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Abstract. Lattice structure is more and more widely used in engineering by replacing
solid structure. But its mechanical performances are constrained by the external shape if
the unit cells are directly filled in the design domain, and the traditional topology
optimization methods are difficult to give the explicitly mechanical guidance for the
distribution of internal unit cells. In this paper, a novel design and optimization method
of variable-density lattice structure is proposed in order to simultaneously optimize the
external shape and the internal unit cells. First of all, the envelope model of any given
structure should be established, and the load paths need to be visualized by the theory of
load path. Then, the design criteria of external shape are established based on the
principle of smoother load paths in the structure. An index of load flow capacity is
defined to indicate the load paths density and to control the density distribution of unit
cells, and a detailed optimization strategy is given. Finally, three examples of a
cantilever plate, an L-shaped bracket and a classical three-point bending beam are used
to verify the method. The results show that the models designed by the proposed method
have better mechanical performances, lower material usage and less printing time.
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1. INTRODUCTION

Lattice Structure (LS) is a kind of cellular structure composed of a large number of unit
cells arranged in a specific manner, which has some excellent performances including high
strength relative to low mass, good energy absorption and high thermal and acoustic
insulation [1-3]. Some multifunctional usages of cellular structures in all scales ranging
from nanometers to centimeters or even larger have been reported in recent literature [4-5].
Additive manufacturing (AM) technology further promotes the application of LS in
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engineering by building engineering components in a bottom-up, layer-by-layer manner as
opposed to traditional subtractive manufacturing such as milling, turning, forging, and so
on [6, 7]. For example, an aero-bracket with the LS features was designed and manufactured
using different types of AM processes and the weight of initial model is reduced by 50% [8].
Therefore, it is a trend that the solid structure is replaced by the corresponding LS to improve
the mechanical performances and achieve a lightweight design in the future.

Generally, the design domain of the solid structure is directly filled with uniform-density
unit cells [9], and the mechanical performances of the LS model are verified by simulation
and experiment. But, in fact, different regions in a given structure usually bear different
magnitude of loads [10, 11], while the mechanical performances of uniform-density lattice
structures still have the potential to be improved, which depends on the topology, shape,
size and orientation of the unit cell [1]. By controlling these variables, LS can be modified
in space to improve the performances such as stiffness or strength [12-15]. In the following
section, some existing research studies about the design, analysis and optimization of
variable-density LS are reviewed and discussed.

A global relative density mapping method for the design of non-uniform LS is proposed
in references [16-17], which introduces the topology optimization method into the LS design.
The diameter of unit cells is changed through the linear interpolation results of continuum
topology optimization to reduce the weight and improve the performances. Zhang et al.
[18] proposed an efficient design-optimization of variable-density hexagonal cellular structure
based on three key techniques: homogenization, optimization, and construction (HOC). Then,
the variable-density topology optimization of LS considering stress constraints, structural
dynamic characteristics and heat conduction problems are studied in references [19-21]. Huang
et al. [22] proposed a bidirectional evolutionary structural optimization (BESO) method to
optimize the distribution of porous materials and composites with periodic micro-structures
and maximize the stiffness of macro-structure. Coelho et al. [23] proposed a topology
optimization method for three-dimensional (3D) LS, in which the optimization scheme is
composed of two main loops, namely, the outer loop solves the macro design of materials
while the inner loop uses the homogenization method to optimize the topology of cells.

Above all, most of the methods rely on current topology optimization (TO) methods,
including BESO [24], moving morphable component (MMC) [25], and level set-based method
(LSM) [26], and many excellent research results have been obtained. However, stress
constraint optimization as one of the classical problems in the TO method still faces many
challenges, such as singularity phenomenon and local optimal solution [19]. On the other hand,
the TO methods based on the black box model are difficult to give the explicitly mechanical
guidance for the structural optimization [27]. In addition, the traditional solid structures usually
contain some material redundancy regions and complex features such as corners and lightening
holes. The mechanical performances of LS, designed by directly filling the unit cells in the
design domain of the solid structures, are constrained by the external shape, which can be
improved.

Load path [28, 29] is a concept for tracking transferred load within a structure starting
from loading points and ending at supporting points, which has been studied in structural
design in recent years [30-32]. Kelly et al. [33-34] inspired by the balance characteristics of
fluid stream tube, proposed a load path method based on the equilibrium principle of stress
components. The method has been extended to load paths visualization of 3D models and
applied to the design of an aircraft wing spoiler and fiber steered composite [35-37]. The
advantage of this method is that it can give clear load paths in a given structure and provide
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guidance for the performance analysis of the local region. In this study, a new design and
optimization method based on the theory of load paths for the variable-density LS is proposed,
which can optimize the external shape and internal unit cells simultaneously.

The outstanding contributions of this paper include the following: (1) the design criteria
of external shape are established based on the principle of smoother load paths in the
structure. (2) An index of load flow capacity S is defined to indicate the load paths density
and control the density distribution of unit cells for the LS. (3) The detailed optimization
strategy of internal unit cells including mathematical model and algorithm is given to
realize the structural lightweight. This paper is structured as follows: Section 2 describes
the proposed method including four steps, and the detailed process of each step is
described. In Section 3, three examples of a cantilever plate, an L-shaped bracket as well as
a classical three-point bending beam are used to verify the proposed method by numerical
simulation or experiment. Section 4 concludes our work.

2. METHODOLOGY

The proposed method consists of four steps, as shown in Fig. 1. First, the envelope model
of a given structure is established according to the working conditions and functional
features (Step 1). Then, the Finite Element Model (FEM) is established and the load paths
are visualized by the load path theory (Step 2). Next, the design criteria of external shape
are established by analyzing the load transferred law (Step 3). Finally, an index of load
flow capacity S is constructed and the optimization strategy and algorithm of variable-density
unit cells are given (Step 4). The detailed design process of each step is described in this
section, and three examples are used to verify the proposed method in next section.

2.1. Establishment of Envelope Model

The traditional structures usually contain features such as corners and lightening holes,
which may interfere with the direction of load paths. It is necessary to abandon these features
designed by traditional design methods. So, the envelope model of a given structure is firstly
established in this method by analyzing the working conditions and functional features.
The basic criteria [38] are as follows: (1) the working conditions of the parts are analyzed
to ensure that the constrained and loaded regions remain unchanged. (2) The internal
regions and functions are analyzed and the internal holes that do not affect the normal work
are filled. (3) The outer boundary of the parts is analyzed and the complex boundary is
filled into the regular boundary.

2.2. Load paths visualization

The theory of load path visualization is described in [34]. A hypothetical force stream
tube is introduced as shown in Fig. 2; the load paths are defined as curves that surround
stream tube where the force remains constant. The tube inherits properties similar to that of
a fluid stream tube in that no force (fluid) crosses the boundaries and the magnitude of the
forces at the ends are such that equilibrium is satisfied over the tube, i.e.

Fa = Fb ' (1)
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Fig. 1 Design and optimization method based on load paths

Fig. 2 Schematic diagram of the force stream tube

For arbitrary point P on the pipe wall, there are a normal stress oy, and a shear stress z.
According to the principle of force equilibrium, the stress components at point P satisfy Eq. (2).

o,C080—7,sin@ =0 (x-direction) @
o,sin@—7,cosd =0 (y-direction)

Angle a and @ is taken as the direction of load path and the normal line at point P. For a
3D structure, the stress components at a point form a second order tensor; it can be
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represented in a [3x3] matrix. If each row gives three stresses acting on a plane that the
normal is aligned with one of the coordinate axes, then

O xx O-xy Oy,
[o]= Cw Oy Oyl 3)
O, On O

Where, oy is the shear stress acting on the plane that the normal is in the x direction and
pointing y direction. Eigenvalues and eigenvectors of this matrix provide the principal
stresses and principal stress vectors.

Load paths can be defined by plotting contours aligned with total stress pointing
vectors given by the columns of the stress matrix. Each column of the matrix gives the
stress component in the corresponding coordinate direction on the three planes that form
the sides of the corner element depicted in Fig. 3.

dA with
normal 7

Fig. 3 Construct for force component

The pointing stress vectors are thus defined at every point in the domain by
V, =o,i+z,j+7,K
V,=1,it+o, j+7,k. 4)
V,=1,i+7,j+o,k

Using the pointing stress vector, the force acting on the infinitesimal element can be
described as the vector dot product:

F,=[V,-idA
F,=[v, fidA. ®)
F,=[Vv,-idA

Normal ni = nsi+nyj+n.K. Since the force in x-direction along the curves is zero, it is
required that normal 1 is perpendicular to pointing stress vector Vy along the curves.
Therefore, the load paths are described by the sequential connection of the pointing stress
vectors. Three pointing stress vectors (Vy, Vy and V) are defined, and they describe the load
paths in the corresponding direction.
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The stress components can be solved based on the FEM and the direction of load paths
in each element can be calculated using Eq. (1) and Eq. (5). The nodes and elements
information, including node number, coordinates and stress components, are extracted in
ANSYS 18.0. The load paths can be fitted in the post-processing software TECPLOT by
importing the stress information.

2.3. Design criteria of external shape

The external shape of the envelope model is usually designed as regular shape,
resulting in some material redundancy regions or stress concentration regions in the
structure. Generally, the features of chamfer, fillet or hole are used to improve the stress
state of these regions, but there is a lack of mechanical theory guidance. The load paths can
directly reflect the load transferred law and provide guidance for shape design. Waldman et
al. [34, 39] found that the stresses are low and the normalized pointing vectors show
re-circulating structures or “eddies”, as shown in Fig. 4. The force flow patterns arise because
of the requirements of equilibrium, and it is suggested that the regions occupied by these
eddies can be removed in the process of design.
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Fig. 4 Formation of eddies in low stress regions

On the other hand, the discontinuous load paths are easily found (Region 1 in Fig. 5).
The corresponding regions are considered that the load transfer is blocked by the structural
shape and more materials should be added. In addition, there are some regions where the
load does not pass through at the corner of the structure (shown in Region 2 in Fig. 5), it is
suggested to remove the supplementary materials or replaced by other features, such as
fillet, chamfer.

Based on the above analysis, the design criteria of external shape are established as
follows: the regions with eddies or where the force does not pass should be removed, or
replaced by the features of filled, chamfer, as well as hole. More materials should be added
in the regions with discontinuous load paths. The functional requirements of the part
should be considered in the process of design and the general principle is to arrange the
materials along the load paths as much as possible.
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Region 1:
Discontinuous path

Region 2:
Not passed
force

Fig. 5 Other features of load paths in an L-shaped plate

2.4. Optimization strategy of internal unit cells
2.4.1. Load flow capacity S

The density of load paths reflects the magnitude of loads in the local regions, which can
be used to guide the distribution law of internal unit cells of lattice structure and improve
the mechanical performances. There are several load flow fields in the structure with
balanced force, and any load stream tube with different cross sections can be randomly
selected in the fields. As shown in Fig. 6, the cross-sectional areas of two ends of a force
stream tube are A; and A, respectively. Then, a small load flow channel is selected inside
the tube, and the cross-sectional areas of the two ends are assumed to be dA; and dA..
According to the theory of load paths and the principle of force equilibrium, the internal
forces of two small cross-sections of load flow channel are equal in the x-direction. So,

pxldAl = px2dA2 ! (6)

Where px1 and px. are the stress components of regions dA; and dA; along x-direction.

force stream tube

load flow channel

4,
Px1

n '
Fig. 6 Schematic diagram of internal load flow

The entire force stream tube is a collection of load flow channels, and the internal
forces of force stream tube along x-direction can be integrated as shown in Eq. (7).
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[, PudA =], P, 0A, . (7)

Thus, the internal forces through each cross section is equal to that in any other cross
section in a force-balanced structure, and the cross-sectional area is inversely proportional to
the stress components distributed on the surface. It is assumed that the transferred loads
at the unit cross section BC of load flow channel is p, and the length 1=1, as shown in
Fig. 7. The components along the coordinate axis are represented by px and py. Based on
the equilibrium principle, we have

P, =0, C0sO+7, SN0 @®
P, =0,siN0+7,,c0S0
Ya
Fig. 7 Internal force decomposition at unit cross section
By substituting Eq. (8) into Eq. (7), we get
L\l (0, €086, +7,,8iN6)dA = [ (0, €086, +7,,,5In6,)dA, . 9)

According to the geometric relationship in Fig. 7, Eq. (9) can be simplified as

IA1 VOa+To OA = J.AZ,IO'XZZ +Tp,0A, . (10)

Similarly, the entire force flow tube in the y-direction can be written as follows:

jﬁ,hfﬂ +opdA = jAZ,/rfyz +o7,dA, . (11)

Based on the principle of internal force continuity, the internal force values are
constant for all load paths and can be explicitly expressed. The component of the
transferred loads in x-direction is represented by oy and zv, while the component in
y-direction is represented by oy and zy,. The vector sum is defined as load flow capacity S,

which can be expressed as
2 2 2
S=\o,+2r,,+o, . (12)
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Load flow capacity S reflects the characteristics of load paths distribution for each
direction in a given structure. The magnitude of S for any point in the structure indicates the
load paths density. For a large S value, the load paths are relatively dense in the point,
otherwise the opposite. So, load flow capacity S can be used to control the density
distribution of unit cells for the LS.

2.4.2. Optimization algorithm

The load paths objectively describe the load transferred law in the structure. The load
paths in an ideal load-bearing structure will be evenly distributed, and the uneven load
distribution is likely to cause stress concentration. So, the optimization criterion is that if
the S value in some regions is large, the corresponding density of internal unit cells needs to
be increased in order to improve the structural load-bearing performance.

A cross-cell structure is selected and the length of four sides is taken as the design
variables to update the dimensions of unit cells, as illustrated in Fig 8. D, ; is the length of
unit cell at the I-th row and J-th column, and the shared edge of two adjacent unit cells is
determined by average side length, which can effectively avoid the step phenomenon, also
known as stress concentration caused by the dimension difference between the adjacent
unit cells.

Dy, Dy + Dy,

DI 1J+D1J

S for element

2.1) |:’// Srsfor cell

B by } LDIM
2
———
Dy ;+Dpy
2

Fig. 8 Variable-density strategy of internal unit cells

The detailed optimization algorithm of variable-density lattice structure is as follows:

(1) Side length D, ; of the unit cells is used as the design variable, and the variation
range is set that has an upper limit of Dmax and a lower limit of Dmin. The initial value of side
length is set as Dmax.

(2) The stress values at the node of FEM are extracted, and the stress components at the
element centroid are calculated by interpolation, and the value of load flow capacity S; for
all elements is obtained by Eq. (12).
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(3) The average value of load flow capacity for internal unit cells of a given lattice
structure is calculated using

S, =", (13)

where n is the number of elements for unit cell.

(4) Side length D, of the unit cell is calculated by Eq. (14). The maximum value of
load flow capacity in all unit cells is denoted as Smax. f is the volume fraction, which is used
to control the global density of unit cells. If D;j > Dmax, then Dy 3 = Dmax; if D1,y < Dmin, then
DI,J = Dnmin.

D,=D (14)

max'f.S

max

(5) The density value obtained in step (4) is then assigned to the corresponding unit cell,
and the loop iteration is performed until convergence is reached. If the change rate of
volume is less than R, it is regarded as convergence, as shown in Eqg. (15).

(k+1) _\/k
w <R, (15)

where k represents the number of iterations, V¥ is the volume of the k-th iteration step.
R represents the change rate of volume, which is set to 0.01 in this study.
Finally, the optimization model is established as shown in Eq. (16).

Find D, ;
objective (|v D _y k|/v K <R

subjectto D, ; = D+ Sy 5 /(- Sna)
o (16)
Sy = (Zsi)/n
m=1
S, = O'fi +2rx2yi +o-§i
F=KU

where, U, F, K are the displacement vector, force vector, and stiffness matrix.

3. EXAMPLES
In this section, three examples, including a cantilever plate, an L-shaped bracket as well
as a classical three-point bending beam are designed and optimized by the proposed method.
3.1. Cantilever plate

The problem setting of a square cantilever plate is illustrated in Fig. 9 with an area of
60x60 mm? and a thickness of 1 mm. The left top and left bottom edge corners are constrained
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and a vertical load F is applied at the middle of the right edge. The vertical load is distributed
over 5 nodes to avoid stress concentration.

60 mm

1

4 60 mm

Fig. 9 A square cantilever plate

The FEM is established and the load paths are calculated by the Section 2.2; the results
are shown in Fig. 10(a). Region 1 belongs to the region where the loads do not pass, and
Region 2 forms the phenomenon of eddies, where the materials can be removed. According
to the design criteria in Section 2.3, the materials are arranged along the outermost load
path and a new shape with load paths is given in Fig 10(b).

e i ' 7 7 i } L » Load paths Load paths
D 1 J 4 | i F
Vil 4 //Y F

NN

Region2 |/ .
/ Region 1
ST st A s /
(a) (b)
Fig. 10 Load paths visualization of the cantilever plate (a) Load paths of initial shape (b) Load
paths of new shape

In order to further verify the rationality of the proposed design criteria of external shape,
the stiffness and strength of two models in Fig. 10 are compared by FEA. The boundary
conditions and the selected material properties are exactly the same. The element type is
solid 185 and the element size is 0.2mm. The FEA results including displacement and
stress distribution of initial shape and new shape are shown in Figs. 11 and12.

The results show that the volume of new shape decreases by 22.44%, the maximum
displacement decreases from 0.0086 mm to 0.0064 mm, accounting for 34.50%, the maximum
stress decreases from 88.83 MPa to 61.08 MPa, accounting for 37.50%. It shows that the
mechanical performances of the cantilever plate are improved obviously by retaining the
regions with effective load paths and removing the regions with invalid load paths.
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Fig. 11 The FEA results of initial shape of the cantilever plate (a) Displacement distribution
(b) Stress distribution
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Fig. 12 The FEA results of a new shape of the cantilever plate (a) Displacement distribution
(b) Stress distribution

Then, a unit cell of 5x5 mm? is selected to fill the inner region of the new shape in Fig.
10b. Considering the accuracy requirements of additive manufacturing technology, Dmin is
set to 0.4 mm and Dmay is Set to 3.0 mm. Volume fraction f is set to 0.5. The unit cells are
filled according to the optimization algorithm in Section 2.4 and the model of variable-density
lattice structure is established and shown in Fig. 13.

Fig. 13 Variable-density lattice structure of the cantilever plate
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The FEA with same loads and constraints is performed to compare the mechanical
performance of the variable-density model based on the proposed method (model Al), the
variable-density model based on Von Mises stress (model A2), and the uniform-density
model (model A3), as shown in Fig. 14. The volume, maximum displacement and maximum
Von Mises stress are listed in Table 1. The results show that the maximum displacement and
stress of model Al are smaller than the other two models, and the weight reduction effect is
the best, which shows that the proposed design and optimization method has good applicability.
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Fig. 14 The comparison of three different cantilever plates (a) model Al (b) model A2
(c) model A3
Table 1 Results for different cantilever plates
Parameter model Al model A2 model A3
Volume (mm?) 2404 2517 2673
Maximum displacement (mm) 1.00296 1.97867 2.11406
Maximum Von Mises Stress (MPa) 76.7985 86.5097 84.0265

3.2. L-shaped bracket

The second example is an L-shaped bracket as shown in Fig.15; the top edge is
constrained and a vertical load F is applied at the middle of the right edge. The load paths
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are calculated by the Section 2.2 as shown in Fig. 16. Region 1 belongs to the region where
the loads do not pass, and Region 2 forms the phenomenon of eddies, where the materials
can be removed. The discontinuous load paths are found in Region 3, and more materials
should be added.

40 mm

60 mm

e

40 mm ¢

20 mm

60 mm

Fig. 15 L-shaped bracket

Load paths

Region 3

| / Region 2

Region 1

Fig. 16 Load paths of L-shaped bracket

On this basis, the same size of unit cell, value of Dmax, Dmin, and volume fraction f are
set with the example of cantilever plate, the optimization of unit cells density is carried out.
The new model is established as shown in Fig. 17.
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Fig. 17 The lattice structure of L-shaped bracket

Similarity, the FEA with same loads and constraints is performed to compare the
performance of variable-density model based on the proposed method (model B1), the
variable-density model based on Von Mises stress (model B2), and the uniform-density
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model (model B3), as shown in Fig. 18. The volume, maximum displacement and maximum
stress are listed in Table 2. The results show that the maximum displacement and stress of
model B1 are smaller than the other two models, and the weight reduction effect is the best.
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Fig. 18 The comparison of three different L-shaped brackets (a) model B1 (b) model B2
(c) model B3
Table 2 Results for different L-shaped brackets
Parameter model B1 model B2 model B3
Volume (mm?) 1391 1466 1498
Maximum displacement (mm) 2.1073 2.3959 2.2725
Maximum Von Mises Stress (MPa) 28.71 30.15 31.74

3.3. Three-point bending beam

The third example is a three-point bending beam and the length, width and height are
100x20%25 mm, as shown in Fig. 19. The upper platform has a width of 20 mm, and each
lower platform has a width of 15 mm. A load is applied to the upper surface, and two fixed
constraints are applied to the lower surface.
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. | oads
mm Constraints

Fig. 19 The structure of three-point bending beam

The load paths of cross-section in front view are calculated by Section 2.2 as shown in
Fig. 20. The regions with eddies and where the loads do not pass are removed. The same
size of unit cell, value of Dmax, Dmin, and volume fraction f are set with the example of
cantilever plate, the optimization of unit cells density is carried out. A new three-point
bending beam is established as shown in Fig. 21.

Eddies Load paths
2

Fig. 20 Load paths visualization of cross-section in front view

Fig. 21 A new three-point bending beam with unit cells

In order to further verify the proposed method, a group of physical models was fabricated
by a 3D pro X3 printer using poly-lactic acid (PLA). The variable-density bending beams
based on stress (model C2) and the uniform-density bending beams (model C3) are designed
and fabricated using the same device, as shown in Fig. 22.

(a) (b) (©)

Fig. 22 Physical models of different three-point bending beam (a) Model C1 (b) Model C2
(c) Model C3.
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The experiment was carried out using a microcomputer-controlled electronic universal
testing machine. The linear displacement with 1 mm/min was applied; the displacement
and corresponding loads were recorded by the data acquisition system. Three groups of
experiments were carried out on each model to assure that the experiments are fulfilling the
repeatability conditions and the results are not under the influence of exceptional characteristics
or flaws of a single sample. The experimental results are shown in Fig. 23.

8000
GOUG - model C2
~ ./_,._‘4"__"
&
F 4000 |
Q
)
2000 —— model C1
—— model C2
—— model C3
0 1 2 3 4

Displacement (mm)

Fig. 23 Experimental results of three groups of physical models

The comparison of volumes, manufacturing times, ultimate loads is listed in Table 3.
Two variable-density bending beams (model C1 and model C2) show the significant
advantages compared to the uniform-density bending beam (model C3). Compared with
the variable-density model C2 based on stress, the volume of the new model C1 is further
reduced by 6.13%, the printing time is reduced by 11.65%, but the average ultimate load is
increased by 7.56%. These results show that the mechanical performances of variable-density
lattice structure designed by the proposed method are significantly improved. And the material
usage and printing time are reduced.

Table 3 Performance comparison of three models

Parameter model C1 model C2 model C3
Volume (mmd) 33540 35730 39080
Fabrication time (min) 364 412 443
Average ultimate load (N) 6922.9 6436.2 5463.4

4, CONCLUSION

A novel design and optimization method of variable-density LS is proposed to optimize
the external shape and internal unit cells simultaneously in this paper. The method is
divided into four steps, as follows: Stepl, the envelope model of any given structure is
established according to the working conditions and functional features; Step2, the load
paths are visualized by the load path theory; Step3, the external shape is re-designed by
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analyzing the load transferred law; Step4, the distribution of internal unit cells is optimized
according to the dense of load paths. Three examples of a cantilever plate, an L-shaped
bracket and a classical three-point bending beam are used to verify the proposed method by
numerical simulation or experiment. The results show that the models designed by the
proposed method have better mechanical performances, lower material usage and less
printing time. The major contributions of this work can be summarized as follows:

(1) The design criteria of external shape are established based on the principle of smoother
load paths in the structure, which give the designers a straightforward optimization suggestion.

(2) A new index of load flow capacity S is defined to indicate the load paths density and
control the density distribution of unit cells.

(3) The detailed optimization strategy of internal unit cells including mathematical
model and algorithm is given to realize the structural lightweight.

(4) The external shape and internal unit cells for a given structure are optimized
simultaneously for the first time.
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