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Abstract. The Optimal Auxiliary Functions Method (OAFM) is applied in the study of
nonlinear vibration of a nanobeam, considering the curvature of the beam, the presence
of an electromagnetic actuator and a mechanical impact. Our procedure is based on the
existence of some auxiliary functions which assure a fast convergence of the approximate
solution. The convergence-control parameters present in the auxiliary functions are
evaluated by rigorous mathematical procedures.
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1. INTRODUCTION

The study of the vibration of a nanobeam under mechanical impact in the presence of
an electromagnetic actuator accounting for the curvature of the beam is interesting for
researchers because many structures include the nanobeam. Textile fibers, flexible
satellites, paper sheets, oil pipelines, airplane wings, and so on. Nanobeams have attracted
considerable attention in the literature. For example, Ghayesh [1] investigated the forced
nonlinear vibrations of an axially moving beam fitted with an intra-span spring-support
which is solved by the pseudoarclength continuation technique. The thermo-mechanical
nonlinear vibration and stability of a hinged-hinged axially moving beam additionally
supported by a nonlinear spring-mass support are examined by two numerical procedures
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by Kazemirad et al. [2]. To obtain static pull-in voltage with fringing field effects in an
electrostatically actuated cantilever and clamped-clamped microbeam, Rokni et al. [3]
proposed a novel method for converting a governing fourth-order differential equation into
a Fredholm integral equation. Peng et al. [4] presented a nonlinear electro-dynamic analysis
for a size-dependent microbeam made of materials with nonlinear elasticity by employing
the modified behavior of electrically actuated carbon nanotubes-based nano-actuator
including the higher-order strain gradient deformation, the geometric nonlinearity, the
slack effect and the temperature gradient effects.

The effect of a magnetic field on the nonlinear vibration response of single-walled
carbon nanotubes based on nonlocal strain gradient theory is studied by Anh and Hieu [5].
Using the equivalent linearization method with weighted averaging value, expressions of
the nonlinear frequencies are obtained in the analytical forms. Yinussa and Sobamovo [6]
explored nonlinear internal flow-induced vibration and stability of a pre-tensioned
nanotube that rests on an elastic foundation.

In the present work, the nonlinear forced vibration of a nanotube under the influence of
mechanical impact and an electromagnetic actuator considering the curvature of the beam
is investigated. The nonlinearity of the equation is caused by the curvature of the nanobeam
and of the electromagnetic actuator. The governing equation is discretized using the
Galerkin-Bubnov procedure. The obtained nonlinear differential equation is solved by
using OAFM. A very accurate solution is obtained using a moderate number of
convergence-control parameters via auxiliary functions.

2. FORMULATION OF THE PROBLEM

A simply supported nanobeam of length L subjected to a mechanical impact by force F
and electromagnetic load Vpc is presented in Figure 1. The transverse and longitudinal
displacements are w(x,t) and u(x,t) respectively.
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Fig. 1 A simply supported nanobeam subjected to impact force F and electromagnetic
actuator

The Euler-Bernoulli beam theory proves that the displacement fields of any point are

aw(x,t)

u,(x,z,t) = ulx,t) — z o

u,(x,z,t) =0

u,(x, z,t) = w(x,t) Q)
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The axial strain ex and shear strain yx, of the beam, considering von Karman’s
nonlinear strain are

_du 1 (w2 _ duy | Ouy
toe = oo 43 (5) — 7k Yo =32+ 52 =0 2
where
a%w ow 273/2
k-w/[”(x)] @)

is the curvature of the beam.
The Kinetic energy of the beam is

1 1 [/ouw)? aw\2
Ke=3p4), [(5) +(5) ]d" “)
while the first variation of the strain energy is
6Us = fV (Oxx6€xx)dAV ®)

where oxx is the stress: 6x=E &x«, E being the elasticity modulus.
Substituting Eq. (2) into Eqg. (5) one can get

su, = [* [N6 (Z—;‘ + %(Z—:’)Z> — M5 (";TW)] dx ©)

in which N and M are the axial force and bending moment respectively. The stress
resultants used in Eq. (6) are defined as

N=/[, 0xdA,M = [, zo,dA (7

where A is the area of the cross-section for the nanobeam.
The strain energy Us can be written as

1 (L au 1 [ow)2 92w
Us=3Js [N<a+z(§) )—M(m)]dx ®)
The virtual work by the external mechanical impact and electromagnetic actuator is given by
SW = [ qsWdx 9)

where

— _ 1_GVe _1_ CoVie
q= FS()C Ut) + 2 [d-w(x,0)]2 2 [d+w(x,t)]?

(10)

in which Cy is the capacitance of the actuator, d is the gap width and Vpc is the voltage.
The expression of the electromagnetic actuation can be simplified as

1 GVBe 1 CoVhe  _ 26Vic[w w)? w\®
2[d-wxD]2 2 [d+wx,]2 L d +2 (d) +3.0925 (d) (11)

The variational form of the equation of motion can be obtained by Hamiltonian
principle
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5 ffj [K, — Uy + W)]dt = 0 (12)

From Egs. (4), (8), (9) and (12) and integrating by parts, and then collecting the
coefficients of 8, and 8w we obtain the following equations of motion

ON 0%u

> PASE (13)
oM _ 9 ( aW) 2CoVse [W +2 (W)3 +3.0925 <W>5 +F8(x —vt) =
axz ox\" ox)" az |d " “\d ' d o=
o*w
- pA arz ~ Pl azaxe (14)
where N and M from Eq. (7), become by integration:
aw
N =EA [ (%) ] (16)

= —FI1ZY / [1 ]3/2 17)

Usually, the longitudinal inertial term a—tlz‘ into Eq. (13) can be neglected, such that from
Eq. (13) it is clear that N is a constant N=C and therefore from Eq. (16) it holds that

ou _ c 1 [(ow\?
=532 (18)
By integrating the last equation with the boundary conditions
u(0,t) =u(L,t) =0 (19)
the constant C is given by
w2
c=N=-2 (E) dx (20)

According to the Eq. (17), the term which defines the curvature of the beam can be

written in the form:
%w w2 3/2 9w 3 (w2
m/[“(a)] =ﬁ[1—5(5)] (1)

such that the nonlinear equation of motion for the nanobeam can be obtained by substituting
Egs. (20), (21) and (17) into Eq. (14) as follows:

39%w (w2 82w g w2 w 33w ZCQVDC w3
El [w —;m(a) _S(W) a_a_a_]+ et [d +2(5) +
3.0925 (%) ] +pl w__ EAQ'w L (a—w) dx = F8(x — vt) (22)

2L 9x2 70 \9x

The following nondimensional quantities are considered:

_ 4
f=%lw=%lf=_ _:(Y=_: =—'17=UL —’fz— (23)
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Omitting the bars, the nondimensional form of the Eq. (22) can be written as

2w 9%w  3d%w (6w)2 (62w)3 aw 82w 33w
at? ax* 2 Ox*

-z - - 3 5y
ox ) ~ 95329 T AW +2w? +3.0925w°)
1 0*w a 92w 1(6w

2V dx = £5(x - vt) (24)

@ dt29x2 2 ax2 Jo

The solution of Eq. (24) can be assumed, according to the Galerkin-Bubnov procedure
to be of the form

w(x,t) = X(x)T(t) (25)

By substitution of Eq. (25) into Eq. (24) and then multiplying Eg. (24) by X(x) and
integrating on the domain [0,1], using the expression

Jy FG)8(x = ve)dx = f(wt) (26)
one can obtain the following nonlinear differential equation of motion
T + w?T + aT® + bT® = f,(vt), fo(vt) = fX(vt) (27)

where the dot denotes the derivative with respect to time and the parameters which appear
into EqQ. (27) are

q= fol [X 2(x)dx + aX(x) dz)i(zx)] dx

1 f d*X(x)

ql) dx*
0

X(x)dx + [)’sz(x)dx
0

_ d“X(x) dx(x) d?X(x) dx(x) d?X(x) d3x(x)
@ = =2 2 [ D (BN ) (D) 4 3y () HD LKD)

dx? dx?2  dx3

[f“”“"’d ][f X(x )d 0 dx ] ﬁf X*()dx, b=30925[ X5(x)dx (28)

2aq

In the present study, we consider the case of a simply supported beam, and therefore
the boundary conditions are

w(0,6) = 2290 = 0, w(1,0) =224 = (29)
The eigenfunction X(x) can be expressed from Eq. (29) as
X(x) = sinnx (30)

For the nonlinear differential Eq. (27), where f,(t) = fsinmvt, the initial conditions
are

T0)=A, T(0)=0 (31)
For nonlinear Eq. (27) and (31) we will apply OAFM [7-11].
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3. APPLICATION OF OAFM TO THE NONLINEAR EQUATION OF NANOBEAM

To find an analytical approximate solution for nonlinear differential Eq. (27) and (31)
near the primary resonance o~nv, we make the transformation

=0t T(t) =A40(7) (32)
Egs. (27) and (31) can be rewritten as

2 4
0"+ (2)e+250% + 2205 =L
Q Q QO AQ

sin% , 8(0)=1,0'(0)=0 (33)

where the prime denotes the derivative with respect to T and Q is the frequency of the
system. The linear and nonlinear operators corresponding to Eq. (33) are respectively:

L] =06"+6 ,N[O@)] = (% -1)0+25 0% + 2005~ Lo sin™  (34)
The approximate solution of Eq.(34) can be written as
8(r) = 8,(7) +6,(1) (35)
The initial approximate solution 6, (t) is determined from the linear differential equation
65 (1) +85(7) =0, 64(0) =1,60(0) =0 (36)
whose solution is
0,(t) = cost (37)
Inserting Eq. (37) into the second expression of Eq. (34), it holds that
N[6y] = N;cost + N;cos3t + Ngcos5t — Nﬁsin% (38)
where

From Eq. (38) we propose the following linear equation for the first approximation:
07 + 0, = (C; + 2C,cos2t + 2C5c054T) (N, cost + N5cos37),
0,(0) =06:(0) =0 (40)
After some manipulations, Eq. (40) can be written as

6,1’ + 61 = [(C1 + CZ)NI + (Cz + C3)N3]COST + [(Cz + C3)N1 + ClNS]COSBT +
[C,N5 + C3N,]cos5tT + C3N5 cos7t (41)

Avoiding the secular term in the last equation, we can find the frequency of the system:

3a4% | aA? C;+C3
4 4 C1+Cy

0% =w?+

(42)
The solution of Eg. (40) becomes

C2+C3)N1+Ci N CaN3+C3N
0,(7) = w% (cost — cos31) + % (cost — cos57)
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3

631; (cost — cos7T) (43)

The approximate solution of Egs. (27) and (31) becomes:
T(t) = AcosQt + w (cosﬂt — cos3Qt) + “uczl\lj’# (cosQt —
COSSQt) +25% (cosqt — cos7t) (44)

where Q is given by Eq. (42). The convergence control parameters are determined by
minimizing the residual of the initial equation.

4, NUMERICAL APPLICATION

The efficiency of OAFM can be proved through the following particular case: o= 1.5,
A=1,a=0.88,b=1.23 f=0.001, v =0.478.

The obtained values of the convergence-control parameters are: C; = 0.750030876926,
C, =-1.069177153794, C3 = 0.013599617044

Fig.2 shows the comparison between the approximate solution (44) and the numerical
solution obtained by a fourth-order Runge-Kutta approach.

x(1)

AAAAA
WYY

Fig. 2 Comparison between the analytical solution (44) and numerical integration results
for Egs. (27) and (31), numerical; Eq.(44)
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R.)l

It can be observed that our approximate solution for the nanobeam obtained through
OAFM is nearly identical to the numerical integration results, which proves the efficiency
of our analytical technique.

4, CONCLUSIONS

According to the present results, the oscillatory behavior of simply supported uniform
nanobeam, taking into consideration the curvature of the beam, is studied. The Bernoulli-
Euler beam is subjected to a mechanical impact using the Dirac-delta function and the
electromagnetic actuation. The OAFM procedure was applied to solve the complex
nonlinear differential equation introducing so-called auxiliary functions and some
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convergence-control parameters, without supplementary hypothesis. These parameters are
optimally determined by rigorous mathematical procedures. Our technique leads to a very
accurate solution using only one iteration. It should be emphasized that any nonlinear
dynamical system is reduced to only two linear differential equations.
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