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Abstract. The topic of piezoelectric active thin-walled structures has attracted a great
deal of attention over the previous couple of decades. Lightweight structures with
piezoelectric material based active elements, sensors and actuators, offer numerous
advantages over their passive counterparts. This explains the motivation of authors to
dedicate their work to this enticing research field. Accurate and reliable numerical
tools for modeling and simulation of this type of structures is still a hot topic in the
research community. This paper offers an isogeometric finite element formulation for
shell type of structures made of composite laminates including piezoelectric layers
characterized by the electro-mechanical coupling. The shell kinematics is based on the
Mindlin-Reissner assumptions, thus including the transverse shear effects. A few
examples selected from the available literature are considered to demonstrate the
applicability of the developed numerical tool and assess its performance.
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1. INTRODUCTION

Modern structures are made so as to be fit for their purpose. In order to meet this
objective, they are designed to be lightweight. Modern fiber-reinforced composite
materials enable design and manufacturing of lightweight structures, while improving the
structural performance in different areas — the structures are characterized by high stiffness-to-
weight ratio and become less expensive to operate with. Additionally, further improvement
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of structural performance is provided by incorporating active elements made of sophisticated
multifunctional materials such as piezoelectric materials [1], shape memory alloys [2], etc.
The purpose of adding the active elements is to make the structures adaptive, and such
structures are also often popularly referred to as “smart”. In this way, it is aimed at an essential
change in their behavior from being only a passive player in the deformational behavior to
being an active player that adapts to the current conditions. The structures based on this new
paradigm include elements for monitoring structural parameters (sensors), elements that
process signals (controllers), and elements that act onto the structure so as to influence their
behavior [3]. The application of this type of structures is quite broad, thus covering various
fields, including energy harvesting [4], robotics [5], space technologies [6], automotive [7], etc.

A design based on thin walls is the most natural way of producing a lightweight structure,
particularly if a structure is made of a fiber-reinforced composite. This approach, on the other
hand, may increase lateral flexibility, thus significantly affecting deformational behavior of
those structures, especially their dynamic behavior being affected [8]. Hence, the most
common objective of adding the active elements is to positively influence the dynamic
behavior of these structures with the aim of diminishing their vibrations and thus improve
their safety and robustness, reduce noise emission, improve their life span, etc.

The finite element method is currently one of the most advanced methods in the field
of structural analysis. In the beginning, the developed elements were aimed at purely
mechanical problems. In recent decades, multidisciplinary approaches gained in significance
and the developments needed to cover coupled-field problems. The previous two decades
have seen numerous developments of robust, accurate and efficient formulations and finite
elements for modeling piezoelectric structures characterized by electromechanical coupled
field effects [9, 10, 11, 12].

Various 2D theories have been developed and applied to modeling and simulation of thin-
walled structures [13]. While the classical laminate theory is appealing due to less nodal
degrees of freedom required, the higher order of continuity of the shape functions is the major
obstacle in its implementation into the FEM. Despite of that, the issue was addressed in a
discretized form by some authors [14]. Most of the authors turned their attention to the first-
order shear deformation theory, which is due to both, the better suitability of the theory for
laminated structures (prone to the transverse shear effects) and the required C°-continuity of
the shape functions [15, 16]. Taking an improved accuracy and a more consistent description
of the transverse shear effects as the main objectives, some authors based their developments
on higher-order shear deformation theories [17, 18]. The numerical effort associated with
these theories, which is not far away from the full 3D approach, is the obvious disadvantage.
Besides these efforts, the need to cover geometrically nonlinear effects was recognized
recently and a number of developments were reported in this direction [19, 20]. Recent papers
were dedicated to the co-rotational FE formulation for both passive and active shell structures
[21, 22].

Another relatively recent and quite interesting approach is denoted as isogeometric
analysis. It is originally proposed by Hughes et al. [23] and aims at seamless integration
of the CAD geometry into the FE models. The most distinctive property of this approach
is that the actual, i.e. CAD geometry remains unchanged upon the FE discretization.
Development of isogeometric FE formulations relying on both the classical laminate
theory based on the Kirchhoff-Love kinematics [24, 25], and the first-order shear deformation
theory based on the Mindlin-Reissner kinematics [26], were reported. The same is valid for
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higher-order theories [27]. Isogeometric FE formulations for composite laminates were also
reported [28, 29].

This paper aims at a geometrically nonlinear isogeometric formulation for shell type of
structures made of composite laminates with embedded piezoelectric layers that may act
both as actuators and sensors. It represents an extension of the recently reported isogeometric
development for the same type of structures, but done for linear analysis [30].

2. NURBS GEOMETRY, BASIC FUNCTIONS AND MESH PROPERTIES

CAD description of geometry and, therewith, the isogeometric formulation of finite
elements is based on Non-Uniform Rational B-Splines — NURBS. NURBS is a special
type of B-spline and, hence, its properties partly depend on the properties of B-spline. To
determine the basis functions of the NURBS, it is necessary to define the basis functions
of the B-spline first. A clear advantage of NURBS compared to a B-spline resides in its
ability of accurate representation of complex geometric shapes.

The basis functions of B-spline of the order zero are determined as:

1 &< ;
Ni,o (§)={ S <& <G (D)

0 otherwise

A B-spline of the order p is defined based on the Cox-De Boor's recursive formula.
For this purpose, a knot vector E=[&, £1,..., Sup1] 1s needed. Higher order basic functions
are defined as follows:
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A set of parametric coordinates & given in a non-decreasing order defines the knot
vector. The continuity of the basis functions is of great importance and it is defined by the
function order, p, and the knot multiplicity, k. A knot multiplicity equals to k implies CP*
continuity. In addition to this, N;¢(¢) is a stepped function giving non-zero values only in a
half-open interval &e[&, &+1). Furthermore, N; (<) is given by a linear combination of two
functions of degree (p-1). A basic function of the order p gives non-zero values only in a
half-open interval &e[&, &:,+1) and the sum of all basic functions of the order p at any point
£is equal to 1. Finally, the basis functions are linearly independent and non-negative.

A NURBS curve of the order p is defined by using the B-spline basis functions and
the control polygon points with the corresponding weight coefficients or with control
polygon points and their corresponding NURBS basis functions:

Nyt pa(6) 2)
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Here, P; are the control polygon points, w; the corresponding weights, {N;,(&)} the p-
order B-spline basic functions defined on the non-uniform knot vector 2={a,...,a, &1,...,
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Enp1, b,...,b}, while R;, represent the basic rational functions of the order p that form
NURBS.

Typically, the knot vector is normalized. This implies that the first index coordinate
of the vector is 0 (a = 0), while the last one is 1 (b = 1). The number of repetitions of the
elements a and b in the knot vector defines the order of spline. Using this parameter, one
cab realize the discontinuity at the spline ends. Hence, the following equation defines a
NURBS surface of the orders p and ¢ in the & and 7-directions, respectively:

iiNf,P N, mw, B,

S(gan)zlzgjz,s =ZZRIJ(§’T7)IDIJ Osg,ﬂﬁl (4)
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where R;; are the rational B-spline basis functions of NURBS surface, i.e. the NURBS
basis functions:
N, , (N, (mw,
Ry =———"—— 0<&n<l )
sz,p(f)Nz,q (mwy

k=01=0

Fig. 1 shows an example of a NURBS surface (patch) given by Eq. (4). Points of the
control polygon in the physical space, index vectors in the index space and the basic
functions order define the shown NURBS surface. The element boundaries are set in the
parameter space. The surface belonging to an element is defined on half-open intervals
&el &, &) and e, 1+1) and they are recognizable after the mapping to the physical
space (Fig. 1).

et

£ £ £ £
9l S A

Physical space Parametric space

x

Fig. 1 NURBS surface — mapping between the physical and parametric space

The surface of an element is only a part of the whole patch. It is defined by the
necessary mesh parameters, which include control polygon points, weight coefficients
and the NURBS basis functions belonging to the half-open intervals e[&, &+1) and
neln, n+1). The NURBS basic functions belonging to the points of the patch control
polygon outside the observed half-open interval yield a zero value. Consequently, they
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have no influence on this part of the geometry. In order to keep track of this fact, all the
control points that define the element geometry and their basic functions are numbered
from 1 to nep, with ne,=(p+1)(g+1).

The initial mesh of finite elements has a total number of finite elements determined
by the number of elements in the index vectors and the degrees of the basic functions. It
also implies that there is no repetition of elements in the index vectors except at the
beginning and the end of the vector:

n,=(n—-p)m-q) (6)

Here, m and n are the number of points of the control polygon along the & and #7-
direction, respectively, while p and ¢ are the basic function degrees in the & and #7-
directions, respectively. There are several possibilities to change the initial mesh. Knots
may be inserted or removed from the knot vectors (/4-refinement), the degree of basic
functions may be changed (p-refinement) and the degree of basic functions may also be
changed followed by insertion of new knots into the knot vectors (k-refinement). The
degree of continuity of the basic functions across the elements may be affected by the last
mentioned technique.

3. ISOGEOMETRIC SHELL FORMULATION

Four coordinate systems are used in the formulation of the shell isogeometric finite
element. Those would be the global Cartesian coordinate system (x, y, z), the natural
coordinate system (r, s, f) with coordinate values -1<r, s, t<+1, the local Cartesian
coordinate system (x’, y’, z’), and the curvilinear coordinate system (&, 7, §) (Fig. 2).

The tangent plane at any point of the surface is given by vectors V;; and ﬁ(

determined as derivatives of the position vector » with respect to &£ and 7:
_or _OR(S.m)
ST opREm,
"o = 08

,
_T_§RED , @
- k

!

* 0n =3 On

Fig. 2 Coordinate systems used in shell element formulation

Here, Ri(& n) are the basic functions and P the control polygon points on the element

surface. The resulting vectors, 7, and 17 are not perpendicular to each other. In order to

t
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generate an orthogonal coordinate system, the vector product of the obtained two vectors
is computed to give a vector normal to the tangent plane.

V.=V, <V, ®)
The unity vectors of the coordinate system are then easily determined:
V. =V.xV, )
ty z t
o[ 5] e [
éx" =+: ml” 7éy" =+: m; 9éz" = j = m; s (10)

While the definition of the normal to the mid-surface is a trivial task in classical
FEM, the isogeometric formulation is somewhat challenging with respect to this aspect.
The challenge originates from the fact that the control polygon points are not placed on
the actual shell surface and they don’t have a unique projection onto the shell surface.
The issue has been addressed in the recent work by Milic et al. [30], where several
methods from the literature are reported and the approach based on the Greville points
[31] is adopted. The same approach is also used in this work.

A point on the structure that is not on the mid-surface is determined by the position
vector of its projection onto the mid- surface and with the distance in the direction
perpendicular to the mid-surface. The thickness of the shell is determined interpolating
the known thicknesses /4 at the polygon control points by means of their corresponding
NURBS functions. The position of any point is given as:

X, Xk Vias
Yy =2Rk(§,77) Vi +7kt Vk3y (11)
z o Zy Vis.

Here, xi, yk, zx represent the control point global coordinates, Visr, Visy, Vis: are the
components of the vector normal to the mid-surface at control point Py.

The same shape functions are applied to interpolate the displacement field and define
the element geometry. Hence:

R

u 0 u, u,
V=Y Ry p v (12)

k=1 R

w W, Wy

Here, uk, vi and wy are the control point displacements in the x-, y- and z directions
respectively, while u®, v and w®; denote the relative displacements caused by rotations
at the control point k. The latter are to be expressed via the nodal rotations 6, & and G,
which represent the global rotations.
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The Reissner-Mindlin kinematics is applied to determine the relative displacement of
any point within the shell with respect to its counterpart on the mid-surface, Those are
defined with respect to the local coordinate system at control point £, as follows:

R
u; e xk
h — — V h d i ex’k
V]f :—Zk t|:' kZJV;d :| —»kl gyk :?kt[_VkZ’V;d :|{9 } (13)
WR 2llp vk
& zk

Here 6.« and 6, are the nodal rotations with respect to the x- and y"-axis Fig. 4.
Material properties of composite laminates (Fig. 3) are directionally dependent. This
fact calls for the definition of the strain field with respect to the local coordinate system.

This is commonly done so that a distinction is made between the in-plane
components (membrane-flexural strains) and the out-of-plane components

(transverse shear), as given below:

o
ox'
ov'
Erxr Ew
' Sy’y’ g
{8mf} ou' o'
: Yy ot
{8}2 = =1 = oy' oOx (14)
CHI -
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7 T
Xz aZ/ ay
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k" layer
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W 5
.x‘ i z.H
L1" layer

Fig. 3 Laminated structure

The derivatives of the local displacements with respect to the local coordinates are
obtained from the derivatives of the global displacements in the global coordinate system
by means of the transformation matrix:
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we v, ow, Va|lu, v, w,
u1 ny" y =1 k2 u,y v,y W,y |:kl Vkl Vk3:| (17)
. . ;o u. v, w
uZ' V,Z‘ . k3 .z z z

where, for instance, u' = ou'/Ox" and u , = Ou/Ox.

The derivatives are transformed from the natural to the global coordinate system
using the Jacobian inverse matrix:

ON, ON, ON,
X Vi Zy
Y. v, oz o0& o0& o¢
- [ R e/ A/ ON, _ "
x.n ))}}.n Z,ri ~ 077 k 67] Vi 67] k ( )
ot it it h h h
_?kaVkS.r ?kaI/kSy ?kaI/kSz_
u, v, w, Uy, ve W,
u, v, w, |= [J]71 u, v, w, (19)
uz v,z WL u,t V,t M/,t

Upon all the mentioned transformations, the strain field given in Eq. (16) has the
following form:

[ B ] (8] | [ By ] {ur }
=B Jut=| - fu= -+ - (20)
[Bs] [BTs] | [BRos]+t[BR1s] {”R}
The element strain—displacement matrix, [B,] consists of the membrane-flexural, [B],

and transverse shear, [B,], strain—displacement matrices, which further involve
translations and rotations related parts (denoted by 7 and R in the subscript).

4. CONSTITUTIVE RELATIONS OF PIEZOLAYERS

The form of piezoelectric constitutive equations depends on the choice of independent
variables. Within the framework of FEM, the strain and the electric filed are the usual
choice, thus yielding the matrix form of piezoelectric constitutive equations:

{o}=[c* J{e}-[e] {7}

(D} - [eJ{e} [ ] ) .
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Here {0} and {¢} are the mechanical stress and strain in the Voigt notation, respectively,
[CE ] is the symmetric material constitutive (Hook’s) matrix, {D} and {E} are the
dielectric displacement and the electric field vector, respectively, [e] is the piezoelectric
coupling matrix, and [d*] is the vector of dielectric constants.

For quite thin piezopatches, it has been shown that the electric field may be assumed
to be constant over the thickness of the piezolayers [32]. Hence, for the k™ piezolayer:

A,
hk

E, (22)

where A@; is the difference of electric potentials between the electrodes of the k%
piezolayer and / is the thickness of the piezolayer. The resulting electric field — electric
potential matrix has a quite simple, diagonal form:

B, = 7 (23)

5. GEOMETRICALLY NONLINEAR FINITE ELEMENT ANALYSIS

Linear structural analysis resides on the assumption that the displacements are relatively
small compared to the dimensions of the modeled structure, while the material behavior
is also linear. Also, the boundary conditions must remain unchanged over the course of
deformation. On the other hand, geometrically nonlinear analysis takes into account the
change in structural configuration during the deformation. Deformation of the structure
leads to a change in structural parameters. Considering the fact that that the structural
deformation progresses continuously, the structural parameters also change are continuously.
In each structural configuration, it is necessary to establish the equilibrium between the
generalized internal and external forces.

The solution of a nonlinear analysis is sought in a step-by-step approach. If the
equilibrium of the system at time # is known, a solution at time +A¢ is sought with a suitably
chosen time step Az. Even in a static analysis, a label ¢ is established as an auxiliary variable
that indicates the progress of the load level. A set of linearized FE equations for the
piezoelectric continuum are given on the element level as follows:

[k, ] o TR, ] a0 =" )= )
K] o+ [T {8} = e} )

Here, {foxe}, {finte}> {gexee}and {qin.} are the external and internal mechanical and electrical
loads, [Kur], [Kug] and [Kyg] are the tangential mechanical stiffness, piezoelectric coupling

24)

and dielectric stiffness matrices, respectively, while the vectors {u.} and {53 } include the
mechanical and electrical degrees of freedom of the element, respectively. All the terms are
defined for time ¢, which is denoted by the left superscript, and A is used to denote the
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increment of the corresponding quantity between two configurations. The external excitations
are the applied forces/moments and electrical charges. Their internal counterparts are obtained
by integrating the mechanical stresses and dielectric displacements over the current
configuration of the structure, respectively:

"t =1, 18] {otar (25)
{q,,,,} [ [3] it (26)

The integration in Eq. (25) runs over the whole structure, 7, while in Eq. (26) only over
the surface of the piezopatches, 4.

Updated Lagrangian formulation is used in thgis work and, hence, all the vectors and
matrices use the last determined configuration as a reference configuration. The tangential
stiffness matrix is computed using the following equation:

Kur)=1., [B][CE] [B,Jav+[ ' (6] '[¢]'[G]av 27)

where [G] is the matrix of partial derivatives and /[ o] is the Cauchy stress tensor:

]
c i o) )
-2 2 2} ~a- ol sl fo @)

{0} {g}

[E] [0] (29)

[;]: Oy Oy Oy 3[0]: [()
o

q
q

The piezoelectric stiffness matrix, [K.¢], and the dielectric stiffness matrix, [Kgg], are
computed in the same manner as in the linear analysis, with the only difference that they
are integration over the current volume of the structure:

t[KMJ=_IfV[[B¢]T[dg]l[B¢}dV (30)
[K1=-1, 18] [) [B,Jar = "[K,] 31)

It should be emphasized that the piezo-electrically induced loads are configuration
dependent. They are obtained by multiplying the piezoelectric coupling matrix, Eq. (31),
with the electric potential.

The obtained nonlinear problem is resolved by means of the Newton—Raphson iterative
procedure [33].
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6. NUMERICAL EXAMPLES

In this section, a few selected numerical examples of laminar piezo-electric shells under
different load sets are considered. Bothe the actuator and sensor role of piezoelectric layers
are covered.

6.1. Nonlinear analysis of a plate

The in-plane dimension of considered plate are 40x40 mm, while the thickness varies
in the considered cases. The structure was discretized using the following finite elements:
Shell91 (Ansys), ACShell9 [34] and the developed formulation (NURBS). In its initial
geometry, the structure is flat, but becomes curved after the first loading step. First, the
results of linear and geometrically nonlinear analysis of the plate made of only one
piezoelectric ceramic isotropic layer PZT G1195 (properties in Table 1) with different
types of finite elements are compared. The structure is exposed to an external force of 24
kN in all considered cases. In the first two cases, the force is distributed over a 40 mm
long line (600 kN/m) and in the third case, it is a concentrated force (Fig. 5).

Table 1 Material properties [34]

Material properties PZT G1195 T300/976
piezolayer graphite/epoxy
Elastic properties

Y11 (GPa) 63 150

Y22 (GPa) 63 9

Vi2 0.3 0.3

G12 (GPa) 24.2 7.1

Piezoelectric properties
e31 (105 C/mm?) 2.286 0
e (107 C/mm?) 2.286 0

Fig. 5 Initial flat structures, boundary conditions and loads

Figure 5 shows the three models of the considered plate. Due to the kinematic and
dynamic boundary conditions, the maximal displacement in the first case would be larger
than in the latter two for the same material properties and the thickness. The first model is
a clamped plate with a thickness of 5 mm with a load at the free end. The thickness of the
plate is chosen so that an obvious non-linear effect occurs. The results of linear and non-
linear analysis of this model are given in Fig. 6. Fig. 6a shows the vertical displacement
of the free edge mid-point (point A), while Fig. 6b gives its displacement in the x-direction.
The latter result is equal to zero in the linear analysis.
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Fig. 6 Clamped structure-displacement of free edge mid-point in: a) vertical direction, and
b) in longitudinal (x-)direction

The latter two cases deal with the structure simply supported over the opposite two
edges and with the structure simply supported over all four edges. The position of the
load was chosen adequately so that, in the first case, it is a line distributed force acting
over the middle span width and, in the second case, it is a concentrated force acting at the
structure mid-point. Due to the boundary conditions, the structural behavior is significantly
stiffer compared to the first case. In order to have geometrically nonlinear effects, a
smaller thickness of 3 mm is chosen. In the second example, point B, i.e. the free edge
mid-point is chosen as the point with the largest transverse displacement. The maximal
transverse displacement of point B in linear and nonlinear analysis is given in Fig. 7a.
The linear result for the displacement in x- and y-direction of any point of the plate is
zero. However, the nonlinear analysis gives a non-zero displacement in the y-direction, as
shown in Fig. 7b.

2
n

0.06

Linear : A== Ansys Shell91
= ~=4--- Ansys Shell91 £ 0.05| ——%- ACShell9 [34]
2 20| -~ x--- ACShell9 [34] = --o-- NURBS e
—~ | --o--- NURBS S el
. 50.04 ol
T 1.5 _3 o
3 20.03 B
10 & 2 . 2
3 oA é(m: oAt
= & - 3 -
205 N s T | = B
E & 2001 -
5 = 2 L&
z e e
0 0 =
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
a) F/Fmax b) F/Fmax

Fig. 7 2-edge-simply supported structure displacement of free edge mid-point in: a) vertical
direction and b) in longitudinal (y-)direction

In the case of a structure with four simply supported edges, the mid-point of the plate
(point C) was chosen as the reference, Fig. Sc. Due to the susceptibility to shear locking
effect of the Ansys Shell91 element, the initial mesh (4x4) was corrected to 20x20
elements to provide accuracy comparable with the ACShell9 and NURBS finite elements,
which use a 4x4 mesh. Both, linear and nonlinear prediction yield only the transverse
deflection of the observed point Fig 8.
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Fig. 8 4-edges-simply supported structure: structure mid-point vertical displacement

In all three considered cases the initial geometry is a plate and the applied loads are
such that the linear prediction involves only flexural and shearing strains (no membrane
strains). However, with progressing nonlinearity, the membrane strains are also induced
as the configuration changes are taken into account. It is obvious and expected that the
effect of nonlinearity is the least pronounced in the case of a clamped structure. The model
with the NURBS elements in the previously shown examples has a very good agreement
with the results obtained with the other considered elements.

The first two plate models are further used to illustrate piezoelectric actuation of the
structure in the realm of nonlinear deformations. The observed structures are considered
to be made of three layers. The outer layers are made of PZT material (Tab. 1) and the
middle layer is made of graphite-epoxy material with a fiber orientation of 90° with respect
to the global x-axis. Given that the piezo layer has a relatively small actuation, the
aforementioned models should be modified in order to produce a geometrically nonlinear
effect. For this reason, a thickness of 0.15 mm is assigned to the piezo layers have and the
thickness of 0.2 mm to the composite layer. The piezolayers are oppositely polarized, so that
their actuation forms a moment equally distributed along the edges of the plate. A voltage of
300V is supplied to both piezolayers. The fiber orientation is chosen so that the structure has a
lower bending stiffness about the y-axis than the bending stiffness about the x-axis.

The induced piezo-electric coupling forces are configuration dependent. The new
increment of the actuating bending moments is calculated based on the piezo-electric coupling
stiffness matrix by performing its integration over the actual structural configuration. The
direction and intensity of the induced loads depends on the current configuration (follower
forces). The follower nature of the induced forces/moments demands small increments [33] of
the electric voltage.

An approximate approach is also used by treating the cases as purely mechanical with the
loads that are not of the follower type. To achieve this, a full voltage of 300 V is applied to the
initial structure and the bending moments are computed. The calculated moment is then
applied in increments.The calculations done with the ACShell9 and NURBS finite element
yield small differences (in the order of 10" %).
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Fig. 9 Initial geometry and boundary conditions

The diagrams in Fig. 10 are obtained by means of the ACShell9 and NURBS diagrams
using incremental voltages. The purely mechanical case with he predefined moments is
coputed using the Shell91 element. Those results are also included in the diagrams. In the
clamped structure model (Fig. 9a), two points, A and B, on the structure are chosen to monitor
their motion with respect to the gradually increasing excitation. Figs. 10a and 10b depict the
transverse deflection and the displacement in the x-direction of the point A. Fig. 11 shows
equivalent results to those given in Fig. 10, but for point B of the structure.
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Fig. 10 Clamped piezoelectric plate, point A displacements: a) y-direction; b) x-direction
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Fig. 11 Clamped piezoelectric plate, point B displacements: a) y-direction; b) x-direction

The previously discussed example reveals a small nonlinear effect on the displacements
in the transverse deflection. Fig. 12 gives the results for the transverse deflection in the case
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shown in Fig. 9b. Obviously, the difference between the linear and nonlinear results is
significantly larger in this case, which is the consequence of more pronounced nonlinear
effect through the induced membrane strains and stresses.
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Fig. 12 2-edges-simply supported piezoelectric structure: displacement of point C in the
vertical direction

Observing the results of the examples shown, a negligible difference can be observed
between the application of elements in which the voltage was applied incrementally
(ACShell9, NURBS) and elements, in which the precomputed moment was applied
incrementally (Ansys Shell91). This should not lead to a general conclusion in the same
direction.

6.2. Nonlinear analysis of piezo-laminated semicircular arch

In the next example, a composite cylinder arc was considered. The structure is formed
from three layers. The middle passive layer is made of metal with a thickness of 5.842 mm
(Y=68.95 GPa, 1=0.3, p=7750kg/m’). The outer layers are piezoelectric layers with a thickness
0f 0.254 mm (Y=63 GPa, 1=0.3, p=7600 kg/m’, e31=e3,=16.11 C/m?, d33=1.65-10® F/m).

R=318.31 mm
h=6.35 mm
b=50.80 mm
F=200 N

Fig. 13 Piezo-laminated semicircular arch
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Only one force F, the magnitude of which is 100 N, acts onto the structure in the
middle of the tip of the free edge. The response of the structure in the nonlinear static
analysis under the action of the force F' was observed through the displacement of the tip
of the free edge in the radial direction as well as in the circular direction. The acting force
also induces electric voltages in the piezoelectric layers. The voltage of the inner piezoelectric
layer is observed for the comparison purposes with the results from the literature. Actually,
Tzou and Ye [35] proposed the example originally. It was further modified by Zhang [36],
and Marinkovic et al. [22]. Zhang discretized the structure with 10 elements and using one
element in the width direction. The model by Marinkovic at al [22] model uses 160
triangle elements. The NURBS model was formed with quadratic basic functions, with 4
elements in the width direction and 20 elements in the hoop direction. The displacements
are shown in Fig. 14 and the induced electric potentials of the inner piezolayer are given
in Fig. 15.

1.0
0.8
; 0.6
3
=
0.4
radial direction | hoop direction
"
0.2 A Zhang [36] X Zhang [36]
¢ Marinkovic et al. [22] o Marinkovic et al. [22]
— NURBS — NURBS
0.0¢%
0.00 0.05 0.10 0.15 0.20 0.25

Deflection [m]

Fig. 14 Displacement of the free arc edge tip in the radial and hoop directions
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Fig. 15 Sensor voltage of the inner piezolayer
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Minor differences between the results for the induced electric potential in the inner
piezolayer can be noticed in Fig. 15. This can be attributed to different meshes applied and
also the fact that Zhang [36] used the rigorous geometrically nonlinear formulation, while
Marinkovic et al. [22] used a co-rotational formulation.

7. CONCLUSIONS

Shell type of structures, i.e. thin-walled structures represent a natural way of
achieving lightweight design. In addition to this, novel structural materials, such as fiber-
reinforced laminates with high stiffness-to-weight ratio, are used to produce even lighter
structures with an option of tailoring material properties by a careful selection of the
composite material composition, number and sequence of layers as well as the fiber
orientations in the layers. This has been the state-of-the-art in many high performance
structures for a few decades. A further improvement comes in the form of adaptive
structures — structures provided with active elements, i.e. sensors and actuators, and which
can proactively react to different conditions they are exposed to. In the specific case
addressed in this paper, the active elements are in the form of thin piezoelectric layers
embedded in the laminate structure.

This paper proposed a novel numerical tool for modeling the mentioned type of
structures. The finite element method is addressed as the most powerful method in the
field of structural analysis. The development is based on a relatively novel isogeometric
approach. The main advantage that it offers is a seamless integration of the CAD geometry
into the FE model, thus keeping the original, correct geometry of the structure. The proposed
formulation covers the mechanical field in the whole structure as well as the electrical field
and the piezoelectric coupling in the piezoelectric layers. Thin-walled structures are prone to
deformations characterized by large local rotations whereby the strains remain small. For that
reason, the developed tool covers both linear and geometrically nonlinear analysis. For the
mechanical field, an equivalent single layer approach based on the First-order Shear
Deformation Theory is applied.

The considered cases are selected from the available literature in order to have
reference solutions. They involve flat and curved structures. But it should be emphasized
that although the considered structure is flat in the first set of examples, it is essentially
dealt with a shell structure in the geometrically nonlinear analysis as the deformed
structure is curved. The computations were done for both purely mechanical and electric
excitations. Also, the actuator and sensor function of active layers were covered. It was
shown that the proposed formulation successfully covers all the mentioned features and
represents a good match for the elements based on the classical FE formulation.

In the future work, the performance of the developed isogeometric formulation with the
mesh refinement should be addressed. Also, the formulation should be extended to cover
material nonlinearities in the piezoelectric layers that occur at higher voltages.
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