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Abstract. Student knowledge assessment is a key element of the pedagogical process, as it
provides students, parents, and educators with important feedback information on students’
knowledge and skills. Assessment of students’ mathematical knowledge is complex, as
several factors are normally included in students’ final grades, and simply calculating the
average of students’ achievements may not provide a complete picture of their knowledge.
Therefore, in this paper, we aimed to investigate the possibility of using fuzzy logic to assess
students’ knowledge and competencies by considering (1) students’ overall academic
performance, (2) the quality of students’ project work on a topic from the history of
mathematics and (3) the regularity of handing in homework. The study was conducted
considering 22 Italian high school students. The results show that students’ academic
performance is similar to student grades obtained with fuzzy logic.
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1. INTRODUCTION

Assessing students’ knowledge is an important part of the education process
(Tosuncuoglu, 2018), which has the aim of informing students, parents, and educators
about the quality of the learnt material (Felda, 2018). Assessment of students’ knowledge
and abilities is very important in mathematics since it is useful to solve everyday
problems (Ojose, 2011; Putnam, 1992) and permits adults to properly function in today’s
society (Felda & Cotic¢, 2012).

Recently, several studies have explored the possibility of using the mathematical
theory of fuzzy logic to assess students’ knowledge and competencies (Barlybayev et al.,
2016; Ingoley & Bakal, 2012; Namli & Senkal, 2018; Petroudi et al., 2013; Varghese et
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al., 2017; Voskoglou, 2013). Fuzzy logic is a part of mathematical logic, which was
developed by the mathematician Lofti A. Zadeh in 1965 (Zadeh, 1965). This kind of
logic permits dealing with uncertain quantities, which are often an expression of verbal
descriptions (Bai & Wang, 2006).

A membership function is a function that determines the level of membership of an
element in a set. In classical logic, an element might be part of a set or not, and there is
no other possibility. In fuzzy logic, however, an element might only partially belong to a
set, and the level of “belonging” to a set is expressed as a real number between 0 and 1.
Formally, the membership function associated with each element of a universal set U is
defined as the function pa:U — [0,1]. A fuzzy set is then the set defined by A = {(x,
1a(X)): x eU}. In real-life applications, the membership functions are defined by the user,
based on his/her experience and based on the aims of the project (Yadav, Soni & Pal,
2014). In practice, among the most used membership functions, we consider the trapezoidal
function (Yadav et al., 2014), which is defined as follows (a <b < ¢ < d):

0 x<a,x>d

Trap(x,a,b,c,d) =

Overall, the application of fuzzy logic to solve real-world problems requires three steps,
known as the “fuzzy process” (Yadav et al., 2014):

1. the fuzzification of crisp data: i.e., the conversion of real data into fuzzy values
through the membership functions;

2. the inference process: using the set of inference rules of the form “IF X THEN Y”,
which are set by the user, permits us to convert fuzzy input information into
output fuzzy values;

3. the defuzzification of fuzzy values: fuzzy information is then converted into crisp
output information via the defuzzification method.

The fuzzification of crisp input values represents the first step of the fuzzy process and it
is comprised of two steps (Bai & Wang, 2006):

= the determination of the membership functions for input and output information;

= all crisp input data is converted into fuzzy values, i.e. into verbal variables.
Membership functions have usually different shapes and are chosen by the users, based
on the input and output data.

After the fuzzification of the input data, inference rules are used to produce the fuzzy
output information. Such rules are based on the everyday experience of the user (Bai &
Wang, 2006).

The defuzzification of the data represents the last step of the fuzzy process. The
results obtained via inference are converted into real data (crisp information) once again.
Among the defuzzification methods, a popular choice is the method of the center of
gravity (COG) or centroid method. The COG is defined as the following quantity:

J 24 () xx

COG(A) = PO
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In the last two decades, several works have explored the possibility of assessing students’
knowledge and skills through fuzzy logic. In particular, students’ grades are fuzzy variables,
since they describe students’ knowledge, competencies, and abilities through verbal,
imprecise variables. For instance, assigning a grade on a numerical scale means assigning a
numerical value to an imprecise descriptor. Also, if teachers want to consider several other
factors, which are difficult to assess with standardized tests or, at least, written and oral
examinations, fuzzy logic represents a valid alternative that might be used to assess students’
knowledge. Petroudi, Pirouz, and Pirouz (2013) presented a model for determining students’
final grades by considering their achievements on two written exams and a practical one. The
researchers used triangular membership functions and firstly combined students’ grades on
two written exams and, secondly, the found grade with the grade on the practical exam. The
findings suggest that the novel method produced lower grades for better-achieving students,
while it produced higher grades for lower-achieving students.

Yadav et al. (2014) used students’ achievements at the end of the middle and end term
(i.e., the first and second semesters), while Meenakshi and Pankaj (2015) considered
students’ attendance of lectures, internal examination, and external examination. The latter
research found no statistically significant differences in students’ assessment with the novel
fuzzy method and the traditional one, which considers only teacher-given grades.

2. METHODS
2.1. Aims of the research

Despite the literature has examined the possibility of using fuzzy logic to assess students’
knowledge in various ways, much less is known about the possibility of using fuzzy logic to
assess students” mathematical knowledge considering (1) students’ academic knowledge; (2)
students’ project work; and (3) the regularity of turning in homework. Therefore, the main aim
of the present research is to examine this novel method of assessing students’ mathematical
knowledge. Based on the abovementioned literature, we hypothesize that the novel method
would produce grades similar to teacher-given grades (Yadav et al., 2013; Meenakshi &
Pankaj, 2015).

2.2. Methodology
The present study is a small-scale research. The non-experimental quantitative research
method was applied.

2.3. Sample

The participants were 22 grade-9 students from a lyceum in North-Eastern Italy.
Among them, 7 were girls (31.8%) and 15 were boys (68.2%). The average age of the
participants was M = 14.4 years (SD = .503; min = 14; max = 15), with a median of 14.

2.4. Data collection

Students’ grades were retrieved from the official school records after obtaining their
and their parents’ signed informed consent. Students’ grades in mathematics are expressed on
a scale from 1 to 10, where 6 is the first passing grade: all grades lower than 6 are failing
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grades, while 10 represents the excellent grade (D.Lgs. 62/2017). Students’ grades are
based on their achievements on written tests and oral examinations of the topics studied
in the first year of high school (MIUR, 2010).

Students’ project work evaluations were retrieved from the teacher’s official records.
Those assessments are measured on a scale from 1 to 10, i.e. in the same way mathematics
grades are presented. Students’ project work was individual work on the topic of the history of
mathematics. Students were required to write a report about one of the following topics:

= Babylonian mathematics;

= Egyptian mathematics;

= Mayan mathematics;

= Euclidean geometry;

= George Boole and Boolean algebra.

Students’ projects were assessed considering the correctness of the contents, the used
language and terminology, and the efficacy of communication. Students had 6 months to
complete the project work.

Students’ homework was assessed based on the regularity of turning in the
assignments. The assessment of the regularity is presented in the Procedure section.

2.5. Procedure

The model we used is depicted in Figure 1.

School
grades
Project

Fig. 1 The proposed model.

Final
grades

Students’ mathematics grades and project work are fuzzified using the membership
functions presented in Table 1 and Figure 2.

Table 1 The Membership functions used to fuzzify raw students’ grades.

Level Membership function
Extremely low (EL) Trap(x,1,1,3,4)
Low (L) Trap(x,3,4,5,6)
Middle (M) Trap(x,5,6,7,8)

High (H) Trap(x,7,8,10,10)
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Fig. 2 The fuzzification membership function.

The regularity of turning in the homework is assessed as presented in Table 2 and
depicted in Figure 3.

Table 2 The evaluation of students’ regularity of turning in homework.

Description Membership function
Good (G) Trap(x,0,0,2,3)
Middle (M) Trap(x,2,3,5,6)

Poor (P) Trap(x,5,6,50,50)
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Fig. 3 The membership function for the number of missing homework.

We defined the inference rules as those presented in Table 3. Since there are 4 possible
grades both for students’ project work and their mathematics attainment, and there are three
levels for homework, we had 4 - 4 - 3 = 48 possibilities.
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Table 3 The inference rule

Project work
EL L M H
Homework P M GG P M G P M G P M G
c EL EL EL EL EL EL L L L L M M M
28 § L EL L L L L L L M M M M M
§ ® 5 M L L M L M M M M M M M H
H L M M M M J M M H M H H

As the defuzzification method, we used the centroid method. The defuzzification
membership functions are the same as presented in Table 2 and Figure 2.

2.6. Data analysis

The collected data was analyzed using descriptive and inferential statistical tools with
the software Jamovi. To compute the final grades with fuzzy logic, we used the MATLAB
R2020b software (MathWorks, 2020). In particular, we used the Fuzzy Logic Toolbox
(Sivanandam et al., 2007) application which is available in MATLAB.

3. RESULTS

There were no significant differences between boys and girls in the tested variables. In
Table 4 we present the descriptive statistics of students’ mathematics grades, project works,
and homework. The Wilcoxon signed rank test has shown that there are no statistically
significant differences between students” mathematics grades (M = 7.98; SD = 1.69; Mdn =
8.60) and fuzzy grades (M = 7.87; SD = 1.33; Mdn = 8.76), W = 135; p = .808.

Table 4 Descriptive statistics of students’ grades, project work, and homework.

Variable M SD  Madn min_ max
Mathematics grade 798 169 860 420 9.80
Project work 866 125 9 5 10
Homework regularity 527 1037 1 0 43
Fuzzy grade 7.87 133 576 4.50 8.76

In Table 5 we present Spearman’s correlation coefficients among the variables. As it
might be seen, fuzzy grades do positively and strongly correlate to students’ mathematics
grades and achievements on the project work. On the other hand, fuzzy grades are negatively
and strongly correlated to students’ homework regularity: students that are more regular in
turning in their assignments, get higher fuzzy grades.

Table 5 Spearman’s correlation coefficients

Variable 1. 2. 3. 4.
1. Mathematics grade - 6877 -.481" 842"
2. Project work - - 476% 755"
3. Homework regularity - -.566"™

4. Fuzzy grade —
Note: "p <.05; "p <.01; ™"p < .001.




A Composed Mathematics Grade of Academic Knowledge, Project Work and Homework: A Fuzzy Logic... 101

4, DISCUSSION AND CONCLUSIONS

Literature has vastly examined the possibility of using fuzzy logic to assess students’
knowledge. In the present paper, we tested a new method of assessing students” mathematical
knowledge using three factors, i.e. (1) students’ academic knowledge, given by teachers’
grades, (2) students’ achievement on the project work, which comprised individual research
on a topic of the history of mathematics, and (3) students’ regularity of turning in assignments
and homework. All three achievements were combined using the method of fuzzy logic,
following the inferential rules defined in by the researchers (cf. Bai & Wang, 2006).

In order to test the assessment method, we adopted a small-scale research, comprising
N = 22 Italian high school students. Due to the small number of participants, we suggest
future research replicate our results using larger samples. Nevertheless, our research has
highlighted that students’ fuzzy grades do not differ significantly from teacher-assigned
grades via classical methods. A deeper analysis of fuzzy grades has shown that they are
positively and strongly correlated to students’ mathematics grades and their achievements
on the project work. On the contrary, fuzzy grades are negatively and strongly correlated
with the number of missing assignments and homework.

The novel assessing method with fuzzy logic thus produces grades that are similar to
those that are assessed by teachers in a classical way, however, it does include more
information about students’ knowledge, work, and abilities than regular mathematics grades.
In particular, the proposed method includes information about students’ communication and
research skills, and the regularity of turning in their homework. In future research,
different results can be expected.

The present work is not without limitations. As an obvious limitation is the number of
participants in the research. As expressed above, future research might enlarge the sample
and use a similar method of assessing students’ mathematical knowledge. Secondly, an
intrinsic limitation of applying fuzzy logic, is that the used membership functions and
inference rules have been determined by the researchers, based on their experience as
educators (cf. Bai & Wang, 2006). Therefore, a slight difference in the definition of the
used membership functions or different inference rules might lead to completely different
results. Additional research is needed to determine the most suitable definition of membership
functions and inference rules for educators and future studies might investigate how different
membership functions or inference rules influence the final students’ grades. Thirdly, in the
present research, only homework regularity was considered; future research might integrate
our results also with the quality of homework by adding to the model an additional variable.
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PROVERA MATEMATICKOG ZNANJA UCENIKA KROZ
PROJEKTNI RAD I DOMACE ZADATKE SA FUZZI LOGIKOM

Provera znanja ucenika je kljucni element pedagoSkog procesa jer ucenicima, roditeljima i
nastavnicima pruza vazine povratne informacije o znanjima i veStinama ucenika. Procena
matematickog znanja ucenika je sloZena, posto je nekoliko faktora obicno ukljuceno u konacnu
ocenu ucenika, a jednostavno izracunavanje prosecnog uspeha ucenika mozda nece dati potpunu
sliku njihovog znanja. Zbog toga smo u ovom radu Zeleli da istrazimo mogucnost koris¢enja fuzzi
logike za procenu znanja i kompetencija ucenika, uzimajuci u obzir (1) ukupan akademski uspeh
ucenika, (2) kvalitet projektnog rada ucenika na temu iz predmeta istorija matematike i (3) redovno
izvodenje domacih zadataka. IstraZivanje je sprovedeno na uzorku od 22 italijanska srednjoskolca.
Rezultati pokazuju da je akademski uspeh ucenika slican ocenama ucenika dobijenim fuzzi logikom.

Kljuéne reci: matematika, projektni rad, domaci zadatak, fuzzi logika



