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Abstract. In this study an assembly line configuration is obtained for the nuzzle 

production line in petroleum industries. This is an important product which is widely 

used petroleum industries. Therefore, applying an optimization scheme for obtaining an 

optimal configuration is necessary. For this aim, a cost-based mathematical formulation 

is proposed to obtain the optimal assembly line configuration. In this model, overall 

station establishment cost, fixed salary, and variable wages are optimized 

simultaneously. In order to be close to real-world situations, the problem is formulated 

in a triangular fuzzy environment, where the cost- and time-based parameters are 

represented by fuzzy values. The proposed fuzzy formulation is converted to a crisp form 

using a ME measure of fuzzy sets and numbers. Then, in order to evaluate the proposed 

crisp formulation, a case study from the petroleum industries of Iran is considered. Based 

on the performed experiments and obtained results, the best configuration of the 

assembly line is obtained, and a sensitivity analysis is performed as well. 
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1. INTRODUCTION 

Assembly line is a type of production systems that are widely used in rapid production 

of the products consisting of several sub-assemblies and raw parts. This type of production 

system is widely used in the discrete type of production systems in order to make a faster 

production with more qualitative products [1].  An assembly line consists of several 

consecutive workstations where in each workstation some operational tasks are to be 

performed by one or more operators using manual or semi-automated operational 

equipment. A main characteristic of an assembly line is its cycle time. This is the time that 

all tasks of each station should be performed as a cycle. For producing a product on an 

assembly line, when assigning the required operational tasks of the product to the stations 

of the line, the precedence relationships of the tasks should be respected in the consecutive 

stations too. Here, respecting the limitations of the cycle time and the precedence 

relationships of the tasks and optimizing an objective function like minimization of the 

number of stations forms a problem called assembly line balancing problem [2,3,4,5,6,7].  

According to Boysen et al. [8] the assembly line balancing problem is divided into two 

types of (1) simple assembly line balancing problem (SALBP), and (2) general assembly 

line balancing problem (GALBP). The SALBPs are divided to some types such as SALBP-

1, SALBP-2, SALBP-E, and SALBP-F, where, the GALBPs are divided to some types 

such as mixed model assembly line balancing problem (MALBP) and U-shaped assembly 

line balancing problem (UALBP). The SALBP-1 considers a constant cycle time and 

minimized the number of established stations. The SALBP-2 considers a constant number 

of stations and minimizes the cycle time. The SALBP-E simultaneously maximizes the line 

efficiency and minimizes the cycle time and number of the established stations. The 

SALBP-F generates a feasible assembly line for a combination of a given cycle time and a 

given number of stations. In the MALBP, more than one type of product is assembled on 

one assembly line, while in the UALBP, the physical configuration of assembly line is U-

shaped. 

In recent years, the topic of assembly line balancing has gain many interests from in the 

areas of industrial engineering and mechanical engineering. Adeppa [9] studied the basic 

models of assembly line balancing problem. Sungur and Yavuz [10] studied the assembly 

line balancing problem with hierarchical worker assignment. Heydari et al. [11] proposed 

an entropy-based mathematical formulation for straight assembly line balancing problem. 

Abdullah Make et al. [12] performed a review of the two-sided assembly line balancing 

problems. Pereira and Álvarez-Miranda [13] proposed an exact approach for the robust 

assembly line balancing problem. A multi-objective assembly line balancing problem with 

worker's skill and qualification considerations in fuzzy environment was studied by 

Zamzam and Elakkad [14]. Fathi et al. [15] performed a study based on comparative 

evaluation of heuristics and computational assessment of objectives for the assembly line 

balancing problems. Abdous et al. [6] introduced an uncertain multi-objective assembly 

line balancing problem and solved it by a credibility-based fuzzy modeling approach. Şahin 

and Tural [16] Proposed an effective hybrid fuzzy programming approach for an entropy-

based multi-objective assembly line balancing problem. Álvarez-Miranda and Pereira [13] 

provided study and focused on the complexity nature of the assembly line balancing 

problems. A systematic review of research themes and hot topics in assembly line 

balancing through the web of science within the years 1990–2017 was performed by 

Didden et al. [17]. Liu et al. [18] introduced some classical and hybrid meta-heuristic 
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algorithms to solve a new cost-oriented assembly line balancing problem. El Abidine and 

Koltai [19] introduced a new and effective hybrid goal programming approach for multi-

objective straight assembly line balancing problem with stochastic parameters. Boysen et 

al. [1] introduced a new hybrid artificial electric field algorithm for assembly line balancing 

problem with equipment model selection possibility. 

Fink et al. [20] introduced several hybrid meta-heuristic algorithms for U-shaped 

assembly line balancing problem with equipment and worker allocations. Hou and Zhang 

[21] introduced some new criteria and mathematical formulations for workload smoothing 

in straight assembly line balancing problem. Li et al. [22] introduced a sustainable 

uncertain integrated supply chain network design and assembly line balancing problem 

with U-shaped assembly lines and multi-mode demand. Sheibani and Niroomand [23] 

developed an optimization model for sustainable multi-product multi-echelon supply chain 

networks with U-shaped assembly line balancing under uncertainty. For more about this 

topic, the study of Niroomand and Vizvari [24] for mathematical formulation, the study of 

Mahmoodirad and Niroomand [25] for uncertain modelling, the study of Sing et al. [26] 

for fuzzy modelling, the study of Imran et al. [27] for decision-making approaches, and 

Mishra and Rani [28] for fuzzy modeling and decision-making can be referred. 

In this paper a novel study is performed on optimization of the assembly line of the 

nuzzle for petroleum industries. Generally, optimization of industry related problems is 

very important issue [29,30,31]. For this aim a cost-based mathematical formulation is 

proposed for such assembly line balancing problem. In this model, overall station 

establishment cost, fixed salary, and variable wages are optimized simultaneously. In order 

to be close to real-world situations, the problem is formulated in a triangular fuzzy 

environment, where the cost- and time-based parameters are represented by fuzzy values. 

The proposed fuzzy formulation is converted to a crisp form using a ME measure of fuzzy 

sets and numbers. This is for the first time in the literature that such measure is used in 

fuzzy assembly line balancing problems. Then, in order to evaluate the proposed crisp 

formulation, a case study from the petroleum industries of Iran is considered. Based on the 

performed experiments and obtained results, the best configuration of the assembly line is 

obtained, and a sensitivity analysis is performed as well. 

The rest of this paper is organized in some sections. Section 2 represents the nuzzle 

production system and the case study. Section 3 presents the fuzzy and crisp mathematical 

formulations of the nuzzle production system. Section 4 includes the computational study 

and the obtained results. Section 5 represents some concluding remarks. 

2. PROBLEM DESCRIPTION - NUZZLE PRODUCTION ASSEMBLY LINE 

As mentioned earlier, a typical nuzzle production line is to be balanced in this study. 

The considered nuzzle is made of several parts and needs several assembly operations to 

be completed. As a case study this nuzzle is to be produced in petroleum industries of Iran 

and it has a wide range of applications in that environment. All information and data of this 

assembly line is obtained from the petroleum industries of Iran. This type of nuzzle requires 

the raw parts described by Table 1. 
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Table 1 The raw parts required for producing a unit of the nuzzle 

No. Raw part 

1 Fuel connection 

2 Mounting flange 

3 Feed arm 

4 Shroud 

5 Deflector valve 

6 Spring locking ring 

7 Plastic part 

 

On the other hand, some assembly operations (tasks) are required to complete one unit 

of the nuzzle on an assembly line. These operations and their operating times are described 

by Table 2. Furthermore, the precedence relationship graph of these assembly tasks is 

presented by Fig. 1. 

Table 2 The assembly tasks for producing a unit of the nuzzle and their operating times 

No. Assembly task 

Triangular fuzzy 

operating time 

(minutes) 

Triangular fuzzy 

variable cost 

(wage) ($) 

1 Fuel connection preparation (4, 5, 6) (0.1, 0.2, 0.3) 

2 Mounting flange preparation (5, 6, 7) (0.1, 0.2, 0.3) 

3 Feed arm preparation (3, 4, 6) (0.1, 0.2, 0.4) 

4 Shroud preparation (3, 4, 5) (0.1, 0.3, 0.4) 

5 Deflector valve preparation (4, 6, 7) (0.1, 0.2, 0.3) 

6 Spring locking ring preparation (5, 6, 8) (0.2, 0.3, 0.4) 

7 Plastic part preparation (3, 4, 5) (0.1, 0.2, 0.3) 

8 Part 1 to part 2 assembly (5, 7, 8) (0.3, 0.4, 0.5) 

9 Part 3 to part 2 assembly (9, 10, 11) (0.2, 0.3, 0.4) 

10 Parts 4 and 5 to part 1 assembly (4, 5, 7) (0.2, 0.3, 0.4) 

11 Part 6 to part 5 assembly (2, 4, 5) (0.3, 0.4, 0.5) 

12 Part 7 to part 6 assembly (4, 6, 8) (0.3, 0.4, 0.5) 

 

 

Fig. 1 The precedence diagram of the nuzzle 



 An Optimization Scheme for the Fuzzy Cost-based Assembly Line Balancing Problem For the Case... 5 

The triangular fuzzy cycle time of (20, 23, 27) minutes is considered for this assembly 

line where in each station of the line one operator with approximate triangular fuzzy salary 

of $(1000, 1100, 1300) per month will work. On the other hand, each station can be 

established by triangular fuzzy average cost of $(10000, 11000, 12000). The managers aim 

to balance and establish this line by considering establishment cost, operators salaries, and 

workload smoothness.  

This is notable to mention that the fuzzy data of this case study are estimated from the 

historical data of the existing production systems of the considered product.  

In the next section, a mathematical formulation is proposed for balancing this assembly 

line according to the preferences of the managers. 

3. PROPOSED MATHEMATICAL FORMULATIONS 

In this section, the problem of Section 2, first, is formulated as a fuzzy model. Then its 

equivalent crisp formulation is derived. 

3.1. Fuzzy Formulation 

In order to formulate the assembly line of the nuzzle production line described in 

Section 2, the below assumptions and the notations of Table 3 are considered in advance. 

 The overall cost such as station establishment cost, fixed salary, and variable wage of 

all stations is to be minimized. 

 Each task is assigned to only one station. 

 The variable wage of the worker of a station is rated based on the task with highest 

rate in that station. 

 All cost and time based parameters are represented by triangular fuzzy values. 

Table 3 The notations used in the formulations of the paper 

Notation Nature Description 

i(I) Index Index used for task (number of tasks) 

k(K) 
Index Index used for station (maximum number of 

stations) 

𝑡̃𝑖 = (𝑡𝑖
(1)
, 𝑡𝑖

(2)
, 𝑡𝑖

(3)
) Parameter Triangular fuzzy processing time of task i  

𝑐𝑡̃ = (𝑐𝑡(1), 𝑐𝑡(2), 𝑐𝑡(3)) Parameter Triangular fuzzy cycle time 

𝑠𝑡𝑏̃

= (𝑠𝑡𝑏(1), 𝑠𝑡𝑏(2), 𝑠𝑡𝑏(3)) 
Parameter Triangular fuzzy establishment cost of each station 

𝑠𝑎𝑙̃ = (𝑠𝑎𝑙(1), 𝑠𝑎𝑙(2), 𝑠𝑎𝑙(3)) Parameter 
Triangular fuzzy salary paid to the worker of each 

station 

𝑐̃𝑖 = (𝑐𝑖
(1)

, 𝑐𝑖
(2)
, 𝑐𝑖

(3)
) Parameter Triangular fuzzy variable processing cost of task i  

𝑃𝑅𝑖 Parameter Predecessor set of task i 

𝑋𝑖𝑘 
Binary 

variable 

1, if task i is assigned to station k  

0, otherwise 

𝑊𝑘  
Binary 

variable 

1, if station k is opened 

0, otherwise 

𝑉𝐶𝑘 Variable Variable cost (wage) of station 𝑘 
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Therefore, based on the above-mentioned assumptions and the notations of Table 3, the 

below fuzzy formulation is presented assembly line balancing of the nuzzle production line 

of Section 2. 
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  0,kVC k  (8) 

In the above formulation, the objective function of Eq. (1) minimizes overall cost of the 

line including establishment cost of each station, salary paid to the worker of each station, 

and variable wage paid to the worker of each station. The constraint presented by Eq. (2) 

guarantees that a task can be assigned to a station if its predecessors are assigned to either 

that station or previous stations. The constraint presented by Eq. (3) respects the 

assumption that a task can be assigned to only one station. The constraint of Eq. (4) ensures 

that a station is established if it contains at least one task. The constraint given by Eq. (5) 

guarantees that the workload of each station cannot exceed the cycle time of the line. The 

constraint presented by Eq. (6) calculates the variable wage rate of each station according 

to the above-mentioned assumptions. The constraints provided by Eqs. (7-8) are the sign 

constraints of the model. 

As formulation presented by Eqs. (1-8), is a fuzzy formulation, we cannot directly solve 

it. Therefore, first we obtain its crisp form, and then the crisp form is solved by any 

optimization solver. The equivalent crisp formulation of fuzzy formulation presented by 

Eqs. (1-8) is introduced in the next section. 

3.2. Equivalent Crisp Formulation 

The possibility theory is an effective approach to deal with optimization problems with 

fuzzy objective function and constraints [32]. In this theory, there are three classical 

measures of possibility (POS), necessity (NEC), and credibility (CR) measures for 
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converting a fuzzy constraint to its equivalent crisp form. These measures are of 

pessimistic, optimistic, and average points of view, where decision makers cannot be 

flexible when using these measures (see [1]). Instead, a more flexible measure of this theory 

called ME measure [33] is defined as below, where the weighted average of the possibility 

and necessity measures of the fuzzy constraint A  are considered there.  

        1ME A POS A NEC A     (9) 

In the above formula, the value of γ = 0, results in ME{A}=NEC{A}, the value of γ = 1 

results in ME{A}=POS{A}, and γ = 0.5 results in ME{A}=CR{A}. The below theorem can 

clearly explain the use of ME measure for a fuzzy constraint with triangular fuzzy 

parameters. As an advantage, this measure can crisp a fuzzy event from any possibility 

degree in addition to the necessity, possibility, and credibility measure degrees. 

Theorem 1. For triangular fuzzy variable ξ = (a, b, c) and real number r, the following 

inequalities are defined for any confidence levels β (from the range of 0 < β ≤ 1) and γ 

(from the range of 0 < γ ≤ 1) (see [32]). 

 

 

 

  
 

 
 

  
 

 

  
 

 
 

  
 

 

   
     

   
   

               

   
     

   
   

    
     

    

,                 

1
,          

1 1

,                  

1
,          

1 1

a b r

ME r

b c r

b c r

ME r

a b r








 (10) 

Therefore, the fuzzy model of Eqs. (1-8) is converted to a crisp form using the above-

mentioned ME measure. For this aim, first the below model is obtained. It is notable to 

mention that objective function given by Eq. (1) is considered as a constraint, and the ME 

measure of its constraint form is considered then. 
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Therefore, the below model is obtained by considering the ME measure of the fuzzy 

constraints of formulation presented by Eqs. (11-19). 
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Now, applying the relationships given by Theorem 1, the below crisp formulation is 

obtained, which is an equivalent crisp formulation of the fuzzy formulation presented by 

Eqs. (1-8). 
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The crisp formulation presented by Eqs. (29-40) is considered as the crisp form of the 

fuzzy formulation presented by Eqs. (1-8). In order to implement this formulation for the 

case study of Section 2, the flowchart of Fig. 2 is presented. This notable to mention that, 

according to the relationship between the confidence levels α, λk, ϴk, and γ, only one 

constraint from each pair of the constraints presented by Eqs. (30-31), (35-36), and (37-38) 

is selected in the final model.  

4. RESULTS AND SENSITIVITY ANALYSIS 

As mentioned earlier, the crisp formulation presented by Eqs. (29-40) is solved for the 

nuzzle production line data of Section 2 in order to obtain the results and configure the 

related assembly line. For this aim, the formulation presented by Eqs. (29-40) is coded in 

GAMS and solved by its CPLEX solver. All required experiments are run on a PC with 

Core i7-1165G7@ 2.80GHz processor and 16 GB RAM. 
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Fig. 2 The flowchart of implementing the proposed formulations for balancing 

the nuzzle production line 

In order to obtain the assembly line configuration, according to the preferences of the 

managers, the values of α,λk,ϴk = 0.8 and γ = 0.6 are considered. Based on these values, the 

final crisp formulation consisting of Eqs. (29), (31-34), (36), and (38-40) is obtained and 

solved for the data of Section 2 and the results of Table 4 are obtained. According to the 

obtained results, the schematic representation of Fig. 3 is considered to show the related 

assembly line configuration. In Table 4, the tasks assigned to each established station is 

marked. The variable wage of each station is reported. The value of f is the optimal value 

obtained for objective function (29) and the value of f  is obtained by the objective 

function presented by Eq. (1) and the values of the variables obtained in this solution. 

 

Fig. 3 Schematic optimal configuration of the assembly line for the nuzzle 

production line of Section 2 
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Table 4 The optimal results obtained for the nuzzle production line 

for α,λk,ϴk = 0.8 and γ = 0.6 

Task 
Established stations Optimal 

f   
Equivalent f   

1 2 3 4 

1 ✔    

70485 (61050, 67155, 73815) 

2 ✔    

3 ✔    

4   ✔  

5   ✔  

6    ✔ 

7 ✔    

8  ✔   

9  ✔   

10   ✔  

11    ✔ 

12    ✔ 

Variable 

wage 
0.30 0.45 0.35 0.45 

 Furthermore, the sensitivity of the crisp formulation of Eqs. (29-40) to the confidence 

level values is studied here. For this aim, the data of Section 2 is considered, and the 

confidence level values are changed (totally 16 experiments are considered). The results 

for these experiments are obtained by solving the crisp formulation of Eqs. (29-40) are 

represented by Table 5. 

According to the results presented by Table 5, the sensitivity of formulation of Eqs. 

(29-40) to the confidence level values are studied. The following remarks can be made for 

this aim. 

 In the experiments with the same value of γ, by increasing the value of  
α, λk, and ϴk, the value of f is increased. This issue happens for each of the elements 

of the fuzzy objective function value f separately. 

 Considering the results of Table 5, by increasing the value of γ, the value of f is 

increased. This issue happens for each of the elements of the fuzzy objective function 

value 𝑓 separately. 

 The results obtained by the experiments 1-4, is related to the necessity measure of 

formulation presented by Eqs. (29-40). 

 The results obtained by the experiments 9-12, is related to the credibility measure of 

formulation presented by Eqs. (29-40). 

 The results obtained by the experiments 21-24, is related to the possibility measure 

of formulation presented by Eqs. (29-40). 

From the managerial point of view, the proposed problem of this study is developed 

and solved to help the managers of the industry to design an optimal assembly line for the 

nuzzle considering the important costs. On the other hand, the fuzziness of the proposed 

model can help the managers for more robust and near real-world situation decisions.   



12 A. MAHMOODIRAD, D. PAMUCAR, S. NIROOMAND 

Table 5 The results obtained for the sensitivity analysis 

Experiment 
, ,k k  

 
𝛾 Optimal f  Equivalent f  

1 0.1 0 64155 (57750, 63525, 69825) 

2 0.4 0 68686 (60060, 66066, 72618) 

3 0.7 0 73499 (62480, 68728, 75544) 

4 1 0 93100 (77000, 84700, 93100) 

5 0.1 0.3 43193 (41800, 45980, 50540) 

6 0.4 0.3 65739 (58928, 64821, 71250) 

7 0.7 0.3 71965 (61914, 68105, 74860) 

8 1 0.3 93100 (77000, 84700, 93100) 

9 0.1 0.5 42187 (41360, 45496, 50008) 

10 0.4 0.5 46807 (43340, 47674, 52402) 

11 0.7 0.5 68686 (60060, 66066, 72618) 

12 1 0.5 93100 (77000, 84700, 93100) 

13 0.1 0.7 41759 (41171, 45288, 49780) 
14 0.4 0.7 45019 (42585, 46844, 51490) 
15 0.7 0.7 48400 (44000, 48400, 53200) 
16 1 0.7 93100 (77000, 84700, 93100) 
17 0.1 0.9 41522 (41066, 45173, 49653) 
18 0.4 0.9 44551 (42655, 46921, 51574) 
19 0.7 0.9 46631 (43266, 47593, 52313) 
20 1 0.9 93100 (77000, 84700, 93100) 
21 0.1 1 29108 (28820, 31702, 34846) 
22 0.4 1 43700 (42020, 46222, 50806) 
23 0.7 1 46020 (43010, 47311, 52003) 
24 1 1 48400 (44000, 48400, 53200) 

5. CONCLUSIONS 

In this study a fuzzy mathematical model was introduced and solved for balancing and 

configuring the nuzzle production line in petroleum industries. This is an important product 

which is widely used petroleum industries. For this aim, first a cost-based mathematical 

formulation considering overall station establishment cost, fixed salary, and variable wages 

was proposed to obtain the optimal assembly line configuration. In order to be close to real-

world situations, the problem was formulated in a triangular fuzzy environment with 

triangular fuzzy cost- and time-based parameters. The proposed fuzzy formulation was 

converted to a crisp form using a ME measure of fuzzy sets and numbers. Then, in order 

to evaluate the proposed crisp formulation, a case study from the petroleum industries of 

Iran was considered. Based on the performed experiments and obtained results, the best 

configuration of the assembly line was obtained, and a sensitivity analysis was performed 

as well. 

The most important limitation of this study was the high uncertainty nature of the 

problem that applying fuzzy theory and its extensions, a framework was developed for this 

difficulty. 
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