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MOMENT LYAPUNOV EXPONENTS AND STOCHASTIC
STABILITY OF A THIN-WALLED BEAM SUBJECTED
TO AXIAL LOADS AND END MOMENTS

Goran Janevski! , Predrag Kozi¢!, Ratko Pavlovié¢!, Strain Posavljak?

University of Nis, Faculty of Mechanical Engineering, Serbia
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Abstract. In this paper, the Lyapunov exponent and moment Lyapunov exponents of two
degrees-of-freedom linear systems subjected to white noise parametric excitation are
investigated. The method of regular perturbation is used to determine the explicit asymptotic
expressions for these exponents in the presence of small intensity noises. The Lyapunov
exponent and moment Lyapunov exponents are important characteristics for determining
both the almost-sure and the moment stability of a stochastic dynamic system. As an
example, we study the almost-sure and moment stability of a thin-walled beam subjected to
stochastic axial load and stochastically fluctuating end moments. The validity of the
approximate results for moment Lyapunov exponents is checked by numerical Monte Carlo
simulation method for this stochastic system.
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1. INTRODUCTION

In recent years there has been considerable interest in the study of the dynamic
stability of non-gyroscopic conservative elastic systems whose parameters fluctuate in a
stochastic manner. To have a complete picture of the dynamic stability of a dynamic
system, it is important to study both the almost-sure and the moment stability and to
determine both the maximal Lyapunov exponent and the pth moment Lyapunov exponent.
The maximal Lyapunov exponent is defined by
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where q(t;q,) is the solution process of a linear dynamic system. The almost-sure stability

depends upon the sign of the maximal Lyapunov exponent which is an exponential growth
rate of the solution of the randomly perturbed dynamic system. A negative sign of the
maximal Lyapunov exponent implies the almost-sure stability whereas a non-negative value
indicates instability. The exponential growth rate E [||q(t;qo, d, |F] is provided by the moment
Lyapunov exponent defined as

Aq(P) =lim1og EL|9(t:0,) '] @

where E [] denotes the expectation. If Aq(p) <0 then, by definition E [|la(t;qo, ¢, '] — 0) as
t— o0 and this is referred to as the pth moment stability. Although the moment Lyapunov
exponents are important in the study of the dynamic stability of the stochastic systems, the
actual evaluations of the moment Lyapunov exponents are very difficult.

Arnold et al. [1] constructed an approximation for the moment Lyapunov exponents,
the asymptotic growth rate of the moments of the response of a two-dimensional linear
system driven by real or white noise. A perturbation approach was used to obtain explicit
expressions for these exponents in the presence of small intensity noises. Khasminskii
and Moshchuk [2] obtained an asymptotic expansion of the moment Lyapunov exponents
of a two-dimensional system under white noise parametric excitation in terms of the small
fluctuation parameter g, from which the stability index was obtained. Sri Namachchivaya et al.
[3] used a perturbation approach to calculate the asymptotic growth rate of a stochastically
coupled two-degrees-of-freedom system. The noise was assumed to be white and of small
intensity in order to calculate the explicit asymptotic formulas for the maximum Lyapunov
exponent. Sri Namachchivaya and Van Roessel [4] used a perturbation approach to obtain an
approximation for the moment Lyapunov exponents of two coupled oscillators with
commensurable frequencies driven by small intensity real noise with dissipation. The
generator for the eigenvalue problem associated with the moment Lyapunov exponents was
derived without any restriction on the size of pth moment. Kozi¢ et al. [5] investigated the
Lyapunov exponent and moment Lyapunov exponents of a dynamic system that could be
described by Hill’s equation with frequency and damping coefficient fluctuated by white
noise. The procedure employed in Khasminskii and Moshchuk [2] was applied to obtain an
asymptotic expansion of the Lyapunov exponent and moment Lyapunov exponents of an
oscillatory system under two white-noise parametric excitations in terms of the small
fluctuation parameter. These results were used to obtain explicit expressions of an
asymptotic expansion of the moment and almost sure stability boundaries of the simply
supported beam which was subjected to the axial compressions and varying damping which
were two random processes. In [6, 7], Kozi¢ et al. investigated the Lyapunov exponent and
moment Lyapunov exponents of two degrees-of-freedom linear systems subjected to white
noise parametric excitation. In [6], almost-sure and moment stability of the flexural-torsion
stability of a thin elastic beam subjected to a stochastically fluctuating follower force were
studied. In [7], moment Lyapunov exponents and stability boundary of the double-beam
system under stochastic compressive axial loading were obtained. In [9], Pavlovi¢ et al.
investigated the dynamic stability of thin-walled beams subjected to combined action of
stochastic axial loads and stochastically fluctuating end moments. By using the direct
Lyapunov method, the authors obtained the almost-sure stochastic boundary and uniform
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stochastic stability boundary as the function of characteristics of stochastic process and
geometric and physical parameters.

Deng et al. [12] investigated the Lyapunov exponent and moment Lyapunov exponents
of flexural-torsional viscoelastic beam, under parametric excitation of white noise. The
system of stochastic differential equations of motion is first decoupled by using the method
of stochastic averaging for dynamic systems with small damping and weak excitations. The
moment and almost-sure stability boundaries and critical excitation are obtained analytically
which are confirmed by numerical simulation. Also, Deng in [13] studied the moment
stochastic stability and almost-sure stochastic stability through the moment Lyapunov
exponents and the largest Lyapunov exponent of flexural-torsional viscoelastic beam, under
the parametric excitation of a real noise.

Stochastic stability of a viscoelastic plate in supersonic flow as well typical example
of a coupled non-gyroscopic system through Lyapunov exponent and moment Lyapunov
exponents and are investigated by Deng et al. [14]. The excitation is modelled as a
bounded noise process. By using the method of stochastic averaging, the equations of
motion are decoupled into Itd differential equations, from which moment Lyapunov
exponents are readily obtained. The Lyapunov exponents are obtained from the relation
with moment Lyapunov exponents.

The aim of this paper is to determine a weak noise expansion for the moment Lyapunov
exponents of the four-dimensional stochastic system. The noise is assumed to be white noise
of such small intensity that an asymptotic growth rate can be obtained. We apply the
perturbation theoretical approach given in Khasminskii and Moshchuk [2] to obtain second-
order weak noise expansions of the moment Lyapunov exponents. The Lyapunov exponent is
then obtained using the relationship between the moment Lyapunov exponents and the
Lyapunov exponent. These results are applied to study the pth moment stability and almost-
sure stability of a thin-walled beam subjected to stochastic axial loads and stochastically
fluctuating end moments. The motion of such an elastic system is governed by the partial
differential equations in [9] by Pavlovi¢ et al. The approximate analytical results of the
moment Lyapunov exponents are compared with the numerical values obtained by the Monte
Carlo simulation approach for these exponents of a four-dimensional stochastic system.

2. THEORETICAL FORMULATION

Consider linear oscillatory systems described by equations of motion of the form

G, + 0)12q1 +2eB,0, — ‘/EKM & (t)q, - \/gKlz & 1)a, =0,
b, + mng +2¢B,0, - ‘/EKn & Ma - \/ngz &, ()a, =0,

where g1, g2 are generalized coordinates, w1, w2 are natural frequencies and 2¢B1, 2¢p2
represent small viscous damping coefficients. The stochastic terms /e (t) and V&, (t)
are white-noise processes with small intensity with zero mean and autocorrelation functions

R (t.t,) = E[&,(t)& ()] = 6125(122 -t),
R. ., () = E[E, (L)E, ()] = 535(t, — ),

®)

(4)
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where o1, o, are the intensity of the random process &:(t) and &x(t), and &() is the Dirac
delta.
Using the transformation
O =%, 0 =%, 0, =X, 0, =0,%, )
and denoting
p; = KijG' , (1, J=1,2), (6)

J

the above Egs. (3) can be represented in the first-order form by a set of Stratonovich
differential equations

dX = A Xdt +eAXdt ++/e B, X dw, (t) ++/& B,Xodw,(t), @)

where X=(X; X2 X3 X4)T is the state vector of the system, wi(t) and wy(t) are the
standard Weiner processes and Ao, A, By and B; are constant 4x4 matrices given by

0 o 0 O 0 0 0 0
A | 0 0 O A 0 -2, 0 0
1o 0 0 o] 0o 0 0 o]
0 0 -, O 0 0 0 -2
2 BZ ’ (8)
0 0 0 O 0 0 0 O
B1 _ Pus 0 0 0 , Bz _ 0 0 Pr 0 )
0 0 0 O 0 0 0 O
0 0 p, O po 0 0 0
Applying the transformation
X, =acosQcoso;, X, =-acosesing,, X, =asingcosO,, X, =-asinesing,,
P=|a|” = (¢ +x +x +x)°?, 9)

0<6, <2mx, 0<6, <2, 0<p<m/2, —o<p<ox,
and employing It6’s differential rule, yields the following set of It6 equations for the pth
power of the norm of the response and phase variables ¢, 6,, 0,:
d|a|” = eogdt+ey;, o dw (1) + Ve, o dw, (t),
do = gaydt +/ey), o dwi (t) +evs, o dw, (t),
d0, = (o, +g03)dt +ay3; © dw, (1) + o3, © dw, (1),
d0, = (o, +eo )dt +ey), o dw (1) +ey), o dw, (t).

In the previous transformations, a represents the norm of the response, 6; and 6, are
the angles of the first and second oscillators, respectively, and ¢ describes the coupling or
exchange of energy between the first and second oscillator

(10)
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In the previous equation we have introduced the following markings

o, =-2pP(B, sin’ B, cos® p+P, sin” 0,sin”g), o, = (B, sin’ B, —B, sin” 0,)sin 2¢

* . " . . P . . .
oy =—P,5in20,, o, =—B,sin20,, v, =—p7[pllsm 26, Cos* @+ P, Sin 20, sin” ]

« 1 ] . . " *
Yor = Z[pllsm 20, — p,, Sin20,]sin 2, v, =—p,, C0s* 0, v, =—P,, €0s°0,, (11)

*

Y12 =—p7p[p12 sin@, cos O, + p,, cos6, sin6,]sin 20,

Yy = %[p12 sin, cos 0, sin® @ — p,, cos 6, sin, cos” @],

Ya = =Py, COSO, COSO,tgp v, =—P,, COSH, COSO, cot @

The 1t6 version of Eqs.(10) have the following form

d al|” = eo, dt + ey, dw, (€) + ey, dw, (t),
do = g, dt + /ey, Aw, (t) + ey, dw, (t),

40, = (e, +£0t, )0t + V&Y, AW, (1) + ey, W (1), -
d0, = (o, +ga,)dt + ey, dw, () + ey, dw, (t),
where o; are given in Appendix 1 and y; = y:; (i,j=1, 2,3, 4).
Following Wedig [11], we perform the linear stochastic transformation
S=T(¢0,,0,)P, P=T"(¢,0,,6,)S, (13)

introducing the new norm process S by means of the scalar function T(p,01,02) which is
defined on the stationary phase processes 01, 6, and ¢

_ ' ' ' ! ’
ds = P(colTel +,Ty )at +eP (o T +m, T, + m Tg +m, Ty +
14 n 14 n 14 n
+mooT¢¢ + mo1T¢91 + m02T¢92 + mll-l—ele1 + mlzTele2 + mzzTeze2 ) dt+

. , ' (14)
+\/EP(T711 +TYa +To Vot +T92Y41) dw, (t) +
+\/EP(TY12 +TY2 +T91Y32 +Te'ZY42) dw, (t) ,
where
My =0y +711Y21 H Y12V 220 My = Qg + Y11V HY12Va0 My =0y +Y13Y a1 V10V 42
1
My, = E (Vgl + Ygz)v Mo; =Vo1Va1 tV22Y320 Moz =VarVar V22V a2, (15)

l l
m, = E(Y§1 + ng)y My =Ya1Var T VY20 My = E(yzl Vi) -
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If the transformation function T(¢,01,02) is bounded and non-singular, both processes
P and S possess the same stability behavior. Therefore, transformation function T(g,01,62)
is chosen so that the drift term, of the It6 differential Eq. (15), does not depend on the
phase processes 61, 82 and ¢, so that

dS =A(p) Sdt+ST*(Tyy, +Tv +T92Y31 +T9’2'Y41) dw, (t) +

- ) ! ’ (16)
+ST(Tyy, + 1Yo +Tg Va0 +Tez“/42)dW2 ® .

By comparing Egs. (14) and (16), it can be seen that such a transformation function
T(¢,9,,0,) is given by the following equation

[Lo +eL 0T (9.6,,6,) = A(P)T (¢, 6,,6,). a7
In (17) Lo and L1 are the following first and second-order differential operators
L, = o2+, -2,
00, 00,
o 0 o o o 0
L,=a, —+a, —+a,—++a + + + 18
=% o¢> 2002 % 002 9906, % o0, % 90,00, (18)

+bli+b2i+b3i+c,
op 00, 00,
where a,, a,, 8, &, &, 8, b, b,, by, and ¢ are given in Appendix 2.

Eq. (17) defines an eigenvalue problem for a second-order differential operator of three
independent variables, in which A(p) is the eigenvalue and T(¢,01,06,) the associated
eigenfunction. From Eq. (16), the eigenvalue A(p) is seen to be the Lyapunov exponent of the
pth moment of system (7), i. e., A(p) = Axp(p). This approach was first applied by Wedig [11] to
derive the eigenvalue problem for the moment Lyapunov exponent of a two-dimensional linear
Itd stochastic system. In the following section, the method of regular perturbation is applied to
the eigenvalue problem (17) to obtain a weak noise expansion of the moment Lyapunov
exponent of a four-dimensional stochastic linear system.

3. WEAK NOISE EXPANSION OF THE MOMENT LYAPUNOV EXPONENT
Applying the method of regular perturbation, both the moment Lyapunov exponent
A(p) and the eigenfunction T(¢,01,02) are expanded in power series of ¢ as:
A(P) = Ag(P)+eA (P) +E Ay (P)++++& A, (p) ++++,

n (19)
T(9,0,,0,) =TO((p,91,92)+8T1((p, 91’92)+82T2((P191192)+"'+8 T,(9,0,,0,) +--.

Substituting the perturbation series (19) into the eigenvalue problem (17) and equating
terms of the equal powers of ¢ leads to the following equations



Moment Lyapunov Exponents and Stochastic Stability of a Thin-Walled Beam Subjected to Axial ... 215

g” = LT, = Ay (p)T,,
g > LT, +LT, = A (p)T, + A, (P)T,,
g > LT, +LT, = A (p)T, + A (P)T, + A, (P)T,,
e - LT, +LT, = Ay (p)T, + A, (P)T, + A, (P)T, + Ay (P)T,,

(20)

" o LT, + LT, =A(P)T, + A ()T, + A (P)T L, + -+ A (P)TL + A, (P)T,,

where each function T, =T, (¢,6,,6,), i=0,1,2,... must be positive and periodic in the

range 0<¢@<n/2, 0<6,<2r and 0<6, <2x.

3.1. Zeroth order perturbation
The zeroth order perturbation equation is LT, = A,(p)T, or
0T, 0T,
o—+0,—=A To- 21
1 ael 2 aez O(p) 0 ( )

From the property of the moment Lyapunov exponent, it is known that
A(0) = Ay (0) +&A, (0) +€°A, (0) +---+€"A,(0) =0, (22)

which results in A (0)=0 for n=0, 1, 2, 3,.... Since the eigenvalue problem (21) does
not contain p, the eigenvalue A, (p) is independent of p. Hence, A,(0)=0 leads to

Ay(p)=0. (23)
Now, partial differential Egs. (21) have the form
T, T
cola—°+o)28—°=0. (24)
06, 00,
Solution of Eq.(24) may be taken as
To(9.6,,0,) = wo (), (25)

where , () is an unknown function of ¢ which has yet to be determined.

3.2. First order perturbation

The first order perturbation equation is
LTy = A (P)To — LTo. (26)

Since the homogeneous Eq. (24) has a non-trivial solution given by Eq. (25), for Eq. (26)
to have a solution it is required, from the Fredholm alternative, that following is satisfied:

(LoTlvTo*):(Al(p)To_L1T0!To*):0 : (27)
In the previous equation, T, =¥, (¢) is an unknown solution of the associated adjoint

differential equation of (24), and (f,g) denotes the inner product of functions f (¢,01,62)
and g(¢,01,62) defined by
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n/2 2n 2n

(f.0)=[ [ [ f(0,6,,6,)9(0,6,,6,)d6,d0,do .

0 0

Taking onto account (25), (26) and (28), the expression (27) has the form

n/2 2n 2n

[T AP wo =L we)¥ (o) d6,d0,de =0,

0 o0

and will be satisfied if and only if

2n 2n

[ ] (A(p)wo—L w,) dodo, =0.

0
After the integration of the previous expression we have that

d? d
d;"; +B,(9)

Yo ¢, (@)wo — As(P) o =0,

L(wo) = A(9) do

where
2n 2m 2n 2m

A(e)=] [ a(9.6,,6,)d6,d6,, B (¢)=[ [ b,(¢.6,,6,)d6,do, ,

0

2n 2m

C@) =] [ c(¢.6,,6,) do,de,.

0 0

Finally, A, B, and C, are

1
A(p) = —@[pfl + P, —2(pry + P3y)]cos 4o —

P, — P;
—%(mf —®3)C0S 2 +

1
+E[p121 + pzzz +6( p122 + pzzl)] )
1 .
B.(¢p) = —a(P ~D[pi + Py —2(p5; + p3y)Isindp -
1 .
—g(sz sin® ptgo — p, cos’ pcot ¢) +
1 -
+3_2{1651 -16p, —[(p+2)(p, - P3) +2(P-1)(Pf; - pzzl)]}sm 20,

1
Clp) = 128 p(p_z)[plzl + p§2 —2( p122 + p221)]0034q)_

1
32

1 2 2 2 2
+ g P{-64B, — 64, +[(L0+3p)(p; + p3;) +2(6+ P)(P; + P30)] |

{16B, ~16B, ~[(p+2)(Pf; ~ P3) —~4(p, ~ P3)] fcos20+

(28)

(29)

(30)

(31)

(32)

(33)



Moment Lyapunov Exponents and Stochastic Stability of a Thin-Walled Beam Subjected to Axial ... 217

Since the coefficients (33) of the Eq.(31) are periodic functions of ¢, a series
expansion of the function y,(p) may be taken in the form

Wo(0) = 2, K, cos2ko. (34)

Substituting (34) in (31), multiplying the resulting equation by cos 2ke (k=0, 1, 2 ...) and
integrating with respect ¢ from 0 to /2 leads to a set of 2N+1 homogenuos linear
equations for the unknown coefficients Ko, K1, Ko...

N
ZAijj = A (P)K, , (35)
=0
where
n/Z_
Ay = | L(cos(2je))cos(2kgp)de, k=0,1,2,3, ...N. (36)

0

When N tends to infinity, the solution (34) tends to the exact solution. The condition
for system homogeneous linear equations (35) to have nontrivial solutions is that the
determinant of system homogeneous linear equations (35) is equal to zero. The
coefficients A to order N=4 are presented in Appendix 3.

In the case when N=0, we assume a solution (34) in the form y(¢) = Ko. From conditions
that Ay, = 0, the moment Lyapunov exponent in the first perturbation is defined as

p(10+3p) (p?
11

6+
o PR piep). @)

A(P) =2 (B, +B,) + +ph)+

In the case when N=1, the solution (34) has the form w,(¢) = K, + K, cos2¢, then
moment Lyapunov exponent in the first perturbation is the solution of the equation
A2 +dPA, +d¥ =0 where coefficients d{”and d* are presented in Appendix 4. In
the case when N=2, the solution (34) has the form () = K, + K, cos2¢+ K, cos4o,
the moment Lyapunov exponent in the first perturbation is the solution of the equation
AP +dPAZ +dP A, +d? =0 where coefficients d{?, d®and d{? are presented in
Appendix 5. However, for N > 2, it is impossible to obtain the explicit expressions of
A, (p) and the numerical results must be given, for N = 3 and 4.

4. APPLICATION TO A THIN-WALLED BEAM SUBJECTED TO AXIAL LOADS AND END MOMENTS

The purpose of this section is to present the general results of the above sections in
the context of real engineering applications and show how these results can be applied to
physical problems. To this end, we consider the flexural-torsional vibration stability of a
homogeneous, isotropic, thin walled beam with two planes of symmetry. The beam is
assumed to be loaded in the plane of greater bending rigidity by two equal couples and
stochastic axial loads and stochastically fluctuating end moments (Fig. 1).

The governing differential equations for the coupled flexural and torsional motion of
the beam can be written as given by Pavlovi¢ et al. in [9]
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= 0U
+F =0,
s

U ouU U — _ ¢
T o, Tt ElL S M
are T TR e MDD

pA
(38)

RO ¢ — 1,10%¢ — . 0% e
plpﬁ‘f‘a(PE—[G\]—F(t)Kp 62_2+M(T)_azz 'l'EIS 624 =0,

where U is the flexural displacement in the x-direction, ¢ is the torsional displacement, p
is mass density, A is area of the cross-section of beam, ly, I,, Is are axial, polar and
sectorial moments of inertia, J is Saint—Venant torsional constant, E is Young modulus of
elasticity, G is shear modulus, au, o, are viscous damping coefficients, T is time and Z is
axial coordinate.

9(t)
Y

Fig. 1 Geometry of a thin-walled beam system

Using the following transformations

I, — —

U=u " Z=1l, T=kt, F(T)=F,F(t), MT)=M_M (t)
_ m°El,
cr_l—z

4
M =T [Erer, kePAL Al (39)
r I y 't E

’ Iylp
’ 2
SB]_ :iau —_— SBZ :an)lz A =, S = ?JAI ,
27 [pAEL, 277 \pELIZ T RELL,

where | is the length of the beam, F¢ is Euler critical force, M is critical buckling
moment for the simply supported narrow rectangular beam, S is slenderness parameter,
1 and B are reduced viscous damping coefficients, we get governing equations as

IZ
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2 2
a_+2 Bla_u+a_u+ 2,\/_M(t) nzF(T)a_lz'lz
ot? ot
0? o ou o (40)
o9 (0] 2 2 ()

+2eB, ——n?(s—F(t Mt—+e— 0.
2 "2 ( (»a J‘oz

Taking free warping displacement and zero angular displacements into account,
boundary conditions for the simply supported beam are

2 2
u(t0)=u(ty) =24 =2 _g
622 (t,0) 622 (t) (41)
¢ o
o(t,0)=¢(t,1)= =— 0.
or® co ey

Consider the shape function sin(nz) which satisfies the boundary conditions for the
first mode vibration, the displacement u(t.z) and twist ¢(t,z) can be described by

u(t,z) =q,(t)sinnz, o(t,z)=q,(t)sinnz. (42)

Substituting u(t,z) and o(t,z) from (42) into the equations of motion (40) and
employing Galerkin method unknown time functions can be expressed as

G, + U)lqu +2B,eG, — K, F()g, —K;,M (t)q, =0,

- . (43)
G, + 030, +2B,e 0, — Ky M (t)g, — K, F (t)g, = 0.
If we are defined the expressions
o =7, ol =r'(s+e), K, =K, =7, K, =K, =n*s, (44)

and assume that the compressive stochastic axial force and stochastically fluctuating end
moment are white-noise processes (4) with small intensity

F(t) =ve&, (1), M) =&, (1), (45)

then Eqg. (43) is reduced to Eqg. (3).
Using the above result for the moment Lyapunov exponent in the first-order perturbation,

A(p) =2, (p)+O("), (46)

with the definition of the moment stability A(p) < 0, we determine analytically (the case
where N = 0, Ay(p) is shown with Eq.(37)) the pth moment stability boundary of the
oscillatory system as

1+s+e(10+3 6+
B1+B2>TE4 e ( 64p612+ 32p862). 47)
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It is known that the oscillatory system (40) is asymptotically stable only if the
Lyapunov exponent A <0 . Then expression

A =g, +0(e?), (48)

is employed to determine the almost-sure stability boundary of the oscillatory system in
the first-order perturbation

B +p >TE41+s+e(5 , 3 zj
1 2

— 0, +—S50,

S+¢e 32 16 (49)

In [9], Pavlovi¢ et al. by using the direct Lyapunov method, investigated the almost

sure asymptotic stability boundary of an oscillatory system as the function of stochastic

process, damping coefficient and geometric and physical parameters of the beam. According

to the authors, the condition for almost sure stochastic stability may be expressed by the
following expression

1°(c? +505)° — 21t (67 +503)[B, + P, (s +€)]+4B,B,(s+€) > 0. (50)

For the sake of simplicity in the comparison of results, in the following we assume
that two viscous damping coefficients are equal

=B, =B, (51)

For this case, we determine the almost-sure stability boundary as

B>

£1+s+e(5
6

~o’ +scs
32 s+e (52)

and the pth moment stability boundary of the oscillatory system in the first-order
perturbation as

n_41+s+e
128 s+e

B> [(10+3p)o? +2(6+ p)s3]. (53)
Starting from Eq. (50), derived by Pavlovi¢ et al. [9], the almost sure stability
boundary can be determined in the form

B> “—24(012 +503) . (54)

With respect to standard I-section we can approximately take that ratios h/b =2,
b/81~11, 8/381~ 1.5, where h is depth, b is width, & is thickness of the flanges and & is
thickness of the rib of I-section. These ratios give us s ~ 0.01928(l/h)? and e = 1.176. For the
narrow rectangular cross section, according to assumption 6/h < 0.1, for thin-walled cross
sections s ~ 1.88(1/h)? and e = 0, which is obtained using the approximation 1 + (8/h) ~ 1.
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Fig. 2. Stability regions for almost-sure (a-s) and pth moment stability for € =0.1

Almost-sure stability boundary and pth moment stability boundary in the first-order
perturbation for I-section are given in Fig. 2a, and for narrow rectangular cross section in
Fig. 2b. It is evident that stability regions in the present study are higher compared to the
results obtained by Pavlovi¢ et al. [9]. Also, the moment stability boundaries (53) are
more conservative than the almost-sure boundary (52). It is evident that end moment
variances are about ten times higher for I-section than for narrow rectangular section,
when stochastic axial force vary only a little.

5. NUMERICAL DETERMINATION OF THE P™ MOMENT LYAPUNOV EXPONENT

Numerical determination of the pth moment Lyapunov exponent is important in
assessing the validity and the ranges of applicability of the approximate analytical results.
In many engineering applications, the amplitudes of noise excitations are not small so
that the approximate analytical methods such as the method of perturbation or the method
of stochastic averaging cannot be applied. Therefore, numerical approaches have to be
employed to evaluate the moment Lyapunov exponents. The numerical approach is based
on expanding the exact solution of the system of Itd stochastic differential equations in
powers of the time increment h and the small parameter ¢ as proposed in Milstein and
Tret’Yakov [8]. The state vector of the system (7) is to be rewritten as a system of I1t0
stochastic differential equations with small noise in the form

dx, = o, x,0t,

dx, = [—o, X, —&2B,%, 1t + /& py, X, AW, (t) ++/e XA, (t),
dx; = o,x,dt,

dx, =[-w,%; —&2B,%,]dt + \/gpzzxsdwl )+ +'\/gp21xidw2 (t).

For the numerical solutions of the stochastic differential equations, the Runge-Kutta
approximation may be applied, with error R = O(h* + £*h). The interval discretization is
[t,, T]: {t : k=0,1,23, ..M; t, <t <t, ........ <t,, =T} and the time increment is h = tj1 — t;.

(55)
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The following Runge-Kutta method used to obtain the (k+1)th iteration of the state vector
X= (Xl,Xz,Xs,X4)

(k+1) _

X

h?w’ h4 p.h¥%0 (5, +2n,)  Pp.hle’
1— 1 11 1\%1 1 171 |y (k)
{ 2 24 e 2 AT

52,2
+{hm1 (1— j +e p“h o Blhza)l(hgjl —1j}x§k)+

32 502
+\/g plzh/ o, (€, +2n,) Xék) +\/§ plzh/ ®, 0,&, Xz(‘.k) '

2 6
2 2 2 2 2 2
Xékﬂ) = l:_h(’)l [ = ]+ \/gpuhl/zél {1_ = j"‘ SBthO)l (1_ h g)l J}(l(k) +

h*w’ h4 p,h¥ %o, (&, -2n,) h'o, h*w?
+[1- u_ e T eBh| —— 4+ —2 -1 |xF +
{ 2 24 #e 2 PN =36 * 73 2

h’w? he? h¥2 -2
+\/gp12h1/2§2 (1_ 6 - 6 2 | x{9 +e P zg:z n2) xg

32 ho/2
X§k+1) :\/g P,h mzfz“‘znz) Xl(k) +\/g P2 ;”103222 ng) "

{1_ h*w; h4 e Poh®0, (& + 2711) v B.h’) }Xék) 4 (56)

2 24 2 3
52,2 2 2
+{hm2 [1— ] +e pzzh O ef,h’o [h ;DZ —lﬂ x{,

. h’w’  h’w? h*20, (€, —2
Xz(lk 1) =\/§p21hwéz [1_ 61 _ - 2 X1(k)+\/g P2 22@2 n,) ng)+

+|:_hmz ( j""\/_pzzh &1[ 2:;02 )"' Bzhzmz {1_ h26 : j:| Xék)

2 4 4.4 12 2
+|:1_h2 h \/_pzzh ‘o, (& - 2n1)+ £2B,h { h3(gz+h;’32 _1J:|ng).

24 2

Random variables &, and n, (i=1,2) are simulated as

P& =-D=P(& =D =2 ( J‘liz}P(ni:%]:%. (57)
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Having obtained L samples of the solutions of the stochastic differential equations
(56), the pth moment can be determined as follows

"X e

E [||x (tkﬂ)ll"] = %gnxj () |= X @I X )] (58)

Using the Monte-Carlo technique by Xie [10], we numerically calculate the pth
moment Lyapunov exponent for all values of p of interest as

A(p) :%Iog E[||X(T)||”] (59)

6. CONCLUSIONS

In this paper, the moment Lyapunov exponents of a thin-walled beam subjected to
stochastic axial loads and stochastically fluctuating end moments under both white noises
parametric excitations are studied. The method of regular perturbation is applied to obtain
a weak noise expansion of the moment Lyapunov exponent in terms of the small
fluctuation parameter. The weak noise expansion of the Lyapunov exponent is also
obtained. The slope of the moment Lyapunov exponent curve at p =0 is the Lyapunov
exponent. When the Lyapunov exponent is negative, system (43) is stable with
probability 1, otherwise it is unstable. For the purpose of illustration, in the numerical
study we considered set system parameters B1 = B2 = =1, ¢ = 0.1, L = 4000, h = 0.0005,
M = 10000 and x1(0) = x2(0) = x3(0) = 1/2.

Typical results of the moment Lyapunov exponents A(p) for system (43) given by Eq.
(46) in the first perturbation are shown in Fig. 3 for I-section and the noise intensity
01=0.1 and o2 = 0.15. The accuracy of the approximate analytical results is validated
and assessed by comparing them to the numerical results. The Monte Carlo simulation
approach is usually more versatile, especially when the noise excitations cannot be
described in such a form that can be treated easily using analytical tools. From the
Central Limit Theorem, it is well known that the estimated pth moment Lyapunov
exponent is a random number, with the mean being the true value of the pth moment
Lyapunov exponent and standard deviation equal to n,/ /L, where n, is the sample
standard deviation determined from L samples. It is evident that the analytical result
agrees very well with the numerical results, even for N = 0 when the function vy (o) does
not depend on ¢ and assumes the form y,(o) = Ko.

The moment Lyapunov exponents A(p) in the first perturbation for narrow rectangular
cross section and the noise intensity (o1 = 0.15 and o2 = 0.01 are shown in Fig. 4. Unlike
the previous example, it is observed that the discrepancies between the approximate
analytical and numerical results decrease for larger number N of series (34). Further
increase of N number of members does not make sense, because the curves merge into one.
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Fig. 3 Moment Lyapunov exponent A(p) for I-section (o1 = 0.1, o> = 0.15)
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Fig. 4 Moment Lyapunov exponent A(p) for narrow rectangular cross section
(c1=0.15, 6, =0.01)

If we consider the influence of cross-sectional area of stability boundary, generally
speaking, the narrow rectangular cross section has smaller stability regions than the I-
section. As for the influence of intensity of stochastic force, the end moment variances
are about ten times higher for I-section than for narrow rectangular section, while the
difference in axial force variances is small.
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APPENDIX 1
a, =—2pP(B,sin?6, cos® ¢ + B, sin? O, sin? ¢) +
+pr{cos2 0, +[(p—1) cos® ¢ +sin® p]sin® ,}(p2 cos® O, cos®  + p5, cos’ @, sin? ¢) +
+pTP{cos2 0, +[(p—1)sin® ¢+ cos? p]sin® B,}( pZ, cos’ B, sin® g+ pZ; cos® B, cos? ¢) +

~2)P
+%(pupzz

+ Pip P,y SiN 26, siN 26, sin” 29,
a, = (B,sin0, —B,sin?0,)sin 2<1>—%(pnp22 + Pip Pyy)SiN 20, 5in 20, Sin4¢ —

—% pZ cos? 8, sin 2¢(cos 26, — cos 2¢sin’ 6,) +% pZ, cos? 8, sin 2¢(cos 20, + cos 2¢sin? 0,) +

+% pZ cos? 8, sin? ¢(sin® B, sin 2¢ — cos® B, tgd) —% p2, cos? B, cos? ¢(sin? @, sin 2¢ — cos? 8, coto),


http://pjm.math.berkeley.edu/jomms/2009/4-10/p03.xhtml
http://www.sciencedirect.com/science?_ob=MImg&_imagekey=B6VJS-4YCWNN7-1-5X&_cdi=6102&_user=1793222&_pii=S0020768310000478&_orig=search&_coverDate=05%2F15%2F2010&_sk=999529989&view=c&wchp=dGLbVtz-zSkWb&md5=990c61b2ee24db395dc537dc4e637cc4&ie=/sdarticle.pdf
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oy =—B;sin20, - [ Py cos? @, +—Z p“ cos? eztgz¢}sin 20,

a, =—B,sin20, - [ pzzz cos? 0, + 2 p21 cos’ elcotchsin 20, .

APPENDIX 2

a = 3—12 (p115iN 261 —pop sin 262)2 sin? 2¢+%(p12 €0s 64 sin 0, cos? ¢ —ppqSin 61 cos 6, sin? ¢)2
P i P P
a, :7“cos4 61+%cos2 0,c080,tPp  a, = ;2 cos*e, + 2210052 0,c0s% 8, cot? @

a4:—%(pllsinzel—pzzsinZez)coszelsin2¢—m—2(plzcos 925|n261sm otgd — lecos elsmzezsmzq))

ag=— p22 (p115in 26, — p225|n292)cos 0,sin2¢ — p21(p12cos 0, sin 201 sin 26— p21cos 915|n2925|n ¢cot¢)
£ :pUpZZCOSZ 910052 0,
o cin2 .2 F 20 o p-1 ; ; ;
by = (Bysin“ 6, —Po Sin“ 6,) — Py sin 925|n2¢+§(p11p22+p12p21)sm2613|n2925|n4¢—

—%plzl cos? 6ysin Zd)[cos2 61+2(p-1) cos? q>sin2 611 +%p§2 cos? 07 sin 24)[(:052 0, +2(p —1)sin2 ¢sin2 07]—

—%plzz cos? 6, sin? o[(p —l)sin2 01sin2¢+ cos? 61tgd] +%p%1 cos? 61 cos? ol(p —1)sin2 0,sin2¢+ cos? 6, cot ¢],

by =—B1sin20; + plzlsin 61 cos® 61[(p-1) cos? q>—sin2 ¢] +%p11p22 cos? 075in 26, sin? o+

+%p122 5in 201 €052 B (p — 2+ pcos 20)tgd +gp12p21 cos? 0, 5in 20, sin% ¢

b3 =—P5sin20, + p%z sin 6, cos® 0-7[(p —1)sin2 ¢ —cos? o]+ %pllng sin 26; cos? 0, cos? o+

+ % p%l cos? 015in 207 (p—2~pcos2¢) cot® o+ g P12P21SiN 26¢ cos? 0, cos? ¢,

p(p 2) (P11P22 +P12P21)sin 201 5in 20, 5in% 20+

c—72p(Bls|n elcos ¢+[32$|n ezsm o)+ ——"
+%(p1210052 910052¢+p1220052 Ozsin2¢){cos 91+[(p—1)cos ¢+sin ¢]sin O3+

+ % (p%z cos? 6, sin? o+ p%l cos? 61 cos? (1)){cos2 6, +[(p —1)sin2 o+ cos? c1>]sin2 0,5},
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APPENDIX 3

Ay =—A (p)——(B1+Bz)+m(pu+ p2)+ p“; P) (p2 + p2,),

+2
A, P
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+2)(p+4
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1
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17
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3
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