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Abstract. Nano/microelectromechanical system (N/MEMS) have garnered significant 
global attention for their transformative applications across various cutting-edge fields, 
including wearable devices, 5G service, collecting power, and space travel. These 
systems face challenges when exposed to excessive forces and leading to pull-in 
instability that can undermine a reliable performance. Therefore, it is essential to quickly 
and precisely comprehend the periodic motion of the system to minimize the possibility 
of pull-in instability and maintain consistent operation. This article explores the 
application of the homotopy transformation scheme (HTS) for forecasting dynamic 
behavior of N/MEMS. The most advantage of HTS is its ability to deliver results without 
relying on hypotheses, assumptions, or constraints on variables. To illustrate its 
effectiveness, we use a generalized N/MEMS oscillator system, presenting an accurate 
analysis of analytic solution. Specifically, we focus on a microstructure of nanobeam-
based system actuated by van der Waals (vdW) forces to highlight its periodic 
characteristics. The results reveal that HTS provides a robust comparison and excellent 
agreement with the exact solution, underscoring its reliability and precision. 
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1. INTRODUCTION 

Nano/microelectromechanical systems (N/MEMSS) represents a cutting-edge technology 

characterized by their exceptional geometrical precision, reliable performance, and high 

sensitivity. These systems achieved various advanced properties through meticulous control 

of applied voltage and involved both fixed and dynamic elements; whenever an effort is 

exerted for activation [1, 2]. The N/MEMS have a variety of potential areas, consisting of 

wearable instruments, 5G service, and collecting power [3-6]. The transformative impact 

of these systems on various technologies has prompted extensive research into their 

operational properties and potential applications. Recent advancements in nanotechnology 

have brought significant attention to the dynamic issues of nanotubes within nanostructures 

and systems. Size-dependent behavior in clamped-clamped microbeam systems has 

important mechanical and structural responses due to the change in beam dimensions at the 

microscale level. Small-scale clamped-clamped beams may display nonlinear behavior, 

particularly at significant deflections or when subjected to electrostatic forces in MEMS 

systems. Nonlinear components emerge as importance in dealing with problems, influencing 

frequency and equilibrium, and providing size-dependent nonlinearity [7, 8]. Researchers have 

found that oscillators in N/MEMS exhibit complex dynamics, such as pull-in instability, phase 

diagrams, and hysteresis being crucial to their dynamic analysis [9, 10]. The basic mode of 

oscillation coincides with the main stretching of the beam. The ends are fixed for a doubly 

clamped beam, thus its initial frequency is higher than that of simply supported or free ends. 

This fixed structure enhances elasticity, which implies that the beam needs more energy to 

oscillate, and raises the fundamental frequency. Nonlinear oscillatory dynamics are often 

utilized in energy-harvesting instances, in which the oscillations of the beam transform 

mechanical power to electrical power. Subsequently, damping and harmonic stability are 

essential for performance. The criteria for the existence of periodic solutions and their associated 

properties are crucial for the efficiency and aesthetics of nanotube-based N/MEMS and 

resonators [11-13]. 

The Casimir effect arises from quantum fluctuations and can be viewed as an attractive force 

between conducting plates; nevertheless, it comes from the same fundamental principles that 

govern vdW interactions. The vdW force originates from the relationships across temporary 

dipoles induced by electron density fluctuations within molecules. This force is applicable to all 

molecules, irrespective of their features. This indicates that even though the plates are formed 

of nonpolar objects, the vdW force remains present. This force becomes crucial in influencing 

the system's behavior when the plates are close together. In recent years, various researchers 

have particularly focused to overcome the difficulty of obtaining analytical solution for 

N/MEMS system. These solutions provide fruitful insights that are vital for comprehensive 

understanding of the behavior and characteristics of these advanced systems. Most of the 

numerical methods often fail to explicitly capture the nonlinear frequency amplitude 

relationship. As a result, various analytical methods have been developed in the literature to 

address N/MEMS oscillators. These methods include the variational iteration approach [14], 

energy balance technique [15], iteration perturbation scheme [16], residual harmonic balance 

strategy [17], parameter expansion approach [18], Adomian decomposition technique [19], 

power series [20], He-transform [21], and frequency formulation [22]. 

The homotopy perturbation method (HPM) is an extremely successful tool for the 

resolution of a diverse array of nonlinear problems. This method involves expressing the 

outcomes as a sequence that swiftly turns to precise results. A standout feature of HPM is 
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its ability to achieve high accuracy with just a single iteration. This characteristic significantly 

enhances its appeal and practicality in numerous fields of technology and scientific research. 

Pull-in instability exhibits significant nonlinearity as a result of the inverse-square relationship 

of electrostatic forces relative to the gap distance. Nonlinear behaviors demand iterative and 

perturbation techniques to identify the crucial points related to instability. Consequently, HPM 

provides a feasible analytical method for deriving approximation solutions [23]. Qayyum and 

Oscar [24] proposed the least square homotopy perturbation approach to analyze multiple order 

problems related to boundary values. Anjum and He [25] studied the nonlinear vibration 

properties of nanotube-based N/MEMS oscillators using the HPM and the Laplace transform. 

HPM has been widely regarded as an auspicious and innovative approach for addressing 

nonlinear problems [26-28]. On the other hand, the Sumudu transform [29] is a mathematical 

tool used to simplify the analysis of differential equations. It simplifies the solution of 

differential problems by converting them into an algebraic formula. It is highly effective in 

handling with initial value problems and certain types of nonlinear problems [30, 31]. 

In this work, we design the homotopy transformation scheme (HTS) through the 

association of Sumudu transform and the homotopy perturbation method. This technique 

is straightforward to utilize for nonlinear differential problems. Using this scheme, we can 

obtain the results of the N/MEMS system in the form of a convergent series. We focus on 

the solution of nonlinear behavior of dynamic oscillatory for doubly clamped nanobeam 

that is controlled and governed by vdW forces. We evaluate the outcomes of HTS by 

comparing them to the derived results via some mathematical software by utilizing the R-

K method of 4th order and other established schemes. 

2. BASIC IDEA OF SUMUDU TRANSFORMATION 

Let A be the set of function, which is defined as [32]: 
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For every function in the set A, it is necessary for the constant M to be a finite number, 

whereas the constants r1 and r2 may be either finite or infinite. Furthermore, the Sumudu 

transform is defined as an integral equation such that 
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where θ is an independent of t parameter that might be real or complex. The inversion 

expression for ST is as follows 
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The subsequent characteristics are beneficial in the calculations of Sumudu space. 
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We introduce these properties during the development of HTS so that our proposed 

scheme can provide accurate results. 

3. DEVELOPMENT OF HOMOTOPY TRANSFORMATION SCHEME 

Here, we propose the development of HTS for a general problem. We explain the step-

by-step formulation of proposed scheme. We show the process of handling the nonlinear 

terms and derived a series result by using the application of HPM. This obtained series can 

easily converge to the exact results only after a few steps of series. Let us examine the 

process of HTS by starting a nonlinear fractional differential problem such as, 
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with following constraints 
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Eq. (5) can be modified in the following manner: 
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where g(ϑ)=f(ϑ)-ω2ϑ. Let us define the term g(ϑ) such as 
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in which L1 be linear and L2 is a nonlinear operator with a source parameter r(t). Operating 

the linearity of ST to Eq. (8), we can write it as follows: 
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Using condition of Eq. (6), we can simplify it to obtain R(θ) such as 
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Now, using the property of inverse ST on Eq. (10), we get 
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we can also write it as follows 
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where 
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Let the general expression of Eq. (12) is 
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We introduce the concept of HPM to decompose the terms of nonlinear operator L2 in 

Eq. (12) such as 
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with p∈ [0,1] as a small term of perturbation and Hn(ϑ) represents the He's polynomials 

that are produced by the following formula 

 0 1 2

0 0

1
( ) ( , , , ) , 0,1,2,

!

n
n

n n n in
i p

H H L g p n
n p

    


= =

   
= = =  

   
  (16) 

On utilizing Eqs. (14) and (15) to Eq. (12), we can obtain such as 
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After some successive repetitions along with the analysis of components p, we construct 

the following results: 
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Finally, the above series can be expressed as follows: 
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This approach efficiently utilizes the principle of continuous iteration and mathematical 

investigation to reveal an extensive solution for the proposed model, and effectively 

demonstrates the ability of HTS procedures to address intricate problems. 

4. PROBLEM FORMULATION 

Nanobeams serve as the primary structural components in N/MEMS systems and play 

a crucial role in their functionality. To effectively analyze the behavior of these beams, 

various beam theories are employed. These theories not only facilitate the analysis of beam 

behavior but also enhance the design process that ensures the development of robust and 

high-performing N/MEMS system. Consider a nanobeam with clamped-clamped boundary 

conditions as shown in Fig. 1, where L is the length between the two clamped ends of the 

beam, b is the width of the beam in the plane perpendicular to its length, h shows the 

thickness of the beam in the plane perpendicular to its width and length, and ρ is the mass 

per unit volume of the material of the beam.  

 

Fig. 1 Schematics of a double-sided driven clamped-clamped microbeam 

This study delves into the dynamic behavior and properties of such a nanobeam 

structure that focusing on its transverse vibrations and the resulting mode shapes and 

natural frequencies. By leveraging the Euler-Bernoulli beam theory and applying the 

appropriate boundary conditions, our purpose is to demonstrate a comprehensive analysis 

of the mechanical response of the nanobeam under various conditions. This investigation 

is essential for applications where precise control and understanding of nanoscale 

mechanical elements are required. Consider the von-Karman nonlinearity for mid-plane 

stretching, depending on the Euler-Bernoulli beam idea as follows: 
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where Q is a function of ψ and η that indicates the spatial location and time respectively, E 

denotes the effective Young's modulus of the beam, while I indicate the moment of inertia 
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about the cross-section of y-axis. Additionally, Ñ signifies the residual axial load. The 

function K(ψ, η) describes the vdW forces among nanobeam and the substrate and is stated 

as follows [33]: 
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where Ah denotes the Hamaker coefficient with a value of 30 × 10-19 J < Ah < 50 × 10-19 J, 

S=bh, whereas d shows the distance among nanobeam and the substrate. We can define the 

nondimensional parameters as follows: 
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Employing the value of Eq. (22) into Eq. (20), we can obtain the following form 

 
( )

214 4 2

4 2 2 3

0

0,
1

N d
t

    
 

  

     
+ − + − =  

   −   
  (24) 

where N is the load of axial, α shows the aspect ratio, whereas λ is the van der Waals force 

such that: 
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Moreover, we have the dimensionless boundary conditions, which are stated as below 
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Since the singularity in Eq. (24) renders it challenging to resolve when δ=1. Therefore, 

we consider the separation of variables approach to minimize Eq. (24) to an ordinary 

differential equation, such that δ(φ,t) be the result of two distinct functions as follows: 
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here ϑ(t) is a time-dependent function and ς(φ) denotes the first mode shape function that 

fulfills the boundary criteria. Putting the value of Eq. (27) into Eq. (24), and then multiplying 

the result with ς(φ)(1-δ)3 and taking integration over the dimensionless domain, we derive 
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which may turn to the following form: 
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here, the expression of qj(j=0,1,2,3,…,10) is defined in the Appendix. The Eq. (29) has the 

following initial conditions such that 
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Since Eq. (29) is extremely nonlinear, thus it was difficult to solve using several well-

known analytical techniques [34-36]. Thus, we construct HTS to solve Eq. (29) with the 

initial conditions of Eq. (30). 

5. APPLICATION OF HOMOTOPY TRANSFORMATION SCHEME FOR N/MEMS 

In the following part, we construct the formulation of HTS for the nanobeam-based 

microstructure system actuated by van der Waals forces. Therefore: 
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Utilizing the idea of ST on both sides of Eq. (32), we have 
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We can simplify it to obtain R(θ) such as 
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Let the general expression of Eq. (32) is 
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Using the idea of HPM, we obtain Eq. (37) as follows: 
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On comparing the components p, we construct the following results: 
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The above equation can also be written as 
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where the coefficients Γn (n=0,1,2, 3,...,6) can be evaluated as 
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After adopting inverse ST to resolve Eq. (41), we obtain the following: 
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In order to preserve its periodicity for the system, the components of sint t must be 

zero. Consequently, 

 1 0,
2


=  (44) 

or 
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It produces the following result: 

 

2 4

5 7 5

2

2

8 6 5
,

8 6

d d B d B

d B


+ +
=

+
 (46) 

Subsequently, the estimated first-order analytical result is as follows: 
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Therefore, using Eqs. (46) and (47), we can derive the periodic motion of doubly 

clamped N/MEMS system built on nanobeams with vdW forces, and where: 
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6. NUMERICAL FINDINGS AND ANALYSIS 

This section compares the analysis of HTS results with the numerical results of 

literature study in [17]. Figure 2 illustrates the variation in displacement obtained for 

N/MEMS parameters under vdW forces, in which we demonstrate mathematical software 

(dotted line), the HTS (black square with straight line), and SRHBM [17] (arrow head with 

red line). This shows an analysis of the mid-plane deviation of nanobeams obtained 

numerically using RK4 and qualitatively with HTS and SRHBM.  
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Fig. 2 Comparison of HTS solution with SRHBM and RK4 solution 

 

Fig. 3 presents the error analysis of HTS and SRHBM results over time with various 

components of identical parameters, in which we demonstrate the HTS results (arrow head 

with red line), and SRHBM [17] (circle with red line). The parametric values are described 

to show the efficiency of model.  

 

Fig. 3 Error analysis between HTS and SRHBM solutions 
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Fig. 4 examines the variation in parameters by using our purposed scheme, whereas the 

other three parameters remain unchanged. The results of the HTS and by using the 

mathematical software are in agreement at various values of the amplitude parameters. 

 

Fig. 4 Effects of amplitude on deflection of nanobeam 

Fig. 5 shows the impact of HTS for the significant results of N/MEMS system. Only 

one parameter is changed, while the other three parameters remain unchanged at α=0, 50, 

100, 150.  

 

Fig. 5 Effects of gap parameter on deflection of nanobeam 
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Fig. 6 illustrates the various elements of the problem influenced by HTS solution. The 

other three remain steady parameters and only one factor is changed at λ=0, 0.3, 0.6, 0.9. 

 

Fig. 6 Effects of parameters on deflection of nanobeam 

Fig. 7 highlights the variation of the problem affected by the HTS solution. The other 

three factors endure constant; only one is changed. The results from HTS and using 

software are in perfect alignment with the parameter's value N=0, 5, 10, 15. In our graphical 

 

Fig. 7 Effects of axial load parameter on deflection of nanobeam 



686 M. NADEEM, Q.-T. AIN, N. ALMAKAYEEL, Y. SHAO, S. WANG, M. SHUTAYWI 

structure, we can conclude that HTS results have strong agreement for N/MEMS system 

based on microstructure using vdW forces. In the fundamental oscillation concept, the fact 

is recognized that the closed orbits illustrated in these phase visuals refer to oscillatory 

behavior. It is anticipated that significant values exist within the range of parameters that 

lead to the existence of pull-in solutions. 

7. CONCLUSION 

This study examined a general oscillation in a highly nonlinear N/MEMS system, which 

describes the motion of a microbeam under the influence of vdW forces. Our proposed 

method rapidly converges to results and demonstrates high accuracy, even with the first-

order approximation step. The derived results confirm the efficiency of the suggested 

approach and provide better performance than other techniques. Micro-sensors used for 

monitoring and controlling vibrations in machinery are a practical application of MEMS in 

mechanical engineering. This research contributes to our comprehension and improvement 

of MEMS performance by examining signal stability, energy efficiency, and resilience in 

severe conditions, which are crucial for dependable, long-term functioning in mechanical 

domains. In the future research, we intend to expand this scheme to address other nonlinear 

challenges in N/MEMS systems that incorporate fractal and fractional derivatives. 
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APPENDIX: 

The components defined by Eq. (29) are obtained as follows: 
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where ς(φ)=sin(πφ). 


