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Abstract. Nano-encapsulated phase change suspension is a novel type of functional 

fluid in which the nanoparticles undergo phase change that contribute to heat transfer. 

Thus, the working fluid carries heat not only by sensible heat but also in the form of 

latent heat stored in the particles. The natural convection and heat transfer of Nano-

Encapsulated Phase Change Materials (NEPCMs) suspensions within a boundary layer 

along a heated flat surface are theoretically investigated in this work. The nanoparticles are 

core-shell structured with the core fabricated from PCMs covered by a solid shell. A 

similarity solution approach along with the finite element method is employed to 

address the phenomena. The outcomes indicate that a decisive factor in boosting the 

heat transfer is the temperature at which NEPCM particles undergo the phase transition. 

The heat transfer parameter can be enhanced by about 25% by just adding 5% of NEPCM 

particles, compared to the case with no NEPCM particles.  
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1. INTRODUCTION 

Heat transfer is one of the important major demands of recent technological advancement 

in electronic packaging, aerospace and avionics systems, power engineering, and high-

power x-ray devices. These devices produce a tremendous amount of waste heat in confined 

space, requiring efficient cooling systems to extract the produced heat, and transfer it to the 

surrounding. The most challenging aspect of thermal control of surfaces with high heat-

flux-density is heat removal from the surface. Moreover, many of high-power devices are 

sensitive not only to the high temperatures but also to the temperature gradients across the 

surface of the device. The temperature gradient within a device would produce mechanical 

stress that may damage the sensitive structures of the device. Therefore, new working fluids 

or new techniques capable of enhancing heat transfer or inducing a uniform temperature 

distribution are of high interest. In this regard, phase change materials, nanofluids, and 

NEPCMs are introduced as promising passive ways to facilitate heat transfer and improve 

thermal management.  

A phase change material (PCM) benefits from a large latent heat thermal storage at a 

fusion temperature. This remarkable quality has drawn researchers' attention towards potential 

applications of PCMs in heat storage and heat sink technologies. Construction [1, 2], homes 

and offices air conditioning systems [3], space heating/cooling, and waste heat recovery in 

different industries are just a few areas that using PCM can exceptionally be beneficial. 

About two decades ago, nanofluid was introduced as a stable suspension of nanoparticles 

into a base fluid to enhance heat transfer [4]. Although nanoparticles can notably boost the 

heat transfer of a base fluid, they also have the drawback of reducing the working fluid's heat 

capacity, which is not good for many applications [5]. When the heat capacity of fluid is low, 

the temperature gradient along the cooling fluid increases. The Nano-Encapsulated PCM 

(NEPCM) are nanoparticles comprising a core and a shell. A phase change material such as 

paraffin, n-tetradecane, or octadecane is used in manufacturing the core, and the shell is 

usually made of a polymer [6, 7]. A stable suspension of NEPCM nanofluid can effectively 

remove a large amount of heat from a hot surface using the latent heat of NEPCM particles. 

The other important advantage of NEPCMs is the temperature control of a coolant at the 

fusion temperature. Indeed, NEPCMs tend to remain at their fusion temperature and go 

through a phase change.  

Due to important applications of PCMs and recent advancement in the improvement 

of these materials using nanotechnology, Sarkar et al. [8] and Sidik et al. [9] explored the 

thermal advantages of using nanofluids and phase change materials for energy storage 

applications. Sidik et al. [9] addressed the key factors that affect the enhancement of heat 

transfer of PCMs, including the shape and size of NEPCMs, and shell fraction of 

nanoparticles. Sarkar et al. [8] concluded employing encapsulated PCM in building 

components for cold storage applications could improve the energy saving. Shah [10] 

reviewed the nanotechnology aspect of PCMs by focusing on the synthesis technique and 

materials/morphology of PCMs and their influence on thermal-conductivity enhancement.  
The boundary layer theory for heat and fluid flow is an important and hot topic in 

applied mathematics and engineering applications. As a matter of fact, the formation of a 
boundary layer over a solid surface is a common phenomenon in a viscous flow. So, it 
has been the subject of various researches for decades. Considering heat transfer within 
the boundary layer of nanofluids, Manjunatha et al. [11], Sharma and Mishra [12], Roy et 
al. [13], Munir et al. [14], and Bilal et al. [15] addressed the boundary layer flow and heat 
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transfer flat surfaces. Yasin et al. [16] studied the stagnation point flow and boundary 
layer heat transfer over a stretching sheet. Rashed et al. [17] utilized a two-phase model to 
investigated the boundary layer heat transfer of nanofluids over a plate in motion. Madhu 
et al. [18] investigated the non-Newtonian effects of nanofluids over a stretching sheet. 
They noticed that the local Nusselt number varies inversely with the power-law index of 
the non-Newtonian fluid. 

Reddy et al. [19] studied the boundary layer heat transfer of nanofluids over an inclined 
vertical surface. They reported that the nanoscale effects of Brownian motion and 
thermophoresis tend to increase the plate's boundary layer thickness. Reddy and Chamkha [20] 
analyzed the natural convection boundary layer heat transfer of nanofluids over a cone in the 
presence of chemical reactions. The outcomes reveal that the presence of a chemical reaction 
decreases the amount of the temperature gradient of nanofluid at the surface. However, the 
boundary layer heat transfer of a suspension of NEPCMs has not been explored yet.  

As mentioned, the suspension of a NEPCMs shows promising properties as a heat transfer 
working fluid. In this regard, several studies addressed the effect of nano/microencapsulation 
of PCMs in micro channel heat transfer applications. Seyf et al. [21] numerically studied the 
flow field and thermal performance of a slurry of water-NEPCM over an isothermal unconfined 
square-cylinder in a channel. The core of the NEPCM was produced from n-octadecane, and 
the average size of capsules was 100 nm. In another research, Seyf et al. [22] investigated the 
thermal responses of octadecane NEPCM suspended in polyalphaolefin (PAO) in a microtube 
heat sink. The results reveal that using NEPCMs considerably enhances the heat transfer rate, 
while it tremendously increases the pressure drop. They also reported that when the mass-
concentration of the nanoparticles increases, the heat transfers more evenly, and it accelerates 
temperature uniformity. In another numerical investigation conducted by Rehman et al. [23] the 
thermal enhancement and hydrodynamics characteristics of a confined slot jet impingement 
for a mixture of NEPCM as a coolant were examined. The water-base coolant was composed 
100 nm n-octadecane NEPCM particles. They found that dispersing NEPCM particles in the 
base fluid resulted in notable enhancement of the thermal performance. However, the presence 
of NEPCMs also increased the viscosity of the slurry, consequently increasing the pressure 
drop. In a recent study, Edalatifar et al. [24] employed an artificial intelligence approach to 
estimate the free convection heat transfer of NEPCMs in an enclosure.   

Ho et al. [25] conducted an experiment to inspect the impact of using encapsulated 
PCMs on the heat transfer enhancement of micro channels. Their report shows up to 52% 
improvement in heat transfer in some cases. However, in some cases, the possibility of a 
reduction in heat transfer due to utilizing encapsulated particles is detected. Wang et al. 
[26] analyzed the thermal performance of encapsulated PCM particles flowing through 
microchannels. They suggested that using 2% of encapsulated nanoparticles can boost the 
rate of heat transfer up to 1.36 times higher than that of distilled water when the particles 
underwent the phase transition. Ho et al. [27, 28] synthesized samples of nanofluids 
(water-Al2O3 nanofluids) and samples of a slurry of encapsulated PCMs. They examined 
the thermal performance of the samples in a tube [27] and a mini channel heat sink [28]. 
The results reveal that the performance of each type of nanofluid or slurry depends on 
variables such as the flow rate, heat transfer, and the downstream or upstream position.  

Although there are noteworthy studies addressing the flow and thermal behavior of 

NEPCMs in channels, there is no study so far, which explores the motion and thermal 

behavior of NEPCMs in boundary layer flows. The main goal of the present investigation 

is to theoretically study the free convection boundary layer flow and heat transfer of 

NEPCMs over a hot flat plate for the first time.  
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2. MATHEMATICAL MODEL 

Consider a stabilized dilute mixture of NEPMC particles suspended in a pure liquid, 
which flows over a flat plate forming a boundary layer. These particles are capsules of 
PCMs comprising a shell layer and a PCM core. The plate is placed in a quiescent 
suspension of a base fluid and NEPCMs. The plate is at the constant temperature of Tw, 
and the surrounding fluid is at the cold temperature of T∞. Fig.1 illustrates the details of 
the coordinate system and the physical model. The gravity acts in a downward direction. 
The thermal buoyancy force gives rise to natural convection, which flows across the plate 
in the upward direction. The transient temperature of NEPCM particles (Tf) is lower than 
the temperature of the plate, even though it remains above T∞ the cold ambient temperature. 
The NEPCMs move with the natural convection flow of the base fluid. When NEPCM 
particles reach hot regions (T>Tf), a part of the thermal energy is absorbed as the latent heat 
through the phase transition of the nanoparticles from solid to liquid. Accordingly, when they 
reach cold places (T<Tf), they cool down and undergo solidification by releasing their energy.  

Due to the significance of heat of transformation, a considerable advance in the convection 
can be expected by using a suspension of NEPCM nanoparticles. However, the presence of 
NEPCM particles changes other thermophysical properties of the suspension, including the 
density, the thermal conductivity, the dynamic viscosity, and the thermal volume expansion of 
the suspension. Consequently, these thermophysical properties can alter the convection of the 
suspension. Thus, modeling and systematic inspection of convective heat transfer of NEPCM 
suspensions are essential to evaluate the thermal behavior of NEPCMs. 

 

Fig. 1 Schematic view of the physical model and the coordinate system 

When it comes to modeling the boundary layer and heat transfer of NEPCMS, considering 
some presumptions and simplifications is inevitable. In the present study, the deviation of the 
wall's temperature from ambient is reckoned limited. Hence, aside from density which is 
modeled using the Boussinesq model and prompts the buoyancy forces, the temperature does 
not affect the other thermophysical properties. The temperature of the nanoparticles and the 
fluid around them is the same due to very tiny size of nanoparticle. The volume fraction of 
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NEPCM particles is considerably small (ϕ), and hence, the suspension of NEPCMs 
nanoparticles is a dilute suspension, obeying the Newtonian fluid model. Finally, the particles 
are considered uniformly dispersed within the base fluid, and the suspension remains 
homogeneous and stable. 

By employing the buoyancy effects, the governing equations for the NEPCM's suspension 

within a base fluid can be introduced as [23, 29]: 
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where u and v are the velocity components in the x and y directions, respectively. T represents 

the temperature and P the pressure. In the aforementioned equations, ρ and μ are presenting 

the density and the dynamic viscosity, respectively. The specific heat capacity (Cp), and the 

thermal conductivity (k) are also thermal characteristics of the suspension. The gravitational 

constant is denoted by g, and the coefficient of thermal volume expansion is represented by β. 

The subscript of b indicates the bulk properties attributed to a suspension of NEPCM 

fluid. By employing the usual boundary layer approximations, the control equations (1)-(3) 

are simplified as: 
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Following the representation of the physical model, the appropriate boundary conditions 

are introduced as: 
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3. BULK PROPERTIES OF THE SUSPENSION 

The thermophysical properties in the governing equations of Eqs. (4-6) with the subscript 

of b represent the suspension (a mixture of NEPCMs and the pure liquid) thermophysical 

properties. Thus, some thermophysical models are required to evaluate the thermophysical 

features of the mixture. Following [30], it is possible to obtain the density of NEPCMs' 

mixture and the base fluid using: 

 
( )b f p1   = − +

 
(8) 

Here, ρ indicates the density, and ϕ represents the nanoparticles concentration. The 

subscripts of f and p represent the pure liquid and the nanoparticles, respectively.  

The NEPCM nanoparticles are consist of a shell and a core PCM [30, 31]. Therefore, 

the density of NEPCM composed of a shell and a core PCM can be evaluated as [30, 32]: 
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where c and s as subscripts indicate the core and the shell, respectively, and ι signifies the 

weight ratio of the core-shell. In Eq. (9), the density of the core PCM is considered as the 

mean of its solid and liquid densities. The subscript p also denotes the nanoparticles.  

As discussed by Khanafer and Vafai [5], the assumption of thermal equilibrium between 

the particles and the pure liquid makes it possible to drive the effective heat capacity of both a 

suspension of nanoparticles and the pure liquid from the energy equations as follow: 
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However, many of the previous researchers have preferred to use a more simplified 

relation as [30, 32]: 
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(11) 

where Cpp is the specific heat of encapsulated particles. Cm represents the mass fraction 

of NEPCM particles, which is related to the particles concentration by ϕ = Cm×ρb/ρp [32]. 

Here, we use the definition of Eq. (8) for the evaluation of the bulk specific heat capacity 

of the suspension. When there is no phase transition, Cpp is calculated using the following 

relation [32]:  
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where the core PCM's specific heat capacity (Cpc,l) can be taken through the mean of its 

solid and liquid specific heat capacities. Providing that the phase transition is taken into 

account in evaluating the heat transfer and the latent heat of the confined particle is at 

hand, it is possible to employ an approximate profile with an integral value equal to the 

latent heat of phase change. For example, a rectangular, a triangle, or a sinusoidal profile 

is feasible for modeling the temperature dependent specific heat of encapsulated particles 

[22, 30, 33, 34]: 
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where TMr is the phase-change temperature range (TMr = T2 - T1). Indeed, the phase 

change takes place in the range of T1 to T2 instead of the exact fusion temperature of Tf. 

Taking the fusion temperature as the middle of the transition temperature range, T1 and T2 

can be introduced as T1 = Tf - TMr/2 and T2 = Tf + TMr/2. In the case of temperatures out of 

the melting range, the magnitude of the specific heat of the nanoparticle is matching Cpc, 

and regarding temperatures within the range, the specific heat of the particle is estimated 

to solve the aforementioned equation. Here, following the literature studies [22, 30, 33, 

34], it is presumed that the specific heat of the molten and the solid PCM is similar. As 

stated by Alisetti and Roy [34], the divergence between applying different profiles for 

evaluation of the specific heat of PCM in a circular duct is under 4%. Thus, in the present 

study, the simple rectangle profile of Eq. (11a) is employed to be a representative of the 

latent heat of NEPCM as a function of temperature. As a result, by considering the phase 

change latent heat capacity and the sensible heat capacity, the total heat capacity of the 

suspension of NEPCM capsule can be evaluated as: 
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The coefficient of the thermal volume expansion, βp, is evaluated through the upcoming 

equation, which was discussed by Khanafer and Vafai [5] for a base fluid containing 

nanoparticles: 

 
( )b f p1   = − +

 
(15) 

Now, closure models for the estimation of the dynamic viscosity and the thermal 

conductivity of the suspension are required. Many of the previous studies have evaluated the 

thermal conductivity of Micro/Nano-EPCM as two parts of static and dynamic thermal 

conductivity. In most of the literature-works, the mixture's static thermal conductivity was 

estimated by using the Maxwell model [5, 35], and then the dynamic thermal conductivity of 

the mixture was modeled using the fluid shear rates [22, 29, 30, 36]. However, Buongiorno 

[37], using a scale analysis approach, demonstrated that the shear rate effects are not of 

importance in the nanoscales. Hence, it can be concluded that the thermal conductivity 



526 M. GHALAMBAZ, H. JIN, A. BAGHERI SARVESTSANI, O. YOUNIS, D. WEN 

 

relations for the microencapsulated PCMs are not applicable to the case of nano-encapsulated 

suspensions. In most of the literature studies, the dynamic viscosity of the suspension of 

Micro-Encapsulated PCMs (MEPCMs) was approximated using the Vand [38] model as 

[22, 30]: 

 

( )
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In Eq. (16), the parameter of A depends on the size of particles and can be evaluated 

using a curve-fitting on the experimental data. For example, the value of A has been 

reported as A=1.16 for 0.13mm diameter glass spheres [38], A=3.4 (10–30 μm diameter 

MEPCM particles) [39], A=3.7 (6.3μm average diameter) [40], and A=4.45 (about 10 μm 

diameter MEPCM particles) [41]. It should be noted that the model of Vand [35] has been 

introduced for the MEPCM particles and not for Nano-EPCM particles. 

Regarding nanoparticles, Buongiorno [42] and Venerus et al. [43] addressed the effects 

that the presence of nanoparticles can lay upon the dynamic viscosity and the thermal 

conductivity of dilute suspensions of nanofluids in two comprehensive benchmark studies. 

More than thirty authors around the world have studied the aforementioned properties of 

nanofluids in different experimental setups and through various types of measurement 

devices. The outcomes demonstrate the possibility of expressing the dynamic viscosity and 

the thermal conductivity of fluids containing nanometer-sized particles by linear relations. 

Following this outcome, Ghalambaz et al. [44] utilized the upcoming linear equations to 

study the heat and mass transfer of nanofluids: 
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Here Nc is the thermal-conductivity number, and Nv indicates the dynamic-viscosity 
number. The magnitudes of Nc and Nv depend on several parameters, including the shape 
of the particles, the nanoparticles material, the pure liquid, and the operating temperature 
[44]. It is obvious that the higher the value of Nc or Nv, the greater the amplification of 
the thermal conductivity or the dynamic viscosity when the flow contains nanoparticles.  

Nc and Nv are attainable by applying linear curve fitting over gathered experimental data 
for the suspensions thermophysical properties. A list of values of Nc and Nv is evaluated and 
reported in [44]. It is noteworthy to mention that these relations are valid for a diluted 
suspension of nanoparticles, and more advance relations or actual experimental data shall be 
used for high volume fractions of nanoparticles. Here, Eqs. (17a) and (17b) are adopted to 
determine the thermal conductivity of the suspension and the dynamic viscosity within the 
flow field. 

4. SIMILARITY SOLUTION 

For the purpose of transforming the equations governing the boundary layer flow field 
along with the attributed boundary conditions into a selection of ordinary differential 
equations, some similarity variables are required to be proposed. First, in order to satisfy 
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the continuity equation, the stream function is introduced into it as u=∂ψ/∂y and v=-
∂ψ/∂x. The pressure between equations of (2a) and (2b), is excluded between momentum 
equations in x-direction and y-direction by taking the cross. For obtaining a similarity 
solution through which the equations can be rearranged as a scaled expression, the 
similarity variables are proposed as: 
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where η is the similarity variable, S and θ are the scaled flow and temperature. Here, the 
local Rayleigh number (Rax) is introduced as: 
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By positioning the similarity variables of Eq. (18) and using the thermal conductivity 
and dynamic viscosity relations of Eq. (17), the partial differential equations of Eqs. (5) 
and (6) along with the boundary conditions of Eq. (7) are explained into a series of non-
linear ordinary differential equations as:  
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where Pr=μf /(ρf αf). The density ratio of ρb/ρf can be simply evaluated using Eq. (7) as  
(1-ϕ)+ϕρp/ρf. The thermal expansion ratio of βb/βf can be rewritten as ϕβp/βf +(1-ϕ) by 
using Eq. (15). The other important thermophysical property would be the heat capacity 
ratio (ρCp)b/(ρCp)f which is evaluated using Eqs. (8), (10) and (14) as follow: 
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where θf represents the phase-change temperature, δ is the parameter of fusion range, 
which should be a very small number. When δ approaches zero, the phase change temperature 
approaches the scaled phase change temperature. λ is the scaled heat capacity introduced 
as the proportion of the sensible heat capacity of NEPCM nanoparticles to the sensible thermal 
capacity of the base fluid, where Ste is the Stefan number. These scaled parameters and 
numbers are introduced as: 
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= −   + = 
   

(24) 

By substituting the final scaled form of the thermo-physical ratio parameters, the 

governing equations of the flow and heat transfer are rewritten as: 

 

( ) ( ) ( ) ( )
p p

f f

1
1 2 3 1 1

4Pr
S S S S Nv S

 
     

 

   
   − + − = + + − +   

     

(25) 

 
( ) ( )

3 1
1 1 0

4
Nc f S

Ste
     



 
 + + − + + = 

   

(26) 

In the above equations, it should be noticed that f is not a constant, and it a function of 

scaled temperature as defined by Eq. (24). The transformed form of the boundary conditions 

of Eq. (7) are: 

 
( ) ( ) ( )0: 0 0, 0 0, 0 1,at S S = = = =

 
(27a) 

 
( ) ( ): 0, 0.as S   → → →

 
(27b) 

The important characteristics of heat transfer of the NEPCMs suspension are the heat 

transfer at the surface. The balance in the heat transfer at the surface of the plate is given 

using the convective heat transfer coefficient (h) as: 

 

( )b w

T
k h T T

y



− = −


 

(28) 

The local Nusselt number is achieved through using the above equation and implementing 

the similarity variables brought in Eq. (18), and equals to:  

 

( )
1

b 4

f

0 Rx x

k
Nu a

k
 = −

 

(29) 

where, using Eq. (17a), the local Nusselt number can be rewritten as: 

 
( ) ( )

1

4Nu Ra 1 0x x Nc 
−

= − +
 

(30) 

It is worth noticing that the term NuxRax
-1/4 is known as the reduced Nusselt number (Nur).  

5. NUMERICAL METHOD AND CODE VALIDATION 

Eqs. (25) and (26) are a set coupled, high order, and non-linear ordinary differential 

equations. It is very hard to obtain an analytical solution for non-linear high-order 

differential equations. Hence, a numerical approach is required to integrate the equations. 

Here, bvp4c finite element code with automatic grid adaptation and error control is 

employed for the purpose of finding a solution for the governing equations along with the 

boundary conditions. In order to implement the ODE equations in bvp4c code, they need 

to be written in the form of a set of first-order coupled equations as follow:  
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2 1 3 4
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4 1

y y y y

y y y y y
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   
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 
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(31) 

 
f 5 f1 otherwise 0

2 2
f if y f

 
 
 

= −   + = 
   

(32) 

Accordingly, the corresponding boundary conditions using the new notation are: 

 
( ) ( ) ( )1 2 4η 0: 0 0, 0 0, 0 1,y y y= = = =

 
(33a) 

 
( ) ( )2 4η : η 0, η 0.y y→ → →

 
(33b) 

Two of the boundary conditions are approaching infinity. Therefore, the governing 

equations have to be solved in a large domain to reach an asymptotic solution. In the 

present study, the value of η∞ is increased starting from η∞=10 to higher values, and the 

reduced Nusselt number is monitored to ensure that the asymptotic solution is reached 

and it is independent of the selected value of η∞. The absolute error was set as 10-8, and 

the absolute relative error was set as 10-6. More details about the utilized code can be 

found in [45]. 

The reliability of the present code is evaluated by comparing the obtained results with 

the literature. In Fig. 2 the temperature profiles brought by Bejan [46] are compared with 

those reported in the present research.  

 

Fig. 2 A comparison between the current data and those of Bejan [46] 
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Table 1 shows a comparison between the outcomes of the present study and the results 

that can be found in the literature for the reduced Nusselt number (Nur) when ϕ=0.  

Table 1 Comparison Nur calculated in the present investigation and the results available 

in literature when ϕ=0 

Pr Present study Bejan [46] 

0.72 0.3874 0.387 

1 0.4010 0.401 

2 0.4260 0.426 

10 0.4650 0.465 

100 0.4900 0.490 

6. RESULTS AND DISCUSSION 

Here, for estimating the range of the scaled parameters, n-octadecane [47] for the core 

PCM, poly (methyl methacrylate) PMMA for the shell [48], and water for the base fluid 

[47] are adopted. The core-shell weight proportion is selected as ι=0.7. In this case, λ and 

Ste (Stefan number) can be approximated as 0.4 and 0.313, respectively. The volume 

fraction of the NEPCM nanoparticles within the water is adopted to be fixed as ϕ=5%. 

The fusion temperature is picked in the range of 0<θf<1 where the scaled ambient 

temperature and the scaled hot wall temperature equal to zero and unity, respectively. To 

illustrate the results, the scaled parameters are adopted in the following range: 0<Nc<6 

and 0<Nv<6 for a mixture where nanoparticles are distributed throughout a base fluid. 

Since the PCM core is less dense than water [49, 50], the density ratio is implemented as 

ρp/ρf=0.9, and the buoyancy ratio of ϕ×βp/βf is assumed negligible because of the 

inconsiderable volume fraction of nanoparticles (0.05) and very low thermal expansion of 

solid particles compared to a liquid. The Prandtl number (Pr) is fixed 6.2, which is about 

the Prandtl number of water. For a fixed value of Pr=6.2, the asymptotic value of η∞ is 

about η∞=20. As a summary, the preset values of the scaled parameters would be assigned 

as Pr=6.2, θf=0.2, ι=0.7, λ=0.4, Ste = 0.313, Nc=Nv=3.0, (ρp/ρf)=0.9, and (ϕ×βp/βf)=0. In 

this study, the results are presented as the preliminary values of the scaled parameters, 

and in other circumstances, the value of the parameter will be stated.  

For the first part of the numerical calculations, it is examined how the average Nusselt 

number may vary by the changes in the value of δ. The Delta parameter (δ) is the scaled 

fusion range, and it should be a small parameter. The calculations for various values of δ 

were carried out. The outcomes indicate that the results are independent of this parameter 

for δ<0.025. It is important to keep in mind that very small values of δ lead to a very low 

fusion temperature range. Since the latent heat of phase change varies according to a 

temperature within the fusion process, the quality of the utilized grid is of utmost 

importance for capturing the phase change within acceptable accuracy. The utilized bvp4c 

code in the present study enjoys the advantage of automatic error control and automatic grid 

adaptation. Although the automatic error control and automatic grid adaptation can 

significantly reduce the computational cost of the calculations to deal with a small value of δ, 

using a small value of δ results in a dramatical increase of computational costs. Hence, for the 

sake a balance between the accuracy and computational cost, the appropriate value of 

δ=0.025 is adopted for the calculations. 
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Since all of the presented results are derived from scaled governing equations, the 

scaled suffix is left out for brevity. Figures 3 and 4 depict the effect of the fusion 

temperature (θf) on the velocity and temperature profiles. The computational domain of 

solution is about η∞=20; however, here, the results are plotted in a smaller domain for the 

sake of graphical clarity. As mentioned, the velocity profiles equal to zero at the surface 

and tend to zero at the infinity, which satisfies the hydrodynamic boundary conditions. 

There is a maximum velocity peak next to the heated surface. Any rise in the phase-

change temperature elevates the maximum value of the maximum-velocity peak. It also 

shifts the maximum-velocity peak to the right. Attention to the temperature profiles of 

Fig. 4 illustrates that when the fusion temperature rises, the temperature gradient 

dwindles. Moreover, in the case of θf=0.1, a sharp change in the path of the temperature 

profile can be observed at the location of about η=2.4. The similar trends of the path 

changes but smoother can be seen for other fusion temperature profiles. The surge of the 

fusion temperature shifts the mentioned path changes towards the surface. Indeed, the 

location of this path change is the place that the change phase of the NEPCM particles 

occurs. In the case of θf=0.1, the path change occurs at η=2.4 corresponding to the 

temperature of θ=0.1. Indeed, when the fusion temperature elevates, the magnitude of the 

temperature profile extends. Consequently, the increase in temperature corresponds to the 

increase of the buoyancy forces. Hence, as it was observed in Fig. 3, the elevation of the 

fusion temperature promotes the fluid velocities and the maximum-velocity peaks. The 

reason behind the shift of the maximum-velocity peaks toward the surface (by the rise in 

the fusion temperature) is that the velocity profiles and the buoyancy forces tend to 

follow the trend of the change path in the temperature profiles due to the growth of the 

transient temperature. As mentioned, a surge of the fusion temperature shifts the temperature 

profiles toward the hot plate. 

 

Fig. 3 The velocity profiles for various values of the scaled fusion temperature (θf) when 

Nc=Nv=3.0 
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Fig. 4 The temperature profiles for various values of the scaled fusion temperature (θf) 

when Nc=Nv=3.0 

Figures 5 and 6 show the effect of fusion temperature (θf) and the thermal conductivity 

number (Nc) and the dynamic viscosity number (Nv) on the magnitude of the temperature 

gradient and the reduced Nusselt number at the wall surface. For each set of Nc and Nv 

numbers, Fig. 5 shows that there is a maximum-peak for the temperature gradient about 

θf=0.2. Starting from a low value of θf ~ 0.025, the temperature gradient and Nusselt number 

raise by the increase of θf until about θf=0.2, which corresponds to a peak for the maximum 

temperature gradient. After that, whenever the fusion temperature (θf) ascends, the Nusselt 

number and the temperature gradient follow a descending trend. A smooth local-minimum can 

be seen about θf = 0.975. In fact, the growth of the fusion temperature physically means that 

the phase transition at the core of nanoparticles will occur in a temperature closer to the wall 

temperature. When the fusion temperature and the wall temperature are close to each other, 

the NEPCM particle undergoes phase change just next to the wall, and hence, it would keep 

the temperature of the liquid at a high level next to the wall. However, it should be heeded that 

the phase transition occurs, a substantial amount of energy would be absorbed because of the 

latent heat of the phase change, which results in the increase of the heat transfer rate. 

Consequently, when the phase changes next to the wall, the wall temperature gradient 

decreases, which eventually drops the magnitude of heat transfer enhancement. Although 

this transition next to the wall declines the wall temperature gradient, still the other 

thermophysical properties, including the enhancement of conduction, can result in an 

overall improvement of the heat transfer in the presence of NEPCM particles. Hence, as 

seen in Fig. 6, generally, the heat transfer rate is higher within the NEPCM suspension 

than the pure fluid. The Nusselt number of a pure base fluid with no NEPCM particle is 

depicted as a gray narrow dashed line in Fig. 6. 
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Fig. 5 The surface temperature gradient vs the scaled fusion temperature (θf) and for 

different Nc and Nv 

 

Fig. 6 The reduced Nusselt vs the scaled fusion temperature (θf) and for different Nc and Nv 

At very low fusion temperatures, the phase of NEPCM particles changes at the boundary 

layer's edge, which is quite far from the hot surface. A small increase in the fusion 

temperature shifts the phase transition of the nanoparticles inside the boundary layer, which 

leads to an increase in the heat capacity of the cold fluid at a cool temperature. As it was 

observed in Fig. 4, as an example for θf=0.1, the phase transition occurs at η=2.4. It was 

also observed that any rise in the fusion temperature (θf) would shift the phase change of 

NEPCM particles towards the wall. The phase change tends to uniform the temperature 

profiles about the fusion temperature. So, when it occurs with a sufficient distance from the 
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wall, indeed it decreases the actual the thermal boundary layer's thickness, and the hot wall 

sees a uniform cold region in nearby. This is where the higher fusion temperature improves 

the reduced Nusselt number.  

Attention to the case of Nc=Nv=0  in Figs. 5 and 6 show that the temperature gradient 

and Nusselt number are higher than the pure fluid (the gray line) in most cases. The case 

of Nc=Nv=0 indeed neglects the major effect of the increment of thermal conductivity 

and dynamic viscosity of the NEPCM suspension because of existing particles. In this 

case, only the thermal capacity ratio, the density ratio, and the buoyancy ratio parameters 

remain effective. In these figures, it is obvious that the heat transfer of NEPCM suspension is 

higher than the pure fluid for the case of θf<0.8. However, for the fusion temperature 

higher than 0.8, the heat transfer would be less than that of the pure fluid since the phase 

transition affects the surface temperature gradient. 

The change of Nc and Nv only shifts the observed trend of behavior for temperature 

gradient and Nusselt number. The growth of the thermal conductivity (Nc) number declines 

the magnitude of the temperature gradient but boosts the Nusselt number. Indeed, when Nc 

increases, the thermal conductivity of the suspension surges in the presence of NEPCM 

particles. The increase of conduction tends to uniform the temperatures next to the wall, 

which causes a drop of the temperature gradient. However, the heat transfer can be 

calculated as the thermal conductivity multiple by the temperature gradient. Hence, 

although the magnitude of the temperature gradient of the surface drops, a better thermal 

conductivity would boost the overall heat transfer rate.  

Following any rise in the dynamic viscosity (Nv) number, the suspension's viscosity in 

the presence of the particles grows, and the rate of heat the flow accordingly plummets. 

The increase of viscosity would diminish the fluid velocity, and as a consequence, the 

overall rate of heat transfer. Based on the results of Fig. 6, improvement in the heat 

transfer is expected in most cases of regular suspensions of NEPCM particles. Fig. 7 

depicts the reduced Nusselt number as a function of Stefan number. As seen, the increase 

of Stefan number reduces the thermal performance of NEPCMs. It should be pointed out 

that the phase transition's latent heat is reversely related to Stefan number. This means 

that a large value of Stefan number represents a very low latent heat of phase change, and 

in contrast, a small value of Stefan number indicates a large amount of latent heat of 

phase change. Fig. 7 reveals that NEPCM particles with low Stefan number are very effective 

on the increase of heat transfer. It also confirms that not only the Stefan number of NEPCM 

particles but also the fusion temperature of NEPCM particles are important. At fusion 

temperatures close to the hot wall temperature, the presence of NEPCM particles only shows a 

minor enhancement in heat transfer rate regardless of the Stefan number.  

Table 2 lists a brief summary of the impact of the scaled parameters on the amount of 

the temperature and the velocity gradients at the wall. Adopting the first row of the table 

as a reference and comparing the results of the other rows with this row, Table 2 shows 

that the magnitude of the wall temperature gradient (-θ'(0)) is a decreasing function of λ, 

θf, and Ste. The effect of the variation of the density ratio (ρp/ρf) is negligible. The surface 

velocity gradient is a degreasing function of λ and (ρp/ρf) and an increasing function of θf 

and Ste.  
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Fig. 7 The reduced Nusselt number vs Stefan number for various scaled fusion temperatures 

(θf) 

Table 2 The magnitude of temperature gradient (-θ'(0)) and the velocity gradient (S''(0)) for 

various value of scaled parameters when ϕ=0.05, (ϕ×βp/βf)~0, and Nv=Nc=3.0 

Ste λ θf (ρp/ρf) -θ'(0) S''(0) 

0.3 0.4 0.2 0.9 0.4469 0.8823 

0.3 0.4 0.2 0.8 0.4469 0.8825 

0.3 0.3 0.2 0.9 0.4463 0.8830 

0.3 0.4 0.3 0.9 0.4456 0.8931 

0.3 0.4 0.1 0.9 0.4464 0.8696 

0.2 0.4 0.2 0.9 0.4606 0.8640 

7. CONCLUSIONS 

The flow and heat transfer behavior of NEPCM particles dispersed in a pure fluid 

along  a heated vertical plate was studied. The boundary layer governing equations were 

introduced and rearranged as a group of non-linear ordinary differential equations and 

solved numerically. The influence of some important scaled parameters, including Prandtl 

number (Pr), Stefan number (Ste), dynamic viscosity number (Nv), thermal conductivity 

number (Nc), and fusion temperature (θf), as well as density ratio of the NEPCM (ρp/ρf), 

were investigated, as summarized below: 

▪ Generally, the presence of NEPCM nanoparticles enhances the natural convection.  

▪ The decrease in the Stefan number enhances the heat transfer rate.  

▪ At the optimum scaled fusion temperature, θf ~0.2, the heat transfer rate reaches its 

maximum value. At θf = 0.2, the reduced Nusselt number is increased from 

Nur=0.445 for the case of the base fluid to 0.56 at 5% Vol. of NEPCM particles, 

showing 25% enhancement in heat transfer. 
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▪ As the fusion temperature elevates, the velocities of the NEPCM within the 

boundary layer rises as well, which, however, does not always lead to the 

enhancement of heat transfer. For instance, the velocity corresponding to the case 

of θf=0.2 is lower than that of θf=0.5, but corresponding to a large heat transfer 

enhancement. This indicates the significance of how the latent heat of NEPCM 

particles can affect the heat transfer behavior of suspension.  

It shall be noted that one assumption made in this work is that the suspension of 

NEPCM is diluted (i.e., ϕ<5%). Hence, the interactions among the NEPCM particles and 

the non-Newtonian effects were neglected. It was also assumed that NEPCM particles 

remain homogeneous in the fluid. However, in practice, some slip mechanisms such as 

the Brownian motion and thermophoresis effects could change the local concentration of 

NEPCM particles, and a suspension with a high volume-fraction of NEPCM particles 

may behave like slurries. The slip mechanisms of NEPCM particles and non-Newtonian 

effects should be the subject of future studies.  
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