 0 a; 0 0 0 0
by, 0 0 0 a; 0 0 0
bivr, O 0 0 0 a4k 0 0
b1 0 ... O 0 ... 0 0 cee Gp—1 O

L b 0o ... 0 0 ... O 0 0 an |

fora; #a;,2 < j<i—1,i+k <j<n, wewill say that elements b;,,..., biy,

correspond to the diagonal element a;. According to Corollary 4 in [27] we have
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Ap(A) = (A —a;)*"1A5(N), where

ay b2 ce bi—l Z] 1 bf bi+k1 ce bn—l bn
b2 ag e 0 0 0 N 0 0
_ bi—l 0 ¢ | 0 0 ce 0
B=| sk 2 o 0 a; 0
bivk; 0 0 0 Gitk 0 0
bn—1 0 0 0 0 an-1 O
L by 0 0 0 0 0 an |

Characteristic polynomial of the matrix B is polynomial

7 n n+1—k; 7 n
AE(/\):H()\—aj) H —aj Z b2 H —ak H —a}c
j=1 j=i+k; k=2 =i+ k

k#j k#]

Wheregj:bj for2§j§i—1,gi:,/zj lbf andbj kit1 =bj for i+ k; <j <n.

We would like to investigate under what condition a; is an eigenvalue of the matrix
n

B. We have Ag(a;) = b2 H , — ag) H (a; — ax), and since a; # a; for
k=it+k;
2<j<i—1landi+k; <j<n we deduce that a; is an eigenvalue of B if and only
ifg? = \/Zj 1bl2 =0, i.e., if and only if b;, = 0 for all j, 1 < j < k;. Therefore,
a; is an eigenvalue of B if and only if all corresponding elements to the diagonal
element a; in B are zeros. So, in this case algebraic multiplicity of the element a;
in the matrix B is k;. If there is at least one non-zero corresponding element to a;,
algebraic multiplicity of a; is k; — 1. Let a;,, ai,, - .., a;, be different elements along
the diagonal with corresponding elements all equal to zero and let a;,,a;,,...,a;,
be different elements along the diagonal with at least one corresponding element
different from zero. Let k;, and k;,, 1 <t < p, 1 < s < g, be the numbers of
repetition of the elements a;, and a;, along the diagonal except on the position
1, kjs >1

(1,1) and define m;, by m;, = e~
0, Fkj, =

Then the minimal polynomial of

the matrix B is of the form

A=ai) [T = a;)m™e A5,

1 s=1

P

S
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where B is completely reduced arrowhead matrix, i.e., it is a matrix of the form

,g’l bj1 N gjq
bjl ajl N 0
qu 0 cen ajq

Ej =4/ fJ=1 bit and b;, ~are corresponding elements of the element a;, in the
matrix B, 1 < s < ¢q. If the elements as,as,...,a, are all different, then the
minimal and characteristic polynomials of the matrix B are the same. Otherwise,
since matrix B is symmetric the number of its invariant factors is equal to k =
max{ki,..., ki, kjy —1,... kj, — 1}. The k-th invariant factor of the matrix B is
#p(A). The m-th invariant factor of the matrix B, 1 <m < k — 1 is the polynomial

p q
() = [T = o) [T - a),
s=1 s=1

1, k,—(k—m)>0
0, otherwise

- o 1, kjs—(k—m)>1
where g;, = { and - gj, = { 0, otherwise.
From now on we will be concern with the coefficients of the adjugate matrix of
the characteristic matrix of the symmetric arrowhead matrix B. Suppose that the

adjugate matrix of the characteristic matrix AI — B is written in the form
adj(AI = B) = A" 1By + A" 2By + ... + AB,_o + By_1.

Let us determine the coefficients By using recurrences By = B - By_1 + di I, for
1<k <n-1,and By = I. The recurrences are obtained by equating coefficients at
the same powers of A on both sides of the equality adj(A\I — B) - (\I - B) = Ag(\)L.

Lemma 2.1. The coefficient By, = [bfj]nxn, 2 < k <n-—1, of the matriz adj(A\I-B)
is matrixz with entries

k k X i . k _ (_1\k—11y. . X X
bll—(*l) Z Aiy Qg -« - Ay, blj_( 1) b] Z iy Qg v v Qi
2< i1 <i2<...<ix<n 2<i1<i2< ... <ig-1<mn
i1,82, ..., 0k—1 £ J

ko k—11p. . . . k _— (_1\k—2p.p. . . .
bjl—(—l) b > ai, Giy-..a4, by = (=1) bibj > ai, Qiy ...,
2<i1 <i2<...<ir—1<n 2<i1 <ip<...<ip_2<mn

01,92, .-, 0ik—1 # J i1,192, ..., 0ik—2 #1,]

n
k k § : 2 : 2 § :
bjj = (—1) Ay Qjg oo Ay — bi Ay Qjg oo o Qg o

1< <i2<...<ipx<n =2 2< i1 << ... <ig—2<n
i1,092, ...,k # J i#j 1,42, ..., 0k—2 # 1,

for2<ij<mnandi#j.
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Proof. The proof proceeds by induction on k. We have By = I. For coeflicient
Bl holds Bl =B- I—I— dll, i.e.,

— Z a; b2 PN bn—l bn
i=2 n
by - > a4 .. 0 0
i=1,i#2
Bl == :
bn1 0 - > a0
i=1,#n—1
n—1
bn 0 0 - Z a;
L i=1

Coefficient B, is also arrowhead matrix. Let (B)_,; stand for the j-th row of the
matrix B, and let (Bj_1);; denote the j-th column of the matrix By_q, 1 < j < n.
Assume that coefficients of the matrix By satisfy required form. Then we have

n
ko _ k—1 k-1
biin = (B)s1- (Br—1)p +dy = ax by; "‘E bj bjl + di,
Jj=2
n
k—1 § k—2§ 2 E
= (—1) aq iy Ajy + v - Agy + (—].) bj iy Ajy v v - Ay
2<ii <in<...<ip_1<nmn 7=22<1i4 <i2<...<ip_2<n
i1,02, .., ik—2 £ J
n
k k—1 2
+ (—1) E Aiy Qjo + - - Qg+ (—1) E bj E Qjy Qg v - Ay
1<i;<izg<...<ip<n j=22<i4; <iz<...<ig-—2<m
11,02, ..., 0p—2 #J
k E
= (—1) gy Qjy - v Qg
2<i1 <2< ... <ix<n
k _ i _ 1. pk—1 k-1
Vi = (B)sj - (Br—1)y1 =b; by~ +a; by
k—1 }: k—2 Z
= (—1) bj iy Ajy v v Ay + (—1) Qj bj Qi iy« oo gy,
2<i; <ip<...<ip_1<mn 2<i1 <i2<...<ip—2<n
11,82, ... ,ik—2 # J
_ k—1 .
= (=1)"""b, E Qi) @iy - .-Gy,
2§i1<i2<...<ik,1§n
i1,92, ., 0k—1 £ J
koo _ g k-1 k-1
bi; = (B)oi (Be—1)yy = bi ;" + a; by
k—2 E : k—3
= (—1) b; bj ai, aiz...aik72+(—1) a; b; bj E iy Gy oo Qg4
2<i1 <i2<...<ig—2<n 2<i1 <ig<...<ip_3<n
11,92, ... ,0k—2 # J 01,92, .. ,0p_3 Z1,]

k-2 2 :
= (—1) bz bj iy Qjy oo Qo
2<i1 <2< ...<iky-2<n

11,92, s ip—2 F 1, ]
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n
bt = (B)or- (Broi)y = aibly 4 bibl 4 bbk
=2
i ]
n
= (*1)1672(11 bj Zail aiz...aik72+(fl)k732 b? bj Zail Qi oo Qg4
2< iy <ig<...<ipa<m i=2 2<i1<iz<...<ig_z<n
i1,82,. .., 0k—2 # ] i#£j 01,82, .. ,0k—3 # 1,7
n
+ (—1)k_1ijail ai2...aik71+(—1)kz b?b] Zail iy« o Ay _y
1<ii <ie<...<ip_1<mn i=2 2<i1 <ia<...<ig—3<mn
i1,82, ..., 0k—1 #J iF£] 01,92, .., 0k—3 £ 1, ]

= (71)k71b‘7‘2 Qjy Qg v Ay

2<i1 <2< ... <ik-1<n

i1,82, ..., 0k—1 £ J
L . . _ o pk—1 k-1
bj; = (B)wj (Br-1)yj +dip =bby; +abi " +dy
— k—272 L. ) k=1, s ;
= (=1)"°b; E @iy Qi -+ G4y, + (—1) aJE @iy Qi+ - - Ay,
2<i1 <2< ... <ig—2<n 1<i1<i2<...<i%-1<n
11,82, ..., 0k—2 # J 01,92,y 0k—1 £ J
n
k*QE 2 E kE
+ (71) bz a; Ajy Qi+« - Ajp_ 4 + (71) Ajy iy - - - Ay,
=2 2<i; <ig<...<ix—3<n 1<ii<ia<...<ip<n
1] 01,02, .., ik—3 #1,]
n

+ (—1)k_1 Z bZQ Z Ajy Gy v v gy
=2

2<i1 <i2<...<ip—2<n

1,82, ., ik—2 £ 1
n
k:71§/‘ 2 2 k§
= (71) b1 Qjy Qg v Qg + (71) Ajq Ay - - - Qg
i=2 2<i1<i2<...<ik-2<n 1<ip<ig<...<ip<n
i#£ g i1,02, ..., 0k—2 F# 1 11,92, ... ,0k £ J
n
k—2 2
+ (—1) E bi a; E iy Qg -+ - Qg o
=2 2<41 <i2<...<ix—3<Mn
i#£] 11,92, ..., k-3 #F 1, ]
n
— k*lE: 2 E k§
= (—1) bl Qjq Qg v Qg + (—1) Ajp Ay - - - Qg
1=2 2<i1<i2<...<ip—2<n 1<i; <ip<...<ip<n
i F ] i1,42, ..y ik—2 £ 1, 1,92, .., 0k £ J

Therefore, we have shown that coefficients of the matrix By are of the required
form. [J

3. The reduction formulas for linear systems of differential equations
with the system matrix in the arrowhead form

Let C*°(R) be a vector space of all infinitely differentiable functions and let
D : C*(R) — C*°(R) be a differential operator on the vector space C*>°(R). We will
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consider non-homogeneous linear system of differential equations with the system
matrix in the symmetric arrowhead form

D($1) = air +b2$2+bg$3+...+bn_1$n_1 +bn$n+g01
D(z2) = box1 + agwz + 92
D(x3) = byz1 +asxs + p3
(3.1)
D(xp-1) = bp121+ap_12n_1+ @n1

D(zy)

bnirl + AnTn + Sanv

for a;,b; € R, ©Y; € COO(R), 1<1<n.

Since symmetric arrowhead matrix is diagonalizable, we can find a general solution
of our system by rewriting it in a basis formed by eigenvectors. The obtained system
is completely decoupled, so we get a system of n linear differential equations of
the first order in one variable. This method is very convenient theoretically, but in
actual calculations usually requires quite a few steps. Furthermore, while there are
some approaches for finding eigenvalues and eigenvectors of arrowhead matrix it can
be a difficult job.

Applying Theorem 3.7 from the paper [16] and taking into consideration the
form of the invariant factors of the symmetric arrowhead matrix we obtain the
partially reduced system. Partially reduced system consists of k subsystems, where
k is a number of invariant factors of system matrix. Every subsystem corresponds
to one invariant factor. The first equation of subsystems is non-homogeneous linear
differential equation in one unknown, with the characteristic polynomial equal to the
invariant factor and with the non-homogenous term equal to the sum of principal
minors of some doubly companion matrices obtained by replacing the first column
of the companion matrix of the invariant factor by a column of the first and higher
order derivatives of non-homogeneous terms involved in subsystem. Remaining
equations are linear differential equations of the first order in two variables. This
method also requires the change of basis.

The simple form of our system matrix inspire us to try to derive partial reduction
formulas directly. In this manner we state following theorem, a direct method for
transforming system (3.1) into partially reduced system.

Theorem 3.1. The linear system of the first order differential equations (3.1) can



Linear Systems of Differential Equations in Arrowhead Form 565

be transformed into the partially reduced system

Ap(D)(x1) = H(D—a] )+ bi | |(D —a;)(#i)
j=2 i=2 =2
i
(D — az)(x2) = baz1 + 2
(3:2) (D — as)(xs) = bzx1+ 3

(D - an—l)(xn—l) - bn—lxl + Pn—1
(D - an)(xn) = bnxl + Pny

where the linear operator Ag(D) is define by replacing X by D in (2.2).

n
Proof. Let us denote by H(D — a;) composition of operators D — a;, for
=2

n
2 < ¢ < n. The partially reduced system (3.2) is obtained by acting H(D —a;) on
i=2
the first equation of the system (3.1) and by substituting expressions (D — a;)(z;)
appearing on the right sides of equality with b;z1 + ¢;, for 2 < i < n. Mind that
operators D — a; and D — a; commute, for every ¢ and j such that 2 < i,j < n.
Thus we have

[1(D—aj)(@1) =

Jj=1

NE
s
=
/—\
\
Qm

n
)+ 1P anten =

D — a;)(biz1 + i) + H —a;)( =

s

I
=
Lo
==
—~

¥

<.
||
o

=2 ]:2 _]=2
J#i
n n
= > 0 ID - ay) )
i=2 j=2
JF
n n n
+ bi| |(D—aj)(e H —aj)(
=2 =2 Jj=2
J#i

Rearranging the equation, we get the first equation from (3.2), i.e., we obtain

=[1®-a)(e) + > 6] (D—a;)(er)
j=2 i=2 j
J

(|

Finally we are considering total reduction of our arrowhead form system. As an
immediate consequence of Theorems 4.1 from the paper [17] we can transform the
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system (3.1) into the totally reduced system

AB( ZZb(k Dn k

k=1j=1

) = iib;'?m—w

(3.3) k=1 j=1
Y,
k=1 j=1
where the linear operator Ap (D) is define by replacing A by D in (2.2) and coefficients

bg»c) are calculated in Lemma 2.1.

4. An example

We will illustrate the previous results by the example. Consider the system of the
differential equations

D(z1) = @1+ 32+ 223 + 224 + 186
D(CCQ) = xr1 + o
(4.1)
D(Ig) = 21’1 + T3
D(.’L‘4) = 221+ 24.

The vector form of the system (4.1) is D(Z) = BZ+ @, where = [z1 x5 3 74]" and

11 2 2
= [18¢1 00 O]T. The system matrix is arrowhead matrix B = ; (1) ? 8 )
2 0 01

the reduced form of the matrix B is B = [ ; :15 ], the characteristic polynomial of

thematrixéiSAg(A)—' g_l ?))\_1 =A=1)2?-9=(\—4)(A+2), and for

the characteristic polynomial of the matrix B
Ap(N)=A=12A50) = (A —1)*A—4)(A+2) = A* —4X> —3A% + 14X\ — 8

holds. Coefficients of the characteristic polynomial of the matrix B are dy = 1,
di = =4, ds = =3, d3 = 14 and d4 = —8. The eigenvalues of the matrix B are
A =Xy =1, A3 = —2 and )4 = 4. Corresponding eigenvectors are v; = [0 —2 1 0]7
vg =00 —2017, v3 =[-3122]T and vy = [31 2 2]T. The Jordan normal
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1 0 0 O
. . 01 0 O . ..
form of the matrix B is J = 00 -2 ol the transformation matrix is P =

0 0 0 4

0 0 -3 3 0 —4 10 -8

-2 =2 1 1 o . . 11 0 -4 -8 10

1 0 9 9 and its inverse is matrix P7" = 75 _3 1 9 9

0 1 2 2 3 1 2 2

The system (4.1) can be transformed to equivalent system D () = Ji + 1, where
Y- T _ p-1=2 T p—1-=
T=1[y1 y2ys ya] = P 'Zand ¢y = P71, i.e., we have

D(y)) = Y1
D(y2) = w2
D(ys) = —2y3— 3¢
D(ys) = 4ys+ 3e.
Solution of the previous system is
Y1 Cie!
Yo Cet
ys - Cye=2 — ¢t
Ya Cuett — et
and the solution of the system (4.1) is
x1 —3C3e7 2 + 30 et
T —2(Cy + Cy + 1)et + Cze™2t 4 Cyett
T3 - (C1 — 4)e! + 2C3e™ 2 + 20 e*
24 (Cy — 4)e! +2C3e 2 + 20 e

The arrowhead matrix B has two invariant factors 7(A\) = A — 1 and o(\) =
p(A) = A= 1) (A +2)(A —4) = A> — 3A% — 6\ + 8. The rational normal form

1 0 0 0
. . 0 0 1 0 . .
of the matrix B is C' = 0o 0 o0 1l the transformation matrix is T =
0 -8 6 3
0 -3 6 -3 0 -2 —4 5
-18 —-13 -7 2 -3 -2 5 -4
1 o . so—1 _ 1
5 0 U -4 —1 and its inverse is matrix 7" = 3 3 5 -1 —10

9 6 -6 0 -30 -8 -7 -16
The system (4.1) can be transformed to equivalent system D (Z) = CZ + I, where
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Z=z1 22 23 Z4]T =T"'Fand 7 =T, i.e., we have
(z1) = =
D(z) = 23 — 6et
(23) = 24 — 6t
D(z4) = —8z9+ 623+ 324 — 60¢’.
Previous system can be transformed into equivalent partially reduced system
D(z1)—z1 = 0
D3(29) —3D?(23) — 6D(22) + 820 = 0
23 = D(2)+ 6¢t
z4 = D(z3)+ 6e'.
Solution of the previous system is
21 Ciet
29 Coet + Cze™ 2t 4+ Cyet
23 Caet — 20532t + 4C e*t + 6et
4 Coel +4C5e™2 +16C e 4 12¢!
and the solution of the system (4.1) is
xq —3C3e7 %t — 3C e*t
o —2(C1 + Co + 1)et + Cze™2 — Cgett
Z3 (Cy — 4)e! +2C3e2 — 20 et
T4 (C1 — 4)e! 4+ 2C3e2 — 20yt
By Theorem 3.1 system (4.1) can be transformed into the system
D*(zy) — 4D3(x1) — 3D*(z1) + 14D(z1) — 821 = 0
D(xa)—2zy = 13
D(x3)—x3 = 213
D(xy) — x4 = 2a7.

Solution of the reduced system is

x1 Cet + Cytet + Cye™2t 4+ Cue*t
(42) Zo Cset + Cret + Ctel — o2t 4 Caett
4.2 =

3 Cget + 2C1 et + Cotel — %67% + %64’5

T4 Cret +201€t + Cate! — 2ze=2t 4 2Caedt
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To obtain the solution of the system (4.1) we need to find connection between
constants C;, 1 <14 < 7. Substituting (4.2) into (4.1) we obtain

(C1 + Cy)et + Ogtet —2C3e™ 2 + 4C, et =

Cre! + Catel + Cze™2 + Cget + (C1 + Cs)el + %tet — %e_% + %€4t—|—
(4C1 + 2Cg)et + 2Ctet — se=2t 4 4Cacdty

(407 + 2C7)et + 2Cstet — %6_2’5 + %e‘“ + 18¢?

(C1+C5+ %)et + %tet + %e’% + %e‘” =
(C1 + Cs)et + %tet — %6_% + %e"‘t + Cret + Cotet + Cse™2t + Cye*t

(201 + Cy + Cﬁ)et + Cgtet =+ %67% + %642& =
(207 + Cg)et + Caotet — %e*% + %e‘“ +2C et + 2Cstet + 2C5e7 2 + 2C, et

(2Cy + Cs + Cr)et + Cate 4 2522 4 SCaett =

(2C1 + Cy)el + Cytel — %e’zt + %e‘“ +2C et 4 2Cote! + 2C5e 2t + 20 €.

Comparing both sides of the equalities, we have C; = 0, C3 = 0 and Cy =
9C) + C5 + 2Cs 4+ 2C; + 18, i.e., we get the solution of the system (4.1)

1 Cze™2t + Cyett

T2 —2(Cs + C7 + 9)et — Sse2t 4 Caeht
v || Coet - Brem 4 2

L4 C7€t — %e*zt + 2TC4€4t

From now on, we will focus on the total reduction method. We will start
with calculation of the coefficients of the matrix adj(A\l — B): By = I, By =

-3 1 2 2 3 -2 -4 -4
1 -3 0 0 -2 -5 2 2
B+diI= 5 0 -3 0 , By =B By +d) = 4 2 _9 4
2 0 0 =3 -4 2 4 =2

-1 1 2 2
1 7T -2 =2
2 -2 4 -4
2 -2 -4 4

from the system (4.1) is completely decoupled homogenous system of four fourth

and B3 = B- By +d3l = . Totally reduced system obtained
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order differential equations which differ only in variables

D*(z1) — 4D3(z1) — 3D?*(x1) + 14D(x1) — 821 = 0
D*(x3) — 4D3(x) — 3D*(z2) + 14D(22) —8z2 = 0
D*(z3) — 4D3(x3) — 3D?*(x3) + 14D(x3) — 8x3 = 0
D*(z4) — 4D3(x4) — 3D?(24) + 14D(x4) — 824 = 0.
Solution of the totally reduced system is

1 Cyet + Cytet + Cye™2t 4+ Cye*t

o Cset 4+ Cgtet + Cre™%t 4+ Cget

T3 N Coe' 4 Chpte! + Crre™ 2 + Croett

4 Cizet + Cratet + Cise™ 2 + Crge®

Our last task is to find relations between constants C; for 1 <14 < 16. As we have
seen in the previous consideration, we can do that by plugging the solution of the
totally reduced system into the original system (4.1). We obtain

(C1 + Co)et + Cate! —2C3e™ 2 +4C et =

Chet + Cotet + Cze™2t + Cue*t 4+ Cyet + Cytet + Cre™2t + Cget+
2Cqet + 20 ptet + 2C 1172 + 2C e+

2C3€t 4+ 20 4tet + 2C15e7 2 + 2C et + 18€t

(05 + Cg)ef’ + Cgtet — 2076_2t + 40864t =
Chet + Cotet + Cqe™2t + Cue + Cyet + Cytet + Cre 2t + Cge*t

(Cg + Clo)et + Clotet — 20118_2t + 401264t =
2C’16t + 202t6t -+ 20367275 + 204€4t + Cget + Clotet + 01167% + 01264t

(Clg + 014)6t + Cl4t€t — 20156_2t + 4016€4t =
QClet + 2C’Qt€t + 20367% + 20464t + Olget -+ Cl4t6t + 01567% + 01664t.

Combining like terms for each equation yields

Co—Cy = Cs+2Cy +2C,3 + 18 0 = Cs+2C10+2C14
—3C5 = C7 +2C1; + 205 3Cy = Cg+2C12 + 206
Cs = C4 Cy =0 —-3C7 = Cs 3Cs = Cy
Cio = 2C Cy =0 —-3C11 = 205 3C12 = 204

014 = 201 CQ =0 —3015 = 203 3016 = 204.
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By substituting Cs = C1, Cip = 2C7 and Ci14 = 2C; into Cg + 2C1¢ + 2C14 =
0, we obtain that C; = 0. Together with C3; = 0 the first equation becomes
Cs 4+ 2Cy 4+ 2C13 + 18 = 0. The equation —3C5 = C7 + 2C11 + 2C45 is direct
consequence of equations —3C; = C3, —3C1; = 2C3 and —3C'5 = 2C3. Same holds
for equations 3Cy = Cyg + 2C12 + 2C44, 3Cs = C4, 3C12 = 2C, and 3C16 = 2C4.
Therefore, we get C; = Cy = Cg = C19g = C14 = 0, C5 = —2(09 + Ci3 + 9),
Cr; = —%, Ci1=C5 = —%, Cg = = and Cip = Ci4 = % Hence, solution of
the system (4.1) is

T 036—215 —|—C4€4t

To —2(09 + Ci3 + 9)6t — %6_% + %e‘“

T3 C’get 7 2%73 e—2t + 2§4 elt

x4 01361: _ 2§3 e 2t =+ 2%74 edt
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Abstract. In this paper, we study Weyl type theorems for f(7T), where T is alge-
braically class p-wA(s,t) operator with 0 < p < 1and 0 < s,¢,s+t <1 and f is an
analytic function defined on an open neighborhood of the spectrum of T'. Also we show
that if A, B* € B(H) are class p-wA(s, t) operators with0 < p < land 0 < s, ¢, s+t < 1,
then generalized Weyl’s theorem , a-Weyl’s theorem, property (w), property (gw) and
generalized a-Weyl’s theorem holds for f(dap) for every f € H(o(dag), where dap
denote the generalized derivation dap : B(H) — B(#) defined by dap(X) = AX —XB
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1. Introduction and Preliminaries

Let B(#H) be the algebra of all bounded linear operators acting on infinite
dimensional separable complex Hilbert space H. Throughout this paper R(T),
ker(T'), o(T) denotes range, null space and spectrum of T € B(H) respectively.
Every operator T can be decomposed into T = U|T| with a partial isometry U,
where |T| is the square root of T*T. If U is determined uniquely by the kernel
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condition ker U = ker |T|, then this decomposition is called the polar decomposi-
tion, which is one of the most important results in operator theory. In this pa-
per, T = U|T| denotes the polar decomposition satisfying the kernel condition
kerU = ker |T| . An operator T € B(#) is said to be hyponormal it T*T > TT*.
The Aluthge transformation introduced by Aluthge[5] is defined by T = |T'|2U|T)|2
where T' = U|T| be the polar decomposition of T € B(H). The generalized
Aluthge transformation T'(s,t) ( s,t > 0) is given by T'(s,t) = |T|*U|T|*. Re-
call that an operator T' € B(H) is said to be p-hyponormal if (T*T)P > (TT*)P
(0 < p < 1), w-hyponormal if |T| > |T| > |T*|, class Aif |T?| > |T|?, class A(s,t) if
(T[T 7|y 75 > |72 ([13]) and class wA(s, t) if (|T*[*|T[2|T*[*) 5 > |1
and |T|?* > (|T|*|T*|**|T|*)5+ ([16]). Prasad and Tanahashi [19] introduced class
p-wA(s,t) operators as follows:

Definition 1.1. ([19]) Let T = U|T| be the polar decomposition of T and let
s,t>0and 0 <p<1. T is called class p-wA(s,t) if

tp

(T [TP|T* ) = [T and  (|TJ°|T*[*|T)*) 7 < [T

In general the following inclusions hold:
p-hyponormal C w-hyponormal C class wA(s,t) C class p-wA(s,t).

Many interesting results for class p-wA(s,t) has been studied in [10, 11, 19, 20,
21, 22, 24].

Let «(T) and 8(T') denote the nullity and the deficiency of T' € B(H), defined by
a(T)= dim(ker(T)) and B(T)=dim(ker(T*). An operator T is said to be upper semi-
Fredholm (resp.,lower semi- Fredholm) if R(T') of T' € B(H) is closed and a((T") < o0
(resp., B(T) < o). Let SFy(H) (resp., SF_(H)) denote the semigroup of upper
semi-Fredholm (resp., lower semi-Fredholm) operators on H. An operator T € B(H)
is said to be semi-Fredhom, T € SF(H), if T € SFy(H) U SF_(H) and Fredholm,
TeFH), T e SF(H)NSF_(H). The index of semi-Fredholm operator T is
defined by ind (T") = a(T') — B(T). Recall[14], the ascent of an operator T' € B(H),
a(T), is the smallest non negative integer p such that ker(TP) = ker(TP+1). Such
p does not exist, then p(T) = co. The descent of T € B(H), d(T), is defined as
the smallest non negative integer q such that R(T%) = R(T(2+Y). An operator
T € B(H) is Weyl, T € W(H) it is Fredholm of index zero and Browder if T is
Fredholm of finite ascent and descent. The Weyl spectrum of T', denoted by ow (T'),
is given by

ow(T)={ eC:T—-Xx¢ W(H)}.
We say that T € B(H) satisfies Weyl’s theorem if
a(T)\ ow (T) = Eo(T).

where Ey(T) denote the set of eigenvalues of T of finite geometric multiplicity iso-
lated in o(T). Let SF_(H) = {T € SF{(H) : ind(T) < 0}. essential approximate
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point spectrum og Py (T) of T is defined by
USF;(T) ={AeC:T-XN¢gSF (H)}.

Let 0,(T) denote the approximate point spectrum of T € B(#H). An operator
T € B(H) holds a-Weyl’s theorem if,

OsF; (T) = 0a(T) \ EG(T),

where E§(T) ={A € C: XA €is0 0,(T) and 0 < a(T — X) < oco}. We say that
an operator T' € B(H) satisfies a-Browder’s theorem if Tspy (T) = 0o(T) \ TIZ(T),
where II§(T') denote the set the left poles of T' of finite rank. An operator T' € B(H)
is called B-Fredholm, T € BF(H) if there exist a non negative integer n for which
the induced operator

Ty + R(Thn)) — R(T))( in particular Tio) = T').

is Fredholm in the usual sense (see [7]). An operator T' € B(H) is called B-Weyl,
T € BW(H), if it is B-Fredholm with ind(7},;) = 0. The B-Weyl spectrum opw (T')
is defined by opw (T) ={ € C: T — X ¢ BW(H)} (see [7]). Let E(T) is the set of
all eigenvalues of T" which are isolated in o(T"). We say that T satisfies generalized
Weyl’s theorem if opw (T') = o(T)\ E(T). A bounded operator T' € B(H) is said to
satisty generalized Browders’s theorem if o(T)\ opw (T) = II(T'), where II(T) is the
set of poles of T' ( See [8]). We refer the readers to [1], where Weyl type theorems
are extensively treated.

Recall that an operator T € B(H) is said to have the single-valued extension
property (SVEP) if for every open subset U of C and any analytic function f : U —
H such that (T—2z)f(z) =0on U, we have f(z) = 0 on U. A Hilbert space operator
T € B(H) satisfies Bishop’s property (B) if for every open subset U of C and every
sequence f, : U — H of analytic functions with (T — 2) f,,(z) converges uniformly
to 0 in norm on compact subsets of U, f,(z) converges uniformly to 0 in norm on
compact subsets of U. For T € B(H) and = € H, the local resolvent set of T at
x pr(x) is defined to consist of elements zg € C such that there exists an analytic
function f(z) defined in a neighborhood of zg, with values in H, which verifies (T —
2)f(z) = x. We denote the complement of pr(z) by or(x) , called the local spectrum
of T at x. For each subset F of C, the local spectral subspace of T', Hr(F), is given
by Hr(F) ={x € H :or(z) C F}. Anoperator T € B(H) is said to have Dunford’s
property (C) if Hr(F) is closed for each closed subset F of C. It is well known that

Bishop’s property (8) = Dunford’s property (C) = SVEP.
See [1, 17] for more details.

Weyl’s theorem for class p-wA(s,t) has been studied in [22]. In this paper, we
focus Weyl type theorems for algebraically class p-wA(s, t) operators and elementary
operator with class p-wA(s,t) operator entries.



578 M.H.M.Rashid and T. Prasad
2. algebraically class p-wA(s,t) operators and Weyl type theorem

We say that T' € B(H) is algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s +t < 1 if there exists a non- constant complex polynomial ¢ such
that ¢(T) is class p-wA(s,t) operator with 0 < p <1and 0 < s,t,s+t < 1.
In general, the following inclusions hold:
p-hyponormal C class p-wA(s,t) C algebraically class p-wA(s, t)

Lemma 2.1. [20] Let T € B(H) be a class p-wA(s,t) operator with 0 < p <1
and 0 < s,t, s+t <1 and o(T) = {A}. Then T = \.

Theorem 2.1. Let T € B(H) be a quasinilpotent algebraically class p-wA(s,t)
operator with 0 < p <1 and 0 < s,t, s+t < 1. Then T s nilpotent.

Proof. Suppose T € B(#H) is algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s+t < 1. Then there exists a non- constant complex polynomial ¢ such
that ¢(T) is class p-wA(s,t) operator with 0 <p <1 and 0 < s,t,s+¢ < 1. Since
o(q(T)) = q(o(T)) and o(T) = {0}, the operator ¢q(T') — ¢(0) is quasinilpotent. By
Lemma 2.1, o(q(T) — ¢(0)) = {0} implies that ¢(T) — ¢(0) = 0. Hence it follows
that,

0 = (T) — q(0) = T™(T = M I)(T = AT} -+ (T = A1)

where m > 1. Since T'— \;I is invertible for every \; # 0, we must have 7™ = 0. O

It is well known that if both ascent and descent of T are finite then they are
equal (see, [14, Proposition 38.3]). Moreover, 0 < a(T — pl) = d(T — pl) <
precisely when g is a pole of the resolvent of T (see, [14, Proposition 50.2]).

An operator T € B(H) is polaroid if the isolated points of the spectrum of T
are poles of the resolvent T'. Evidently, T is polaroid implies T is isoloid (ie., every
isolated point of o(T) is an eigenvalue of T).

Theorem 2.2. Let T € B(H) be an algebraically class p-wA(s,t) operator with
0<p<land0<s,t,s+t<1. Then T is polaroid.

Proof. Assume that T' € B(H) is algebraically class p-wA(s,t) operator with 0 <
p<1landO0<s,t,s+t<1andlet u be an isolated point of o(7"). To prove that
T is polaroid, it is enough to show that a(T — pl) < oo and d(T — pl) < co. Let
E,, denote the spectral projection associated with A\. Then the Riesz idempotent £
of T with respect to z is defined by

1
E,:=— I-T7)"'4
mT o aD(Z )"z,

where D is a closed disk centered at p which contains no other points of the spectrum
of T. We can represent T on H = R(E,,) ® ker(E,,) as follows

(b 5)
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where 0(A) = {u} and o(B) = o(T) \ {1}

Since T' € B(H) is algebraically class p-wA(s, t) operator with0 < p < 1 and 0 <
s,t, s+t <1, ¢(T) is class p-wA(s, t) operator with 0 < p < 1and 0 < s,t,s+t <1
for some non constant complex polynomial g. Thus, o(q(A4)) = ¢q(c(4)) = q(u).
Therefore, g(A) — g(u) is quasi nilpotent. Then by Lemma 2.1, ¢(A) — q(u) = 0.
Put r(z) = q(A) — q(u), then r(A) = 0 and so A is algebraically class p-wA(s,t)
operator with 0 < p <1 and 0 < s,t,s+t <1. Since 0(A) = {u}, it follows from
Theorem 2.1 that A — pI is nilpotent and so a(A — uI) < oo and d(A — pl) < oo.
Also, a(B — pulI) < oo and d(B — ul) < oo follows from the invertibility of B — ul.
Consequently, T' — I has finite ascent and descent. This completes the proof. O

Theorem 2.3. Let T be an algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s+t <1. Then T satisfies generalized Weyl’s theorem.

Proof. Suppose that T is algebraically class p-wA(s,t) operator with 0 < p < 1
and 0 < s,t,s +t < 1. From Theorem 2.2, T is polaroid . Since T is algebraically
class p-wA(s,t) with s,t < 1, p(T) is class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s + ¢ < 1 for some nonconstant polynomial ¢, it follows that ¢(T) has
Bishop’s property (8) by [24, Theorem 2.4 | or [22]. Therefore, ¢(7') has SVEP.
Then by [17, Theorem 3.3.9] T has SVEP . Hence the required result follows from
[3, Theorem 4.1]. O

Corollary 2.1. Let T € B(H) be an algebraically class p-wA(s,t) operator with
0<p<land0<s,t,s+t<1. Then T satisfies Weyl’s theorem.

According to Berkani and Koliha [8], an operator T' € B(H) is said to be Drazin
invertible if T" has finite ascent and descent. The Drazin spectrum of T' € B(H),
denoted by op(T), is defined op(T) = {A € C : T — X is not Drazin invertible}
(See, [7]). Let H(o(T)) denote the set of analytic functions which are defined on
an open neighborhood of o(T).

Theorem 2.4. Let T be an algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s +t < 1. Then the equality opw (f(T)) = f(opw (T)) holds for every
f e H(o(T)).

Proof. Since T is algebrically class p-wA(s,t) with 0 <p<1land 0 < s,t,s+t <1,
T has SVEP. Hence, f(T) satisfies generalized Browder’s theorem. Then by [12,
Theorem 2.1] we have

opw (f(T)) = op(f(T)).

By [12, Theorem 2.7]), op(f(T)) = f(op(T)) and hence opw (f(T)) = f(op(T)).
Since T is algebraically class p-wA(s,t) with 0 < s,t,s +¢ < 1, T satisfies gen-
eralized Weyl’s theorem. Thus, T satisfies generalized Browder’s theorem and so
flop(T)) = f(opw(T)). Therefore, opw (f(T)) = f(opw(T)). This completes
the proof. O
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Theorem 2.5. Let T be an algebraically class p-wA(s,t) operator with 0 <p <1
and 0 < s,t,s +t < 1. Then f(T) satisfies generalized Weyl’s theorem for every
feH(a(T)).

Proof. Suppose T is algebraically class p-wA(s,t) operator with 0 < p < 1 and
0 < s,t,s+t <1s. Since the equality opw (f(T)) = f(opw(T)) holds for every
f € H(o(T)) by Theorem 2.4, it follows that f(T) satisfies generalized Weyl’s
theorem for every f € H(c(T)). O

Theorem 2.6. Let T* be an algebraically class p-wA(s,t) operator with0 < p <1
and 0 < s,t,s+t < 1. Then a-Weyl’s theorem holds for T.

Proof. Since T* is algebraically class p-wA(s,t) operator with 0 < p < 1 and
0 <s,t,s+t <1, q(T*) is class p-wA(s,t) operator with 0 < p < 1 and 0 <
s,t,s +t < 1 for some nonconstant polynomial ¢. It follows from [22] that ¢(T™*)
has SVEP. Therefore, T* has SVEP by [17, Theorem 3.3.9]. By Theorem 2.2, T*
is polaroid. Since T* is polaroid, T is polaroid. By applying [4, Theorem 3.10], it
follows that a-Weyl’s theorem holds for T. [

Theorem 2.7. Let T be an algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s.t,5+1 < 1. Then og,—(f(T)) = f(og-(T)) for every f € H(o(T)).

Proof. Let f € H(o(T)). Recall that for every T € B(H), the following inclusion
USF;(f(T)) c f(USF; (1))

is always true. Now it suffices to show that Tor; (f(1)) 2 f(aSFJ: (T)). Let \ ¢

0sp-(F(T)). Then f(T) — A € SF*(H). Let

(2.1) F(T) =M =c(T = pa )(T = p2) ey (T = pin)9(T),

where ¢, i1, ..., in, € C and ¢(T) is invertible. Since T is algebraically class p-
wA(s,t) operator with 0 < p <1 and 0 < s,t,s +¢ < 1, T has SVEP. It follows
from [1, Corollary 3.19] that ind(7" — p) < 0 for all y for which T' — p is Fredholm,
T — p; is Fredholm of index zero for each ¢ = 1,2,..,n. Therefore, p; ¢ Tsr: (T)

for all 1 <4 < n. Hence,
A= fu) ¢ f(USF; (1))
This completes the theorem. [

Recall that an operator T € B(H) is said to be a-isoloid if every isolated point
of 0,(T) is an eigenvalue of T. Evidently, if T is a-isoloid, then it is isoloid.

Theorem 2.8. Let T* be an algebraically class p-wA(s,t) operator with0 < p <1
and 0 < s,t,s+t < 1. Then a-Weyl’s theorem holds for f(T') for every f € H(o(T)).
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Proof. Suppose T™* is algebraically class p-wA(s,t) operator with 0 < p < 1 and
0 < s,t,s+t <1. From Theorem 2.6, a-Weyl’s theorem holds for 7. Hence, T
satisfies a-Browder’s theorem. Since T* is algebraically class p-wA(s,t) operator
with 0 < p < 1land 0 < s,¢,s+t <1, T* has SVEP. If f € H(o(T)), then
by [17, Theorem 3.3.9], f(T), or f(T) satisfies the SVEP. Applying [18, Theorem
2.4], it follows that f(T') satisfies a- Browder’s theorem. To prove a-Weyl’s theorem
holds for f(T') it is enough to show that ES(f(T)) = IIE(f(T)). The inclusion
I (f(T)) € E§(f(T)) is trivial. To prove the reverse inclusion let A\ € E§(f(T)).
Then A is an isolated point of o, (f(T)) and a(f(T)—AI) < co. Since A is an isolated
point of f(o4(T)), if 1i € 04(T), then p; is an isolated point of o4(7") by (2.1). That
is, T is a-isoloid. Thus, 0 < a(f(T) — ;) < oo for each ¢ = 1,2,...,n. Since T
satisfies a-Weyl’s theorem , T'— p;I € SF; (H)for each i = 1,2,...,n. Therefore
f(T)— A € SF{(H) and

ind(f(T) = AI) = > ind(f(T) — p:I) < 0.
=1

Hence, A ¢ Tsr: (f(T)). Since f(T') satisfies a-Browder’s theorem, A € I (f(T)).
This completes the proof. [

Theorem 2.9. Let T be an algebraically class p-wA(s,t) operator with 0 < p <1
and 0 < s,t,s+t <1 . Then Weyl’s theorem holds for T + R for any finite rank
operator F' € B(H) commuting with T.

Proof. Suppose T is algebraically class p-wA(s,t) operator with 0 < p < 1 and
0 < s,t,s+t < 1. Then from Theorem 2.2, isolated point of spectrum of T are
eigenvalues. By Theorem 2.1, T satisfies Weyl’s theorem. Then it follows that
Weyl’s theorem holds for 7'+ R for any finite rank operator R € B(H) by [15,
Theorem 3.3],. O

Theorem 2.10. LetT be an algebraically class p-wA(s,t) operator with0 < p <1
and 0 < s,t,s +t < 1. Then for any function f € H(o(T)) and any finite rank
operator R € B(H) commuting with T, Weyl’s theorem holds for f(T) + R.

Proof. Suppose T is algebraically class p-wA(s,t) operator with 0 < p < 1 and
0 < s,t,s+t < 1. Then T is polaroid by Theorem 2.2 and hence T is isoloid.
Therefore, f(T) is isoloid for any function f analytic on a neighborhood of o(T")
by [15, Lemma 3.6]. Then f(T) obeys generalized Weyl theorem for any function
f € H(o(T)) by Theorem 2.5. Then from [15, Theorem 3.3], it follows that Weyl’s
theorem holds for f(T) + R for any finite rank operator R. [

3. elementary operator dsp and Weyl type theorem

Let d 45 denote the generalized derivation §4p : B(H) — B(H) defined by d45(X) =
AX — X B or the elementary operator Aap : B(H) — B(H) defined by Asp(X) =
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AXB — X. In this section we show that if A, B* € B(H) are class p-wA(s,t) op-
erator with 0 < p < 1 and 0 < s,t,s +t < 1, then generalized Weyl’s theorem ,
a-Weyl’s theorem, property (w), property (gw) and generalized a-Weyl’s theorem
holds for f(dap) for every f € Ho(dap). Recall that an operator T' € B(H)
is said to have the property (9) if for every open covering (U,V) of C, we have
H= HT(U) + HT(V)

Lemma 3.1. Let A,B € B(H). If A and B* are class p-wA(s,t) operators with
O0<p<land0<s,t,s+t <1, then dap has SVEP.

Proof. Suppose that A and B* are class p-wA(s,t) operators with 0 < p < 1 and
0<s,t,s+t<1. Then A and B* satisfies Bishop’s property (§) by [24, Theorem
2.4 ] or [22]. Hence B satisfies property (6) by [17, Theorem 2.5.5]. Since both
AX and X B satisfies property (C) by Corollary 3.6.110f [17]. Then SVEP holds
for both AX — XB and AXB — X by [17, Theorem 3.6.3] and [17, Note 3.6.19].
Then, dAB has SVEP.

a

Lemma 3.2. Let A,B € B(H). If A and B* are class p-wA(s,t) operators with
0<p<land0<s,t,s+t <1, then dap is polaroid.

Proof. Since A and B* are class p-wA(s,t) operators with 0 < p < 1 and 0 <
s,t,s+t <1, A and B* are polaroid by Proposition 2.2. It is known that if B*
is polaroid then B is polaroid. Hence the required result follows by [26, Lemma
41] O

Theorem 3.1. If A, B* € B(H) are class p-wA(s,t) operators with0 < p <1 and
0<s,t,s+t <1, then generalized Weyl’s theorem holds for dap.

Proof. Since A and B* are class p-wA(s,t) operators with 0 < p < 1 and 0 <
s,t,s+t <1, dap has SVEP by Lemma 3.1. By Lemma 3.2, d 45 is polaroid. Then
by applying [4, theorem 3.10], it follows that generalized Weyl’s theorem holds for
dap O

Theorem 3.2. If A,B* € B(H) are class p-wA(s,t) operators with 0 < p < 1
and 0 < s,t, s+t <1, then generalized Weyl’s theorem holds for f(dag) for every
f € H(o(dap)).

Proof. Since A and B* are class p-wA(s,t) operators with 0 < p < 1 and 0 <
s,t,s+t <1, dap has SVEP by Lemma 3.1. By Lemma 3.2 the operator d4p is
polaroid and so dap is isoloid. Then by applying [25, theorem 2.2], it follows that
generalized Weyl’s theorem holds for f(dap) for every f € Ho(dag). O

We say that T € B(H) possesses property (w) if o4 (T) \JSF; (T) = E%(T) [23]. In
Theorem 2.8 of [2], it is shown that property (w) implies Weyl’s theorem, but the
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converse is not true in general. We say that 7' € B(H) possesses property (gw) if
oa(T)\ TsBE; (T') = E(T). Property (gw) has been introduced and studied in [6].
Property (gw) extends property (w) to the context of B-Fredholm theory, and it is
proved in [6] that an operator possessing property (gw) possesses property (w) but
the converse is not true in general.

Theorem 3.3. Let A, B* € B(H) are class p-wA(s,t) operators with 0 < p < 1
and 0 < s,t,s +t < 1. Then a-Weyl’s theorem, property (w), property (gw) and
generalized a-Weyl’s theorem hold for every f € H(o(dag)).

Proof. By Lemma 3.1, the operator d4p has SVEP. The operator d 45 is polaroid by
Lemma 3.2,. Then by applying [4, theorem 3.12], it follows that a-Weyl’s theorem,
property (w), property (gw) and generalized a-Weyl’s theorem hold for every f €
H(o(dap)). O
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Abstract. A non-abelian group G is called a CA-group (CC-group) if C(z) is abelian
(cyclic) for all z € G\ Z(G). We say z ~ y if and only if Ca(z) = Ca(y). We denote the
equivalence class including = by[z]~. In this paper, we prove that if G is a CA-group
and [z]~ = zZ(G), for all x € G, then 277! < |G'| < 2(2). where % =2"2<r
and characterize all groups whose [z]~ = 2Z(G) for all x € G and |G| < 100. Also, we
will show that if G is a CC-group and [z]~ = 2Z(G), for all z € G, then G 2 C,,, X Qs
where C,, is a cyclic group of odd order m and if G is a CC-group and [z]~. = z¢, for
all z € G\ Z(G), then G = Qs.

Keywords: CA-group, CC-group, centralizer of a group, derived subgroup.

1. Introduction

Throughout this paper all groups are assumed to be finite. We denote by Z(G),
Cq(z), Cent(G), |Cent(G)|, 2%, G" and k(G) the center of the group G, the central-
izer of x € (G, the set of centralizers of the group G, the number of centralizers of
the group G, the conjugacy class of z € G, the derived subgroup of the group G,
the number of conjugacy classes of the group G, respectively. The authors in [8],
denoted by [m,n] the GAP ID of a group which is a label that uniquely identifies a
group in GAP. The first number in [m,n] is the order of the group, and the second
number simply enumerates different groups of the same order. We will use usual
notation, for example C),, Do, and (o~ denote the cyclic group of order n, the
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dihedral group of order 2n and the generalized quaternion group of order 2" respec-
tively. The non-commuting graph T'(G) with respect to G is a graph with vertex
set G\ Z(G) and two distinct vertices z and y, are adjacent whenever [z,y] # 1. A
non-abelian group G is called a CA-group (CC-group) if Cg(x) is abelian (cyclic)
for all x € G\ Z(G). We say x ~ y if and only if Cq(z) = Ca(y), and = ~; y if
and only if zZ(G) = yZ(G). We denote the equivalence class including = under ~
by [z]~. The number of equivalence classes of ~ and ~; on the group G are equal
with |Cent(G)| and % respectively. The influence of |Cent(G)| on the group G
has been investigated in [3, 2, 4]. In [5], CA-groups whose [x]. = zZ(G) for all
z € G has been investigated. In this paper we have investigated the equivalency of
above relations. We will use the following lemmas to prove the main theorems.

Lemma 1.1. [1, Lemma 8.6] Let G be a non-abelian group. Then the following
are equivalent:

1) G is a CA-group.

2) If[e,y] = 1 then Ca(z) = Caly), where 2,y € G\ Z(G).

3) If (2] = [, 2] = 1 then [y, 2] = 1, where z € G\ Z(G).

4) If A,B<G,Z(G) 5 Cg(A) < Cq(B) = G, then Cg(A) = Ca(B).

Lemma 1.2. [1, Proposition 2.6] Let G be a finite non-abelian group and T'(G) be
a reqular graph. Then G is nilpotent of class at most 3 and G = A x P, where A
is an abelian group and P is a p-group (p is a prime) and furthermore T'(P) is a
reqular graph.

Lemma 1.3. [5, Lemma 11] Let G be a non-abelian group. Then xZ(G) C [z]~,

for all x € G. Also the equality happens if and only if |Cent(G)| = %

Lemma 1.4. [5, Lemma 12] Let G be a finite non-abelian group. Then the fol-
lowing are equivalent:

1) If [z,y] =1, then Z(G) = yZ(G), where x,y € G\ Z(G).
2) G is a CA-group and [x]. = 2Z(G), for all x € G.
3) [x,y] =1 and [z, w] = 1 imply that yZ(G) = wZ(G), where z,y,w € G\Z(G).

Lemma 1.5. [5, Theorem 3] Let G be a non-abelian group. The following are
equivalent:

1) G is a CA-group and |Cent(G)| = %

2) G = A x P, where A is an abelian group, P is a 2-group, P is a CA-group

and |Cent(P)| = %.
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3) G=Ax P, where A is an abelian group and Cp(x) = Z(P)UxzZ(P), for all
x € P\ Z(P).

Lemma 1.6. [5, Lemma 13] Let G be a non-abelian group. Let [x]~ and [y]~ be
two different classes of ~. If [xg,yo] # 1 for some zy € [x]~ and yo € [y]~, then
[u,v] # 1 for all u € [z]~ and v € [y]|~

Lemma 1.7. [5, Lemma 20] Let G1 and Gy be two groups. Let [g1]~ = g1Z(G1),
for all g1 € Gy and [g2]~ = g2Z(G2), for all g2 € Ga. Then [X]|. = XZ(G1 X G3),
for all X € G; x Gs.

Lemma 1.8. [6, Theorem 2.1] Let G be a non-abelian group and |Cent(G)| =

€] G_ )
VIR Then ZG 18 an elementary abelian 2-group.

Lemma 1.9. [7, Corollary 2.3] Let G be a non-abelian nilpotent group. Then G
is a CC-group if and only if G = C), X Qan, where m and n are positive integers
and m s odd.

In Section 2 we will provide some results about the equivalency of relations.

2. Proof of the main theorems

In this section we prove the main theorems. For doing this we first prove some
lemmas.

Lemma 2.1. Let G be a CA-group. Then Cg(x) = Z(G) U [z]~, for all x €
G\ Z(G).

Proof. Since Z(G) C Cg(x) and [z]~ C Cg(x) we have Z(G) U [z]. C Cg(z).
Suppose g € Cg(x) \ Z(G). Then [g,2] = 1. By Lemma 1.1, Cg(z) =
which implies that [z]. = [g]~. Hence g € [z]. and we have Cg(z) C Z(G) U [z]~.
Therefore Co(z) = Z(G) U [z]~, for all x € G\ Z(G). O

Lemma 2.2. Let G be a non-abelian group. Then G is a CA-group and [z]~

Z(Q), for all z € G if and only if |G| = %

Proof. Let G be a CA-group and [z]. = [z]~,, for all x € G. Let 2Z(G) #
yZ(G) for some z,y € G\ Z(G). Since XY # Y X for all X € 2Z(G) and Y €
yZ(G), therefore there exists an edge between X and Y. Hence there are |Z(G)|?

edges between elements of xZ(G) and yZ(G). Also there are #Cg)l — 1 different

classes of 2Z(G) for z € G\ Z(G). Thus [E(D(G))| = (75)|Z(G)[?. Note that

by [1, Lemma 3.27], |[E(I(G))| = CE=REIG] Hence 6] = 5 2200

Conversely, suppose |G| = % So |G| = 1Z(G)|+(k(G)—|Z(G )\)QI%‘G”

Since for all z € G\ Z(G), |z%| < 2\Z(|G) we have [2¢] = 2|£C(;c‘:)|’ for all z € G\ Z(G).
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So |Cq(z)| = 2|Z(G)|, for all z € G\ Z(G). Now by [5, Lemma 15] G is a CA-group
and [z]~ = [z]~,. O

Example 2.1. Let G be a CA-group and [z]~ = zZ(G), for all z € G and |G| < 100.
Then G is one of the group with GAP ID in Table 2.1.

Table 2.1: The GAP ID of group G where |G| = #% and |G| < 100.
| B3 B4 |
[ [16,3] [16, 4] [16,6] [16,11] [16,12] [16,13] |
[ [24,10] [24,11] |
[32,2]  [32,4] [32,5] [32,12] [32,17] [32,22] [32,23] [32,24]

[32,25]  [32,26] [32,37] [32,38] [32,46] [32,47] [32,48]
[[0.11] (0,17 u
[ [48,21] [48,22] [48,24] [48,45] [48,46] [48,47] \
[ [56,9] [56,10] |
[64,3]  [64,17] [64,27] [64,29] [64,44] [64,51] [64,56] [64,57]
[64,58] [64,59] [64,73] [64,74] [64,75] [64,76] [64,77] [64,78]
[64,79] [64,80] [64,81] [64,82] [64,84] [64,85] [64,86] [64,87]

[64,103] [64,112] [64,115] [64,126] [64,184] [64,185] [64,193] [64,194]
[64,105] [64,196] [64,197] [64,108] [64,247] [64,248] [64,261] [64,262]
[64, 263

[ [72,10] [72,11] [72,37] [72,3§] |

[ [80,21] [80,22] [80,24] [80,46] [80,47] [80,48] \

[ [38.9] [88,10] |
[96,45]  [96,47] [96,48] [96,52] [96,54] [96,55]  [96,60] [96, 162

[96,163] [96,165] [96,166] [96,167] [96,221] [96,222] [96,223]

Theorem 2.1. Let G be a CA-group and [z]. = zZ(G), for all x € G. Then

271 <G| < 2(5), where \z@n =2"2<r.

Proof. Let G be a CA-group and [z]. = 2Z(G), for all € G. First we show
that |G'| < 2(2). Since [z]~ = 2Z(Q), for all x € G, by Lemmas 1.8 and 1.3, we
find that % is an elementary abelian 2-group. Therefore G’ < Z(G), g> € Z(G),
for all ¢ € G and G’ is an elementary abelian 2-group. Since G is a non-abelian
group, there exist z,y € G such that [z,y] = 2 # 1 and [z, zy] # 1 and [y, zy] # 1.
By Lemma 1.4, 2Z(G) # yZ(G), ©Z(G) # zyZ(G) and yZ(G) # zyZ(G). Let
H, = Z(G)UzZ(G) UyZ(G) UzyZ(G). Since % is an elementary abelian 2-
group, H; < G. By Lemma 1.6, none of the elements of zZ(G) are commute with
elements of yZ(G) and zyZ(G). Also none of the elements of yZ(G) are commute
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with elements of xyZ(G). Therefore Z(H;) = Z(G). Since G’ < Z(G) and t* = 1,
for all t € G, we have the following:
[z, 917" = [y, 2] = [2,9] = [z, 2y] = [y, ya] = 2, [eu, fw] = [e, f],

for all e, f € {z,y,zy} and for all u,w € Z(G). Hence

Hi = <[g1,h1}|91,h1 € H1> = <[eu,fw]|e,f € {x,y,xy},u,w € Z(G)>
= (le, flle, f € {z,y,2y}) = ([x,9]) = (2) = {1, 2}.

2
Thus |H{| =2 < 2() and ‘Zlfgll)‘ = lelzz((g))l‘ =22, If G = H; then proof is complete,

so assume that G # H;. Hence there exists a € G\ Hy. Let Hy = H;(a). Since
a® € Z(G) we have

UaZ(G)UazZ(G)UayZ(G) U azyZ(G)

and since % is an elementary abelian 2-group, Hs < G. By Lemma 1.6 Z(H,) =
Z(G). Let [a,x] = t1,]a,y] = ta. Therefore 1 # [a,zy] = [a,2][a,y] = titz. In
above we had [z,y] = [z, zy] = [y, zy] = z. On the other hand [eju, fiw] = [e1, f1],
for all u,w € Z(G) and for all ey, f1 € {z,y, 2y, a,ax,ay,axy}. Also [ge, hoks] =
(92, h2][g2, k2], for all ga, hy, ky € Hy. Hence

Hy = ([g2, ha]lg2, ho € Ha) = ([e1u, fiw]ler, f1 € {z,y, 2y, a,az, ay, axy})

= ([z,y], [a, 2], [a, y]) = (2, t1, t2).
3
Therefore |Hj| < 2(2) and |Z‘(I§§2|)| = i‘ZZ((g))‘l = 23, If G = H,, then the proof is

complete. Let G # Ha. Therefore there exists b € G \ Hy. Let H3 = Ha(b). Let
[b,x] = 11, [b,y] = la,[b,a] = l3. By a Similar calculation we have, Z(H3) = Z(G)

and Hj = (2,t1,t2,11,1l2,13). Hence |Hj| < 26 = 2(2) and \Z‘gff’sl)l = 1?‘ZZ((C;‘)| =24
By continuing this process, we have the following subgrollps Z(G) < Hy < Hy <
L < H; < .. < G, such that Z(H;) = Z(G), |H]| < 2(3), L = 2141 Since
G is finite, there exists 2 < 7, such that G = H,_1,|G'| < 92(3) and % =
%;7:1')' = 2". Since [w]N = wZ(G), for all w € G\ Z(G), so by Lemma 2.1,
wl| = L& for all w € G\ Z(G). Consequently, as w® C wG’, we
[Ca(w)] — 2|Z G)I
have % =21 <|G'. O

Theorem 2.2. Let G be a non-abelian CC-group and [z]. = xZ(G), for allx € G.
Then G = C), X Qg where C,, is a cyclic group of odd order m.

Proof. Let G be a CC-group and [z ] =2Z(Q), for all z € G. Therefore G is a
CA-group. By lemma 1.3, |Cent(G)| = |7 and by lemma 1.5, G & A x P where
A is an abelian group and P is a 2-group. Hence G is a nilpotent group. By lemma
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1.9, G = C), X Qan where C,, is a cyclic group of order odd m. Since [z]. = zZ(G)

for all z € G, we have by lemma 1.3, that |Cent(G)| = % and by Lemma

1.8, % is an elementary abelian 2-group which implies that G’ < Z(G). Hence
(Cr X Qan) € Z(Cry X Qan) and 1 X Qb C Cpyy X Z(Q2n) =2 C,yy, X Co. Therefore
Qb = Co and |Qh.| = 2. Since |Qh.| = 2772, we have n = 3 and G = C,,, X Qs.

Conversely Qg is a CC-group and [z]. = zZ(G), for all z € G. Therefore
Cm X Qg is also a CC-group and by Lemma 1.7, [z]. = 2Z(G) for all z € G =
Cyn X Qg. [l

Proposition 2.1. Let G be a non-abelian group and G' < Z(G). Then if [x]. =
x%, for all z € G\ Z(G) then [z]~ = 2% = 2Z(Q), for all x € G\ Z(G) and
G' =Z(G).

Proof. Let [v]. = 2%, for all z € G\ Z(G). Since G’ < Z(G), so 2G' < 2Z(Q).
By Lemma 1.3, 2Z(G) C [z]~, for all + € G. Hence 2Z(G) C [z]. = 2% C 2G’ C
xZ(@G), for all x € G\ Z(G). This implies that [z]. = 2% = 2G’ = 2Z(G), for
all z € G\ Z(G). Since |2G'| = |2Z(G)| we have G’ = Z(G) and the proof is
complete. [

Example 2.2. Let G be an extra especial group of order 32. Then [z]. = z% = 2Z(G),
forall z € G\ Z(G).

Theorem 2.3. Let G be a CA-group and [x]~ = 2€, for all x € G\ Z(G). Then
G is a 2-group, % is an elementary abelian 2-group, [z]~ = 2% = 2Z(G), for all
r € G\ Z(G) and G’ = Z(G).

Proof. Since G is a CA-group, by Lemma 2.1, Cg(z) = [z]. U Z(G), for all
r € G\ Z(G). Therefore |2¢| = |C‘GGE|;»)\ = |Z(G)|\Cﬂ|[x]N| = \Z(G|)C\;+‘|xc| which implies
that [2%|2 + |Z(GQ)||z¢| — |G| = 0. So |z%| is a constant and I'(G) is a regular
graph. By Lemma 1.2, G = A x P where A is an abelian group and P is a p-group
(p is a prime) and by Lemma 1.3, Z(G) C [z]~, for all z € G\ Z(G). Therefore
rZ(G) C [r]~ = 2 C G’ which implies that zZ(G) C xG’. Thus Z(G) < G’
and Z(G) = Ax Z(P) < G =1xP. Hence A 2 1 and Z(P) < P'. So G
is a p-group and G = P and there exist positive integers m,n,t so that |P| =
p", | Z(P)| = pt, |#F| = p™ and p™ = ﬁ. This implies that p?>™ + ptt™ = p»
and p™~t 4+ 1 = p®~™~t. Since p is a prime, by discussing the different states of
the prime numbers, we obtain p = 2 and m = t. Since zZ(P) C [z]. = z¥ and
|zf| = |Z(P)], so [z]~ = 2 = 2Z(P), for all x € P\ Z(P). By Lemma 1.3,
|Cent(P)| = %. This implies by Lemma 1.8, that % is an elementary abelian
2-group and P’ < Z(P). Hence Z(P)=P'. O

Corollary 2.1. Let G be a CC-group and [z]. = z%, for all z € G\ Z(G). Then
G~ Qs.
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Proof. By Theorem 2.3, [z]. = 2% = 2Z(G), for all z € G \ Z(G) and
G' = Z(@). and by Theorem 2.2, G = C,,, X Qs where m is an odd positive integer.
Since G’ = Z(G), so 1 x Qg = Cp, X Z(Qs). Therefore Cp, = 1. Hence G = Qg. O

Lemma 2.3. A group G is a CA-group and [x]. = 2©, for all z € G\ Z(G) if
and only if |G| = 2|Z(G)|* and k(G) = 3|Z(G)| — 1.

Proof. Let G be a CA-group and [z]. = 29, for all 2 € G\ Z(G). By Theorem
2.3, [z]~ = 2Z(G) for all z € G\ Z(G) and by Lemma 2.1, Ce(z) = [z]~-UZ(G), for

allz € G\ Z(G). Hence |2¢| = |C‘GG(L)‘ = |Z(G)I|G_J‘[x}~‘ = 2||Z?(|;)‘ for allz € G\Z(G).

Since |2¢| = |2Z(G)|, for all x € G\ Z(G) we have |Z(G)| = 2|Z(G which implies
that
(2.1) G| =2|Z(G)|*.

Since [z]~ = 2Z(G), for all x € G\ Z(G), by Lemma 2.2,

2|Z(G)P
B1Z2(G) - k(@)

(2.2) G| =

From Equations 2.1 and 2.2 we have k(G) = 3|Z(G)| — 1.
Conversely suppose |G| = 2|Z(G)|? and k(G) = 3|Z(G)| — 1. This implies that

|G| = % and by Lemma 2.2, G is a CA-group and [z]. = 2Z(G) for
all x € G\ Z(G). Also by Lemma 2.1, |Cg(z)| = 2|Z(G)|. This implies that
|2¢| = |C|GGEIz)\ 22“ZZ((%)I| |Z(G)|. Since [z]. = mZ(G), for all x € G, by Lemma
1.3, |Cent(G)| = 7 ‘Gl)‘. Hence by Lemma 1.8, Z(g) is an elementary abelian 2-

group. Therefore G’ < Z(G) and 2¢ C 2G’ C 2Z(G), for all z € G \ Z(G). Since
|2€| = |Z(@Q)], for all z € G\ Z(G), we have 2¢ = 2Z(G), for all x € G \ Z(G).
Hence we conclude that [2]. = 2% = 2Z(G), for all z € G\ Z(G). O

Lemma 2.4. Let G be a CA-group and [z]~ = 2Z(G), for all € G. Then
[z]~ = 2%, for all z € G\ Z(G) if and only if |G| = 2|Z(G)|*.

Proof. Let G be a CA-group and [z]. = 2%, for all z € G\ Z(G). By Lemma
2.3, |G| = 2|Z(GQ)|?>. Conversely let |G| = 2|Z(G)|?. Since G is a CA-group and
[z]~ = 2Z(G), for all x € G, by Lemma 2.1, Cg(x) = Z(G)U[z]. = Z(G)UzZ(G),
for all z € G\ Z(G). Therefore |Ce(x)| = 2|Z(G)], for all x € G\ Z(G). This

; : G — 16l  _ 1G] _ 2[Z(G)
implies that || = |C‘G(m)‘ = 7] = 2|Z(G“ = |Z(G)|, for all z € G\Z G).

Since [z]. = 2Z(G), for all z € G\ Z(G), by Lemma 1.3 and Lemma 1.8, Z(G)
an elementary abelian 2-group. Therefore G’ < Z(G). Hence 2% C G’ C 2Z(Q),
for all z € G\ Z(G). Since |2¢| = |Z(GQ)| = |2Z(G), we have 2¢ = 2Z(G), for all
r € G\ Z(G) and finally [z]. = 2% = 2Z(G) for all x € G\ Z(G). O

is

Example 2.3. Let G be a non-abelian CA-group and assume that [z]. = z¢ for all
z € G\ Z(G) and |G| < 100. Then G = Qs or Ds.
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Lemma 2.5. Let G be a non-abelian group. Then ¢ = J}Z( ), for all x €

G\ Z(G) if and only if G' = Z(G) and k(G) = rfo +|2(G)| -

Proof. Let 2% = 2Z(Q), for all z € G\ Z(G). Since 2% C 2G’, so Z(G) < G'.
Now we show that G/ < Z(G). Let 1 # t € G'. Then there exist z,y € G
so that [z,y] = t. Hence t = y ‘a7 'yz = y~'y®. Since y© = yZ(G), there
exists 2 € Z(G) such that y* = yz. Therefore t = y~'y* = y~lyz = 2. This
implies that ¢ € Z(G). Thus G’ < Z(G) and we have G' = Z(G). Moreover
|G| = |Z(Q)| + (k(G) — | Z(Q)])|z¢]| because |z¢| = |zZ(G)| for all z € G\ Z(G).

Hence )iy = k(G) = |2(G)| + 1 and k(G) = Jiy +12(G)| - 1.

Conversely, suppose G' = Z(G) and k(G) = |Z|Cg)| +1Z(G)| — 1. Then 2¢ C
rG’' = 2Z(G), for all z € G\ Z(G). Hence |2%| < [2Z(G)], for all z € G\ Z(G).
Since k(G) — |Z(G)| = % — 1 we have |29 = [2Z(G)], for all z € G\ Z(G).
Therefore 2 = 2 Z(G), for all x € G\ Z(G). O

Lemma 2.6. Let G be a non-abelian group and x¢ = xZ(G), for allx € G\ Z(G).
Then G is a p-group where p is a prime.

Proof. Since |z¢| = |Z(G)|, for all x € G\ Z(G), so I'(G) is a regular graph.
By Lemma 1.2, G =2 A x P where A is an abelian group and P is a p-group (p
is a prime). By Lemma 2.5, G’ = Z(G) which implies that A = 1 and G is a
p-group. [

Theorem 2.4. Let G be a CC-group and ¢ = 2Z(G), for allz € G\ Z(G). Then
G~ (Qs.

Proof. By Lemma 2.6, G is a p-group. So G is a nilpotent group. By Lemma
1.9, G = C},, X Q2» where n is positive integer and m is an odd positive integer. By
Lemma 2.5, G' = Z(G), so 1 x Q4 =2 Cyp, x C2. Hence Q4 = Co and |Qh. | = 2.
Since Q.| = 2"~2 we have n = 3. Hence G = Qg and the proof is complete. [J
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Abstract. In this paper, we introduce the concepts of Z and Z* —convergence of se-
quences in gradual normed linear spaces. We study some basic properties and implica-
tion relations of the newly defined convergence concepts. Also, we introduce the notions
of Z and Z* —Cauchy sequences in the gradual normed linear space and investigate the
relations between them.
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1. Introduction

The idea of fuzzy sets [20] was first introduced by Zadeh in the year 1965 which
was an extension of the classical set-theoretical concept. Nowadays, it has wide
applicability in different branches of science and engineering. The term “fuzzy
number” plays a crucial role in the study of fuzzy set theory. Fuzzy numbers were
basically the generalization of intervals, not numbers. Even fuzzy numbers do not
obey a few algebraic properties of the classical numbers. So the term “fuzzy num-
ber” is debatable to many authors due to its different behavior. The term “fuzzy
intervals” is often used by many authors instead of fuzzy numbers. To overcome the
confusion among the researchers, in 2008, Fortin et.al. [8] introduced the notion
of gradual real numbers as elements of fuzzy intervals. Gradual real numbers are
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mainly known by their respective assignment function which is defined in the inter-
val (0,1]. So in some sense, every real number can be viewed as a gradual number
with a constant assignment function. The gradual real numbers also obey all the
algebraic properties of the classical real numbers and have uses in computation and
optimization problems.

In 2011, Sadeqi and Azari [15] first introduced the concept of gradual normed
linear space. They studied various properties of the space from both the algebraic
and topological point of view. Further progress in this direction has been occurred
due to Ettefagh, Azari, and Etemad (see [6],[7]) and many others. For extensive
study on gradual real numbers one may refer to ([1],[5][12],[18],[21],[22]).

On the other hand in 2001, the idea of ideal convergence was first introduced
by Kostyrko et al. [11] mainly as an extension of statistical convergence. They also
showed that ideal convergence was also a generalized form of some other known
convergence concepts. Later on, several investigations in this direction have been
occurred due to Debnath and Rakshit [2], Demirci [3], Gogola et al. [9], Mursaleen
and Mohiuddine [13], Savas and Das[17] and many others. For an extensive view of
this article, we refer to [4, 10, 14, 16, 19].

Research on the convergence of sequences in gradual normed linear spaces has
not yet gained much ground and it is still in its infant stage. The research carried
out so far shows a strong analogy in the behavior of convergence of sequences in
gradual normed linear spaces (for details one may refer to [6], [7],[15]).

Recently, the convergence of sequences in gradual normed linear spaces was
introduced by Ettefagh et. al. [7]. Also, they have investigated some properties
from the topological point of view [6]. Therefore, the study of ideal convergence of
sequences in gradual normed linear spaces is very natural.

2. Definitions and Preliminaries

Definition 2.1. [8] A gradual real number 7 is defined by an assignment function
Az :(0,1] — R. The set of all gradual real numbers is denoted by G(R). A gradual
number is said to be non-negative if for every ¢ € (0, 1], A7(§) > 0. The set of all
non-negative gradual real numbers is denoted by G*(R).

In [8], the gradual operations between the elements of G(R) was defined as follows:

Definition 2.2. Let * be any operation in R and suppose 71,72 € G(R) with
assignment functions Az, and Az, respectively. Then 71 * 79 € G(R) is defined with
the assignment function Az, .z, given by Az .7, () = Ar (&) * Az, (£), V€ € (0,1].
Then the gradual addition 7 4+ 73 and the gradual scalar multiplication ¢r(c € R)
are defined by

Ay (§) = A7 (§) + Ary (§)  and Aci(§) = cAs(E), V€ € (0,1].
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For any real number p € R, the constant gradual real number p is defined by the
constant assignment function Az(¢) = p for any ¢ € (0,1]. In particular, 0 and 1
are the constant gradual numbers defined by A5(¢) = 0 and A;(§) = 1 respectively.
One can easily verify that G(R) with the gradual addition and multiplication forms
a real vector space [8].

Definition 2.3. [15] Let X be a real vector space. The function || - ||¢ : X —
G*(R) is said to be a gradual norm on X, if for every £ € (0, 1], following three
conditions are true for any x,y € X

(G1) Ajja)o(§) = Ap(&) iff = = 0;

(G2) Ajjaaio () = [A[A]jz)) (§) for any A € R;

The pair (X, || - ||¢) is called a gradual normed linear space (GNLS).

Example 2.1. [15] Let X = R" and for = (21,22, ...,xn) € R",§ € (0,1], define || - ||
by Ajjzjiq(€) = X7 |zi|. Then || - ||¢ is a gradual norm on R™ and (R, || - ||c) is a
GNLS.

Definition 2.4. [15] Let (z1) be a sequence in the GNLS (X, || - ||¢). Then (z)
is said to be gradual convergent to x € X, if for every £ € (0,1] and € > 0, there
exists N(= N:(£)) € N such that A, _4(§) <&, ¥n > N.

Definition 2.5. [15] Let (z) be a sequence in the GNLS (X, || - ||¢). Then ()
is said to be gradual Cauchy, if for every £ € (0,1] and € > 0, there exists N(=
Ng(f)) € N such that AHmk,ijG(f) <e Vk,j>N.

Theorem 2.1. ([15], Theorem 3.6) Let (X, || ||¢) be a GNLS, then every gradual
convergent sequence in X is also a gradual Cauchy sequence.

Definition 2.6. [11] Let X is a non-empty set. A family of subsets Z C P(X) is
called an ideal on X if and only if

(i) VeI
(ii) for each A, B € 7 implies AU B € 7;
(iii) for each A € Z and B C A implies B € 7.

Some standard examples of ideal are given below:

(i) The set Zy of all finite subsets of N is an admissible ideal in N. Here N denotes
the set of all natural numbers.

(ii) The set Zy of all subsets of natural numbers having natural density 0 is an
admissible ideal in N.

(iii) The set Z, = {A CN:Y ,cpa ! <oo}is an admissible ideal in N.

(iv) Suppose N = U D, be a decomposition of N (for i # j, D; N D; = @). Then

the set Z of all subsets of N which intersects finitely many D,’s forms an ideal in N.

More important examples can be found in [9] and [10].
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Definition 2.7. [11] Let X be a non-empty set. A family of subsets F C P(X)
is called a filter on X if and only if

(i) O ¢ F;

(ii) for each A, B € F implies AN B € F;

(iii) for each A € F and B D A implies B € F.

An ideal 7 is called non-trivial if Z # @ and X ¢ Z. The filter F = F(I) =
{X — A: A €T} is called the filter associated with the ideal Z. A non-trivial ideal
T C P(X) is called an admissible ideal in X if and only if Z D {{z} : z € X }.

Definition 2.8. [11] Let Z Cc P(N) be a non-trivial ideal on N. A real se-
quence (xy) is said to be Z-convergent to [ if for each e > 0, the set C (¢) =
{k € N:| x — 1 |> €} belongs to Z. [ is called the Z-limit of the sequence () and
is written as Z-limy_ooxp = I.

Definition 2.9. [11] Let Z be an admissible ideal in N. A sequence x = (xy) is
said to be Z* —convergent to [, if there exists a set M = {m; < mg < ... <my < ...}
in the associated filter F(Z) such that khnj\ld zp =1

€

Definition 2.10. [14] A sequence (z) of real numbers is said to be Z—Cauchy, if
for every € > 0, there exists a N € N such that {k € N: |z, —an| > e} € 1.

Definition 2.11. [14] A sequence (x1) of real numbers is said to be Z*—Cauchy,
if there exists a set M = {m; <ma <...<m; < ..} CN, M € F(Z) such that the

subsequence (z,,, ) is a Cauchy sequence i.e. lim |2, — &y, |=0.
1, —00

Definition 2.12. [11] An admissible ideal Z is said to satisfy the condition AP,
if for every countable family of mutually disjoint sets {C), }nen from Z, there exists
a countable family of sets {B,},en such that the symmetric difference C;AB; is

finite for every j € Nand |J B; € T.
j=1

Throughout the article Z will denote the non-trivial admissible ideal of N.

3. Main Results

Definition 3.1. Let (z1) be a sequence in the GNLS (X, || - ||¢). Then (zy) is

said to be gradually Z—convergent to x € X if for every £ € (0,1] and £ > 0, the

set C(&,¢) = {k € N: Ay, 10 (€) = e} € T. Symbolically we write, ), —— 1% g

Example 3.1. Let X = R" and || - ||¢ be the norm defined in Example 2.1. Consider
the ideal Z consisting of all subsets of N which intersects finitely many D,’s where D, =
{2P71(2s — 1) : s € N},p € N is the decomposition of N into disjoint subsets i.e N =
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U Dp and D; N D; = @ for i # j. Consider the sequence (zx) in R™ defined by z, =
p=1

(0,0,...,0, ) if k € Dp. Then xy, M 0 where 0 denotes the vector (0,0,...,0) € R™.

Justification. Tt is obvious that Aj;, _ojs(§) = %66 for k € D,. Let € > 0 be

given. Then by Archimedean property, there exists m € N such that %65 < ¢ and
consequently, the following inclusion is true,
(3.1) {k eN: A, _0/6(&) 2} S{hkeN: Ay, o, (§) = —€}

1
m

and as Az, —o||¢ (§) = %65 for k € Dy, we have

1 m
(32) {k‘ eN: AHl’k*OHG(g) > E = U eT.
p:
From (3.1) and (3.2), we obtain {k € N: A};;, _o|o(§) > €} € Z. Hence xy, Z-llls,
0.

Theorem 3.1. Let (X,||'||¢) be a GNLS. If a sequence (xy,) is gradual convergent
tox € X, then (k) is gradually T—convergent to x € X.

Proof. Proof follows directly from the fact that Z C Z. O

But the converse of Theorem 3.1 is not true. Example 3.2 illustrates the fact.

Example 3.2. Let X = R" and || - ||¢ be the norm defined in Example 2.1. Consider
the sequence (zx) in R™ defined as

o 0,0,...,0,n) ifk=p*peN
R (0,0,....0,0) otherwise.

Let O denotes the vector (0,0,....0,0) € R™. Then for any ¢ > 0 and £ € (0,1], {k € N:

Ajjop—olje (€) > €} C {1,4,9, ..} € Zy. Hence z —11'%, 0 in R".

—lllle

Theorem 3.2. Let (xy) be any sequence in the GNLS (X, ||||c) such that x}, 2ol lle,
x in X. Then x is uniquely determined.

Proof. If possible suppose xy, & x and xj & y for some x # y in X. Let
€ > 0 be arbitrary. Then, for any € > 0 and £ € (0, 1], we have, B1(§,¢), B2(€,¢€) €
F(I) where Bi(§,e) = {k € N : Aj;, _5() < €} and By(§,e) = {k € N :
Aljze—yllc(§) < €}. Clearly Bi(§,e) N By(§,e) € F(Z) and is non-empty. Choose
m € Bi(§,e) N Ba(§,¢), then Ay, _a)(&) < € and A, —y5(§) < . Hence
Ajjz—yllc (&) < Ame_IHG(ﬁ) + Ajjz,—yllc (&) < €4+ = 2. Since ¢ is arbitrary, so
Alja—y|lc(§) = A5(§), which gives z =y. O
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Theorem 3.3. Let (zx) and (yi) be two sequences in the GNLS (X, || - ||q) such

T—]|- T—||-
that xy, & x and y ﬂ) y. Then

(i) x + Yk —>I_H'HG x+y and (i) cxy, —>I_|H|G cx.

T—||- T—||-
Proof. (i) Suppose xg Zollle, o and Yk Z-ltlle, y. Then, for given ¢ > 0, we

have, C1(&,¢),Ca(€,e) € T where C1(&,e) = {k € N : Ay, 4 (§) > 5} and
Co(&e) = {k € N: Apy,—y)1c(§) > 5} Now as the inclusion (N\ C1(€,¢)) N (N
Ca(&,¢)) C{k € N: Ajjg, 4yp—2—yllc(§) < €} holds, so we must have

{k eN: AHmk"l‘yk—I—yHG(é-) > et CC(Ee)UCy(E,e) €T,

I-lllle
and consequently, zp + Yy ——— * + ¥.

(ii) If ¢ = 0, then there is nothing to prove. So let us assume ¢ # 0. Then since

Tk Z-lHle, x, we have for given € > 0, C1(§,e) € Z where C1(&,e) = {k € N :

Aljzp—allc () = %‘} Now since Ajjcz, —cal|¢ (§) = €lA| |z, —a|| (§) holds for any ¢ €
R, we must have Cs(&,e) € C1(&,¢) where Ca(§,¢) = {k € N Ajjcp; ezl (§) > €},
which as a consequence implies Co(&,¢) € Z. This completes the proof. [

Theorem 3.4. Let (x1) be any sequence in the GNLS (X, || - ||a). If every subse-
quence of (xy) s gradually T—convergent to x, then (xy) is also gradually T— convergent
to x.

Proof. Tf possible suppose (zj) is not gradually Z—convergent to z. Then there
exists some € > 0 and £ € (0, 1] such that C(&,e) ¢ Z, where C(¢,e) = {k € N :
Aljze—allc(§) = €}. So C(€,¢) must be an infinite set. Let C(§,e) = {k1 < k2 <
.. < kj < ..}. Now define a sequence (y;) as y; = xy, for j € N. Then (y;) is a
subsequence of () which is not gradually 7 —convergent to z, a contradiction. [J

Remark 3.1. Converse of the above theorem is not true.
Proof. Easy so omitted. One can verify it by considering Example 3.2 also. [

Theorem 3.5. Let (z1) and (yi) be two sequences in the GNLS (X, || - ||q) such
that (yg) is gradual convergent and {k € N : xy # yr} € Z. Then (xy) is gradually
T—convergent.

lI-lle

Proof. Suppose {k € N: xy # yr} € Z holds and y, —— y. Then by definition for
every € > 0 and £ € (0,1], {k € N: A}, _y||o(§) > €} is a finite set and therefore

(3.3) {keN: Ay, _yc6) >} €L
Now since the inclusion

{keN: A,y (&) 2t S{EEN: Ay, —y (&) 2 e} N{k € N:ay # yi}
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holds, so using Equation (3.3) and the hypothesis we get,
{keN: AHIk,yHG(g) >ct el

T—||-
Hence xj, ﬁ y and the proof is complete. [

Definition 3.2. Let Z be an admissible ideal in N and (zx) be a sequence in the
GNLS (X, ||‘|lg)- Then (xy) is said to be gradually Z* —convergent to « € X if there
exists a set M = {my < ma < ... < my, < ...} € F(Z) such that the subsequence

. . . ||
(xm, ) is gradual convergent to x. Symbolically we write, z, &LG_} z.

Theorem 3.6. Let Z be an admissible ideal in N and (xy) be a sequence in the

GNLS (X, || - ||c) such that o 1%, o Then &, 2000, o

||
Proof. Let us assume that zy, ‘ﬁ‘_G_} 2. Then, there exists M = {m1 < my <

. < my < ..} € F(Z) such that for every ¢ > 0 and £ € (0,1], there exists
N(= N(§)) € N such that Ay, ) 5(§) <eVk > N. Since Z is admissible, we
must have C(§,¢) = {k € N: Aj, _4o(§) = e} S (N\ M)U{my,ma,...mny} €L

I-|l'lle
Hence ), ——— z. O

Remark 3.2. Converse of the above theorem is not true in general. Consider Exam-
T—||-
ple 3.1. It was shown that xx M 0. But the same sequence is not gradually

P

Z*—convergent to 0. Beacuse for any H € T there exists p € N such that H C |J D; and
j=1

as a consequence Dy C N\ H. Let M denote the set N\ H, then M € F(Z) and (zm,) is

gradual convergent to (0,0, ..,0 , not to 0. Hence xj, is not gradually Z* —convergent

to 0.

1
am)

Theorem 3.7. Let T be an admissible ideal in N which satisfies the condition AP
and (zx) be a sequence in the GNLS (X,|| - ||g) such that xy ooy o Then

" —|I'lle
Tp ———

Tl
Proof. Let us assume that zy Z-ltle, o Then, for every £ € (0,1] and 5 > 0,

the set C(§,m) = {k € N: A)j5, _4)1c(§) =1} € Z. This enables us to construct a
countable family of mutually disjoint sets {Cy,(§) }men in Z by considering

Ci(§) ={k e N: Ay, o6 (§) = 1}

and

1
m—1

}=C( —)\C(E, ﬁ),form > 2.

1
m

1
(&) ={k €N: — < Ay, 4|6 (§) <

Now since Z satisfies the condition AP, so for the above countable collection {C,, (£)}men;,
there exists another countable family of subsets {B;,(£) }men of N satisfying
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(3.4) C;(§)AB;(€) is finite Vj € Nand B(¢) = | | B
j=1

Let 6 > 0 be arbitrary. By Archimedean property we can choose m € N such

that m—_H < ¢ and hence the following inclusion holds

m—+1
{k €N: Ao (§) 2 e} € {k EN: Ajjay 1) (€) > m+1 HC

Using (3.4) we can say that there exists an integer ko € N, such that

m+1 m+1

U B ko, U C ]an )

m—+1
Choose k € N\B(§) € F(Z) such that k > ko. Then we must have k ¢ |J B;(§)

Jj=1

m—+1
and hence k ¢ |J C;(§). Thus we have, A, 4| (§) <

=1

— +1 < e. Hence we have

|l
rp —— . O

Definition 3.3. Let (x)) be a sequence in the GNLS (X, ||-||¢). Then (xy) is said
to be gradually Z—Cauchy if for every € > 0 and £ € (0, 1], there exists a natural
number N (= N,(§)) such that the set C(§,e) = {k € N: Ajjp, _oy1c(§) > €} €T

Theorem 3.8. Let (X,|| - |lg) be a GNLS. Then every gradually T—convergent
sequence in X is gradually T— Cauchy sequence.

Proof. Let (z1) be a sequence in X such that xy, ﬂ) x. Then, for every € > 0

and ¢ € (0,1],
C(,e) € Z, where C(§,e) ={k € N: Ajp, _0) | (§) > €}
Clearly, N\ C(&,¢) € F(Z) and therefore, is non-empty. Choose N(= N.(§)) €

N\ C(§,¢). Then we have Ajj;, —q || (§) <e.

Let B(§,e) = {k € N: Az, —an|c(§) = 2¢}. Now we prove that the following
inclusion is true

B(&,e) C C(&,¢).
For if p € B(&,e) we have
26 < Ajjz,—anlla(§) < Allzy—2l6 (§) + Allz—an o (§) < Ajjz,—2)1c (§) +&,

which implies p € C(&,¢). Thus we conclude that B(,e) € Z, which means (zy) is
gradually Z—Cauchy sequence. [
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Definition 3.4. Let (z1) be a sequence in the GNLS (X, || - ||¢). Then (zy) is
said to be gradually Z*—Cauchy if there exists a set M = {m; < ma < ... <my, <
..} € F(Z) such that the subsequence (z,,, ) is gradual Cauchy sequence.

Theorem 3.9. Let T be an admissible ideal in N and (xr) be a sequence in the
GNLS (X, || - lle)- If (zg) is gradually T*— Cauchy then it is gradually T— Cauchy.

Proof. Suppose () is gradually Z*—Cauchy. Then, there exists a set M = {m; <
me < ... < my < ..} € F(Z) such that for every € > 0, there exists ig(= i0(&,¢)) € N
such that Allwmi—a:mjllc(ﬁ) < € holds for any 4,j > ig. Let N(= N(§)) = mig+1-

Then we have for any € > 0,
C(€e)={keN: Az —an)ic(§) =} S (N\ M) U{mi,ma,..,my} €T

Hence (xy) is gradually Z—Cauchy. [
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1. Introduction

Convergence is one of the most vital concept in mathematics. In the analysis,
there are different approaches at the limit of the function sequences due to the
requirements. At the first pointwise convergence are studied. After that several
types of convergence of sequences of functions were studied according to the need.
The modes of convergence used in different areas of mathematics are uniform con-
vergence, almost everywhere convergence, continuous convergence, convergence in
measure, L, convergence, etc.
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In variational analysis pointwise limits are inadequate for mathematical pur-
poses. A different approach to convergence is required in which, on the geometric
level, limits of sequences of sets have the leading role. Motivation for the develop-
ment of this geometric approach has come from optimization, stochastic processes,
control systems and many other subjects. The theory of set convergence will pro-
vide ways of approximating set-valued mappings through convergence of graphs and
epigraphs. The concepts of inner and outer limits for a sequence of sets are due
to the French mathematician-politician Painlevé, who introduced them in 1902 in
his lectures on analysis at the University of Paris; set convergence was defined as
the equality of these two limits. Hausdorff [9] and Kuratowski [15] popularized such
convergence by including it in their books, and that’s how Kuratowski’s name ended
up to be associated with it. Recent years have witnessed a rapid development on ap-
plications of set-valued and variational analysis. For more information about inner
and outer limits of sequences of sets, we refer to [1, 2, 5, 16, 19, 21, 22, 24, 25, 26, 27].

In contrast to ordinary sequences, various types of convergence for double se-
quences can be defined due to order of elements of N2. The best known and well-
studied convergence notion for double sequence is Pringsheim [20] convergence.
Therefore, throughout the paper by the usual convergence of a double sequence we
refer to the convergence in Pringsheim’s sense.

Statistical convergence of sequences was introduced by Fast [7] and was extended
to the double sequences by Mursaleen and Edely [18] and Tripathy [28] indepen-
dently. The idea of Z-convergence was introduced by Kostyrko et al. [12] as a
generalization of statistical convergence [7, 23], which is based on the structure of
the ideal Z of subsets of the set of natural numbers. This approach is much more
general as most of the known convergence methods become special cases, but there
are many ambiguities about this convergence. So this type of convergence is studied
actively in summability in last several decades. These two types of convergence are
extended to double sequences(see [3, 4, 6, 8, 10, 11, 13, 14, 17, 18, 29, 30]).

In this paper we will study ideal inner and outer limits of a double sequence of
sets and give some characterization for them.

2. Definition and Preliminaries

A real double sequence (z;;) is said to be convergent to the limit p in Pringsheim’s
sense, written lim; ;_,oc ;5 = p, if for every ¢ > 0, there exists an integer ng such
that |z;; — p| < € whenever 4, j > ng. In case of this convergence the row-index %
and the column-index j tend to infinity independently from each other.

Let E C N2 and E(m,n) = {(i,7) : i < m,j < n}. Then, the double natural
density of E' is defined by

52(E) = lim |E(m,n)|
m,n— 00 mn

if the limit on the right hand-side exists, where the vertical bars denote the cardi-
nality of the set E(m,n).
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A real double sequence z = (z;;) is said to be statistically convergent to the
number L if for every ¢ > 0, the set {(,7) : |z;; — L| > ¢} has double natural
density zero.

The limit as k,! — oo with (k,l) € K C N? will be indicated by lim ) e k-

Let S be a non-empty set. A class Z of subsets of S is said to be an ideal on S if
for each A, B € T we have AUB € Z, and for each A € 7 and each B C A, we have
B e€Z. Anideal Z on S is called non-trivial if Z = @ and S € Z. If the ideal Z of S
further satisfies {s} € Z for each s € S, then it is an admissible ideal. A non-empty
class F of subsets of S is said to be a filter on S if @ & F, for each A, B € F we
have AN B € F and for each A € F and each A C B, we have B € F. It is obvious
that Z on S is non-trivial if and only if F(Z) = {S\ A: A € T} is a filter on S.

Let S = N? and let 7, be a ideal of subsets of N2. Then a nontrivial ideal
T, C 2N is called strongly admissible if {n} x N and N x {n} belong to Z, for
each n € N. It is evident that a strongly admissible ideal is also admissible. Let

Io(f) = {A C N xN: (Fm(A) e N)(i,j > m(A) = (i,)) ¢ A)}-

Then Z5(f) is a nontrivial strongly admissible ideal and clearly an ideal Z; is strongly
admissible if and only if Zy(f) C Zs.

Let (X,d) be a metric space. A double sequence (z;;) in X is said to be Z-
convergent to £ € X, if for any € > 0 we have

A(e) = {(4,§) € N x Nid(x;,€) > ¢} € T

and written IQ— limi’j*)oo Tij = f

If T, c 289N ig g strongly admissible ideal, then Pringsheim convergence implies
T>-convergence of double sequences.

An ideal is said to be an admissible ideal Z, C 2¥*N satisfies the property (AP2),
if for every countable family of mutually disjoint sets {A1, As, ...} belonging to Zo,
there exists a countable family of sets {B1, Ba, ...} such that A;AB; € Zy(f), i.e.,
A;AB; is included in the finite union of rows and columns in N x N for each j € N
and B = J;2, Bj € L.

A double sequence (x;;) of elements of X is said to be Z5-convergent to £ € X if
there exists aset K = {(i,7) : i,j =1,2,3...} in F(Z) such that lim; jex d(x;,§) =
0. It is denoted by I;— limm-_mo Ti5 = 5

Lemma 2.1. [3, Theorem 1] Let Iy C 2" be a strongly admissible ideal.

[f I;_i}'iinooxij :f, then IQ_i}’iinooxij :f

Lemma 2.2. [3, Theorem 3] Let T, C 2Y*N be an admissible ideal with property
(AP2), then To-1im; ;o0 xi; = & implies T3 -limy; j_yo0 ;5 = &.

A point A € X is called a Z,-limit point of (z;;) in a metric space (X,d) if
and only if there exist a set K = {(k;,l;):4,7 € N} C N? such that K ¢ Z, and
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lim; j 00 Tr,1; = A. A point v € X is called a Zp-cluster point of (x;;) in a metric
space (X,d) if and only if for each £ > 0 the set {(i,j) € N*:d(z;;,7) < €} & Ts.
The set of all Z,-limits points and Zy-cluster points of (z;;) will be denoted by
Zo(A,) and Zo(T',), respectively. Obviously, for a strongly admissible ideal Zo we
have IQ (Am) Q IQ (Fx)

From now on Z; will be considered as a nontrivial strongly admissible ideal in
N2,

The concepts of ideal limit superior and inferior of double sequences of real
numbers were introduced in [4, 8], as follows:

Definition 2.1. Define the sets A, and B, by
Ay ={aeR:{(i,j):zi; >a} ¢TI} and By ={beR:{(i,j):zi; <b} &I}
Then, Zo-limit superior and inferior of a real double sequence = are defined by

supA, , if A, # 0O,

Ig—hrnsup:c—{ oo L ifA, =0

and
T [ infB, , if B, # 0,
To-liminf x = { s . ifB,=0.
Lemma 2.3. Let v = (x;;) be a double sequence of real numbers. Then, the

following statements hold:

(a) Iy-limsupz = < for anye >0, {(i,7): 255 > B—c} € Iy and {(i,7): xij >

ﬁ"‘c?} € 1s.
(b) Zo-liminfx = o & for any e > 0, {(¢,)):xij < a+e} € Iy and {(i,7): x5 <
Oé—&‘} €1s.

Let (X, d) be a metric space and A C X, x € X. Then the distance from x to A
with respect to d is given by d(x, A) := inf,c 4 d(x, a), where we set d(z, D) = oo.
The open ball with center « and radius € > 0 in X is denoted by B(z,¢), i.e.,

B(z,e) ={y € X:d(z,y) < e}.

3. Main Results

In this section, we introduce Kuratowski ideal convergence of double sequences of
closed sets. For this purpose, we define the set

I .= {N CN%:N ¢ T,}.

We now define ideal outer and inner limits of a double sequence of closed sets,
as follows.
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Definition 3.1. Let (X, d) be a metric space and let (Cy;) be double a sequence of
closed subsets of X. The ideal outer limit and the inner limit of a double sequence
(Cp) are defined as

T-limsupCy = {:¥e>0, AN € If, ¥ (k,1) € N:C N B(,2) # 0},
k,l—o0
and
T-liminf Cyy 1= {x:Ve >0, 3N € F(Ty), ¥ (k,1) € N:Cy 1 B(z, ) # @}
=00

respectively. When the ideal outer and inner limits are equal to the same set C,
this set is called to the ideal limit of double sequence (Cf;). In this case, we say
that the double sequence (Cy;) is Kuratowski ideal convergent to the set C' and we
denote

Iy-liminf Cy = Zy-limsup Cy; = Zp- lim Cy = C.
kyl—o00 k,l—oco k,l—oc0

Furthermore, the inclusion

Zo-liminf Cy; C Zo-limsup Cy;
k,l—o0 k,l—o00

always holds. Hence, Zy-limy ;oo Ck; is equal to the set C' if and only if the
inclusion

IQ—limsup Ckl Q C Q Ig—llirlninf Ckl
,l—00

k,l—o00

holds.

Remark 3.1. Zr-limg ;00 Cky = C' if and only if the following conditions are satisfied:

(i) for every x € C and for every ¢ > 0 the set {(k,1) € N?: B(x,e) N Ci; # @} belongs
to F(Zz2);

(i) for every x € X \ C there exists ¢ > 0 such that {(k,I) € N? : B(x,e) N Cr; = O}
belongs to F(Z2).

We will give two examples showing that our study is generalization of previously
studied works by means of the choice of the ideal.

(I) If IQ = Ig(f), then

To(f)-liminf Cyy = liminf Cy,
k,l—o0 k,l—o00

Zo(f)-limsupCy; = limsup Cyy
k,l—o0 k,l—o00

and Kuratowski Z(f)-convergence coincides with the usual Kuratowski con-
vergence studied in [24].



610 O. Talo and Y. Sever

(I) If T, = T5(8) = {A C N2 : 65(A) = 0}, then

Z5(0)-liminf Cy; = st-liminf Cyy,
k,l— o0 k,l—o00

Zr(6)-limsup C; = st-limsup Cyy
k,l—o0 k,l—o0

and Kuratowski Zs(d)-convergence coincides with the Kuratowski statistical
convergence studied in [25].

Note that if Z5 is a strongly admissible ideal, then Zo(f) C Z5. It is obvious that
the followings inclusion holds.

liminf Cy; C Zo- hm 1nf Cri € Zo-limsup Cy; C lim sup Cy;.

k,l—=o00 k,l—o00 k,l—o0

Therefore, each Kuratowski convergent sequence is Kuratowski Z,—convergent, i.e.

lim Cy =C = 1Zy- lim Cy =C.
k,l—oc0

k,l—o0

However, the converse of this claim does not hold in general. The following example
illustrate this claim.

Example 3.1. Let A and B be two different nonempty closed sets in X. For any strongly
admissible ideal Zo # Z>(f) we may take N € Zo \ Z2(f) and put Cy = A for k,l € N and
Cy1 = B otherwise. Then Zo-limg 100 Cki = B. However limsup, ; ,., Cit = AU B and
lim infk’lﬂoo Cwyi = ANB.

The following theorems give us characterization of ideal inner and outer limits
for double sequences of closed sets.

Theorem 3.1. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. Then

Ig—%glir;;kal: ﬂ cl U Cri and Zy-limsup Cg = ﬂ cl U Cu

Nezf (kDEN ol—oo NEF(Iz) (kl)EN

Proof. We shall prove only the first statement, the proof of second one being analo-
gous. Let z € Tp-liminfy ;oo C; and IV € I;r be arbitrary. For each € > 0, there
exists Ny € F(Zs) such that for every (k,1) € Ny

Cu N B(l’,&) 7& .

Since N N Ny # @, there exists (kg,lp) € N N Ny such that Cy,,, N B(x,e) # O.
Therefore,

U ckl) N B(z,¢) # 0.

(k,1)EN
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This gives us x € cl U(k,l)eN Cpy. This holds for any N € Z,7. Consequently,

x e ﬂ cl U Chi.

Nery (kDEN

For the reverse inclusion, suppose that « ¢ I — liminfy, ;o Cii. Then, there
exists € > 0 such that

N = {(k,1) e N*:Cy N B(z,e) # O} ¢ F(I»)
and so, the set
N = {(k,1) e N*:Cy N B(z,e) = O} € I
Thus

U Ckl) N B(xz,e) = Q.

(k,l)eN

This implies that x ¢ cl U(k’l)eN Cj; which achieves the proof. [J

According to Theorem 3.1, we conclude that both ideal outer and inner limits
of a double sequence (Cy;) are closed sets.

Theorem 3.2. Let (X,d) be a metric space and (Cy) be a double sequence of
closed subsets of X. Then, we have

Io-liminf Cy; = {OCZIQ‘ lim d(z,Cr) = 0}7
k,l—00 k,l—00

Ir-limsupCy; = {x:l'g—lim infd(z,Cy) = 0}.
ke, l—00 kyl—o00

Proof. Assume that C be any closed set in X. Then we can write
(3.1) d(z,C)>e < CnNB(z,e)=0.
Suppose that Zo-limg, ;00 d(z, Cy) = 0. Then, for each € > 0 we get the set
{(k,1) e N*:d(z,Cri) > ¢}
belongs to Zy. Taking into account (3.1), we have the set
{(k,]) € N>:Cy N B(z,¢) = O}
belongs to Zs. This implies that

{(k,1) € N>:Cy N B(z,¢) # O}
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belongs to F(Zz). Thus we have x € Zo-liminfy ;oo Ciy.

Conversely, suppose that x € Zo-liminfy ;o Cki, then for each € > 0 there
exists N € F(Z3) such that Cy; N B(z,e) # O for every (k,I) € N. Since

{(k,l) e N*:Cy N B(z,e) =0} C N*\ N,
we have
{(k,1) e N>:Cyy N B(x,¢) =0} € Tp.
By virtue of (3.1), the set
{(k,1) e N*:d(z,Cr) > €}

belongs to Zp. This implies that Zo-limy, ;o d(z, Cki) = 0.

Similarly, for any closed set C' we have
(3.2) d(z,C) <e < CNB(z,e) # .
Assume that Zo-liminfy ;o d(z, Ck;) = 0. Then, for each € > 0 we can write
{(k,]) e N d(z,Cnt) <€} & Io.
By relation (3.2) for each € > 0 we obtain
{(k,]) e N>:Cyy N B(z,e) # O} & Io.

This gives us x € Zo-limsupy, ;_, ., Cri. Now, we show the reverse inclusion. Let
r € Iy-limsupy, ;_, o Crr. Then, for every € > 0

{(k,1) € N*:Cly N B(z,e) # 0} ¢ To.

We have from (3.2) and Lemma 2.3(b), Zy-liminfy ;_,o0 d(z,Cr) = 0. O

Theorem 3.3. Let (X,d) be a metric space and (Cy;) be a double sequence of
closed subsets of X. Then

(3.3) To-liminf Cjy = {x: Y (k,0) € N2, 3y € Cr: To- lim g :x}.
k,l—o0 k,l—o0

Proof. Let © € Io-liminfy ;o Ck; be an arbitrary. By Theorem 3.2, we obtain
To-limg, jy00 d(2, C1) = 0. Given an arbitrary € > 0,

{(k,1) € N*:d(z,Cly) > %} € Ty.

Considering that Cy; is a closed set, for (k,1) € N? there exists yp; € Cj; such that
d(z,yr) < 2d(x,Cl). Then, we have Zo-limg ;o0 Y1 = .
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Conversely, if x is an element of the set given by the right side of the equality
(3.3). Then, there exist {yx | yr € Ak, k,1 € N} such that Zo-limg ;oo Y1 = .
Then for every € > 0

{(k,1) € N*:d(z,yn) > €} € L.
The inequality d(z,yr;) > d(x, Cy;) yields the inclusion
{(k,l) e N2 d(z,C) > 5} - {(k,l) € N2 d(x, yp) > 5}.
This implies that Zo-1limy ;00 d(x, Cy;) = 0. By Theorem 3.2, we have
# € o liminf Cly.
U

Theorem 3.4. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. If Iy is a strongly admissible ideal of N? having the property
(AP2). Then

4) Zo-lim inf = 3N e N, 3 b = .
(3.4) Z i inf Chi {CL‘ € F(Zz),VY(k,1) € N,3ym € Cy (k%)nelNykl 33}

5

Proof. Assume that Z5 is a strongly admissible ideal with the property (AP2). By
Lemma 2.2, 75 convergence is equivalent to Zy convergence. By Theorem 3.3 the
proof is straightforward. O

We note that the property (AP2) in Theorem 3.4 can not be dropped. The following
example shows this fact.

Example 3.2. Let X = R equipped with the usual Euclidean metric and let the sets
(Nj)jen be a decomposition of N. We define

Aj; ={(m,n) : min{m,n} € N;} j=1,2,3...
Then {A;}jen is a decomposition of N? and the ideal
T, = {A C N’ : Ais included in a finite union of A;’s}

a strongly admissible ideal (see [3, Theorem 2]). Put Ay = {%} if and only if (k,1) € A;.
Then the sequence {yri: yri € Axi, (k,1) € N?} can be defined by yi = % for (k,1) € A;.
Let 0 > 0 be given. Choose ¢ € N such that % < §. Then

{(k,l) Eszykl 25} gAlLJAQU...UAq.

SO IQ — limhl%oo Ykl = 0 and Iz — lim infkyl%oo Akl = {0}
Suppose in contrary that 0 belongs to the right-hand side set of the equality (3.4).
Then there is a set M € F(Z2) such that for (m,n) € M, there exists ymn € Amn and

(3.5) lim  ymn =0.

(m,n)eM
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By the definition of F(Z2) we have M = N?\ H, where H € Z,. By the definition of Z,
there is a p € N such that

P
HC o,
j=1
But then Ay C N?\ H = M. But from the construction of A,y it follows that for any
no €N, yp = ﬁ > 0 hold for infinitely many (k,1)’s with (k,l) € M and k,l > no. This
contradicts (3.5).

Corollary 3.1. Let X be a normed linear space and (Cg;) be a double sequence of
closed subsets of X. If the ideal Iy has property (AP2) and there is a set K € F(Zs)
such that Cy is convex for each (k,l) € K, then Zy-liminfy ;oo Cly is convex and
so, when it exist, is Ly -1limy ;o0 Chy.

Proof. Suppose that Zo-liminfy ;o Ciy = C. If 1 and x5 belong to C', by Theo-
rem 3.4, we can find for all (k,l) € N in some set N € F(Z) points yi, and y2, in
Ch such that lim jyen y}, = 1 and lim g yen y?, = xo. Since K € F(I,), we get
M € F(Zy) with M = N N K. Then, for arbitrary p € [0,1] and (k,1) € M, let us
define

i = (1= g + pyiy and -z = (1= p)as + pas.
Therefore, limj, ;e Yy = x, is obtained. By Theorem 3.4, we have z, € C. This

implies that the set C' is convex. [

Theorem 3.5. Let (X,d) be a metric space and (Cy;) be a double sequence of
closed subsets of X. Then, we have

(3.6)  Tp-limsup Cly = {:1:: V (k1) € N2, Jy € Crpia € Ig(ry)}.

k,l—o00

Proof. Let x be an arbitrary point in Zs-limsupy, ;_, ., Cki. By Theorem 3.2, we
have
Zo-liminf d(z, Cyy) = 0.
k,l—oc0

By Lemma 2.3, for every € > 0 the set
{(kJ) € N2 d(z, Cly) < %} ¢ Ty.

Since Cy; is closed for (k,1) € N? there exists yx € Cy; such that d(x,yn) <
2d(z, Cyy). Tt is clear that z is an ideal cluster point of (yx;). That is, x € Zo(T).

On the other hand, if x is an element of the set given by the right side of the
equality (3.6), then there exists a sequence {yxi:yx € Chi, (k,1) € N2} such that
x € Io(T'y). That is, for every € > 0

{(k,1) e N* 1 d(z,yw1) < £} € L.
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The inequality d(z,yg;) > d(z, Cy;) yields the inclusion
{(k,1) eN* s d(z,yn) < e} C{(k,]) e N*:d(z,Cl) < e}

So, the set N' = {(k,l) € N2 : d(z,Cr) < e} & I,. That is, N e Zf. By
(3.2), for every (k,1) € N we obtain Cy N B(x,e) # @. This means that = €
Iy-limsupy ;o Cri- O

From Theorem 3.3 and Theorem 3.5, we conclude that, when Cy; # @ for all
k,l € N, ideal outer and inner limit sets can be characterized in terms of the
sequences (yx)k.1en by selecting a yg, € Cy for each (k,1) € N2: the set of all Zo-
cluster points of such sequences is Zo- lim supy, ;_, o, Ck1, while the set of all Zo-limits
of such sequences is Zo- lim infy, ;o0 Chy.

In Theorem 3.5 the set of Zy-cluster points can not be replaced by the set of
T>—limit points, which is shown by the next example.

Example 3.3. Consider ideal Z5(§) and the sets
N; = {2?’*1(21% 1):ke N} (j=1,2,3...).

Now we define D;; = N; x N;. Then D;; N Dpq = @ for (i,7) # (p,q) and

1
2127

62(Dyj) = (i,j=1,2,3...).

Now we define a double sequence (Ag;) as follows

Apt = {1—%} (k1) € Dij (i, = 1,2,3...).

then
Z>(6)-limsup Ay = {1 — i 1i,j = 1,2,3...} U{1}.
ij

k,l—o00

If a sequence (yr1) is formed by selecting a yx € Agi, then yp = 1 — % for (k,1) € Dyj
and 1 is not a Z(d)—limit point of (yx:) (see [4, Example 2]) .
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1. Introduction

Wijsman [11] has introduced a new type of convergence, which is considered as
one of the most important contributions to the theory of convergence of sequences
of sets and it is called by his name. He used pointwise convergence of distance
functions to define this type of convergence. He [12] also proved a necessary and
sufficient condition related to the pointwise limit and limit inferior of the sequences
of distance functions under various constraints in order for a sequence of sets to be
Wijsman convergent.

In the 2000s, after Phu [8] put forward the idea of rough convergence in the
normed spaces, Phu’s work was extended to statistical convergence by Aytar [1], and
to ideal convergence by Diindar and Cakan [4]. Phu’s [8] idea showed that a sequence
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which is not convergent in the usual sense might be convergent to a point, with a
certain degree of roughness. In 2016, by combining the two concepts (Wijsman
convergence and rough convergence), the idea of rough Wijsman convergence of a
sequence of sets was defined by Olmez and Aytar [7]. Then, Subramanian and Esi
[10] defined the concept of rough Wijsman convergence for a triple sequences of
sets. Recently, Babaarslan and Tuncer [2] applied the theory of rough convergence
to the fuzzy set theory using the double sequences.

Continuous convergence, which is a stronger type of convergence than pointwise
convergence (see [6], [9]), has been referred to as a-convergence in recent years
(see [3], [5]). Pointwise convergence is equivalent to a-convergence on sequences
or nets of functions that are equicontinuous. Das and Papanastassiou [3] defined
the concepts of a-equal convergence, a-uniform equal convergence and a-strong
uniform equal convergence on the sequences of real-valued functions. Gregoriades
and Papanastassiou [5] defined the concept of exhaustive, which is a property weaker
than equicontinuity for sequences and nets of functions on metric spaces, and using
this property, they investigated the relationships between a-convergence, pointwise
convergence and uniform convergence. They also gave a generalization of Ascoli’s
theorem using the concept of exhaustive.

The main purpose of this article is to observe the results using a-convergence
instead of pointwise convergence of distance functions. In this context, first we
define the concept of rough continuous convergence. Then we examined the relations
between the new definitions obtained with different roughness degrees r1 and 7o
(see Propositions 3.1 and 3.2). As the main results of this paper, we show that in
which cases the new definition coincides with the rough Wijsman convergence (see
Theorem 3.1). By giving illustrative examples, the similarity (see Example 3.1) and
difference (see Example 3.2) between definitions are obtained.

2. Preliminaries

Throughout this paper, we assume that X is a nonempty set and px is a metric on
X and that A, A, are nonempty closed subsets of X for each n € N.

Let (x,) be a sequence in the metric space X, and r be a nonnegative real
number, the sequence (z,,) is said to be rough convergent to x with the roughness
degree r, denoted by z,, — x, if for each ¢ > 0 there exists an n (¢) € N such that
px(Tn,x) <1+ ¢ for each n > n(e) [8].

The distance function d(-,A) : X — [0, 00) is defined by the formula
d(z, A) =inf{px(z,y) :y € A}

[6, 11].
We say that the sequence (A,,) is Wijsman convergent to the set A if

lim d(z, A,,) = d(z, A) for all x € X.

n—oo
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In this case, we write A, = A, as n — 0o [11].

Given r > 0, we say that a sequence (A,,) is rough Wijsman convergent to the
set A if for every € > 0 and each x € X there exists an N(z,¢) € N such that

|d(z, Ay) — d(z, A)| <r+e¢ for all n > N(x,¢)

and we write d(x, A,) = d(x, A) or A, " Aasn— oo [7].

Let (Y, py) be another metric space and D be a subset of X. Assume the f,
fn functions from X to Y for each n € N. The sequence (f,) a-converges to f iff
for every € X and for every sequence (z,) of points of X converging to x, the
sequence (f,(z,)) converges to f(x). We shall write f, = f to denote that the
sequence (f,) a-converges to f (see [5, 6, 9]).

The open ball with centre € X and radius § > 0 is the set
S(z,0) ={y € X : px(z,y) < d}.

The sequence (f,) is called equicontinuous at x if for all € > 0 there exists
0 =0 (g) > 0 such that py (fn(y), fn(z)) < € whenever y € S(z,9), n € N [6].

3. Main Results

Definition 3.1. Let r; > 0 and ro > 0. The sequence (A,,) is said to be rough a-

convergent (or continuous convergent) to the set A with the roughness degree 74 Arg
if for every sequence (x,) which is z,, — x, the condition d (z,, A,) — d (z, A)
holds at each z € X. In this case, we use the notation A, [RAy}

If take r1 = 0 and use the notation r instead of 7o, the sequence (A,,) is said to be

rough a-convergent to the set A, and we write 4, — A.
Let us give an illustrative example to explain the Definition 3.1 to the readers.

Example 3.1. Define

A - [-3,-1] x [-1,1] , if n is an odd integer
"L, 3] x [—1,1] , if n is an even integer

and A = {0} x [~1,1] in the space R? equipped with the Euclid metric.

First we show that the sequence (Ay) is rough Wijsman convergent to the set A. Let
e>0and (z*,y*) € R%. Then we calculate

{ V@ =02+ (y—1)2 ,ifz* €cRandy* >1
( 0

2+ (y*+1)2 ,ifz*e€Randy" < -1
,ifr"€eRand —1<y* <1

Similarly, d ((z*,y™) , An) can be easily calculated. Then there exists an ny = ny ((z*,y") ,¢€)
such that it can be easily obtained

ld((z",y"), An) —d((z",y"), A)| <3 +e
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for each n > n; using the inequality \/(m* —2)’ 4 (y* —y)® < |o* — x|+ |y* — y|. Hence,
it is proved that A, = A, for every r > 3.

Now we show that the sequence (A,) is rough a-convergent to the set A. Assume
that the sequence (zn,yn) converges to the point (z*,y"). Hence there exists an no =
na ((z*,y"),€) such that it can be easily calculated

‘d((l‘nyyn) :An) - d((x*,y*) 7A)| <3+¢

for each n > ng. This proves that A, —> A for each r > 3.

71

Lastly we show that A, ™ A2 AL Let (zn,yn) — (z*,y"). Then there exists an
ng =ns ((x*,y"),e) such that |z, —z"| <7 + ¢ and |y, —y*| < r1 + ¢ for every n > ns.
Hence the inequality

d (@, yn) s An) = d (@7, y") , A)| S 3+71 +¢

is obvious for every n > ns. If we take ro = r1 + 3, then we get A, TAT2EY 4

Proposition 3.1. If the sequence (Ay,) is rough a-convergent to the set A with the
roughness degree 71 A\ ro then it rough a-converges to the set A with the roughness
degree 1.

Proof. Assume A, MO A Take x € X. Let (z) be a sequence such that
2, — z. We also have z,, — z. Since A,, """ A, we get

(3.1) d(zn, Ap) =25 d(z, A).

Then (3.1) holds for each sequence (z,,) such that z,, — z. Hence we have A,, 25"
A, which completes the proof. [

As can be seen following example, the converse implication of Proposition 3.1
doesn’t hold in general.

Example 3.2. Define

1
-2+ ﬁ} , if n is an odd integer

1 P .
2- = , if n is an even integer
n

A, =

and A =[-2,2].
First we show that the sequence (A,) is rough Wijsman convergent to the set A. We

have
, if n is an odd integer

, if n is an even integer

x+2—%
r—2+ 2%

n

d(z, An) = {

and
le+2| ,ifz<—2
d(z,A)=<¢ 0 Jif —2<2<2
e —2| ,ifz>2
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for each € R. Hence, for each € > 0 and each z, there exists an n1 = ni(xz,€) such that
n > ni we have
|d(z,An) —d(z,A)| < 4+e.

Therefore, we get A, "W A for each r > 4.
Now we show that the sequence (A,) is rough a-convergent to the set A. Assume
Ty, — x. Since

mn+2—%
xn—2—|—%

, if n is an odd integer

, if n is an even integer ’

d(xn, An) = {

for each £ > 0 there exists an na = na(x,€) such that n > n2 we have
|d(xn, An) —d(z,A)| <4 +e.

This is desired result, i.e., 4, —> A for every r > 4.

T1IATY—
-

Lastly we show that A, A. Take r1 = ro = 4. Define z,, = 6 for each n and
z = 2. Then the sequence (z,) is rough a-convergent to the point = with the roughness
degree 11 = 4. On the other hand, we have

g1
sy ={ 171

If we take ¢ = 1, then we have

, if n is an odd integer
, if n is an even integer

|d (2n, An) —d(z,A)| =8 £ 5=r24¢
for every odd terms. Hence we get A, "3~ A.

The question may come to mind: Could the converse implication of Proposition
3.1 be obtained based on a particular selection of r1 and 9?7 Before answering this
question as Proposition 3.2, we will give a simple inequality:

Lemma 3.1. If the set A is a nonempty closed subset of X, then we have

|d(va) - d(y’A)| < PX(JH?J)

for each x,y € X.

The proof of Lemma 3.1 is obvious from the Lipschitz continuity of distance
functions.

Proposition 3.2. If the sequence (A,) is a-convergent to the set A with the rough-
ness degree r, then it is a-convergent to the set A with the roughness degree r1 A rgy
for each r1 and ro such that ro > 11 + 1.

Proof. Let ¢ > 0 and = € X. If we assume that =, — z, then it is clear that
there exists a sequence (y,,) C X such that y,, — = and px(,,yn) < r1. Since the
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sequence (4,,) is a-convergent to the set A with the roughness degree r, there exists
an ny(x,e) € N such that n > n; we have

|d (Y, Ap) — d (z, A)| < +¢.
By Lemma 3.1, we get

|d(xnaAn) - d(yruAn)‘ S pX(xnayn) S 1
for each n € N. Then we have
|d (20, An) —d(z,A)| < |d(zn, An) — d(yn, An)| + [d (yn, An) — d (z, 4)|
< rm+r—+e

for each n > ny. If we take 79 = r; + 7, then we say that the sequence (A,) is
a-convergent to the set A with the roughness degree r; A ry, which completes the
proof. [J

Before giving the main result of the paper, let’s give a lemma. It will be used
in the proof of Theorem 3.1.

Lemma 3.2. The sequence (d (-, Ay)) of distance functions is equicontinuous.

Proof. Let x € X, e >0 and z € S (z,¢). We have

< px
PX (xay) < pPX ($,2)+px (Zay)
for y € A,,, where n fixed. Since
d(z,An) =infyca, px (y,2) <infyea, (px (¥, @) + px (7, 2))
=infyea, px (y,2) + px (2,2) < d(z, A,
<in

x,A,) +e
d(z,An) =infyea, px (z,y) <infyea, (px (v, 2) + px (z y))
= infyea, (px (2,9)) + px (2,2) <d(z,4,) +

we get
—e<d(z,4,) —d(z,A,) <e

Therefore, if we take § = & > 0, then we get
|d(z,Ay) —d(z,A,)| < e

for each n € N and each 2z € S (z,¢). Since the point z is arbitrary, the sequence
(d (-, Ap)) of functions is equicontinuous. [

Theorem 3.1. The concepts of rough Wijsman convergence and rough a-convergence
are equivalent to each other with the same roughness degree.
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Proof. First we assume that the sequence (4,,) is rough a-convergent to the set A.

Let € > 0 and = € X. Define z,, = = for each n € N. Since A4,, — A, there exists
an ni(x,e) € N such that n > n;, we have

|d(zn, Ar) —d(x, A)| <r+e.
Then we get

|d(z, Ap) —d(z,A)| = |d(xn, 4An) —d(x, A)]
< r+e

for each n > ny. Therefore the sequence (A4,,) is rough Wijsman convergent to the
set A.

On the other hand, now we assume that the sequence (A,) is rough Wijsman
convergent to the set A with the roughness degree r. Then the sequence (d (-, A,,)) of
functions is rough convergent to the function d (-, A) on X with the same roughness
degree r. Let z € X and € > 0. Hence there exists an n; (z,¢) € N such that n > n;

we have .
|d(x, Ay) —d(z, A)| <7+ 3

By Lemma 3.2, there exists 0 (z,e) > 0 such that
€

for each n € N and each y € S (x,¢). Take a sequence (z,,) such that x,, — z. In
this case, there exists an ng (z,d) € N such that px (zp,x) < 0 for each n > ngs.
Hence by the inequality (3.2), we get

\d (2, Ap) — d (z, Ay)| < %

for each n > ny. Define ng = max {ny, na} . Therefore we have

|d (2, An) —d (2, A)] < |d (20, An) = d (2, Ap)| + |d (2, Ap) — d (2, A)

< r+ : =+ : +e€

r+-+-=r
2 2

for each n > ng. Since z is an arbitrary point, we say that the sequence (4,) is

rough a-convergent to the set A. [
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Abstract. In this study, we examine the condition of the conchoidal surface to be a
Bonnet surface in Euclidean 3-space. Especially, we consider the Bonnet conchoidal
surfaces which admit an infinite number of isometries. In addition, we study the
necessary conditions which have to be fulfilled by the surface of revolution with the
rotating curve c¢(t) and its conchoid curve cq(t) to be the Bonnet surface in
Euclidean 3-space.
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1. Introduction

The conchoid of Nicomedes, which is called by the Greek geometer Nicomedes’s
name, was originally contrived around 200 BC to trisect an angle and duplicate the
cube. For any curve and a fixed point, let a straight line, which meets the curve at
the point @, is drawn through the fixed point. If P and R are points on this line
such that RQ = QP = const., then the conchoid of curve with respect to the fixed
point is the locus of P and R [12].

The conchoids play an important role in many applications as the
construction of buildings, astronomy [9], optics [2], physics [19]. Although the
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conchoidal constructions were extensively mentioned by the ancient Greeks in the
seventeenth century, they have been recently addressed by different authors, too.
One of these has been put forward by Odehnal. He obtained a generalized con-
choid transformation considering a construction with the help of cross ratios [13].
Moreover, Peternel, etc. presented the conchoidal surface of rational ruled surfaces,
the conchoidal surfaces of spheres, the conchoids and the pedal surfaces [15, 16, 17].

Surfaces, which admit a one-parameter family of isometries preserving the mean
curvature, have been proposed by Bonnet and although Bonnet raised these surfaces
[3], the term “Bonnet surface” was firstly used by Lalan [11]. Bonnet showed that
all surfaces with the constant mean curvature can be isometrically mapped to each
other and the deformable surfaces with the non-constant mean curvature are the
isothermic Weingarten surfaces which can be deformable to the revolution surfaces.
After that, many mathematicians have contributed these surfaces [18, 10, 7, 1].

Bonnet surfaces may be broken up into three types which is described as follows:
(i) Surfaces of the constant mean curvature other than the plane or the sphere.

(ii) Isothermic Weingarten surfaces of the non-constant mean curvature which
admit a one parameter family of geometrically distinct non-trivial isometries.

(iii) Surfaces of the non-constant mean curvature that admit a single non-trivial
isometry [10].

In [4], the authors studied the conchoidal surfaces, the surfaces of revolution
given with the conchoid curve and their geometrical properties in Euclidean 3-
space. In our work, using the geometric properties obtained for conchoidal surfaces
in reference [4], we have examined the conditions under which the conchoidal surface
and the surface of revolution given with conchoid curve is a Bonnet surface in
Euclidean 3- space. According to that, we get the following results:

(1) If a regular surface M and a conchoidal surface My are minimal, then they
are the surfaces of the type (i) which can be recognised by an infinite number of
isometries preserving the principal curvatures.

(2) The surfaces M with the radius function r(ug, v) or r(u,vg) are the surfaces
of the type (i4) which admit an infinite number of isometries. Also, the result is
similar for the conchoidal surfaces My.

(3) If a regular surface M and a conchoidal surface M, which are the surfaces
of revolution generated by the rotating curve and its conchoid curve, are minimal,
then they are the surfaces of the type (i) which can be recognised by an infinite
number of isometries preserving the principal curvatures.

(4) If a regular surface M and a conchoidal surface My, which are the surfaces
of revolution generated by the rotating curve and its conchoid curve with the radius
function r(ug,v) or r(u,vg), are the surfaces of the type (#4) which admit an infinite
number of isometries.

2. Preliminaries

Let M be a smooth surface in E® given with the patch X(u,v) for
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(u,v) € D C E3. The tangent space to M at an arbitrary point p of M is spanned
by {Xu,X,}. Let N be the unit normal vector field of the surface M defined by
u X v
N = m The first fundamental form I and the second fundamental form
1T of the surface M are

(2.1) I = edu® + 2fdudv + gdv?, II = ldu® + 2mdudv + ndv?,

respectively, where

(22) €= <Xu7Xu>v f= <XuaXv>7 g= <Xv7Xv>7
and
(23) l= <qu7N>a m = <XuvaN>7 n = <Xm)aN>-

In [8], the Gaussian curvature K and the mean curvature H are

7Zn—m2 en —2fm + gl
eg — f*’ 2(eg — f?)

(2.4) K

A surface M in E? is called Weingarten surface if there exists a non-trivial
functional relation

(2.5) QUK,H)=0
with respect to its Gaussian curvature K and its mean curvature H, where € is the

Jakobian determinant [14].

If a surface M in E3 has the coefficients of first fundamental form which satisfy
the conditions e =g, f =0, then it is called isothermic [5]. According to [18], the
isothermic surface provides the condition

(26) aij)v (109 ) =0.

We assume a smooth surface M C E? and a fixed reference point O which can
be considered as the origin of a cartesian coordinate system. Let M is described by
a polar representation

(2.7) X (u,v) = r(u,v)s(u,v)

with ||s(u,v)|| = 1. Considering s(u,v) = (cosu cosv,sinucosv,sinv) of the unit
sphere S?, so s(u,v) and r(u,v) are called spherical part and radius function of
X (u,v), respectively.

In [17, 15], the one-sided conchoidal surface My of M is derived by adding d € R
to the radius function r(u,v) and thus M, admits the polar representation

(2.8) My(u,v) = (r(u,v) + d)s(u, v).
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Let M be a regular surface given with the parametrization (2.7 ). Then the
coefficients of the first fundamental form of the surface M are

e = 7r2cos?v+ ri,
(2.9) o= ryre,
g = r+ri

Additionally, its Gaussian curvature and its mean curvature are
(2.10)
2

= [rruv COSU — 27T, COS U + 7T, SIn V)

—cos?v (2r2 4 rrysinveosv + 12 cos? v — rryy) (202 412 = rryy) |

and
(2.11)

—m [cosv (2r3 + 77y sinvcosv + r2 cos? v — ”“uu) (7“2 + 7‘3)
Feosv (272 + 72 — 11y,) (r2cos? v 4 12)

427,74 (PTyp COSU — 27,7, COS U + 77, 8inv)]

where A = (72 + r2) cos? v + 12. Also, if My is a conchoidal surface given with the
parametrization (2.8), its Gaussian curvature and its mean curvature are

~ 1
K = NCETE [((r £ d)ryy cosv — 27,1y cosv + (1 + d)ry sinv)?
(2.12) —cos?v (2r2 + (r £ d)r, sinv cosv
+(r+£d)?cos® v — (r £ d)ryw) (202 + (r £d)* — (r £d)ry,)],
and
- 1 ) .
H = —W [cos v (2ru + (r £d)rysinvcosv
(2.13) +(r £ d)?cos® v — (r £ d)rua) ((r£d)* +77)

+cosv (2r2 4+ (r+£d)? — (r £ d)ry,) ((r £d)? cos® v +72)
21,1y ((r £ d)ryy cosv — 27y 1y cosv + (r £ d)ry, sinv)],

where A = ((r £ d)? + r2) cos? v + r2 [4].
Let M be a surface of revolution generated by the rotating curve c¢(t). The
surface is given with the surface patch

(2.14) X(t,s) = (r(t) cost, r(t) sint cos s, r(t) sintsin s),
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where c¢(t) = r(t)(cost,sint). The coefficients of the first fundamental form of the
surface M hold:

e = r?4+()7?
(2.15) f =0,
g = r2sin’t.

The Gaussian and mean curvatures of the surface M are as follows:
(r' cost — rsint)(rr’” — 2(r')? — r?)

(2.16) K= rsint(r? + (r’)2))3 ’

and
rsint(rr’” —2(r")?% —r?) + (7% + (")) (' cost — rsint)

27 sin t(r2 4 (1')2)3/2 ’
respectively. Let M, be a surface of revolution generated by the conchoid curve
cq(t). The surface is parametrized by

(2.17) H=

(2.18) X(t,s) = ((r(t) £d)cost, (r(t) £ d)sintcos s, (r(t) £ d)sintsin s),

where c¢4(t) = (r(t) £ d)(cost,sint). The coefficients of the first fundamental form
of the surface My are calculated as

e = (rit)xd)?+ ()2
(2.19) f =0,
g = (r(t)xd)?sin’t.

The Gaussian and mean curvatures of the surface My become

_ (1 cost — (r(t) £ d)sint) ((r(t) £ d)r” — 2(r")? — (r(t) £ d)?)

(2200 K= (r(D) £ d) s t((r(8) = A2 1 (")) !
o (r(t) £ d)sint((r(t) £ d)r" —2(r")? — (r(t) £ d)?)
2(r(t) £d)sint((r(t) £ d)2 + (r)2)3/2
(2.21)

((r(t) £d)? + (r")?)(r' cost — (r(t) £ d) sint)
2(r(t) £ d)sint((r(t) £d)2 + (r)?)3/2  ~

respectively [4].
3. Discussion and Conclusion

3.1. An examination of the condition of the conchoidal surface to be a
Bonnet surface in E3
In this section, we will examine condition which is the conchoidal surface to be
a Bonnet surface in Euclidean 3-space. Especially, we will deal with the conchoidal
surfaces admitting an infinite number of isometries. Thus, it will be sufficient to
determine: (a) the conchoidal surfaces of the constant mean curvature and (b) the
isothermic Weingarten conchoidal surfaces.
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(a) The conchoidal surfaces of the constant mean curvature

Let M be a regular surface given with the parametrization (2.7). It is possible
that the mean curvature H given by (2.11) is equal to a non-zero constant when the
radius function r(u,v) is a constant. This means that the surface M is a sphere.

Example 3.1. Let the radius function be a constant. For r(u,v) = 3 and d = 1, the
conchoidal surface My is given by the parametrization

Figure 3.1: Conchoidal surface with r(u,v) =3 and d =1

(3.1) Xa(u,v) = (4cosucosv,4sinucosv,4sinv).
It denotes a sphere as given in Figure 3.1.
The mean curvature is a constant when the surface M is minimal, except that

the radius function is a constant. In this case, considering [4], if u-parameter radius
function is

(32) r(u) -4 4/ COS vV

Ve sin(2u cosv) — eg cos(2u cosv)
or if v-parameter radius function is

1

c1sinv’

(3.3) r(v) =

where c1,co are constants, then M is the minimal surface. So, the surfaces M
determined by (3.2) and (3.3) are the surfaces of the type () which can be recognised
by an infinite number of isometries preserving the principal curvature.

Similar results for conchoidal surface M, are obtained as follows:

If the radius function is a constant, the mean curvature H of the conchoidal

surface is equal to 7 This means that the surface My is a sphere. If u-parameter

r
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radius function is

(3.4) r(u) = + Vv +d
Versin(2u cosv) — ¢z cos(2u cos v)

or if v-parameter radius function is

3.5 r(v) = Fd ,
(3.5) (v) =¥d + c1 sinv

where c1,co are constants, then the surface M, is minimal. So, the conchoidal
surfaces My determined by (3.4) and (3.5) are the conchoidal surfaces of the type
(¢) which can be recognised by an infinite number of isometries preserving the
principal curvature.

Example 3.2. Let the radius function is given by

4/ COS v

(3.6) r(w) = \/sin(Zu cosv) — cos(2u cosv)

and d = —1. Then, the conchoidal surface My is parametrized by

Figure 3.2: Conchoidal surface with r(u) and d = —1

(3.7) Xa(u,v) = (r(u) — 1)(cosucosv,sinucos v, sinv).

It is shown as given in Figure 3.2.

Example 3.3. Let the radius function is given by r(v) = and d = —1. Then, the

) . . 2sinv
conchoidal surface My is parametrized by

1
2sinv

(3.8) Xa(u,v) = <

- 1> (cosu cosv, sinucosv,sinv).

It is shown as given in Figure 3.3.



634 M. Cimdiker Aslan and G. Aydin Sekerci

Figure 3.3: Conchoidal surface with r(v) and d = —1

(b) The isothermic Weingarten conchoidal surfaces of the non-constant
mean curvature

Firstly, let’s calculate the condition which is satified by the surface M to be
an isothermal surface. When the curves of an orthogonal system have the con-
stant geodesic curvature, the system is an isothermal [6]. For this, we assume that
the parameter curves of the surface M constitute the orthogonal system, namely,
(Xu,X,) = 0. When the surface is assigned by these parametric curves and the

linear element is written ds? = edu®+gdv?, from [6], the condition that the geodesic
2

curvature is a constant becomes (logg> =0.
Oudv e

When the parameter curves are orthogonal, (X, X,) = 7,7, = 0. This means
that r, = 0 or r, = 0. Therefore the parametric curves of the conchoidal surface
My are orthogonal. Thus, when the surface M is isothermal, the obtained cases are
valid for the conchoidal surface My. So, we have the following cases:

Case 1: We assume that r, = 0 and r, # 0. In order to examine whether the
surface M with the radius function r(ug,v) is a Bonnet surface, we will work the
isothermic Weingarten surfaces.

Using (2.9) into (2.6), then we obtain as follows:

0? r? 472
(3.9) Qudv <l09r2 cos? v> =0

From (3.9), we conclude that the surface M with the radius function r(ug, v) is the
isothermal surface.

Secondly, we investigate the necessary conditions for the surface M to be a
Weingarten surface. Differentiating (2.10) and (2.11) with respect to u and
considering r, = 0, then we find — =0 and —— =(. Hence, the surface

u u
M with the radius function r(ug,v) is the Weingarten surface. Additionally, from
(2.11), we see that the mean curvature of the surface M with the radius function
7(up,v) is the non-constant.
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As a result, since the surface M is both the isothermal and Weingarten surface
with the non-constant mean curvature, then it has an infinite number of the Bonnet
nets. Thus, the following theorem is given.

Theorem 3.1. The surface M with the radius function r(ug, v) is a surface of the
type (i1) which admits an infinite number of isometries. So, this surface is a Bonnet
surface.

Let My be a conchoidal surface of M given with the parametrization ( 2.8). If
the radius function r(u,v) is a v—parameter function, then the coefficients of the
first fundamental form of the surface M, are

€ = (r+d)?cos?v,
(3.10) 7 0,
g = (r£d?+r2

Q
\

Considering these coefficients, the conchoidal surface My of M with the radius
function r(ug, v) is the isothermic surface, since we get

0? (r+£d)? +r?
(3.11) Oudv (log (r £ d)? cos? v) =0

To determine the necessary condition to be a Weingarten surface of My, we have

K H
(2.12) and (2.13) for 7, = 0. From 9K —0 and 88— = 0, the conchoidal surface
u

U
My of M with the radius function r(ug, v) is the Weingarten surface. From (2.13),
it is easily seen that H # const. Therefore, the following theorem is given for the
conchoidal surface M.

Theorem 3.2. The conchoidal surface My with the radius function r(ug,v) is a
surface of the type (ii) which admits an infinite number of isometries. So, this
surface is a Bonnet surface.

Corollary 3.1. There is no surfaces M and My that admits a single non-trivial
isometry with the non-constant mean curvature.

Example 3.4. Let the radius function is given by r(v) = col and d = 2. Then, the
S v

conchoidal surface My is parametrized by

(3.12) Xalu,v) = (

+ 2 ) (cosucosv,sinucosv,sinw).
cosv

It is a Bonnet surface and shown as given in Figure 3.4.
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and d = 2

1
Figure 3.4: Conchoidal surface with r(v) =
cosv

Case 2: We assume that r, = 0 and r,, # 0. In order to examine whether the
surface M with the radius function r(u,vp) is a Bonnet surface, we will study this
kind of surface to be the isothermic Weingarten surface.

Using (2.9) into (2.6), then we obtain as follows:

(3.13) 02 0g r? _ 277y, sin 20(r2 — rry,)
Oudv r2cos2v +r2 (r2cos?v +1r2)?

2 g

For (logf
Oudv e
M admitting 2 —rr,, = 0 is an isothermic surface. When we solve this differential

equation, we find r(u) = e®%cq, where ¢y, co are constants. Thus, the following
theorem can be written.

) = 0, there exists 2 — rry, = 0 from (3.13), that is, the surface

Theorem 3.3. The surface M with the radius function r(u,vy) is an isothermic
surface if and only if it is parametrized by

(3.14) X (u,v) = e“*“ca(cos ucos v, sinu cos v, sin v).

Let My be a conchoidal surface of M given with the parametrization ( 2.8). If
the radius function r(u,v) is a u—parameter function, then the coefficients of the
first fundamental form of the surface M, are

€ = (r£d)?cos’v+r2,
(3.15) Fo= o,
g = (r£d?*

Considering these coefficients for the conchoidal surface My of M with the radius
function r(u,vg), we get

(3.16)

0? (r+d)? _ 2(r £ d)rysin2o(rl — (r £ d)ry,)
dudv \'° (r+£d)2cos2v+12) ((r £d)?cos?v +r2)2
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For

2
g9 _ . 2 _ .
Sudo (loge> 0, there exists r; — (r £ d)ry, = 0 from (3.16), that is, the

surface M admitting r2 — (r £ d)ry, = 0 is an isothermic surface. Solving this
differential equation, then we obtain r(u) = e“**cy F d, where ¢, co are constants.
Thus, the following theorem can be written.

Theorem 3.4. The conchoidal surface My with the radius function r(u,vg) is an
isothermic surface if and only if it is parametrized by

(3.17) Xa(u,v) = (e“"c2 F d)(cos u cos v, sinu cos v, sin ).

Secondly, we investigate the necessary condition for the surface M to be a

OK OH 0K O0H . L
i i il 0. Differentiating (2.10), (2.11)

and considering r, = 0, then we get

OKOH OKOH _ 2¢3 sin v(— cos* v + 2 cos? v + ¢3)
ou dv v du ce3ert(cos? v + ¢3)7/2

Weingarten surface, namely

(3.18)

If (3.18) is equal to zero, then (cos?v — 1)2 = ¢? + 1. Thus, cosv is a constant
and this contradicts with M, which is defined (3.14), being a surface. There is
no surface M given by (3.14) that is a Weingarten surface and so, the surface M
with the radius function r(u,v) is not a Bonnet surface. When we examine the
conchoidal surface My, we get similar results. There is no surface My given by
(3.17) that is a Weingarten surface and so, the surface My with the radius function
r(u,vg) is not a Bonnet surface.

Example 3.5. Let the radius function is given by r(u) = 2¢* and d = 1. Then, the
conchoidal surface My is parametrized by

Figure 3.5: Conchoidal surface with r(u) = 2¢* and d = 1

(3.19) Xa(u,v) = (2" + 1) (cosu cos v, sin u cos v, sin v).

It is the isothermic surface, however it is not the Weingarten surface. Thus, it is not a
Bonnet surface and it is shown as given in Figure 3.5.
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3.2. An examination of the condition of the surface of revolution given
with conchoid curve to be a Bonnet surface in E?

In this section, we will examine condition which is the surface of revolution given
with the rotating curve ¢(t) and its the conchoid curve ¢4(t) to be a Bonnet surface.

(a) The surfaces of revolution of the constant mean curvature

Assume that M and M, are the surfaces of revolution generated by the rotating
curve ¢(t) and its conchoid curve ¢4(t) parametrized by ( 2.14) and (2.18). It is
possible that the mean curvature H given by (2.17) is equal to a non-zero constant
when the radius function r(¢) is a constant. This means that the surfaces M and
My, are the spheres.

Example 3.6. Let My be a surface of revolution generated by the conchoid curve cq(t) =
5. Then, its parametrization is given by

Figure 3.6: Surface of revolution with a constant radius function

(3.20) Xa(t,s) = (5cost,bsintcos s, 5sintsin s).

It denotes a sphere and it is shown as given in Figure 3.6.

Their mean curvatures are constants when the surfaces M and M, are the
minimal surfaces. According to that, considering [4], if the radius function is

c
r(t) = pr— the surface M is a minimal and if the radius function is

)

cos
r(t) = +d+ %, the surface My is a minimal. So, the surfaces M and My are the
cos

surfaces of the type (i) which can be recognised by an infinite of
isometries preserving the principal curvatures where M is determined by ( 2.14)

with r(t) = Kizt and My is determined by (2.18) with r(¢) = £d + %'
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1
Figure 3.7: Surface of revolution with c¢4(t) = (t - 1) (cost,sint)
cos

Example 3.7. Let M, be a surface of revolution generated by the conchoid curve c4(t) =

1
(—t — 1) (cost,sint). Then, its parametrization is given by
cos

1
cost

(3.21) Xa(t,s) = (

— l) (cost,sintcos s, sintsin s).

It is shown as given in Figure 3.7.

(b) The isothermic Weingarten surface of revolution of the non-constant
mean curvature

According to (2.15), from f = 0, we see that the parameter curves of the surface
M constitute the orthogonal system. Similarly, from f = 0, the parameter curves
of the surface of revolution My are the orthogonal system.

Q) —( since
e

every Bonnet surface is an isothermic surface. For the surface M, using (2.15), then
we have 0 l r?gin’ ¢ 0
0 =0.
atas \ izt (r")2.

Then, we need to show the necessary condition for the surface of revolution M

to be a Weingarten surface. From (2.5), (2.16) and (2.17), we find %£ =0 and
s

OH
ds
Using (2.17), we realize that the mean curvature of the surface M is a non-
constant. Hence, the surface of revolution M generated by the rotating curve c¢(t)
with the non-constant mean curvature is the Bonnet surface since it is the isothermic
Weingarten surface. Also, if we study the surface of revolution M, generated by
the conchoid curve c¢4(t) with the help of the above calculations, then we conclude
that the surface My is the Bonnet surface.

2
Firstly, we consider the surface providing the condition % (Zog
s

= 0. So, the surface of revolution M is the isothermic Weingarten surface.
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Theorem 3.5. The surface of revolution M parametrized by (2.14) and the surface
of revolution My parametrized by (2.18) are the surfaces of the type (ii) which admit
an infinite number of isometries. So, the surfaces of revolution M and My are the
Bonnet surfaces.

Corollary 3.2. There is no surface of revolution given with the conchoid curve
that permits a single non-trivial isometry with the non-constant mean curvature.

Example 3.8. Let My be a surface of revolution generated by the conchoid curve cq(t) =
(2sint + 2) (cost,sint). Then, its parametrization is given by

Figure 3.8: Surface of revolution with c¢4(t) = (2sint 4 2) (cost, sint)

(3.22) Xa(t,s) = (2sint + 2) (cost,sint cos s,sint sin s).

It is shown as given in Figure 3.8 and it is a Bonnet surface.
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1. Introduction

The lift of geometric objects on a differentiable manifold is an important tool in the
study of differential geometry of tangent bundle. The study of polynomial structure
on differentiable manifold was started by Goldberg and Yano in 1970 [4]. Omran et
al [1] studied lifts of various structures such as almost product, almost par-contact,
para-cantact structures on manifold and integrability conditions of these structures
are established. Khan [8] studied complete and horizontal lifts of metallic structures
and discussed the integrability of such structures. Several investigators studied lifts
of geometric objects in [2, 3, 9, 5, 11, 12, 17]. This paper aims to study the lifts of
a golden structure on the tangent bundle and prolongation of a golden structure in
third-order tangent bundle.

Suppose M be n-dimensional differentiable manifold. A tensor field F' of type
(1,1) is said to be the golden structure on M if F satisfies the equation [8]

(1.1) F?—F—-1=0,
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where I is the unit vector field on M and F is of constant rank r everywhere in M.

If g be a Riemannian metric on M such that
(1.2) g(FX.Y) = g(X,FY),

for all X and Y are vector fields on M. Then a golden structure is said to be a
golden Riemannian structure.

Let us introduce the operators [ and m

(a) I=F*-F
(1.3) (b) m=1—(F>-F)

The following identities can be easily obtained:

l+m=0
(1.4) P=1, m*=m, Im=ml=0

Fl=IF=F Fm=mF=0.

Let D; and D,, of complementary distributions corresponding to the projection
tensors | and m respectively in M. If the rank of F is r, then D; is r-dimensional
and D, is (n — r)-dimensional, where dimM = r.

2. The complete lift of a golden structure F' on the tangent bundle
T(M)

Let M be an n-dimensional differentiable manifold and T'M its tangent bundle. The
set of function, vector field, 1-form and tensor field of type (1,1) are represented by
00 (M), p5(M), 97 (M) and i (M) respectively in M and pf(T'M), p5(TM), o (TM)
and p}(TM) respectively in TM [5].

Let F,G € pi(M). It is well known [19]

(2.1) (FG)° = F¢GC.

Setting F' = G in above equation (2.1), then

(2:2) (F%)C = (FO)2.
and
(2.3) (F+@)° =F°+G°.

Taking the complete lifts of both sides of the equation (1.1), then the obtained
equation is
(F?~F-DN%=0
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Using the equation (2.2) and I¢ = I, then we have
(2.4) (FOY? —-F°-T=0

By using the equations (1.1), (2.4) and [19], we can easily say that the rank of F¢
is 2r if and only if the rank of F'is r. Therefore, the following theorems have been
obtained:

Theorem 2.1. Let F € p}(M) be a golden structure in M, then its complete lift
FC is also a golden structure in TM.

Theorem 2.2. The golden structure F of rank r in M if and only if its complete
lift F€ is of rank 2r in TM.

Since F' be a golden structure of rank r in M. Then the complete lift [¢ of
and m® of m are complementary projection tensors in 7M. Thus, there exists two
complementary distributions DY and DS, determined by [¢ and m® respectively
in TM [2].

3. Some theorems on integrability of golden structure on the tangent
bundle

Let N be the Nijenhuis tensor of golden structure F' in M and N¢ be the Nijenhuis
tensor of F'“ in TM. Then we have [19]

(3.1) N(X,Y)=[FX,FY] - F[FX,Y] - F[X,FY] + F?[X,Y].
and

NYXxC, YY) = [F¢XC FCY® - FCF°XC YY)
(3.2) — FYXC FOYC) + (FHOXC, YY),

Let X and Y be vector fields and F tensor field of type (1,1) in M, then
X, Y] = [X,Y)°
(3.3) (X4+Y)?=XxC+Y°
FCXC = (FX)°.
Using the equations (1.4) and (3.5), we have
FO° = (F1)° = F°

(3.4) Fm® = (Fm)® = 0.

Theorem 3.1. The following identities hold:

(3.5) NEmCXC mey°) = (FOmCXC m°Y"°),
(3.6) mONY( X, YY) =mC[FCX° FOY°),
(3.7) m(1°XC 19V = mC[FCXC FOY Y,
(3.8) mENC((F? — aF)°XY,(F?2 - F)°YY) = mENC(1°X°,1°Y°).
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Proof: The proof of the equations (3.5) to (3.8) follow by using the equations (1.4),
(3.4) and (3.1).

Theorem 3.2. Let X and Y be vector fields and F tensor field of type (1,1) in
M, the following conditions are equivalent

(@) mCNY X% Y% =0
(b) mENCI°XC, 1Y) =0
(¢) mONCE(F?-F)°X°, (F? - F)°Y°) =0.
Proof: Making use of the equation (3.8), we get
NCI¢XC 1Y% =0 NO(F? - F)° XY (F? - F)°Y%) =0

Since the right sides of the the equations (3.6), (3.7) are equal and using the last
equation which shows that conditions (a), (b), and (c) are equivalent.

Theorem 3.3. The complete lift DS in TM of a distribution D,, in M is integral
if Dy, is integrable in M.

Proof: The distribution D,, is integral if and only if [19]
(3.9) [mX,mY]=0

for all X,Y € p{(M), where | = I —m.
Taking complete lift of both sides and using (3.5), we have

(3.10) 1°meX% m°Y° =0

for all X,Y € (M), where I = (I —m)® = I — m% is the projection tensor
complementary to m®. Thus the condition (3.9) implies (3.10).

Theorem 3.4. The complete lift DS, in TM of a distribution D,,, in M is integral
if INC(mCXY mCY®) = 0, or equivalently N(m®X® m¢Y®) = 0, for all
X,Y € p(M).
Proof: The distribution D,, is integral in M if and only if [19]
N(mX,mY) =0

for all X,Y € p(M). By virtue of condition (3.5), we have

]\/'C'(,',),LC"X'C7 mCyC) _ (FQ)C(mCXC, mCyC)
Multiplying throughout by ¢, we get

ZCNC(mCXC,mCYC) — (F2)CZC(mCXC,mCYC)
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Using the equation (3.10), the above relation becomes

(3.11) INC(mCX% mCy%) =0
and
(3.12) mNC(mCXY m°Y°) =0

Adding the equations (3.11) and (3.12), we have
(1€ +m“)N(m“ X, m°Y“) =0
Since [¢ +mY = I¢ = I, we get
NEmeXY m°y°) =o.

Theorem 3.5. Let the distribution Dy be integrable in M, that is mN(X,Y) =0
for all X,Y € pi(M).Then the distribution DlC is integrable in TM if and only if
the one of the conditions of Theorem (5.2) is satisfied.

Proof: The distribution D; is integral in M if and only if
mN(X,lY)=0
Thus distribution DlC is integrable in T'M if and only if
mENC(1°X°,1°v%) =0,
Hence the theorem follows by using of the equation (3.8).

Theorem 3.6. Let complete lift F¢ of a golden structure F in M is partially
integrable in TM if and only if F' is partially integrable in M.

Proof: The golden structure F' in M is partially integrable if and only if
(3.13) N(X,IY)=0,VX,Y € pj(M).
Using the equations (1.4) and (3.1), we have

NEI°XC 1°Y%) = (N(IX,1Y))“

which implies
NCI°XC 1Y) =0 N(IX,1Y) =0

and from Theorem (3.2), NC(I1° X% 1Y ®) = 0 is equivalent to

NE((F? - aF)°X%,(F? - aF)‘YY) =0.

Theorem 3.7. The complete lift F€ of a golden structure F in M is partially
integrable in T M if and only if F' is partially integrable in M.
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Proof: A mnecessary and sufficient condition for a golden structure in M to be
integrable is that
(3.14) (NX,Y) =0

for all X,Y € p§(M).
Using the equation (3.1), we get
NEXC, YY) = (N(X,Y))°.

Therefore, using the equation (3.14) we obtain the result.

4. Prolongation of a golden structure in third-order tangent bundle
TsM

Let M be n-dimensional differentiable manifold and T5M its third order tangent
bundle over M. Let F'T be the third lift on F in T3M. If X be vector field and
F, G be tensor field of type (1,1), then

(GIIIFIII)XIII — (GIII(FIIIXIII)
— (GIII(FX)III)
= (GEFX)M
(4'1) (GF)IIIXIII
Thus,

GIIIFIII _ (GF)III

Theorem 4.1. Let F € pi(M) be a golden structure in M, then the third lift F111
18 also a golden structure in T5M .

Proof: Tf P(t) is a polynomial in one variable ¢, then we get [19]
(4.2) (P(E)!MT = P(F!T)

for all F € pi(M).
Taking the third lifts of both sides of the equation (1.1), we get

(F2—F-DMT=0
(FQ)III _ I I _ g

Using the equation (4.2) and I’/ = I, we have
(4.3) (FI2 _pHI _1—9
which shows that FI!! is a golden structure in T3M.

Theorem 4.2. The third lift F'1 s integrable in TsM if and only if F is inte-
grable in M.
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Proof: Let N''T and N be Nijenhuis tensors of F//! and F respectively. Then we
have
(4.4) NI(X V)= (N(X,Y))L,

since golden structure is integrable in M if and only if N(X,Y) = 0. then from
(4.4), we get
(4.5) N(X,Y)=0.

Thus F!!7 is integrable if and only if F is integrable in M.
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Abstract. In this paper, we have established some geometric inequalities for the
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metric metric connection. The equality cases havve also been considered. Moreover,
some applications of obtained results are derived.
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1. Introduction

In 2000, B. Unal [17] introduced the notion of doubly warped products as a gen-
eralization of warped products and it states that: let Ny and Ns be two Riemannian
manifolds with Riemannian metrics g; and gs respectively. Further, let us suppose
that f; & fo are positive differentiable functions on Ny and N respectively. Then,
the doubly warped product N = 5, N; Xy Ny is defined as the product manifold
Ni x Ny equipped with the warped metric g = f2g; + f2g2. In a meticulous manner,
if t1 : Ny Xx No = N and ty : N7 X No — Ny are natural projections, then the
metric g is given by [17]

(11)  g(X,Y)=(foota)? g1 (i X,5Y) + (frot1)” g2 (53X, 83Y),
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for any vector fields X,Y on N, where x denotes the symbol for tangent maps.

It is important to note that on a doubly warped product manifold N = ¢, Ny x ¢,
Ny if either f; or fs is constant on N but not both, then N is a single warped
product. Furthermore, if both f; and fy are constant function on N, then N is
locally a Riemannian product. A doubly warped product manifold is said to be
proper if both f; and fo are non-constant functions on N.

On the other hand, the immersibility /non-immersibility of a Riemannian man-
ifold in a space form is one of the most fundamental problems in the theory of
submanifold which started with the most celebrated Nash embedding theorem [11].
In this theorem, actually Nash was aiming to take extrinsic help. However, due to
the lack of control of the extrinsic properties of the submanifolds by the known in-
trinsic invariant, the aim cannot be reached. Motivated by this and to overcome the
difficulties, Chen introduced new types of Riemannian invariants and established
general optimal relationship between extrinsic invariants and intrinsic invariants
on the submanifold. Motivated by Chen’s result, several inequalities have been
obtained by many geometers for warped products and doubly warped products in
different setting of the ambient manifolds [4, 5, 8, 9, 10, 12, 13, 15, 16, 19, 20].
In this paper, we have studied doubly warped product pointwise bi-slant subman-
ifolds isometrically immersed into a conformal Sasakian space form with a quarter
symmetric metric connection. The inequalities which we shall obtain in this paper
are very fascinating because we derive upper bound and lower bound for warping
functions in terms of mean curvature, scalar curvature and pointwise constant ¢-
sectional curvature c. The obtained results generalize some other inequalities as
special cases.

2. Preliminaries

Let N be a Riemannian manifold with Riemannian metric g. A linear connection
V on N is called a quarter-symmetric connection if its torsion tensor 1" given by

T(X,Y)=VxY - VyX — [X,Y]
and satisfies
T(X,Y) = 7(Y)pX — m(X)gV,

where 7 is a 1-form and V is a vector field such that 7(X) = g(X,V) and ¢ is a (1,1)
tensor field. If Vg = 0, then V is known as quarter-symmetric metric connection
and Vg # 0, then V is known as quarter symmetric non-metric connection. In
this setting, it is shown in [14], one can easily obtain a special quarter-symmetric
connection defined as

(2.1) VxY = VxY + M7(Y)X — Aag(X,Y)V.

This is a general class of connection in the sense of (2.1) can be obtained as:



Geometric Inequalities in Conformal Sasakian Space Form 653

1. when A\; = Ay = 1, then the above connection reduces to semi-symmetric
metric connection.

2. when A\; = 1 and Ay = 0, then the above connection reduces to semi-symmetric
non metric connection.

The curvature tensor with respect to V is given by
(2.2) R(X,Y)Z =VxVyZ - VyVxZ — ?[X,Y]Z.

Similarly, we can define the curvature tensor with respect to v. Now, using (2.1),
the curvature tensor takes the following form [18]

R(X,Y,ZW) = R(X,)Y,Z, W)+ Ma(X,2)g(Y, W) - \a(Y, Z)g(X, W)
+X2a(Y, W)Q(X7 Z) - Aa(X, W)g(Y, Z)
+A2(A1 = A2)g(X, Z)B(Y, W) = Az(A1 = A2)g(Y, Z)B(X, W).

(2.3)
where

a(X,¥) = (Vxm)(¥) = Mm(X)n(¥) + 22g(X, ¥ )x(V)
and

w(V
5%, Y) = " g, ¥) 4 7(X)m(Y)
are (0,2) tensors.
For simplicity, we denote by tr(a) = a and tr(8) = b.

_ Let N be an m-dimensional submanifold of a Riemannian manifold N and V,
V be the induced quarter symmetric-metric connection and Levi-Civita connection
of N, respectively. Then the corresponding Gauss formulas are given by:

(2.4) VxY =VyY +0(X,Y), X,Y eT(TN),

(2.5) VxY =VyY +5(X,Y), X,Y eI(TN),
where & is the second fundamental form given by o(X,Y) = (X, Y)—A29(X,Y)V+.

Furthermore, the equation of Gauss is given by [18]:

R(X?Ya Z7W) = R(Xaxsz) —g(O’(X,W),O’(KZ)) +g(U(KW)aU(X?Z))
+(>\1 - )\2)9(0(}/7 Z)7VL)9(X7 W)
(2.6) +(A2 = M)g(o(X, 2), VH)g(Y, W).
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Now, let N be a (2n+1) odd-dimensional Riemannian manifold. Then N is said
to be an almost contact metric manifold with structure (¢,&,7,g) if there exist
a tensor ¢ of type (1,1), a vector field £ (structure vector field) and a 1-form 7
satisfying [3]

LPQX = _X+77(X)57 g(ng) = 77(X)7

(2.7) 9(pX,9Y) = g(X,Y) — n(X)n(Y),

for any X,Y on N. The 2-form & is called the fundamental 2-form in N and the
manifold is said to be a contact metric manifold if ® = dn. A Sasakian manifold is
a normal contact metric manifold. In fact, an almost contact metric manifold is a
Sasakian manifold if and only if

(Vx)Y = g(X,Y)§ —n(Y)X.

A (2n + 1)-dimensional Riemannian manifold N endowed with the almost contact
metric structure (p,7,&,g) is called a conformal Sasakian manifold if for a C*
function f: N — R, there are [1]

(2.8) §=exp(f)g, ¢ = o, = (exp(f)) 1, = (exp(—f))2¢

is a Sasakian structure on ~]\7 . Using Koszul formula, we derive the following relation
between the connections V and V

= 1
(2.9) VxY =VxY + 5{W(X)Y +w(¥)X — g(X,Y)w?},
for all vector fields X,Y on N, where w(X) = X (f) and g(w#, X) = w(X).

An almost contact metric manifold (1\7 ,©,&,m, g) whose curvature tensor satisfies

c+3

(90 2)g(X, W) — g(X, Z)g(Y, W)

JRXY)ZW) = ewp(f){

+E )9 (Y, W) — 0¥ )n(2)g(X, W)

+9(X, 2)g(& W)n(Y) — g(Y, Z)g(§, W)n(X)
—9(pY, Z)g(e X, W) — g(0X, Z)g(pY, W)

“2(eX. Ve Z,W) | - 5 (BIX. D)oY, W)
~B(Y.2)9(X. W) + BY.W)g(Y. Z) - BX.W)g(¥..2))

(2.10) —%\IW#IIZ(Q(X, Z)g(Y, W) — g(X, W)g(Y, Z)),
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for any vector fields X,Y, Z, W tangent to N, where B = Vw — %w ® w, is said to
be a conformal Sasakian space form [1].

From (2.1) and (2.10), we get

JRZW) = eap {2 o0, 200X W) = (X, D). W)
FE L OM)0(Y W) — (Y (Z)g(X, W)

)

—9(pY, Z)g(0 X, W) — g(pX, Z)g(pY, W)
(X V)gleZ. W) b - 3 (BX 2907 W)

~B(Y, Z)g(X, W) + B(Y,W)g(Y, Z) — B(X,W)g(Y, Z))

—IH 2 (9(X, Z)g(¥, W) — g(X, W)g(Y, 2))

+Aa(X, Z)g(Y, W) — \a(Y, Z)g(X, W)

+X29(X, Z)a(Y, W) — Xag(Y, Z)a( X, W)

FA2(A1 = A2)g(X, Z)B(Y, W) — Aa(A1 — A2)g(Y, Z) B(X, W).
(2.11)

The squared norm of T at p € N is given by

(2.12) ITI? = $*(Jeire;),
ij=1
where {ey,- -, e} is any orthonormal basis of the tangent space TN of N.

It was proved in [6] that a submanifold N of an almost Hermitian manifold
(N, J,g) is pointwise slant if and only if

(2.13) T? = —cos?O(p)I, YpeE N,

for some real-valued function 6(p) on N. A pointwise slant submanifold is proper if
it contains neither totally real points nor complex points.

Clearly, it is easy to check that

(2.14) g(TX,TY) = cos?0(p)g(X,Y),
(2.15) g(FX,FY) =sin?0(p)g(X,Y),

for any X,Y € T'(TN).

The following definition is given by Chen and Uddin in [8]:
A submanifold N of dimension m of an almost Hermitian manifold N*" is said to
be a pointwise bi-slant submanifold if there exists a pair of orthogonal distributions
9, and Do, such that
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(i) TN =91 ¢ D,
(11) J@l 1 @2 and J@Q 1 @1,

(iii) Each distribution ©; is pointwise slant with slant function 6; : TN — {0} — R
fori=1,2.

In fact, pointwise bi-slant submanifold are more general class of submanifolds
and bi-slant, pointwise semi-slant, semi-slant and CR-submanifolds are the partic-
ular cases of these submanifolds.

Since N is a pointwise bi-slant submanifold, we defined an adapted orthonormal
frame as m = 2d; + 2dy follows

{e1,ea =sect1Tey, -, e2d,—1,€24, = secthTezq, 1,

o, €2d, 41, €2d, 42 = sec 0T eaq, 11, -, €2d, +2dy—15 €2ds +2d, = S€C 02T €24, 4241}
Thus, we defined it such that g(ey, Jea) = —g(Jey, ea) = —g(Jey,sec01Tey), which
implies that g(eq, Jes) = —secO1g(Tey, Tes).

Following (2.14), we get g(e1, Jea) = cosbhg(e1,e2). Therefore, we easily ob-
tained the following relation

m
(2.16) IT|? = > g*(ei, Jej) = (ma cos® 01 + my cos® 0),
i,j=1
where m; = dim®; and my = dim Ds.
Let o : N = ¢, Ny x¢, No — N be isometric immersion of a doubly warped prod-
uct ¢, N1 X, Na into a Riemannian manifold of N of constant sectional curvature c.

Suppose that m1,my and m be the dimensions of N1, N and N; x f Ny, respectively.
Then for unit vector fields X and Z tangent to N1 and N, respectively, we have

K(X/\Z) = g(vaXX—VszX,Z)

1 1
(217 = A X (3 - 21
If we consider the local orthonormal frame {e1, €2, - -, €,, } such that {e1, €2, -, em, }
tangent to Ny and {e;,+1, -, em} are tangent to Ny, then the sectional curvatre
in terms of doubly warped product is defined by
A A

(2.18) Z Z K(ei /\ej) _ malq f1 + mi 2f2’

1<i<mi mi+1<j<m h f2
foreach j=m;+1,---,m.

In this context, we shall define another important Riemannian intrinsic invariant
called the scalar curvature of N and denoted by 7(7, N™), which at some p in N"
is given as :

(2.19) FIN™Y) = Y &y,

1<i<j<n
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where K;; = R(e; Aej). It is clear that first equality (2.19) is congruent to the
following equation, which will be frequently used in the subsequent proof:

(2.20) 2HT,N") = > ki

1<i#j<n

Similarly, scalar curvature 7(L,) of L-plane is given by

(2.21) 7(Ly) = Z Fij.

1<i<j<n
An orthonormal basis of the tangent space T,V is {e1, - +,em} such that e, =
{€m+1, -, €ans1} belongs to the normal space T+ N. Then, we have

T

2n41
of; = gloleiej)er), ol = 32051 glo(eire;), o(eires)) = 32000000 2o ma (00)?,

IH||? = 5 Y0 g(o(ei e),0(es,€1)),

where ||H||? is the squared norm of the mean curvature vector H of N.

Let x;; and &;; be the sectional curvature of the plane section spanned by e; and
e;j at p in a submanifold N™ and a Riemannian manifold N™ respectively. Thus, x;;
and R;; are the intrinsic and the extrinsic sectional curvatures of the span {e;, e;}
at p. Thus from the Gauss Equation, we have

2r(T,N™) = ki =2R(T,N™) = Y {(M = Aa)g(o(ej,e;), @ )gles e)
1,7=1

2n+1 m

+ (A2 —M)g(oles ej), QM)glej,ei)} + Z Z ool — (07)?)
r=m-+11i,j=1

= Ryj — Z { AL — >\2 e]vej) QL)g(ei,ei)

3,J=1

2n+1 m

+ (A= A)glolene), QN)glej et + D Y (ohol; — (01)?).

r=m-+11i,j=1
(2.22)

The following consequences come from Gauss equation and (2.22)

T(T,N™) = #H(T,N) = D {(M = A)gloleje;), QN )glen, ex)
1<j<k<m,
2n+1

+ (2= M)glolejen), QNglese) b+ Do > (o]0 — (05)?),

r=m+11<j<k<m

T(T,N"™2) = #(T,Ng™) = Y {(M = Aa)g(o(er,er), QF)gles, es)

mi1+1<s<t<m
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2n+1

+ (A= A)glo(es er), QY )gler e} + Y > m(olop — (0%)%).

r=m+1m;+1<s<t<m

(2.23)

3. Main Inequalities

First, we recall the following result of B.-Y. Chen for later use.

Lemma 3.1. [7/ Let m > 2 and ay,- -, am,b be (m+1) real numbers such that

<Zai> =(m-—1) <Za?+b> .

Then 2a1ae > b, with equality holding if and only if a1 +as = a3 = -+ = am,.
Now, we prove the following main result of this section.

Theorem 3.1. Let N(c) be a (2n+1)-dimensional conformal Sasakian space form
and ¢ iy, N1 X5 Nop — N(c) be an isometric immersion of an m-dimensional
pointwise bi-slant doubly warped product into ]\7(0) equipped with quarter symmetric
connection. Then

(i) The relation between warping functions and the squared norm of mean curvature
1s given by

moA miA m? c+3 1 1 .
2f11f1 + 1f22f2 < THHHQ + exp(f){“mlmg + §t7“B + 1m1m2||w I?
(c—1) 2 2
— 5 [2 4+ 3micos“01 + 3macos O]
1
(31) - 5{()\1 —|—)\2)a+)\2()\1 —)\Q)b—|—2m1m2()\1 —>\2)’/T(H)},

where V and A are the gradient and the laplacian operators, repectively and H is
the mean curvature vector of N™.

(i) The equality case holds in (3.1) if and only if ¢ is a mized totally geodesic
isometric immersion and the following satisfies m1H, = moHy, where Hy and Ho
are partial mean curvature vectors of H along N{™* and Nj'*, respectively and

m(H) = =5 " w(o(ei,e;)) = g(Q, H).

Proof. let {e1,...,em} and {€ms1, .., €2n+1} as orthonormal tangent frame and or-
thonormal normal frame on N, respectively. Putting X = W =¢;, Y = Z = ¢j,
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i #£ 7 in (2.21) and using(2.6), we obtain

oR(escyesne) = el T alereatenes) - alerepatese)

£ entenales e0) — nlesn(es)oler, e

+ gleie5)g(& ea)nle;) — glej, e5)g(€, ei)n(es)

- g(<pe]aej)g(<pezaez) (‘peuej) (9061761)

2a(pei,er)atioes ) | 5 (Bleier)a(es.en)

— Blej,ej)g(ei,ei) + Blej, ei)g(eir ;) — Blei, ei)glej, e5))

— I IP (gl gt e0) = glesseialen e0)

+  Ara(e;, ej)g(ej, ei) — Arales, e5)g(es, e;)

+  Aoglei,ej)ale), e) — Aaglej, ej)ales, e;)

=+ >‘2(>‘1 - )‘2) (eiaej)ﬂ(ejaei) - )‘2()\1 - AQ)g(ejaej)ﬂ(ehei),
= (A —A2)g(h(ej, e5), L)9(%60
(

— (A2 = M)g(h(es e;), PH)glej, e:)
(3.2)

By taking summation 1 <i,7 < m and using Gauss equation with (3.2), we have

2T

e:rp(f){(czg)m(m -1)+ (c; D (2—2m + 3|P|2} + (m—1)trB

%m(m — D)™ + (A1 4+ X2)(1 — m)a 4+ Aa(Ar — A2)(1 —m)b
(A2 = A)m(m — D)m(H) +m?||[H]]* — [|o||?

e:rp(f){(czg)m(m -1+ %

+ +

(2 —2m + 3mqcos®6; + 3mgcos2¢92)

+

1
(m—1)trB+ Zm(m - 1)||w#||2} + (A + X))l —m)a
(3.3) + XA = X)) (1 —=m)b+ Ay — A)m(m — D) w(H) +m?||H]||> = ||o]|%
where
1 m
|PI]> = Z 9*(peie;) and w(H)=— > w(h(ej,e;) = gV, H).

i,j=1 m j=1

Let us assume that

6 = 27— {emp(f){(c+3)

3 20
3 m1Co0S8 U1

(c=1) (c=1)
8 4

my(mi — 1)+ (2 —2mq) +

1 1
+ 5(777,1 — l)tTB‘F gml(ml - 1)||W#H2}
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-1 -1
+ (Cgis)mz(mg -1+ (e ) )(2 —2ms) + (e 1 )3m2605292
1

1
+ i(mg —1)trB + gmg(mQ — Dl[w®]?} + (M + A2)(1 — m)a

77,2
B85 (s = 2a)(1 = mb+ (4~ Ml — V() | — 1

Then, from (3.3) and (3.4), we have

(3-5) m?||H||* = 2(5 + [|o]?).
Thus, the orthonormal frame {e1,- -, e} the proceeding equation takes the follow-
ing form
2 m 2n+1 m
as( o) ~afss Ser e Dt 3 S )
i=1 i#£] r=m+11,j5=1
By using the algebraic Lemma 3.1 and relation (3.6), we have
m 2n+1

B e Y Y S @

i#£] i,j=1r=m+2

If we substitute ay = o7; ™, ay =Y "y ol and ag =30 L o in the above
equation (3.6), we have

m 2 2n+1 m
(;a> = 2{5+Za S W Co s S N N ()

i#j<m r=m+1i,j=1
m+1_m+1 m+1 _m+1
(38) - E : O5i Okk E : Oss Ot

2§_]7$k§m1 m1+1§s;ét§m

Thus ay,as,asz satisfy the Chen’s Lemma (for m = 3), that is

(&) (%)

Then 2aiae > b, with equality holding if and only if a1 + as = az. In the case of
under considering, this means that

m+1__m+1 m+1_m+1 é m+1\2
Z 055 Ok + Z Oss Ot Z 5+ Zl§a3</33§m(ga363)
1<j<k<mi m1+1<s<t<m
2n+1 2
(3.9) +Zr m+1 043[33 1( 063,5’3) ’

Equality holds if and only if

(3.10) Z ot = Z omtt,

t=mi+1
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Again, using Gauss equation, we derive

mQAlfl + my A2f2 = T — Z :‘i(ej A ek) - Z H(es A et)'

h Fa 1<j<k<m my+1<s<t<m

(3.11)

Then, the scalar curvature for the conformal Sasakian space form with quarter-
symmetric connection from (2.22), we get

. Aifi N m1A2f2
fi fo

= T—efp(f){(cgg)ml(ml -1+

(c=1)
4

(Cg ) (2 - 2my)

1 1
3mycos?0y + §(m1 —1)trB + gml(ml - 1)|W#||2}

- %{(Al + X2)(1 = mi)a+ Aa(A — A2) (1 —ma)b

2n+1

+ (A2 = A)my(my — D)w(H)} — Z Z (oF,00 — (051)7)

r=m+1m;+1<j<k<m
- exp(f){ et 3)m2(m2 -1+ @(2 — 2mg)

8 8
(c—1)
4

1 1
3macos®0y + §(m2 — 1)trB + gmg(mg - 1)|w#||2}

_ %{()\1+)\2)(1—m2)a+)\2()\1—/\2)(1_m2)b

2n+1

(3.12) + (2= A)ma(mg — V)m(H)} — Z Z (0550t — (05)%) -

r=m+1lm;+1<s<t<m

Now making use of (3.9) and (3.12), we have

ma S 222 < () [ i 1) = 2mia] + 5 4 - 2
+ %(m —trB + %[m(m — 1) — 2mamy]||w®|?
T (C; D [3micos®0; + 3m2605292]}
+ %{(Al +A2)(2 = m)a+ da(A — A2)(2 — m)b
(3.13) + (Ao = M) [m(m —1) = 2mimo]m(H)} — g

Using (3.4) in the above equation, we obtain
+3)

A A 2 1 1
mo 1f1+m1 22 < TZ|H|2+exp(f){(cm1m2+trB+m1m2||W*||2

f1 fo - 4 2 4
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(c=1)
8

2+ 3micos?6, + 3771»2805202]}

(314) - %{()\1 + /\2)a + )\2()\1 - )\Q)b + 2m1m2()\1 — )\2)7T(H)}7

which is inequality (3.1). The equality sign holds in (3.1) if and only if the leaving
term in (3.9) and (3.10) imply that

2n+1 mq 2n+1 m
r T
(3.15) E E T4 = E E oy =0,
r=m+1 i=1 r=m+1t=my+1

and mi1Hy = moHs.

Moreover from (3.10), we obtain
(316) o0, =0,V1<j<my,m+1<t<mm+1<r<2n+1.

This shows that ¢ is a mixed, totally geodesic immersion. The converse part
of (8.16) is true for pointwise bi-slant warped product immersion into conformal
Sasakian space form. Hence, the proof is complete. [

Following corollaries are easy consequence of the above theorem.

Corollary 3.1. Let N(~c) be a (2n+1)-dimensional conformal Sasakian space form
and ¢ 17, N1 Xy, No = N(c) be an isometric immersion of an m-dimensional point-
wise semi-slant doubly warped product into N(c) equipped with quarter symmetric

connection. Then

mgAlfl mlAQfQ m2 2 (C + 3) 1 1 112
< A Z -
7 + 7 < [|H||* + exp(f) 1 mimg + 2trB+ 4m1m2||w Il
-1
_ (c 2 ) 24 3my + 3m2005202]}
1
(317) - 5{(>\1 + Az)a + )\2()\1 - )\Q)b + 2m1m2()\1 — )\Q)W(H)}

Similarly, if 6 = 7/2 and 62 = 6, in Theorem 3.1, then we have

Corollary 3.2. Let N(Nc) be a (2n+1)-dimensional conformal Sasakian space form
and ¢ 15, N1 Xy, Ny = N(c) be an isometric immersion of an m-dimensional point-
wise hemi-slant doubly warped product into N(c) equipped with quarter symmetric

connection. Then

maA fi n mi1As fo

T 7 < ezp(f){ (e Z 3) myms + %trB + im1m2||w*||2
_ L g D [2 + 3m200529]}
(318) — %{()\1 +/\2)a+/\2()\1 — )\2)b+2m1m2(/\1 — )\Q)W(H)}
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Also, if 1 = 0 and 63 = 7/2, in Theorem 3.1, then we have

Corollary 3.3. Let N(g) be a (2n+1)-dimensional conformal Sasakian space form
and ¢ 1y, N1 X ¢, No — N(c) be an isometric immersion of an m-dimensional from
poitwise CR-doubly warped product into N(c) equipped with quarter symmetric con-

nection. Then

maAif1 | miAagfo n’ 2 (c+3) 1 1 |2
< —||H —trB + -
ot < I +exp(f)q ——mume + StrB + cmimg|lw”|]
-1
— (c )[2+3m1]}
8
1
(319) — 5{()\1 +)\2)a+)\2()\1 - )\2)b+2m1m2()\1 — )\Q)W(H)}

Furthermore, we have the following corollary of Theorem 3.1

Corollary 3.4. Let N(c) be a (2n+1)-dimensional conformal Sasakian space form
and @ if, Nixp Ny — N(c) be an isometric minimal immersion of an m-dimensional
pointwise bi-slant doubly warped product into N (¢) equipped with quarter symmetric
connection. Then the following inequality holds:

maAyfi  miAsgfs (c+3) 1 1 112
< — —
7 + 7 < ez:p(f){ 1 mme + 2t7’B+ 4m1m2||w I
(c—1) 2 2
— 3 [2 + 3micos 6y + 3macos®s]
1
(320) — 5{()\1 + /\g)a + /\2()\1 — )\Q)b + Zmlmg(/\l — )\Q)W(H)}

For the semi-symmetric metric connection A\; = Ao = 1, we have

Theorem 3.2. Let N(c) be a (2n+1)-dimensional conformal Sasakian space from
and ¢ iy, N1 Xp No — N(c) be an isometric immersion of an m-dimensional
pointwise bi-slant doubly warped product into N (¢) equipped with semi-symmetric
connection. Then the following inequality holds:

moA miA n? c+3 1 1 .
il el S e { S mima + Jor 4 Jmama P
(c—1) 2 2
(3.21) - 3 [2 4 3mycos”0y + 3macos bs] ¢ — a.

For the semi-symmetric metric nonmetric connection, if we put A\; =1 and Ao =0
in Theorem 3.1, then we have
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Theorem 3.3. Let N(c) be a (2n+1)-dimensional conformal Sasakian space form

and ¢ 15, N1 Xy, No = N(c) be an isometric immersion of an m-dimensional point-

wise bi-slant doubly warped product into N(c) equipped with semi-symmetric metric
non metric connection satisfies the following inequality

ma A miA n? c+3 1 1 N
iy mdel o S e { S mima + Jor5 4 Jmamao P
(c—1) 2 2
— 5 [2 4+ 3micos 01 + 3macos O]
1
(3.22) — §(a+2m1m27r(H)).

Next, we have the following theorem

Theorem 3.4. Let N(c) be a (2n+1)-dimensional conformal Sasakian space form
and ¢ iy, N1 xp Np — N(c) be an isometric immersion of an m-dimensional
pointwise bi-slant doubly warped product into N(C) equipped with quarter symmetric
connection. Then

O G222y 5 o m Dy
_ exp(f){(c_gg)(m +1)(m—2)+ (C; D (2 — 2m + 3mycos®6;
+  3macos?6y) + %(m —1)trB + ém(m - 1)|w#||2}
- %{(/\1 +00)(1 = m)a+ Aa(ht — Ao)(1—n)b
(3.23) + (M= X)n(n—)m(H)},

where m; = dimN;, i=1,2 and A" is the laplacian operator on Ny, i=1,2.

(i) If the equality sign holds in (3.23), then the equality sign in (3.36) holds auo-
tomatically.

(iii) If m = 2, then equality sign in (3.23) holds identically.

Proof. Let us consider that ;N1 Xy Na be an isometric immersion of an m-
dimensional pointwise bi-slant doubly warped product N (¢) with pointwise p-sectional
curvature ¢ endowed with quarter symmetric connection. Then from the equation
of Gauss, we obtain

(c+3)

—1
2r = eﬂfp(f){4m(m —-1)+ % (2 — 2m + 3m1cos®0h + 3macos0s)
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+ (m—1trB+ im(m - 1)||w#||2} + (M 4+ A2)(1 —m)a

(324)+ Xa(A1 — A)(1 —m)b+ (A — A\)m(m — D)m(H) +m?||H||? — ||o]]?.

Now, we consider that

§ = 21— emp(f){(czg)(m +1)(m—2)+ (c; l (2 — 2m + 3mycos*0; + 3macos0s)

+ (m-1)trB+ im(m - 1)||w#|2} — (M +2)(1-—ma

— (M= A2)(1 =m)b— (A2 — Ay )m(m — 1)7(H) — M

(3.25)
Then from (3.24) and (3.25), it follows that

17117,

(3.26) m?[[H]|[* = (m = D{llo[* + 6 — exp(f) (623)}'

Let {e1, - ,em} be an orthonormal frame, the equation takes the following form

n+1 m 2 2n+1 m 2n41
(z za;) m-nfsr 3 St S Sy

r=m+11=1 r=m+41i=1 r=m+1 i<j

(3.27) Y Y ) ean(n“EYY,
r=m-+21i,j=1

which implies that

2
m
<UH+1+ZU’m+1+ Z O_m+1> = 5+ O.H-‘rl _|_Z m+1

t=mi+1
m—+1 m~+1 _m—+1
+ E (Ott ) + E : Ujj on

t=mi+1 2<j#I<my
m
- 2. e+ > (et
mi1+1<t#s<m i<j=1
2n+1  m (C+ 3)

(3.28) + Z Z oi;)” —exp(f) 5

r=m+11i,5=1

Let us consider that by = ofi™, by = Y[ (07 )2 and by = Y12, (o2

Then from (3.1) and the equation (3.28), we have

m 2n+1 m

é (c+3)
STICLN ST RICTE b ST SR
1<j=1 r=m+11,j=1 2<j#+I<my
m—+1 _m-+1
(329) R Y

mi+1<t#s<m
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Equality holds if and only if

(3.30) Z omtl = Z omtL,

t=mq+1

On the other hand from (3.29) and the definition of scalar curvature, we have

2n+1 2n+1 i#£]
K(e1 Aemy+1) > E § (01 E E
r=m+1jE€P1m,+1 r= m+1j€P1m1+1
2n+1 2n+1
T T \2
+ E E (Um1+1] E : E (Jlj>
r=m+1jEPim, +1 r=m+14,5€ P1m,+1
2n+1 my+1

Z Z Ul] 7’

r=m+1 ¢,7=1
where Py, +1 = {1,...,m} — {1,m1 + 1}. Thus, it implies that

(331) H(@l A eml-‘rl) = ga

Since, N =4, N1 X ¢, Ny is a pointwise bi-slant doubly warped product submanifold,
we have VxZ = VzX = (XInf1)Z + (Z1n f3) X, for any unit vector fields X
and Z tangent to N1 and No, respectively. Then from (2.18),(3.25) and (3.31), the
scalar curvature derives as;

T < fi{(velel)fl —etfi}+ - {(Vesea) f2 = €312}
3 2

(c-1)
8

+ emp(f){(c—;g)(m +1)(m—2)+ (2 — 2m + 3mycos®0; + 3macos®6s)

1 1
+ i(m —1)trB + gm(m — 1)]|w™|?

—

+ %{()\1 + )\2)(1 — m)a + )\2()\1 — )\2)(1 — m)b + ()\2 — Al)m(m — ].)’R'(H)}
(3.32)

Let the equality holds in (3.32), then all leaving terms in (3.29) and (3.31), we obtain
the follwing conditions, i.e.

oo T
0, =0, o

imit1 =0, o0,;=0, where i#j, and re{m+1,---,2n+1}

T T — T o__ T
(3.33) 01 = Ofpyt1 =04, =0, and  o7; + Omy11m;+1-

Similarly, we extend the relation (3.32) as follows

1
E{(veaea) - af1}+

\‘
IN

o {(veﬁeﬁ) 2~ 625f2}
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(=1
8

a1+ eap(){ 52 m+ o - 2) +

m?2(m — 2)
2(m—1)

(2 — 2m + 3mycos®6;
5 1 1 #112
+  3mgcos®ls) + i(m —LtrB + gm(m = D)jw™|]

+ %{()\1 + )\2)(1 — m)a + )\2()\1 — )\2)(1 — m)b + ()\2 — Al)m(m — 1)71'(H)}
(3.34)

forany a=1,---,mq and 8 =mq + 1,---m. Taking the summing up o from 1 to
my and summing up B from my1 + 1 to mo repectively, we arrive at

f1 fa 8
(c—1)
8

1 1
+ §(m —1)trB + gm(m — 1)|w#||2}

S (DYASHEL n mi1s fo +exp(f){(c+3)(m+1)(m2)

+ (2 — 2m + 3mycos?0; + 3mycos®ls)

(335)—|— %{()\1 + )\2)(1 - m)a + /\2(/\1 — )\2)(1 — m)b + ()\2 — Al)m(m - 1>7T(H)}

Similarly, the equality sign holds in (3.35) identically. Thus the equality sign in
(8.82) holds for each o € {1,---,n1} and B € {n1 +1,---,n}. Then we get

0, =0, 0;=0, 0;;,=0, where i#j, and re{n+1,---,2m+1}
on; =0y, =0,;=0, and o,,+0p3=0, 4,j€ Pip41,m =n+2,--,2m+ 1.

Moreover, If m = 2. Thenmy = mg = 1. thus from (2.18), we get 7 = A1 f1+ Az fo.
Hence the equality in (3.23) holds, which proves the theorem completely. O
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1. Introduction

Friedmann and Schouten introduced the notion of a semi-symmetric linear con-
nection on a differentiable manifold [1]. Semi-symmetric metric connections play an
important role in the study of Riemannian manifolds. In [2], Hayden introduced the
idea of a metric connection with torsion on a Riemannian manifold. Using Hayden’s
idea, Yano [6] studied a semi-symmetric metric connection on a Riemannian man-
ifold. He proved that a Riemannian manifold endowed with the semi-symmetric
metric connection has vanishing curvature tensor if and only if the Riemannian
manifold is conformally flat. After that, the generalization of this result for van-

ishing Ricci tensor of the semi-symmetric metric connection was shown by Imai in
3, 4].

Received March 18, 2019. accepted May 03, 2021.

Communicated by Uday Chand De

Corresponding Author: Aydin Gezer, Ataturk University, Faculty of Science, Department of Math-
ematics, 25240 Erzurum, Turkey | E-mail: aydingzr@gmail.com

2010 Mathematics Subject Classification. Primary 53C07; Secondary 53A45

© 2021 BY UNIVERSITY OF NI§, SERBIA | CREATIVE CoMMONS LicENsE: CC BY-NC-ND

669



670 A. Gezer and E. Karakas

The geometry of tangent bundle T'M is based on the fundamental paper of Sasaki
[5] published in 1958. He used a given Riemannian metric g on a differentiable
manifold M to construct a metric g on the tangent bundle TM of M. Today
this metric is called the Sasaki metric. The well-known Riemannian or pseudo-
Riemannian metrics on T'M are constructed from the Riemannian metric g given
on M by classical lifts, such as

1. The complete lift metric or the metric I7;

2. The metric I + I1;

3. The Sasaki metric or the metric I + I11;

4. The metric IT + I1T; where I = g;jdx’dx?, 11 = 2g;;dx'dy?, 111 = g;;6y* 0y’
are all quadratic differential forms defined globally on the tangent bundle 7'M over
M [8].

In our paper [9], we originally define a semi-symmetric metric connection on
the tangent bundle equipped with complete lift metric. We compute all forms
of the curvature tensors of the semi-symmetric metric connection and study their
properties. Also, we have investigated conditions for the tangent bundle with this
connection and the complete lift metric to be locally conformally flat. The goal
of the present paper is to characterize some vector fields such as incompressible,
harmonic, concurrent, conformal, projective with respect to the semi-symmetric
metric connection on the tangent bundle over a Riemannian manifold.

2. Preliminaries

Let M be an n—dimensional differentiable manifold and T'M be its tangent bundle
with the natural projection 7 : TM —— M. Coordinate systems in M are denoted
by (U, xh), where U is the coordinate neighborhood and (avh)7 h =1,...,n are the
coordinate functions. Let (y") = (2"), h = n+1, ..., 2n be the Cartesian coordinates
in each tangent space T, M at p € M with respect to natural basis {% p}, where
p is an arbitrary point in U with local coordinates (z"). Then we can introduce
the local coordinates (z",y") on the open set 7=*(U) C TM. Here, the coordinate
system of (2", y") = (2", 2") is called induced coordinates on 7~ (U) from (U, z").
In the paper, we use Einstein’s convention on repeated indices.

Let X = Xh% be the local expression in U of a vector field X on M. Let V
be a (torsion-free) linear connection on M. The vertical lift ¥ X, the horizontal lift
HX and the complete lift “X of X are given respectively by

VX:Xhé‘ﬁ,

X = X"on —y'Tl X" 0y
and

X = X" +y 0. X" 0y
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Oy = % and F;-Lk are the

with respect to the induced coordinates, where 0y, = %,

components of the connection V.

Suppose that a (p,q) tensor field S on M, ¢ > 1, is given. We then define a
(p,q — 1) tensor field vS on TM by

V8 = (y*SU 7 )05 @ .. @ O @ da® ® ... ® da's

8i2...14

with respect to the induced coordinates (x%,4") [8]. The tensor field 7S determines
a global tensor field on TM. We easily see that for any (1, 1) tensor field P, vP has

components
0
P)= .
(vP) ( P )

and P is a vertical vector field on T M.

With the connection V, the set of the 2n linearly independent vector fields on
each induced coordinate neighbourhood 7= (U) of TM which are the following
forms:

E; = 9;-y°Tyop,

sJ
E; = 05

is a frame field [8]. We call it the adapted frame and it will be written by {Eg} =
{Ej, Ejf-}. With respect to adapted frame {Eg}, the vertical lift V' X, the horizontal
lift # X and the complete lift © X of X are respectively expressed by [8]

(2.1) VX = XIEj,
Ax = XIEj,
°X = X'E;+y'V.X'E;.

The complete lift metric “g on the tangent bundle 7'M over a (pseudo-)Riemannian
manifold (M, g) is defined as follows:

Cg (HX,HY) — 0’
Cg (HX,VY) = Cg (VX,HY) =g (Xa Y) ;

for all vector fields X and Y on M [8]. Note that “g is a pseudo-Riemannian metric
on TM. The covariant and contravariant components of the complete lift metric
€g on TM are respectively given in the adapted local frame by

0 g
c e v
gol ( gij 0 )
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0 i
C_ oB _ ) g
=5 %)

The semi-symmetric metric connection V on T'M with respect to the complete
lift metric “g is given as follows.

and

Proposition 2.1. [9/The semi-symmetric metric connection ¥V on the tangent
bundle TM with the complete lift metric g over a (pseudo-)Riemannian mani-
fold (M, g) is given by

Ve Ej =5 B + {y° Ry} +y;0F — v 9i;} Br,
R e

(2:2) Vi, By =15 By,
Vi Ej =0,V B =0

with respect to the adapted frame {Eg}, where FZ and Ry respectively denote
components of the Levi-Civita connection V and the Riemannian curvature tensor
field R of the pseudo-Riemannian metric g on M.

3. Some Vector Fields on TM with respect to Semi-symmetric Metric
Connection

In this section, we firstly search the properties of being harmonic and incompresible
of the lifting vector fields. After that we will find the general forms of concur-
rent, conformal, projective vector fields with respect to the semi-symmetric metric
connection on the tangent bundle 7'M and give some important results related to
them.

3.1. Lifting vector fields being incompressible (divergence-free) and
harmonic

Firstly, we shall give the definition of an incompressible vector field on TM with
respect to the semi-symmetric metric connection.

Definition 3.1. Let M be a (pseudo-)Riemannian manifold and T'M be its tan-
gent bundle with the semi-symmetric metric connection V. A vector field V=
v Ey + vﬁEﬁ on T'M is called incompressible vector field with respect to the semi-
symmetric metric connection if V satisfies the following condition

trace(VV) = VoV = 0.

Proposition 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tan-

gent bundle with the semi-symmetric metric connection V. Then, for any vector
field V on M,
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i) The vertical lift V'V is an incompressible vector field on T'M with respect to
the semi-symmetric metric connection V;

ii) The horizontal lift TV or the complete lift 'V is an incompressible vector
field on T M with respect to the semi-symmetric metric connection V if and only if
the vector field V is incompressible on M with respect to the Levi-Civita connection

V.

Proof. Using (2.1) and (2.2), we calculate

trace(VVV) = V,"V* =V =0

trace(V7V) = VAV =V,o"
= (O —y°TT Om) 0" + fh}invm
= Vpo' =trace(VV)

trace(VEV) = V, Ve =V,o" + ﬁﬁuﬁ
= (Oh —y°'TT0m) v" + fhifnvm + 05 (y* V")
= 2V,u" = 2trace(VV)

from which, it is easy to see that the results (i) and (7). O

Definition 3.2. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. A vector field vV =
v Ey + 'UEEE on T'M is called a harmonic vector field with respect to the semi-
symmetric metric connection V if V satisfies the following condition

(ﬁzf/ié) Cgej - (ﬁjv6> Cgei = Oa
where Cgl-j are the components of the complete lift metric g on TM.
The following lemma comes immediate from standard calculations.

Lemma 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tangent
bundle with the semi-symmetric metric connection V. Then

i) For the vertical lift V'V, we get

- € V1 e Viv; = Vv 0 .
(31) (Vavv )Cgeﬁ - (vﬁv ) Cgea = < J 0 J 0 > )

ii) For the horizontal lift © X, we get

(3.2) (Va"'V) “gep — (V5"V) “gea

Y* [Raiaj — Rejai + 9sija — 9siGia) v Vivj \ .
—Vj’l)i 0 ’
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iii) For the complete lift “V , we get

(3.3) (VaV) “9e = (VaTV*) “gen
_ y* [Vs (Vivy = Vvi) + (9sigja — 9si9ia) V] Viv; — Vju;
VZ"UJ' — Vjvz- 0 ’

A manifold whose curvature tensor is of the form
Riji = K(9agjk — 9j1gin)
is called a manifold of constant curvature [7]. Here & is the sectional curvature of

the manifold.

From (3.2) and the above definition, we write

(3.4) siaj = K(9sjia = Yij9sa)
jai

R
R, = H(gsigja - gjigsa)
= Rsiaj - stai = K(gsjgia - gsigja)~

When we use the above equation (3.4) on the equation (3.2) and take k = 1, we
obtain

° [Rsiaj - stai + 9si9ja — gsjgia] v®
* [k(9sjGia — 9siGja) + 9siGja — GsjYial V*
*(9s9ia — 9siGja) + 9siGja — 9sjYial V*

I
or w w

Hence, as a corollary of Lemma 3.1, we obtain

Proposition 3.2. Let M be a (pseudo-)Riemannian manifold and TM be its tan-

gent bundle with the semi-symmetric metric connection V. Then, for any vector
field V on M,

i) The vertical lift V'V is a harmonic vector field on T'M with respect to the
semi-symmetric metric connection V if and only if the vector field V' is a harmonic
vector field with respect to the Levi-Civita connection V;

ii) The complete lift “V is a harmonic vector field on T'M with respect to the
semi-symmetric metric connection V if and only if the vector field V' is a harmonic
vector field with respect to the Levi-Civita connection V and gsigja — 9sjGia = 0;

iii) The horizontal lift 7V is a harmonic vector field on T'M with respect to the
semi-symmetric metric connection V if and only if the vector field V' is parallel with
respect to the Levi-Civita connection V and M has constant sectional curvature 1.
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3.2. Concurrent vector fields

Definition 3.3. A vector field V = B + UEE,T on T'M is callgd a concurrent
vector field with respect to the semi-symmetric metric connection V if it satisfies

(3.5) VsV =Vp, Ve = ko,
where k is a function on TM and 6; is the Kronecker symbol.

Proposition 3.3. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. The vector field V on
TM s concurrent_with respect to semi-symmetric metric connection V if and only
if the vector field V' has the form

~ ol
V= ( Lltrace (VV)]y" )
and the following condition is satisfied
1
- [V (trace (VV) "] + (y°Ryjh + ya0? — y"gja) v* = 0.
Proof. With respect to the adapted frame, firstly putting e = h, 8 = j in (3.5), it
follows that
S_h " h TP e TP a@ _ Jsh
Ut = Bt 4 T50% + T = k(%
= 8]—»vh =
= ot =" (:vh) .

Similarly putting e = h, 8 = j and € = h, 3 = j, we respectively get

Vot = Eph 4+ f?ava + f?ava = EJ;L
= 9"+ F;‘av“ = Eé?
= V' =koh (h = §)
1 i T
= 7Vj’UJ =k
n

and

Eﬂ) —&-F*v +F:v ké?

R
4
=
I

= 8jvh = fvjvj.éﬁ'

n
= 0 = fraee (V) ]
> 0 = froce () (0)]
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= 8]—-11E =05 {;tra,ce (VV) yh}
= of = % [trace (VV)]y".
Finally putting e = h, 8 = 7, we find
Vﬂﬁ = Ejvﬁ + f?ava + f?avﬁ = Edjﬁ
Ej [+ [trace (VV)]y"] + (v° R, + yad — y"gja) v°

= +I%, [+ [trace (VV)]y*] =0
N (aj - ysl";r;@m) [% [trace (VV)] yh]
+ (ysRSjZ + yaéjh — yhgja) v + y“F;?a [% [trace (VV)]] =0
N L [0 (trace (VV))y"] — y°T [ £ [trace (VV)]]
+ (ysRSjZ + ya(sjh — yhgja) v + y“F?a [% [trace (VV)]] =0
1
= - [8j (trace (VV)) yh’] + (ysstZ + ya6? — yh'gja) v* =0
1
= — [V, (trace (VV)) y"] + (v Ryjo + yad) — 4" gja) v* = 0.

3.3. Conformal vector fields

Let V be a vector field on TM with components (vh,vﬁ> with respect to the
adapted frame {Eg}. Then Visa fibre-preserving vector field on TM if and only
if v depends only on the variables (sch)

Definition 3.4. A vector field V = o E), 4+ vﬁEg on TM is called a fibre-
preserving conformal vector field with respect to the semi-symmetric metric con-
nection V if it satisfies

Li%as = (VaVE) ges + (VsVE)  gea = 20 gus.

Putting («, 8) = (4,7), (i,7) and (4, j), from the above equation, it can be written
the following system

i) (Viv") gnj + (E;UE) Jhi = 259@‘,
i) (E?Uh) g + (V0") gni = 209,
Eivﬁ + (ySRsig + yaélh - yhgia) v + Figvﬂ Ghj

(3.6) |
+ [Ej’l)ﬁ + (ysstZ + ya§;-’ — yhgja) v 4+ Fjg’()a} Ghi

i) = 0.

Proposition 3.4. The scalar function Q on TM depends only on the variables
(xh) with respect to the induced coordinates (:ch,yh).
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Proof. Applying E;- to the both sides of the equation (i) in (3.6), we have
g BB = 2E7 (Q) g4
from which we get
B () 91 = Ez (Q) 98-
It follows that
(n—1)E; () = 0.

This shows that the scalar function Q on TM depends only on the variables (z")
with respect to the induced coordinates (xh, yh). Thus we can regard € as a function
on M and in the following we write p instead of 2. O

From (3.6) and Proposition 3.4, E; (vﬁ) depends only the variables (a:h), thus
we can put B
(3.7) ot =yrAl 4 B

where A" and B" are certain functions which depend only on the variable (z").
Furthermore, we can easily show that A" and B" are the components of a (1,1)
tensor field and a contravariant vector field on M, respectively.

Any vector field V' on a (pseudo-)Riemannian manifold (M, g) is a Killing vector
field if LVgij = Vivj + Vj’l)i =0.

Proposition 3.5. If we put
0

oxh’

then the vector field B on M is a Killing vector field with respect to the Levi-Civita
connection V.

B=B"

Proof. Substituting (3.7) into the equation (4i) in (3.6) we have
(3.8) V:B; +V;B; =0
and

Ua(Rsiaj + stai + 9sa¥ij — YiaGsj + 9sa9ji — gjagsi)
(39) —&—V,»Asj + VjAsi =0

where B; = gin, B™ and Ag; = gthQ. Hence by (3.8), it follows
LBgij = ViBj + VjBi =0.

This shows B is a Killing vector field on M with respect to the Levi-Civita connec-
tion V. O
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Substituting (3.7) into the equation (7i) in (3.6), we have

(3.10) E; (Uﬁ) gnj + (V50™) gni = 20gi;
= 8 (Y AL+ B") gnj + (V50") gni = 209
= Algn; + (V0" gni = 2pg;;
= gni A} = 2pgi; — gni (Vo).

Let V be a linear connection on M. A vector field V on M is said to be a
projective vector field if there exists a 1-form 6 such that

(LyV)(X,Y) = 0(X)Y +0(Y)X

for any vector fields X and Y on M. In this case 6 is called the associated 1-form
of V. It can locally be expressed in the following form

LyTl = 0:67 + 60,6/

Proposition 3.6. The vector field V with components (vh) 18 a projective vector

field on M with respect to the Levi-Civita connection V, if 53% — giaéf + 6Zgji —
h

gjaél- =0.

Proof. Applying the covariant derivative Vi, to the both sides of (3.10), we obtain

(3.11) gni ViAL = Vi [2p9i5 — gni (V,0")]
= 2(Vip) gij — gniVi V0"
= 2pkGij — Ghi (Lvrk}} - Rak}}”a)
Vidi; = 2prgij — Ly gni — Raijv®.
Substituting (3.11) into (3.9), we have

Ua(Rsiaj + stai + 9saFij — Yia9sj + 9sa9ji — gjagsi) + viAsj + Vjflsi =0

Ua(Rsiaj + stai + 9sa¥ij — Gia9sj + Y9salji — gjagsi) -0
+2pigsj - LVFi;‘lghs - Raisjva + 2pjgsi - LVFj?ghs - Rajsiva

v (9sa¥ij — Yia9sj + 9saFji — YjaTsi) + 2 (pigsj + pjgsi) = 2LVF¢?ghs

1
LyTt = pislh + p;of + 5”“ (8097 — 9ia) + 6 gji — 9jad))

where p; = V;p. Hence, V is a projective vector field on M with respect to the
Levi-Civita connection V. O
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Now we consider the converse problem, that is, let M admit a projective vector
field V = " a— with respect to the Levi-Civita connection V. Then we have the
following proposition.

Proposition 3.7. The vector field V on TM defined by
V =v"Ey + (y° A" + B") E;;

18 a fibre-preserving conformal vector field on T M with respect to the semi-symmetric
metric connection V, where Ah = gheA,;, Aij = 2pgi; — Vjv;, and gﬂBJ = B,
2p1953 LVF”ghs (gsmglj gzmQSJ) 0.

Proof. If By, v and A? are given so that they satisfy the above assumptions, we
see that V = v"E), + (y* A" + B") By is a fibre-preserving conformal vector field on
TM with respect to the semi-symmetric metric connection V. We omit standard
calculations. [

3.4. Projective vector fields
In this section, we study fibre-preserving projective vector fields on T'M with respect

to the semi-symmetric metric connection V. We shall first state following lemma
which is needed later on.

Lemma 3.2. The Lie derivations of the adapted frame with respect to the fibre-
preserving vector field V.= v"Ej, + UhEE are given as follows

Ly Ep = —(0pv")Eq + {ybvc heb — vbfgh — (Ehva} Eg,

Ly By = {oT}, — (Epo™)} Ex.

The general form of fibre-preserving vector fields on T'M with respect to the
semi-symmetric metric connection V are given by

Theorem 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tangent
bundle with the semi-symmetric metric connection V. Then a vector field Visa
fibre-preserving projective vector field with associated 1-form 6 on TM with respect
to the semi-symmetric metric connection NV if and only if the vector field V has the
following form

V=V 4V B4,
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where the vector fields V = (v"), B = (B"), the (1,1) —tensor field A = (A}') and
the associated 1-form 0 satisfy the following conditions

(Z)g = szxl,
(i1)Vi0; = (n — 1) (LVgU)
(zzz)V Ah = 0,01 —v°R I,
(w)V AT +Ra”v —05h+0 S
(v)V,;V,; B + RthBh + Bhgp;6F — BFg;; =0,
(U’L)Lvl_‘ = (915? + HJ(SZh

Proof. A vector field V = v"E, + vﬁEﬁ on T'M is a fibre-preserving projective
vector field with respect to the semi-symmetric metric connection V if and only if

there exists a 1-form @ with components (91, 91> on TM such that
(LxV)(V.2) = Lx(V32)-V3(Lz2) -V, 32
= IV)Z+6(2)Y

for any vector fields Y and Z on TM. We compute the following system

(3.12) (L;,?) (E;, Ejf-) Ly (szEjf-) — vE?(LvEE) — v(L‘N/Eg)E;-

= 0(E;)E; + 0(E5)E;,

(3.13) (LyV) (Br, Ej) = Ly(VEE)) =V, (LyE;j) = Vi, p)E;
= 0(F;)E; + 6(E;)E;,

(3.14) (LyV) (B, Bj) = Ly(VeEj) =V, (LyEj) = VL, 5)E;
= 0(E,)E; +0(E))E;
From (3.12), by virtue of (2.2) and Lemma 3.2 we obtain
(3.15) {0007} Bz = 055 + 05
Similarly, from (3.13) we get
(3.16) { v Ry + (B )T + Ez(EjUE)} Ez = 6;E; + 0;E;

from which, we have _
(3.17) 6-=0.

Due to 5; =0, (3.15) to
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and we obtain B
(3.18) v* =y* A% + BY,

where A? and B® are certain functions which depend only on the variables (wh)
and the coordinate transformation rule implies that A is a (1, 1)-tensor field with
components (A%) and B is a vector field with components (B*). Hence, the fibre-
preserving projective vector field V on TM can be expressed in the following form

(3.19) V = "B, +"E; = "B, + {y°A% + B*} E;;
= Hy 4V B4 ~A.

Substituting (3.18) into (3.16), we obtain

(3.20) R, + VAl = 510,

aji
Substituting (3.18) and (3.20) into (3.14), we have

(3.21) {ViVju" + R Y Ey + {V,V,;B" + R, 5B" + B"g),;6¢
—BFg;; + y*(ViV;AY + AUR, } — R GAL + 0"V, R )
—0"ViR,E + Vi R+ Viv" Ry + Vjv® gea )
—V,0%6E gia + Viv®gs;08 — Vv 6k gu; + Algy;0F — gi; AV Y B
= 0,E; +0,E;.

From (3.21), we have

(3.22) V,Vjo" + R, = 0,6" + 0,00,

(3.23) ViV;B" + R, }B" + B"g),;6F — B*g;; =0,

(3.24) ViV;AE + AR, — R,9AE + 0"V RS
—v"ViR,E + Vi Ry + Vo R

+V v gsaé Vjvadkgw + Vv gsjéa
—V,u 5kga] + A gh](sz gsgAk
= 0.

The equation (3.22) shows that the induced vector field V = vh% is a projective
vector field with respect to the Levi-Civita Connection V. Hence we obtain

Contracting k and s in (3.24) and using (3.20) and (3.25), we get

Vﬂj = (Tl — ].) (ng)”
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In the case, (3.24) is reduced to
AR, Y — RGAE + 0"V R+ Vi R
+vivhRsh]§‘ + Vjvséf + vﬂ/kgsj + Asj(sz]'C - gsin'c
= 0.

Conversely, if B" v" 6, and A” are given so that they satisfy (i)-(vi), reserving the
above steps, we see that X=Hy4Vp +~A is a fibre-preserving projective vector
field on TM with respect to the semi-symmetric metric connection V. Hence, the
proof is complete. [

Let V be a fibre-preserving vector field on TM with components (v, v"). Tt
is well-known that every fibre-preserving vector field V on TM induces a vector
field V on M with components (v"). The below result follows immediately from
Theorem 3.1 and from its Proof.

Corollary 3.1. Let M be a (pseudo-)Riemannian manifold and TM be its tan-
gent bundle with the semi-symmetric metric connection V. Every fibre-preserving
projective vector field V' is of the form (3.19) and it naturally induces a projective
vector field V' on M.

Let V be a vector field on TM with components (v", UE) with respect to the
adapted frame {Es}. Then V is a vertical vector field on TM if and only if v = 0.

In the present case, the vector field V in Theorem 3.1 reduces to V =V B + ~YA.
Hence, from the Theorem 3.1, we obtain the following conclusion.

Corollary 3.2. Let M be a (pseudo-)Riemannian manifold and T'M be its tangent
bundle with the semi-symmetric metric connection V. If TM admits a vertical
projective vector field V' ,then the vector field V' is defined by

V =V B+9A4,

where the vector field B = (Bh), the (1,1)-tensor field A = (Af) and the associated
1-form 0 satisfy the following conditions

(i) VAP = 0,07,
(ii)V;6; = 0,
(ZU)VszBk + Rhi];-Bh + Bhghjéf — Bkgij = 0,
(V) ALR, 5 — Ry AG + Asj0f — gAY = 0.

sij



Some Vector Fields on the Tangent Bundle with a Semi-symmetric Metric Connection683
REFERENCES

1. A. FRIEDMANN and J.A. SCHOUTEN: Uber die geometrie der halbsymmetrischen
ubertragungen. Math. Z. 21 (1924), no.1, 211-223.

2. H.A. HAYDEN: Sub-spaces of a space with torsion. Proc. London Math. Soc. S2-
34 (1932), 27-50.

3. T. ImAL: Notes on semi-symmetric metric connections. Commemoration vol-
umes for Prof. Dr. Akitsugu Kawaguchi’s seventieth birthday. Tensor (N.S.) bf
24 (1972), 293-296.

4. T. IMAL: Hypersurfaces of a Riemannian manifold with semi-symmetric metric
connection. Tensor (N.S.) 23 (1972), 300-306.

5. S. SASAKI: On the differential geometry of tangent bundles of Riemannian man-
ifolds. Tohoku Math. J. 10 (1958), no.3, 338-354.

6. K. YANO: On semi-symmetric metric connection. Rev. Roumaine Math. Pures
Appl. 15 (1970), 1579-1586.

7. K. YANO: Differential Geometry on Complex and Almost Complex Spaces. The
Macmillan Company, New York, 1965.

8. K. YANO and S. ISHIHARA: Tangent and Cotangent Bundles. Marcel Dekker Inc.,
New York, 1973.

9. A. GEZER and E. KARAKAS: On a semi-symmetric metric connection on the
tangent bundle with the complete lift metric. Riv. Mat. Univ. Parma (N.S) 9
(2018), no.1, 73-84.






CIP - Karanorusanuja y myOnuKanuju
Haponna 6ubmmorexa Cpbuje, beorpan

51+004

FACTA Universitatis. Series, Mathematics and
informatics / editors-in-chief Dragana S. Cvetkovi¢-Ili¢,
Marko D. Petkovi¢. - 1986, no. 1- . - NiS : University
of Ni§, 1986- (Nis: Atlantis). - 24 cm

Pet puta godisnje. - Drugo izdanje na drugom
medijumu: Facta Universitatis. Series: Mathematics
and Informatics (Online) = ISSN 2406-047X

ISSN 0352-9665 = Facta Universitatis. Series:
Mathematics and informatics

COBISS.SR-ID 5881090







	00 FUMI-36 3 (2021) final
	FUMI2103radovi
	FUMI210301_5054-41432-3-ED_proofread_461_474
	FUMI210302_5577 Manuscript5577_proofread_475_487
	prazna
	FUMI210303_6248-36456-2-ED_proofread_489_499
	prazna
	FUMI210304_6302-41583-2-ED_proofreadSTRECUJ_501_518revZASTAMPU
	FUMI210305_6989 Identities for Riemannian tensor6989_proofread_519_528
	FUMI210306_7015-40704-5-ED_proofread_529_545
	prazna
	FUMI210307_7121-42038-1-ED_proofread_547_555
	prazna
	FUMI210308_7122-43761-2-ED_proofread_557_573revMK
	prazna
	FUMI210309_7208-43547-3-ED_proofread_575_584
	FUMI210310_7273-41524-3-ED_proofread_585_593revMK
	prazna
	FUMI210311_7331-43436-3-ED_proofread_595_604
	FUMI210312_7378-43076-2-ED_proofread_605_617
	prazna
	FUMI210313_7425-44471-2-ED_proofread_619_626rev
	FUMI210314_7496-44321-1-ED_proofread_627_641revMK
	prazna
	FUMI210315_7521-43597-1-ED_proofread_643_650
	FUMI210316_7620_proofread_651_668
	FUMI210317_7771-44246-2-ED_proofread_669_683
	prazna




